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Abstract

In the first part of this work, we consider a nonlinear hyperbolic equation with variable
damping and source terms. Our aim is to prove that the solution with negative initial energy
blows up in finite time. After that, we consider a coupled system of nonlinear wave equations
with variable exponents in the damping terms. By using the multiplier method, we prove the
decay estimates for the solution under appropriate assumptions on these exponents. In the
third part, we study the wave equation with damping, source and nonlinear first order
perturbation terms. Our aim is to prove that if the damping terms dominated the first order
perturbation term then the energy is decreasing and the solutions with sufficiently negative
initial energy blow up in finite time.

Key words. Wave equation; Coupled system, Viscoelastic term; Damping term; Source term;
First order perturbation term; Variable exponents ; Blow up; General decay.

Résume

Dans la premiére partie de ce travail, on considere une équation hyperbolique non
linéaire avec des termes dissipatif et source variables. Notre objectif est de prouver que la
solution avec une énergie initiale négative explose en un temps fini. Ensuite, on considére un
systeme couplé d'équations des ondes non linéaires avec des exposants variables. En utilisant
la méthode du multiplicateur, on montre les estimations de décroissance pour la solution sous
des hypothéses sur ces exposants. Dans la troisieme partie, on étudie I'équation des ondes
avec des termes dissipatif, source et une perturbation du premier ordre non linéaires. Notre
but est de montrer que si les termes dissipatifs dominent le terme de perturbation alors
I'énergie diminue et les solutions avec une énergie initiale suffisamment négative explosent en
un temps fini.

Mots clés : Equation des ondes, Systéeme couplé, Terme viscoélastique, Terme dissipatif,
Terme source, Perturbation du premier ordre, Exposant variable, Explosion
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General Introduction

1. Literature Review

A considerable and great effort has been devoted to the study of linear and nonlinear
wave equations in the case of constant and variable exponent nonlinearities. Our aim, here,
is to give an overview of the existing results and introduce some other ones. In the chapter

two of this thesis, we consider the following system

wy — div (AV) + g |ug "2 = w[uPY72 in Q% (0,7),

u=0 ondQx(0,7), (P1)

w(0)=wug and w(0)=wu; in Q.

Where T' > 0, 2 is a bounded domain of R™ (n € N*) with a smooth boundary 0Q2. A= A(z,t)
is an n X n symmetric matrix with real coefficients. The exponents m(.) and p(.) are given
measurable functions on 2.

When A = Identity in (P1), the bibliography of works concerning problems of existence
and nonexistence of global solution is truly long. In the case of constant damping and source
terms, Ball [10] in 1977 considered the wave equation with source term and proved the
blow up of solution when the energy of the initial data is negative. Haraux and Zuazua
[27] in 1988 proved that the damping term of polynomial or arbitrary growth assured the
global estimates of the wave equation for arbitrary initial data. The interaction between the
damping and the source term was considered by Levine [45] in 1974, in the linear damping
case m = 2. He showed that the solutions with negative initial energy blow up in finite time.
Georgiev and Todorova [24] in 1994 extended Levine’s result to the nonlinear damping

4



case m > 2. They showed that solutions with any initial data is global if the damping
term dominated the source term then blow up in finite time if the source term dominated
the damping term and the initial energy is sufficiently negative. Without imposing the
condition that the initial energy is sufficiently negative. Messaoudi [53] in 2001 proved
that any negative initial energy solution blows up in finite time. In the case of variable
damping and source term, these problems have been considered by many authors using
the Lebesgue spaces with variable exponents [17]. For instance, Antontsev [8] in 2011,
considered the wave equation with p(z,t)-Laplacian and variable source term. In his work,
he proved existence and blow up results under some assumptions on the initial energy data.
Recently, Messaoudi and Talahmeh [56] considered in 2017 the quasilinear wave equation
with variable exponents nonlinearities and proved that the solution with negative or positive
initial energy blows up in finite time. In the same year, Messaoudi et al. [57] considered
the nonlinear wave equation with variable source and damping terms and proved the blow
up of solution with negative energy of initial data. In 2018, Ghegal et al. [23] considered
the same system. They used the stable set method to prove the global existence result.
Then, by some integral inequality they showed the stability of this solution. Noting that,
there has been a lot of interest in Mathematical models of parabolic, elliptic and hyperbolic
equations with variable exponents. Variable exponents Lebesgue spaces appeared in the
literature for the first time already in a paper by Orlicz [62] in 1931. In 2001, Rajagopal and
Ruzicka [65] presented the Mathematical theory for the application of variable exponents
spaces in electro-rheological fluids. Problems with variable exponents growth conditions,
also, appear in the Mathematical modeling of stationary thermo-rheological viscous flows
of non-Newtonian fluids [7] in 2005 and nonlinear elastics [75] in 2008 and the references
therein.

When A(z,t) = a(z,t) where a is a given function, Sun et al. [69] showed in 2016 a result

of blow up of solution when the energy of initial data is positive.



When A = A(z,t), Boukhatem and Benyatou [13], in 2012, considered the hyperbolic
equation with constants damping and source terms. They obtained a result of blows up of
solution when the initial energy is positive.

After that, we consider in chapter three, the following initial boundary value system

utt—Au+a|ut|m(')_2ut+a(u—v) =0 inQx(0,7),

Utt—AU+b|’l}t‘T(')_21jt—|—a(U—U) =0 in Q% (O,T),

U:U:O OH@QX(O,T),(PQ)
u(0)=wug and u(0)=1ug in €,
v(0)=v9 and v(0)=wv1 in €,

where a,b,« are positive constants and the exponents m(.) and r(.) are given measurable
functions on (2.
Coupled systems of two nonlinear wave equations has been treated by several authors.

Indeed, in the case of constant exponents, we consider the initial boundary value problem

ug — Au+ [Eg1(t — ) Au(s)ds + hy (ug) = f1(z,u) in Qx (0,4+00),

vt — Av+ [3 go(t — 8) Av(s)ds + ha (v¢) = fo(z,u) in Q x (0,+00),

u=v=>0 on 092 x (0,7), (1.1)
w(0)=wug and u(0)=1ug in
v(0)=v9 and v(0)=wv1 in €,



with the presence of the memory term (g; # 0,7 = 1,2), there are numerous results related
to the asymptotic behavior and blow up of solutions of viscoelastic systems. For example,
Liang and Gao [47] in 2011 studied problem (1.1) with hj(u;) = —Auy and ha(ve) = —Avy.
They obtained, under suitable conditions on the functions g;, f;,» = 1,2 and certain initial
data in the stable set, that the decay rate of the energy functions is exponential. On the
contrary, for certain initial data in the unstable set, there are solutions with positive initial
energy that blow up in finite time. For hy(ug) = |ug|™ "z and ha(ve) = |ve]" ' vy, Hun and
Wang [26] in 2009 established several results related to local existence, global existence and
finite time blow up when the initial energy is negative. This has been later improved by
Messaoudi and Said Houari [52] in 2010 by using the same method as in [66] and some
estimates obtained in [51]. They proved a global nonexistence result of certain solutions

with positive initial energy.

Conversely, in the absence of the viscoelastic terms in (1.1). Agre and Rammaha [5]
in 2006 proved several results concerning local and global existence of a weak solution and
showed that any weak solution with negative initial energy blow up in finite time, using the
same techniques as in [24]. Alves et al.[6] in 2009 investigated the existence, uniform decay
rates and blow up of solutions. After that, the blow up result was improved by Said Houari
[66] in 2010. Also, He [67] in 2012 showed that the local solution obtained in [5] is global
and this solution has a decay property. When the functions g;,h; and f; (i = 1,2) are not
taken into account in (1.1). Aassila [1] in 1999 obtained the decay estimates of the energy of

solutions to compactly coupled wave equations with a nonlinear boundary dissipation given



ui —Aug +a(up —ug) =0 in QxR

ugpt — Aug +a(ug —up) =0 in Q xRy,

%ﬂLaiui—i—gi(uit):O onT1 xRy, i=1,2,

u;i(0) = wjo and uie(0) =w;;  in Q, i=1,2

where {I'g,I'1} is a partition of its boundary and a: Q2 — R, aj,a2: 1 = R, g1,02: R—R
are some given functions.

Erhan et al. [19] in 2017 considered the following coupled nonlinear wave equations

it 4w + [P g = div (p (|Vu|2) Vu) + fi(u,v) (z,t) € Q2 x(0,7T),

v v+ o = div (p (|V0?) Vo) + fa(u,0)  (2,t) € 2% (0,7),

(1.2)
u(z,t) =v(z,t) =0 (x,t) € 90 x (0,7T),
u(z,0) = up(z),ut(z,0) = up(x), x € Q,
v(z,0) = vo(x),ve(x,0) = v1(x) zr e

and proved the exponential growth for sufficiently large initial data. In the absence of the
linear weak damping u; and v terms. Wu and Li [72] in 2011 obtained the blow up of the
solution of problem (1.2), for negative initial energy. Wu et al. [73] in 2010 studied the
last system and proved a global existence and blow up of the solution under some suitable
conditions. This blow up result has been improved by Fei and Hongjun [20] in 2011 for a
large class of initial data in positive initial energy, using some techniques as in Payne and
Sattinger [64] and some estimates used firstly by Vitillaro [71]. Recently, Erhan and Polat
[18] in 2013 studied the local and global existence, energy decay and blow up of the solution.

To our best of knowledge, very little is known for the coupled systems with variable

exponents, global existence and stability. The first tentative was given by Bouhoufani and



Hamchi [12] in 2020. They considered the following coupled system of two nonlinear hyper-

bolic equations

uy — div(AVu) + |ut|m(m)72 u = fi(zx,u,v) in Qx(0,7),

vy — div(BVo) + |vt|’"(9[")_2 v = fo(x,u,v)  in Qx(0,7),

u=v=0 on 092 x (0,7),
u(0) = up and u(0) = uy in
v(0) =vp and v(0) = vy in Q

and proved, under suitable assumptions on the initial data and the variable exponents, the
global existence theorem by using the Stable set method and established a decay estimate
of the solution energy by Komornik’s integral inequalities.

Finally, in chapter four, we consider the following system

u — Au+ g Au+aug + F (£, Vo) = |ulf 2w in Qx(0,7),

u=0 ondN2x(0,7T), (P3)

u(.,0) =wup(.) and w(.,0)=wui(.) in £,

where p > 2, a > 0 are constants, g and F' are functions satisfying some conditions to be
specified later. Noting that (g v)(t) = [3 g(t —7)v(7)dr for all ¢ > 0.

When F' =0, the problem of existence and nonexistence of global solution has been ex-
tensively studied by many researches. In the absence of the polynomial source term |ul|? -2 u,
Messaoudi [55] in 2005 considered system (P3) with a = 0. He obtained an exponential de-
cay result of the global solution under some conditions on the relaxation function g. In 1988
and 1989, Haraux, Zuazua and Kopackova [27, 41| proved that if g =0, then a nonlinear
damping term of polynomial or arbitrary growth assured the global estimates for arbitrary

initial data. Cavalcanti et al [15] in 2002 proved that the global solution of the semilinear



viscoelastic wave equation with localized damping term decays exponentially to zero. In the
presence of the polynomial source term |u|? ~24, Ball [10] in 1977 proved that if the damping
terms are absent, that is for a =0 and g = 0, then the solutions blow up when the energy of
the initial data is negative. Berrimi and Messaoudi [11] in 2006 considered the case of a =0
and g # 0, they proved that the solutions decay exponentially or polynomially depending on
the relaxation function g. The case of a # 0 and g = 0 was considered by Levine [44] in 1974,
he showed that the solutions blow up in finite time under some assumptions on the initial
energy. Messaoudi [53] in 2001 proved that if ¢ =0 and the source term dominated the
polynomial damping term, then the solutions with negative initial energy blow up in finite
time. In 2003, the same author [54] considered, the wave equation with damping terms
(polynomial and viscoelastic). Under some assumptions on g, he proved that if the source
term dominated the polynomial damping term then the solutions with negative initial energy
blow up in finite time and if the polynomial damping term dominated the source term then
for any initial data the global solution exists. In 2006, he considered the same system and
proved that under some conditions on the relaxation function g, damping and sources terms
the solutions with positive initial energy blow up too [51].

When F' # 0 and the polynomial source term is absent, the systems of the second order
hyperbolic equation with linear or nonlinear first order perturbation term have been consid-
ered in [14, 16, 21, 22]|. Noting that, the inclusion of this term produce serious additional
difficulties since we do not have any information about their influence on the energy of the
solution, specially, about the signal of the derivative of the energy. In 2008, Hamchi [25]
considered the case of linear first order perturbation term, she introduced a new multiplier
to remove the condition of smallness imposed in the literature on the linear perturbation

term.
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2. Objectives

In this thesis, we consider the system (P1) where we show that the solution with negative

initial energy blows up in finite time.

Then, we give the global existence and stability of the hyperbolic coupled system with

nonlinearties of variable exponents type (P2) under suitable assumptions.

Finally, we prove that if the damping terms (linear and viscoelastic) dominated the
nonlinear first order perturbation term in (P3) then the energy is decreasing. So, we can
define the auxiliary functional L. After that, we show that the solutions with sufficiently

negative initial energy blow up in finite time.

3. Organization of the thesis

The main body of this work consists of four chapters in addition to the general introduc-

tion and conclution.

In the first Chapter, we gather the tools used throughout this thesis. In section 1, we
recall some useful preliminaries on the constant exponent Lebesgue and Sobolev spaces also
some definitions and results needed in our proofs later. Section 2 is about the variable expo-
nent spaces which include the history of the Lebesgue and Sobolev spaces, also, we mention

some definitions and properties of those spaces.

In Chapter two, we study the blow up of solutions of the nonlinear hyperbolic equation
with variable damping and source terms (system (P1)). In section 1, we give the assump-
tion and preliminary results needed to obtain our result. We, also, give the energy identity

associated to the solution. In section 2, we state and prove the blow up result for the solution.

11



In Chapter three, we study the coupled system of nonlinear wave equations with a
variable exponents m(.) and r(.) in the damping terms (system (P2)). In Section 1, we
state and prove the theorem of existence and uniqueness of a weak solution to this problem.
In section 2, we prove the decay estimates for the solution under appropriate assumptions

on these variable exponents.

In Chapter four, we investigate the blow up of solutions of the nonlinear wave equation
with damping, source and nonlinear first order perturbation terms (system (P3)). In Section
1, we show that the energy of the solution is a decreasing function. In section 2, we prove
that if the damping terms (linear and viscoelastic) dominated the first order perturbation
term then we obtain the blow up result for the solution with sufficiently negative initial

energy in finite time.
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Notations

Let T'> 0 and Q be a bounded domain of R" (n € N*) with a smooth boundary 2. The

following standard notations are used in the dissertation

e A=02 +02,+...+02,
V = (02,019, --,0z,)
a i = %
° Cl( ) denotes the space of all continuously differentiable functions on 2,
e C}(9) denotes the space of all continuously differentiable functions with compact

support in 2. The support of a continuous function f defined on 2 is the closure of

the set of point where f(x) is nonzero. That is

supp(f) := {7z € Q[ f(x) # 0}.

o C§5°(92) denotes the space of all continuously functions with compact support in €2,

having continuous derivatives of all orders.
Let Z be a real Banach space with a norm || - ||. We have

e The space LP(0,T;Z) consists of all measurable functions w: [0,7] — Z with

T 1/p
el oo.72) = (/0 ||u(t)||pdt> oo for 1<p< oo

and

”UHLOO(O,T;Z) ‘= €SSSUPg<¢<T |u(t)]] < +oo for p=oo.

e The space LY (0,T;Z) consists of all measurable functions u: (0,7) — Z with u €

loc
LP([a,bl]; Z) for every closed interval [a,b] C (0,T).
13



e The space C(]0,7],Z) consists of all continuous functions u : [0,7] — Z with

Julloqoimy 2 i= guas, Jul < +o0

e The space C1([0,T], Z) consists of all continuously differentiable functions : [0, T] —

Z with
d7u

<
i +00

luller(jo.1),2) = onax, ||| +Or£ta§xT

14



CHAPTER 1

Preliminaries
The objective of this chapter is to provide the basic tools necessary to understand the

notions and results that will be handled throughout this work.

1. The constant exponent Spaces

In this section, we present the definitions of the Lebesgue and Sobolev spaces with con-
stant exponent. Then, we present some useful inequalities that are related to this spaces in

which we will need them later in our proofs.

1.1. Constant Exponent Lebesgue space. The Lebesgue space is presented in the

following.

DEFINITION 1.1. Let p € R*. The Lebesque space is defined as:
LP(Q) = {u :Q =R measurable and /Q lulP do < —i—oo} if 1<p<oo.
LP(R2) is equiped with the norm
1
p
Julliey = lluly = ( [ Jubde)” < +oc.
and
L>®(Q) ={u: Q= R measurable and IM >0 : |u| < M a.e on Q} if p=+o0,
L>°(Q) is equiped with the norm

[l oo () = llulli@y = inf{M >0: |u] < M,a.e. on Q}.

15



1.2. Constant Exponent Sobolev Space. The Sobolev space is presented in the

following.

DEFINITION 1.2. Let m € N*. The Sobolev space W™P(Q) is defined as

WmP(Q)={ue LP(Q),0% € LP(Q);a e N: |a|<m} if 1<p<oo,.

W™P(Q) is endowed with the norm bellow

=

P
[wllwmp o) = ( ) H@O‘ulli) :

|a| <m

and
Wme(Q) ={ue L>®(Q),0% € L>®(Q);a e N: |a| <m} if p=+o0
Wm0(Q) is endowed with the norm bellow

lullwmee@) = D2 1107l -

la|<m
REMARK 1.3. e For p=2 and m =1, we note W3(Q) = H(Q). So
1 2 Ou 2 ,
H (Q):{UGL Q) / 8—€L (Q) for all z:l,n}.
T

o We note by HL(SY) the spaces given by
Hy(Q) = {ue H'(Q) / ulag=0}.

o We note by H*(Q) the spaces given by

o T o
Ox;’ 0z?’ Ox;0x;

16
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LEMMA 1.4. The Sobolev space H&(Q) s a Hilbert space with the scalar product defined

by
<U,U>H6(Q) = /QVu.Vvd:U for all u,v € HYQ)

and with the norm

1

”u||H3(Q) = (/Q |Vu|2dx> ’ for all we Hy(Q)
1.3. Important Lemmas, formulas and inequalities with constant exponent.

LEMMA 1.5. (Poincare’s inequality) There exists a constant C >0, depending on €2,

such that
HM&%DSCWM%m)ﬂwdlueﬂﬂﬁi (1.1)

LEMMA 1.6. (Holder’s inequality) Let 0 < p,q,r < oo with %—{—% = % If feLP(Q)
and g € LY(QY) then fg € L"(Q2), we have

gl < 17 1Ipllgllg- (1.2)

LEMMA 1.7. (Schwarz inequality) For all u € H}(Q) and v € H} (), we have

(1,0} 2| < Nl g2y - 101l 2y (1.3)

LEMMA 1.8. (Green formula) For all u € H?*(Q) and v € H'(Q), we have

/ Auvdr = —/ VuVu der/ @vdu (1.4)
Q Q 99 Ov

LEMMA 1.9. (Young’s inequality) Let X and Y be two positive reals. Let jn and 6 be
two strictly positive reals satisfying i%—% =1

For all 6 >0, we have

o 5?
Xy < —Xt4—v? (1.5)

17



LEMMA 1.10. (Algebraic inequality) Let m > 1. For all u,0 >0, we have
(h+0)™ <27(u™+0™). (1.6)

2. The variable exponent spaces

2.1. History of Variable Exponent Spaces. Variable Lebesgue spaces were first
introduced by Orlicz in 1931 in his article [63]. He started by looking for necessary and
sufficient conditions on a sequence (y;) in R under which Y z;y; converges, for any sequence
(z;) in R such that >z converges, where (p;) is a sequence of real numbers with p; > 1.
He, also, considered the variable exponent function space LPC) on the real line. Orlicz later
concentrated much on the theory of the function spaces that were named after him ( see

[59]). In the theory of Orlicz spaces, the space L¥ is defined as follows:
LY = {u : 2 — R such that o(A\u) = /ng()\|u(a:)|)dx < —i—oo},

for some A > 0, where ¢ is a real valued function that may depend on z and satisfies some
additional conditions. Putting certain properties of ¢ in an abstract setting, a more gen-
eral class of function spaces, called modular spaces, was first studied by Nakano [60, 61].
Following the work of Nakano, modular spaces were investigated be several people, most im-
portantly by groups at Sapporo (Japan), Voronezh (U. S. S. R) and Leiden (the Netherlands).
An Explicit version of modular function spaces was investigated by Polish Mathematicians,
like Hudzik [28, 38] and Kaminska [35, 39].

The variable exponent Lebesgue space LP() () is defined as the Orlics space L#7()(Q) where
o) (1) =171 or (1) = —~
where

p(.) : 2 — [1,00) is a measurable function.

18



So,
L0 (Q) = {u : 2 — R measurable such that o(Au) = /Qapp(x)()\ lu(x)])dz < +oo},

for some A > 0 equipped with the Luxemburg norm

Hqu(_) = inf{)\ > (0 such that /Qgpp(x) (‘u(}\x)|> dr < 1}.

Variable exponent Lebesgue spaces on the real line have been independently developed by
Russian researchers. Their result originated in 1961 in a paper by Tsenov [70]. The Lux-
emburg norm was introduced by Sharapudinov [68] for the Lebesgue space. He showed that
this Space is Banach if the exponent satisfies 1 < essinf p <esssup p < +o0o. In the mid-80s,
Zhikov [75] started a new line of investigation of variable exponent spaces, by considering
variational integrals with non standard growth conditions. The next major step in the study
of variable exponent spaces was by Kovacik and Rakosnk [42] in the early 90’s. In their
paper, they established many of the basic properties of Lebesgue and Sobolev spaces in R".

In the beginning of the new millennium, a great development has been made for the

rigorous study of variable exponent spaces. In particular,

e A connection was made between the variable exponent spaces and the variational
integrals with non standard growth and coercivity conditions.

e Modelling of some physical phenomena such as flows of electro rheological fluids
or fluids with temperature dependent viscosity, nonlinear viscoelasticity, filtration
processes through a porous media and image processing which give rise to equations
with nonstandard growth conditions. That is, equations with variable exponents of
nonlinearities. These models include hyperbolic, parabolic or elliptic equations that
are nonlinear in gradient of the unknown solution and with variable exponents of

nonlinearity.

2.2. Variable Exponent Lebesgue Space. In this subsection, we present some defi-

nition about Lebesgue spaces with variable exponents.
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DEFINITION 2.1. Let (2,3, 1) be a o—finite, complete measure space. We define P(S), )
to be the set of all p—measurable functions p: ) — [1,00). The functions p € P(Q,pu) are

called variable exponents on ). We define

p =essinfyeap(y) and pt = esssupyc ap(Yy).

If p™ < oo then we call p a bounded variable exponent. If p € P(Q,u) then we define p' €
P(Q,p) by

1
—+ =1, where — :=0.
p(y) P (y) 00

The function p’ is called the dual variable exponent of p. In the special case that i is the n—

dimentional Lebesgue measure and §2 is an open subset of R™, we abbreviate P(Q2) := P(Q, ).

DEFINITION 2.2. We define the Lebesgue space with a variable exponent p(.) by
LPO(Q) == {u : QQ — R; measurable in € : )l\li% Op()(Au) = 0}
or equivalently
Lp(‘)(Q) = {u 1 Q — R; measurable in 2 : gy y(Au) < 400, for some A > 0},
where

= | fu@)Pt

Lp(')(Q) is endowed with the following Lurembourg-type norm

[l : 1nf{ d Sl}.

LEMMA 2.3. [9] If p(x) = p, where p is a constant. Then,

u(z)
A

il =0 = ([ P az)”. 2.1)
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Now, we introduce the most important condition on the variable exponent, called the
log-Holder continuity condition, which is necessary to obtain the Poincaré inequality in the

variable case.

DEFINITION 2.4. We say that a function q: €2 — R is log-Holder continuous on (), if there

exist constant C' > 0 such that for all 0 <6 < 1, we have

C

< ———— forall x,y € Q, with |x—y| <é. (2.2)
log |z —y|

LEMMA 2.5. [43] Let Q2 be a domain of R™. If p:Q — R is a Lipchitz function, then it

is log-Holder continuous on €.

REMARK 2.6. The log-Holder continuity condition on p can be replaced by p € C(Q) , if
Q is bounded.

The following results are very important and useful in the sequal.
THEOREM 2.7. [43] If p€ P(Q, ), then Lp(')(Q,,u) is a Banach space.

LEMMA 2.8. [43] If p: Q — [1,00) is a measurable function with p* < +o00 then C§°(£2)
is dense in LPU)(Q).

In the following lemma, we present the relation between the function gp(_)(u), called the

modular function, and the norm [uf|, .
LEMMA 2.9. [43] If 1 <p~ <p(z) <pt < +oc then
- p- pt P pt
min { [l Tl } < o) < max ) Tl }
for any u € LPO(0Q).

REMARK 2.10. If the exponent p is constant then p— = p* and hence op()(u) = ||u\|§
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LEMMA 2.11. (Young’s Inequality). [43] Let 0, §' s> 1 be a measurable functions
defined on € such that

1 1 1
= + ——— for a.e y € ).
s(y)  oy) 0 (y)
Then, for all a,b >0, we have
(b)) @d) 0

(2.3)

By taking s =1 and 1 < 4, § < +00, it follows that, for any € >0, we have
ab < ca’ + Ceb‘s ,

where C¢ = 1/51(65)%.
For p=q =2, we have
b2

b<ea®+ —.
ab < ea +4€

LEMMA 2.12. (Hoélder’s Inequality). Let p,q,s > 1 be a measurable functions defined

on §2 satisfying

11 1
~ply) aly)

If f € LPO(Q) and g € LI)(Q), then fg e L (Q) and

for a.e y € (2.

1 9llscy < 2011y lgllgqy - (2.4)

By taking p=q = 2, we have the Cauchy Schwarz inequality.

2.3. Variable exponent Sobolev spaces. In this subsection, we study some func-
tional analysis type properties of Sobolev spaces with variable exponents. We start by

recalling the definition of the weak derivative.
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DEFINITION 2.13. (Weak derivative) Let Q0 C R"™ be a domain. Assume that u €

LI (Q). Let a:= (a1,...,0ap) € N* be a multi-index and let || = ay + -+ ap. If there

loc

exists g € L1, . (Q) such that

loc

olely,

u
Q 0Mxy---0%uxy,

dz = (—1)'“'/@@[)9 dz for all ¢ € C§°(Q),

then g is called a weak partial derivative of u of order . The function g is denoted by Oy u

||
or by 8“1;1;?...8“‘(177,1;71/'
DEFINITION 2.14. Let k € N. We define the variable exponent Sobolev space Wk’p(’)(Q)
by
WhPO(Q) = {u e LPU)(Q) such that 9%l e LPV(Q), V]a| < k}

equipped with the following norm

. u
(A —— ::mf{)\ >0 0ppinto (A) < 1} = Y [9aull
0<|a|<k

with

QWk,p(‘)(Q) (u) = Z QLP(')(Q) (8au)'

O<|a|<k
Clearly
wort) Q) = L0 (Q)

and

wirt)(Q) = {u € LPU)(Q) such that Vu exists and |Vu| € Lp(')(Q)},
equipped with the norm
Fellyaocr @ = Nl + ¥l
THEOREM 2.15. [9] Let p € P(Q, ). The space W*P()(Q) is a Banach space, which is

separable if p is bounded and reflexive if 1 < p~ < p' < +oo.

DEFINITION 2.16. The closure of the set of Wk’p(')(Q)-functz'ons with compact support in

Wk2()(Q) is the Sobolev space Wg’p(‘)(Q) “with zero boundary trace”,
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i.e.,

Wéf’p(')(Q) — {u c Wk,p(')(Q) cu=uxg for a compact K C Q}

Furtheremore, we denote by Hg’p(')(ﬂ) the closure of C3°(Q) in W5PO)(Q) and by WP 0(Q)

1

the dual space ofWOI’p(')(Q), in the same way as the usual Sobolev spaces, where 50 —|—p,%.) =1.

REMARK 2.17. (1) H(]f’p(')(Q) C Wé““”(@).
(2) If p is log-Holder continuous on 2 then Wéc’p(.)(ﬂ) = H(])C’p(')(ﬂ).
(3) If p=2 and k=1 then we set WOI’Q(')(Q) = H}(Q).

THEOREM 2.18. [9] Let p € P(Q, ). The space Wg’p(')(Q) is a Banach space, which is

separable if p is bounded and reflexive if 1 <p~ <pT < +o0.

THEOREM 2.19. [43](Poincaré’s inequality) Let Q2 be a bounded domain of R"™. If p

satisfies the Log-Holder inequality on ) then
lullp(y < ClIVullygy for all ue Wy (), (2.5)

where C'is a positive constant depends on p(-) and Q only. In particular, the space Wol’p(')(Q)

has an equivalent norm given by

Jully .03y = ¥l

We end this section with some essential embedding results.

LEMMA 2.20. [9, 43] (Embedding Property) Let ) be a bounded domain in R™ with

a smooth boundary 0. Assume that p,q € C(Q) such that
l<p <px)<p" <+4ooand 1 <q <q(r) <q" < +oo, for all z € Q.

and p(z) < ¢*(x) in Q with ¢*(z) = ""1°

oo, ifqt>n
Then the embedding W40)(Q) — LPU)(Q) is continuous and compact.
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COROLLARY 2.21. Let ) be a bounded domain in R™ with a smooth boundary 0S). Assume

that p: Q — (1,00) is a continuous function such that

2
2<p_§p(x)§p+<7n2, n > 3.
n_

Then, the embedding W&’P(')(Q) — LPO(Q) is continuous and compact.
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CHAPTER 2

Blow up of nonlinear hyperbolic equation with variable damping

and source terms

This chapter is the subject of a submitted paper by

Soumia Abdelhadi and Ilhem Hamchi .

In this chapter, we consider the following system

wp — div (AVW) + g |ug "V 72 = wuPU72 in Q% (0,7),

u=0 ondQx(0,7), (P1)

w(0)=up and w(0)=wu; in Q.

Where A = A(x,t) is an n X n symmetric matrix with real coefficients. The exponents m(.)
and p(.) are given measurable functions on €.

In this chapter, we consider the case of variable coefficients (A = A(z,t)), variable damp-
ing and source terms where we show that the solution of (P1) with negative initial energy
blows up in finite time.

This chapter consists of two sections. In section 1, we give the assumptions and prelimi-

nary results needed to obtain our main result. In section 2, we prove the main result.

1. Assumptions and preliminary results
In this chapter, we study the blow up question of the system (P1) under the following
assumptions:

e (H1) For the matriz A, assume that
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(1) A s of class C* (Q X [0,—1—00[).

(2) There exists a constant ag > 0 such that for all £ € R” we have
Ae-E>ap| € and A <0.

e (H2) For the exponents: The exponents m(.) and p(.) are measurable functions on
(2 such that:

(1) The following log-Holder continuity condition

C
lg(z) —q(y)| < ————, forallz,y € Q, with |zr—y|<d
log|z —y|
where C'>0 and 0<d<]1.
(2)
2<mi<m(x)<mg, n=12.
2
2<m1<m(x)<m2_7n, n >3,
n—2

with my :=essinf,cqm(x) and  mg = esssup,cqm(x).

with p1 :=essinfyeqp(z) and  pa:=esssup,eqp(T).

(4)

mo < p1 < p2.
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where

ST S L @
E(0):= 5 | w1 |3 +3 /QA(:U,O)VUOVUOCZQ: /Qp(:c) | ug [P de.

Now, we introduce some preliminary results needed to prove our main result. The exis-
tence and uniqueness result for problem (P1) is given in the following theorem.

In the beginning, let us introduce the definition of a weak solution for our system

DEFINITION 1.1. Let (ug,u1) € H3(Q) x L?(2). The functions u such that
we L% ([0,7), H§ (), w € L= ([0,7), L2(Q)) n L™ (2 x (0,T)),
is called a weak solution of (P1) on [0,T), if

4 [ de+ Jo AVu-Vé dr + o lur] ™ 2w de— fo [ufPD 2 up dx =0,
u(0) = up,ut(0) = uq,

for a.e. t € (0,T) and the test function ¢ € HL(S2).

THEOREM 1.2. Under the above assumptions and for (ug,u1) € H}(Q) x L(R), the prob-

lem (P1) has a unique local weak solution u on [0,T), in the sense of Definition 1.1.
PROOF. As in [57]. O
We assume the following result.

THEOREM 1.3. Forug € H2(Q)NH(Q), uy € H}(Q), then the problem (P1) has a strong

solution

ue L% ((0,7), H*(Q)NHE(Q)), ur € L= ((0,T), Hy () N L™ (@ x (0,T)),
uy € L ((0,7), L3())
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Moreover for any weak solution (u,us) of (P1), there exists a sequence (un,unt), n>1, of

strong solutions of (P1) such that
(tnstnt) — (u,ug) in L2 ((0,T); HY(Q)) x L= ((0,7), L*(2)) N L™ (Q x (0,T)).
We define the energy functional for the local solution u of problem (P1) by
1 9 1 1 p(z)
E(t) = 5 | ut |5 —i—i/QAVuVudx—/ — |u|™ dx, vt e [0,77.

Q p(z)

By the definition of the solution, we can prove the following lemma which shows that F is

a non increasing function of ¢.

LEMMA 1.4. For any strong solution of (P1), we have
1
E'(t) = g/QA/VuVudx—/Q | ug ™) dz <0, Vtel0,T].

Now, we set

LEMMA 1.5. We have

1
H(0)< H(t) < — p(@) 7. 1.1
0<HO) < H( < - [ [uf@dr, vie0.T] (1)

PROOF. e Since £(0) <0 then H(0)=—FE(0)>0.
e From the definition of H and the non increasing of E, we have

HO)< H(t), Wtelo,T).
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o We have
H{t) = -2 |l H2_1/AVuVudx+/ L@ gy
o Utz =5 f, o 7 .
(H1—2) implies that
1 (@)
H < [ u @ do.
Q p(z)

By (H2—3), we arrive at

1
H(t) < — PE) g
@_mkwldx

Let C be a generic positive constant and it may changes from line to line.

The following two lemmas are needed, too, in our work.

LEMMA 1.6. There exists a constant C' > 0 such that
[ 1P da = C full
and

mg my
/Q’ulm(x)d$§0(</9’U‘p(x)d$>p1—|—(/Q‘U|p(x)d$>pl)

PROOF. .

Proof of (1.2): We have
/hwwm:/ mmw@+/meu@
) 0y Q-

where

Qr={xeQ/|u(z,t)|>1} and Q_={ze€Q/|u(x,t)|<1}.
30
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We have

p(z) > p1
/S)+]u| dx_/§2+|u] dx (1.5)

and

/ |u]p(m)dx2/ | u |[P? dx.
Q_ Q_

Since p; < p2, then

P2

[ 1up@ darz(/*(/ﬂ M dx>“. (1.6)

Replacing (1.5) and (1.6) in (1.4) to obtain

p2

P1
/|u]p(”)dx2/ |u|p1da:+C’</ \u|p1da:>l
Q Q. O

This implies that

1
/|u|p(x)dx2/ |u [Pt dz  and C’(/ |u|p(“’)dm)p22/ | u Pt dx.
Q o, Q 0

By addition, we find

r1
Jrup@ dosc ([ 1upt de)™ > julp;.

So

1
1+C’(/Q|u]p("”)d:c)p2 ]/Q|u|p<x>dxz\|u|g;

But, by (1.1) and (H2—3) we find

)% > ([ [0 dr)”
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Then
1 ClpuHO)7 | [P do >l

Consequently, we obtained (1.2).
Proof of (1.3): We have

/Q|u\m(m)d:c - /Q+|u]m(‘”)dx—i—/9_|u]m(x)

g/ |u|m2da:—i—/ | u|™ dx.
o, 0

Since m1 < mo < p; then

[ Tl

(VAN
Q
/N
\
+
I
=
Q
S
S~
=3
+
/N
S
|
IS
=
QL
8
~_—
E
| I |

< C(Jlullp?+lully)
By (1.2), we find the desired result. O
LEMMA 1.7. For all
. fp1—2 pi—m
O<oz§m1n{ , } and k>1,
2p1  pi(me—1)
we have
/HO‘ )| u|me dm<C’(/ AVuVudx—i-/ | u P dx) (1.7)
and

/ |w || g ™) - (/QAVuVudx—i-/QM]p(m) da:)

(mg -1k
mo
32
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PROOF. .

Proof of (1.7): We have

a(m(z)-—1)
a(m m(x H(t) a(m(xz)—1) m(x)
/H £) | dx—/Q[H(O)} [H(0)] | @ .
Sin H(t) > 1, then by (H2—2) we find
ce H(O)_ , then by we
a(ma—1)
o m(x H(t> a(m(z)—1) m(x)
< P
/H £) | ul d:c_/Q[H(O)] [H(0)] | @) dy
< [EE@reY /Q ()27 | ) dr (L9)
But

[H(0)]M®=m2) < & for all z € Q.
Indeed

It H(0)>1 then [H(0)]*™®=m2) < [f(gyetma—m2) — 1,
Then, (1.9) becomes
/Q HO=D (@) |4 @) o < O[H )] [ |0 dy,
By (1.1) and (1.3), we find

/QHoz(m(;r)—l) (t) |u ‘m(m) dx

22 La(mo—1) 1+a(m2 1)
< p(@) ) g ( p() ) _
< C ((/Q | u [P dx + /Q | u [P\ dx
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We apply Lemma 4.1 in [57] for
2<s=mi+api(me—1)<p
then for
2<s=ma+api(m2—1)<p

and by (H1—1) we obtain (1.7).
Proof of (1.8): By Young inequality (1.5), with

X=lu|, V=[u "D = __m)
|ul , | uy | , pw=m(z) and 0 ) 1
we find
m(®) 1 _ma)
/ | || w |m(:r)—1 dr < / 4 lu |m(w) dx+/ M(g AT | gy ™) gy
Q Qm(x) o m(z)
< [ ) ) g
- m1JQ
+ my — 1 6_% | g ]m(“) dx.
mi Q

Let k£ > 0. If we take

_m(z)—1

o= (kH™ (@) " >0

then we find

1
m(z)—1 < 1-m(z) rra(m(z)—1) m(x)
/Q|U||Ut| dx —/Qk: H (t) | u| dx

S
(mo—1)k

my

H(t) /Q | |™@ da. (1.10)
But, from the definition of H, Lemma 1.4 and (H1—2) we have

/Q g | d = ;/QA'VuVudijH'(t) < H'(t).
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Then, for k> 1, (1.10) becomes

1—m1 B
/ ‘ U H Ut |m(:v)71 dr < k / Ha(m(x)fl) (t) ‘ u |m(m) dr + M
@ 1 Q

m ma

H™“(t)H'(t).

By (1.7), we obtain the result.

2. Main result

In this section, we state and prove our main result .

THEOREM 2.1. The solution of problem (P1) blows up in finite time.

Because of the Theorem 1.3, it is sufficient to prove the result for strong solutions.

ProOOF. We proceed in 4 steps:

Step 1 For € > 0, we consider the following functional
L(t) = HO(t) + e /Q wudr, Ve [0,T].
If we derive the function L with respect to t we obtain
L(t) = (1—a) H=O(t) H'(t) + ¢ |ug |2 +6/Quuttd:v, vt e [0,T].
But

/uuttdm = /udiv(AVu)dx_/ wuy | uy |m(w)—2 do
Q 9 0
+ / | w [P da.
Q

By the generalized Green formula (1.4), we obtain

/Uuttdilf = —/ AVuVudx—/ wuy | ug |72 dg;_|_/ | u [P da.
Q Q Q Q
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Replacing (2.2) in (2.1), we find

L) > (1_a)H*a(t)H’(t)HHutHg—e/QAvuvudx

- e/|u||ut |m(“’)_1dm+e/|u|p(”6)d$.
Q Q

By (1.8), we obtain

(m2 — 1)/{5

L't > |[1—a-—
(t) [ a—e€ o

] H (0 H(t) + €[]

kl_ml
_ e<1+C’ ) / AVuVudz
ma Q

k,lfml
_ p(z)
+ e<1 C )/Qyu\ dz. (2.3)

mi

Add and subtract e(1—n)p1H(t) for 0 <n<1— p% in the right-hand side of (2.3) and use

the definition of H to obtain

mo— 1)k

L't > ll—oz—e( ]H_a(t)Hl(t)—|—€(1—n)p1H(t)—|—6HutH§

m2

1-mq
)/AVuVudDH—e(l—Ck )/ |u [P da
Q mi Q

1 1 1
— e(1—-n);m (—2 e |5 — Q/QAVuVudx—i—pl/Q | u [P dx) : (2.4)

1-m

- e(1+C

1
mi

Then

L't > [1—&—6M] H™*(t)H'(t)+e(1—n)p1 H(2)

m2

1-my 1—
+ e<77—Ck >/Q|u|p(w)dx+e<(2n)pl+1>6||ut||g

mi

—2 ktmm
N / AVuVudz.
2 2 m Q
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For k sufficiently large, we arrive at

L) > 1—04—6(”"2_%1 Ha(t)H’(t)+6fy[H(t)+/ | u [P®) da + € ||ug |3
mo Q
+ EB/QAVuVudw, (2.5)
where

: ktmm (1-
7:m1n{(1—77)p1,77—0 ,( n)p1

1, >0.
mi 2 +}

and

-9 klfml -9 klfml
5:“2 —%—C =M —n(1+pl)+n—c > 0.
mq 2 m

If we choose € small enough such that

-1
kE>0.
m2

l—a—e

Then, by (1.2) inequality (2.5) takes the form

L(t) > eC [H(t)+ || w |+ 1w 3] (2.6)
Step 2 Since

L(0) = H'=%(0) + ¢ /Q wo()ur (z)dz > 0.
then from the increase of L (See (2.6)), we find
L(t)>0, Vtelo,T).

Step 3 By the definition of L, we find

1

L) < {Hlo‘(t)—i—e/ﬁlu\\uﬂdx]la.
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By the Algebraic inequality (1.6) with

1
= H=@), 9:6/9|u|\ut|d:candm:7

1l—«

we obtain

1

Lﬁ(t) < Qﬁ -

H(t)—i—(e/Q\uHut]dx)

But, by Schwarz inequality (1.3), we have

| IS

=0 A
(frulivede) ™ < w5

From the embedding LP*(Q)) < L?(Q), we find

1
T—a 1 1
(flulivlde) ™ <cluli=u 5
Apply Young inequality (1.5) with

. Ao 2i-a)
X=fulf® Y=l p=S

and 6=2(1-a«)
we have
T 2

([ruliulde) ™ <o (lulf™ + u ).
We apply Corollary 4.4 in [57] with 2 < s = ﬁ < p1 to find

1

LT (t) <C[H®+ || w bt + | u 3], vtelo,1].

Step 4 By combining (2.6) and (2.7), we arrive at

L'(t) >CL™a(t), forallt>0
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A simple integration over (0,t) gives

L(t) > S
LT (0) - 2]

for all ¢ > 0.

From which follows, via (2.7), the desired result.
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CHAPTER 3

Global existence and stability for a coupled system of nonlinear

wave equations with variable exponents in the damping terms

This chapter is the subject of a submitted paper by

Soumia Abdelhadi and Abderrahmane Youkana .

In this work, we consider the following initial boundary value problem

m —Au—i—a\ut|m(')_2ut+a(u—v) =0 inQx(0,7),

vtt—Av+b|vt|r(')_2vt+a(v—u):O in Qx(0,7),

u=v=0 on 9Q x (0,T), (P2)
u(0)=up and u(0)=1wuy in €,
v(0)=vg and v(0) =v1 in €,

where a,b,« are positive constants and the exponents m(.) and r(.) are given measurable

functions on {2 satisfying

2<m(x) <oo, ifn=1,2,

2§m_§m(x)§m+<72, ifn>3 (0.1)
n—
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and

2<r  <r(z)<rt <", ifn>3, (0.2)
where
m~ =ess inf m(x), m* = esssupm(x) (0.3)
and
r~ =essinf r(z), r* =esssupr(z). (0.4)
z€f)

e

Also, we assume that m(.) and r(.) satisfy the log-Holder continuity condition :

< —L, for all z,y € Q with |z —y|<d, 0<d<1, C>0. (0.5)
log |z —y|
Our purpose in this chapter is to study the global existence and the stability of the
solution of (P2) under suitable assumptions on the parameters of this system. The content
of this chapter is as follows. In Section 1, we state and prove the existence result. In Section

2, we prove that the decay estimates of the energy function are exponential or polynomial

depending on the exponents m(.) and r(.).

1. Global Existence Result

Before investigating the decay of solutions, we give the following definition of a weak
solution, then, we state and prove the theorem of existence and uniqueness of solution to

problem (P2) the proof can be established similarly [12, 58].
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DEFINITION 1.1. Let (ug,u1), (vo,v1) € H3(Q) x L*(Q). Any pair of functions (u,v) such

that
u,v € L% ([0,7), H3(Q)), ue € L= ([0,7), LA(Q)) n L™ (2 x (0,T)),

v € L% ([0,7), L2(9)) N L"O(Q x (0,7)),
is called a weak solution of (P2) on [0,T), if

i Jo et dot o Vu- V6 detafolul ™7 de+ fgalu—v)¢ du =0,
4 Jovip dr+ Jo Vo Vi dz+b fo [ 2o do+ fo o —u)y dz =0,
u(0) = up,ut(0) = u1,v(0) = vo,v(0) = vy,

for a.e. t € (0,T) and all test functions ¢, € H{ ().

THEOREM 1.2. Under the above assumptions on m(.),r(.) and for (ug,u1),(vo,v1) €
H(Q) x L*(Y), the problem (P2) has a unique local weak solution (u,v) on [0,T), in the

sense of Definition 1.1.

ProoF. Uniqueness :
Let (up,v1) and (ug2,v2) be two solutions of problem (P2) in the sense of Definition 1.1.
Taking ¢ = uy; —ugr and 1 = vy — v9 in this definition. Then, (u,v) = (u; — uz,v; — v2)

satisfying the following identities

d ff/ 2 g ff/ d
2dt/|t’ x+2dt | Vu |* dx+« 5% lug — uz\ x

+G/Q (|U1t|m D723 — g™ _2U2t) (w1t —ugt) do

—a/ vug de =0 (1.1)
Q

and

2 - v _ 2
M/ 0] da:+2dt/ Vo | dx+a2dt/ o1 — va dz

+b/ﬂ ’U1t|r D72y, — |U2t’T v _2U2t> (1t —vat) dx

—a/ vy dr = 0. (1.2)
Q
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Using the fact that for all Y, Z € R and z € Q)
(Y ["==2y —|z1"92Z) (v = 2) 20, qla) 2. (1.3)

and summing up the inequalities (1.1) and (1.2), we obtain

1d

2dt Jo (‘Ut’2+ ’Ut!2+ | Vu ]2 + | Vo ’2 +Oé(U—v)2) dr — 0.

Integrating over (0,t), we get
/Q (Jue® + oo+ | Vu P +| Vo 2 +a(u—v)2) de =0,
which gives us,
ut(z,.) =v(z,.) =0 on Q, Vu(.,t)=Vu(.,t)=0, forallt €(0,7).
As a result

u=v=c=0 on Qx(0,7).

Since u=v=0 on 0N x (0,7"), this implies the uniqueness.

Existence :
To prove the existence of a local solution to problem (P2) , we proceed in several steps.
Step 1: Faedo-Galerkin approximation.
Let {w;}32, an orthonormal basis of HY(). For all k> 1, let (u¥,v*) be a sequence in the
finite-dimensional subspace W}, = span{wyi,...,wi} defined by
k

k
uF(z,t) = ;aj(t)wj(x) and  oF(x,t) = ;bj(t)wj(x), forallz € Q, t€(0,T),
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which satisfy the following approximate problems, denoted by (Py):

[ bty (o) do+ [ V() V(@) dota | b ) [l (o, 0)| ™y (a) o
+/Qoz(uk(x,t)—vk(x,t))wj(x) dr =0, Yj=1,2,.. .k (1.4)
and
[ vht@tw(a) do+ [ Vot (o) V() do+b [ o @) [ob ) () da
+/Qoz(vk(3:,t)—uk(x,t))wj(x) dr =0, Vj=1,2,... .k, (1.5)

with initial condition

k k

uF(0) = uf = 3" (ug, wi)ws, uf(0) =uf =" (ur,w;)w;,
=1 =1
k k

v*(0) = v = Y (vo,wi)wi, v} (0) =vf = Y (v1,wi)w,
=1 =1

such that

uf —suyg and v — vy in H(Q),

ud —up and of —o; in L2(Q).

This generates a system of k£ nonlinear ordinary differential equations, which admits a unique
local solution (u*,v*) in [0,T}), where T}, < T, by standard ODE theory. In the following

step, we will show, by a priory estimates, that T, =T,Vk > 1.

Step 2. A priori Estimates.

Multiplying (1.4) and (1.5) by a’;(t) and b;(t) respectively. We sum each result over j, from
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1 to k, to find

2dt{/’“t“>|2 d“/ VU fct)\ dw+a/!u (z,t) | da:}

+ a/Q|ut(a;,t)| dx—oz/Qv (o, )k (2, 1) dz =0 (1.6)
and
1d k 2 k 2 k 2 }
2dt{/9\vt(:v,t)\ dx+/9\w (a,1)| d:L'Jra/Q]v (a,8) |2 do
k r(zx) _ k k _
+ b/Q]vt (x,t) | dx a/Qu (x,t)v (z,t) dx = 0. (1.7)

Summing up the identities (1.6) and (1.7), we have

1d

2dt Jo 2 dt 2 dt 2 dt

- - k k i k k
ta dt/ ‘u xt dm—l—ant/ ‘ xt d:r; O‘/ (l’at)ut@,t) dx Oé/Qu (x,t)v)(x,t) dx

+a/‘uta:t dﬂf—Fb/”Ut xt da:—O

which yields

1

th <’Ut x,t) ’ + ’vt x,t) ‘ + | Vuk(x,t) |2 + | Vok(z,t) |2 +a(uf(z,1) —vk(a:,t))2> dx
—l—a/ ‘ut x, t d:z:—l—b/ ’vt x, t r=0. (1.9)
Integrating (1.9) over (0,t) to obtain

2/ (Ut x, t +‘Ut x,t) ’ + | VuF(z,t) |? + | Vvk(x,t) E +a(uk(x,t)—vk(m,t))2> dx

—l—a//‘uta:s da:ds—i—b//’vt x,s)

1
< 5/9 (|u1| + o1+ | Vg [ + | Vg 2 +a(uO_vo)2) do—c.

dxds

where c is a positive constant, for all T, <T and k > 1. Therefore, the local solution (uk,vk )

of system (Py) can be extended to (0,7) for all k > 1.
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Furthermore, we deduce that

(u¥)p, (%), are bounded in L™ ((O,T),H&(Q)) ,
(uf ) is bounded in L ((0,7), L3(Q)) N L™0) (2 x (0,T)),
(f)r is bounded in L ((0,7), L2(Q)) N L") (2 x (0,7)).

Consequently, we can extract two subsequences {u*}; and {v*}; which we denote by {u'},

and {v'}; respectively, such that when [ — oo, we have
(W) —u and (V) —w weakly* in L ((O,T),H(%(Q)) :
(ul) — uy  weakly* in L™ ((O,T),LQ(Q)) and weakly in  L™0) (Q x (0,T)),
(v}) — v weakly*in L ((0,7),L%(Q)) and weakly in L") (2 x (0,T)).

Step 3. The Nonlinear terms.

In this step, we show that
ub |l "O725 4y [y 72 weakly in L#g;)l (Qx(0,7))
and
ool TO72 5 0 [y TO72 0 weakly in L’(7§7—)1 (Q2x(0,7)).

By Lions Lemma [48], we obtain u € C([O,T],L%Q)) and v € C([O,T],LQ(Q)), so that
u(z,0) and v(x,0) have a meaning. Since (ué) is bounded in L™)(Q x (0,7)), it follows
that, there exists a subsequence of (ul | ul |™()=2);, still denoted by (ut | ul [™)=2);, for

simplicity, such that

-2 m(-)
‘ul‘m() ul — x1 weakly in L™0-1(Q x (0,T)).

46



Similarly, we find

r()-2 4 T()

! uy — x2 weakly in L™O-1(Q x (0,T)).

g

2

In what follows, we prove that y; =| us [0 =2 uy and yo =| v¢ [)=2 v;. We have

/ulw- dm—/ulw- dx+/t/Vul~Vw- dxds+a/t/ ‘ul‘m(x)_zulw- dxds
o i o i 0 Jo J 0 Jo!M tWj

t
—l—a/o /Q(ul —vhw; drds =0, Vi<l
and

viwj dxds

l ! t ! t (@) —2
/vtwj dx—/ VIW; da:+/ / Vo' - Vuw; dxds+b/ / ‘vt
Q Q 0 JQ 0 JQ

t
+oz/0 /Q(vl —ul)w; dads =0, Vi <.

As [ goes to 400, we easily check that

t t
/utwj dx—/ ULW; da;—i-/ / Vu-Vw; dxds—i—a/ /Xle dxds
Q Q 0 JQ 0 JQ

0
+04/0 /Q(u—v)wjda:ds:o, Vi>1

and

t t
/vtw]- dx—/ V1w dx—i—/ / Vv - Vw; d:cds—i—b/ /ng]‘ dxds
Q Q 0 JQ 0 JQ

t
—I—a/o /Q(v—u)wj dxds =0, Vj>1.

Consequently,

/Qutw dx — /ulw dI—i—//Vu Vw dxds—i—a/ /Xlw dxds

+a/ / u—v)w drds =0, Yw e Hi(Q) (1.10)
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and

/Q?th dx — /vlw d:l:—l—//Vv Vw dxds—i—b/ /ng dxds

+a/ / v—uw)w deds =0, Yw e H}(Q). (1.11)

All terms define absolute continuous functions; so we get, for a.e t € [0,T],

d 1

a/ﬂutw dx—l—/Q(VwVw +axiw~+a(u—v)) dx =0, Yw € Hy () (1.12)
and

d 1

%/qutw d:L'—i—/Q(VU-Vw—l—bxgija(v—u)) dx =0, Yw € Hy (). (1.13)
This implies that

u — Au+a x1+a(u—v) =0, in D'(Q2x (0,T))

and

v — Av+b xo +a(v—u) =0, in D'(Qx (0,7)).

Next, we set U(w) =| w |"™*) =2 and define the following sequence, for all I > 1, see [48],

= a/OT/Q (W(ué) - \Il(w)) (ul —w)dzxdt, vw e L™ ((0,T),H&(Q)) .

By the inequality (1.3), we have Then
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Replacing v* by u! in (1.6) and integrating the result over (0,7, we find
1/|u%ETH%m+1/ﬂkuzvfdx+a/|u%rTH2dm
2Jo ! 2 Jo ’ 2 Jo ’
+ a/T/ | ub(z,t) @) da:dt—/Ta/ ol (x, t)ul (2, t) dadt
0 Jo! B 0o Jo R
1 2
< 5/&2 (‘uﬁ’ + | Vb |? +a(u6)2> dx. (1.14)

Using the fact that v/ and u} are bounded in L*((0,7),L?(R2)) , we obtain

T T T
l l l 2 l 2
- .t 1) dadt < / / 0| dedt + / / )| dedt < M,
/0 a/ﬂv(x Jug(z,t) dedt < « A Q|ut(ac )|© dx « : Q|v (x,t)|7 dxdt <

where M is a constant independent of {. Hence (1.14) takes the form

1 1 2 T
§/Q|ui(x,T) |2dm—|—§/ﬂ‘Vul(m,T)‘ dx—i—g/ | ul(z,T) |2dx+a/0 /Q|ui(x,t) @) dadt

<= /(!ulj + | Vup 2 +a(u ))dw+M

(1.15)
Therefore
Xt < 2/ (‘ul‘ + | Vb |2 +a(u )>dx—|—M
_ /|ut:z;T)|2dx /‘Vu xT)‘ dx——/\u xT)\de
- // wwww—// ) dadt, Ywe L™V ((0,T), H}(Q)).
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Taking [ — 400, we obtain
. l 1 2 2 2
0 <limsup X' < 5/9(]111] + | Vug |* +a(up) )dx—i—M
l

= 5 [ (e TP + | (e, T) P +a<u<x,T>>>2) da

_ / | xaw dedt—a / [ ww ) ddt.

(1.16)

Using the fact H}(9) is dense in L?(R), replacing w by w; in (1.10) , v in (1.11) and

integrating over (0,7, to get
1 2 gyt 2 1/ 2 _1/ 2
2/Q|ut(x,T)| dz 2/Q|u1| do+3 [ \Vu(a. 1) do— [ [Vuol* do
T T
—l—a/o /Q)aut d:z:dt—i—a/o /Q(u—v)ut dxdt =0 (1.17)
and
1 ) 1 ) 1 ) 1 )
[t e fl aes e
2/Q|Ut(x W do—3 [ |l dot3 [ [Vo(e, D) de—2 [ Vool do
T T
+b/ /XzUt dxdt+a/ /(v—u)vt dzdt = 0.
0 JQ 0 JQ

Addition of (1.16) and (1.17) yields

T
Oglimsuleg—a/O /Q)ﬁut dxdt —a / /Xlw dxdt—a/ / Y(us — w) dxdt+2M.
l

Which gives for all Vw € L™0) ((O,T),H&(Q))

a/OT/Q(Xl—\IJ(w))(ut—w) dxdt > 0.

Hence, by the density of H(Q) in L™)(Q), we obtain

/OT/Q(Xl —U(w)) (u —w) daedt >0, Ywe L™)(Qx(0,T)).
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Let w = Az +uy, for z € L™ (Q x (0,T)). So, we get
T
—A/O /Q (x1 =V (Az4wp))z dedt >0, VYA£0, Vze L™O(Qx(0,T)).
For A > 0, we have
T
| [ ca=w0stw) s dede <0, vze LO@x (0.1)).
As A — 0 and using the continuity of ¥ with respect to A\, we get
T
/O /Q (x1 — ¥ (up)) z dedt <0, Yze L™ (Qx(0,T)).
Similarly, for A < 0, we get
T
/0 /Q (x1— ¥ (up)) z dedt >0, Yze L™ (Qx(0,T)).

which gives x1 = ¥ (uy). By the same steps, we deduce xo = ¥ ().
Therefore, (1.12) and (1.13) take the form

/Q (uttw +Vu- Vo +alu ™ 2 ww + alu— v)w) dz =0, Ywe L™ ((O,T) x H} (Q))
and
/Q (vttw + V- Vw+blo| @200 + (v — u)w) de =0, YweL") ((O,T) X H&(Q)) :
Hence, we obtain
uy —Au+a |ut]m(')72 ur+a(fu—v)=0, in D'(Qx(0,T))

and

Vgt — Av+b|vtlr(’)f2 vit+alv—u)=0, in D'(Qx(0,T)).
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Step 4: The Initial conditions

To handle the initial conditions, we note that

ut — u weakly* in L% ((O,T),H(}(Q))

and

ul — uy weakly* in L™ ((O,T),Lz(Q)) .
Similarly

v — v weakly® in L™ ((O,T),H&(Q))
and

vl — vy weakly® in L ((O,T),LZ(Q)> :
Thus, using Lions” Lemma [48] |, we obtain, up to a subsequence,
u' = uin C([0,7),L2(Q)) and o' —vin C([0,T],L3(Q)).

Therefore, (u!(x,0),v!(x,0)) make sense and u'(z,0) — u(z,0) in L?*(Q) and v'(z,0) — v(x,0)
in L2(2). Also we have that

ul(2,0) = ub(z) = up(z) in HY(Q) and vl (z,0) = v} (z) = vo(z) in HE(Q).

Hence,

u(z,0) = up(x) and v(x,0) =vg(x).

As in [49], let ¢ € C5°(0,T) and replacing (uk,vk) by (ul ,vl> respectively, we obtain, from
(1.4) and (1.5) and for any j </,

- /O ! /Q ul (@, t)w; ()¢ (t) dwdt
:—/T/ Vil (x,t)Vw;(2)p(t) dedt —a / / ‘ut xt ) ul(z,t)w;(x)¢(t) dedt
+a/ / (@, 8))w; (2)o(t) dwdt
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and

- /0 ' /Q o, yw; ()¢ (t) dudt
— _/T/ Vol (x,t)Vw;(z) dxdt—b/ / ‘vt z, t vh(z, yw;(x)¢(t) dedt
+a/ / (,8))w; () (t) dadt.

As | — +00, we obtain that

—/()T/Qut(ﬂf,t)wj(x)qﬁ’(t) dxdt
““/OT/Q(“W) —v(w,)w;(2)o(t) ddt,

for all 7 > 1. This implies

—/ /ut:vt '(t) dxdt

_ /O /Q [Au(x,t) —aluy(z )™ uy () + au(z,t) — v(x, 1) w(z)$(t) dedt, Vo € HH(Q).
As a result uy € L#g—)l ([O,T),H_l(Q)) and u solves the equation

uy — Au+a \ut|m(')_2 ur+a(u—v)=0, in D'((0,T)xQ).
Since u, € L ([0,7), L*(Q)) and, uy € RO ([0,7), H1()), we deduce

u € C([0,7), H ().
Therefore, u}(z,0) makes sense. Then we have
ub(z,0) = ug(x,0) in HH(Q).

By the definition of u!, we have

ub(z,0) = ul (z) = ui(x) in L2(Q).
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Consequently,
u(x,0) = uyp(x).

Similarly, we can prove that v(z,0) = vi(x).
Finally, we deduce that (u,v) is a unique local solution of (P2) . This ends the proof of
Theorem 1.2. U

We assume the following result.

THEOREM 1.3. For ug,vo € H*(Q)NH(Q), u1,v1 € H}(Q), then the problem (P2) has

a strong solution

w,v € L= ((0,7), HAQ)NHJ(Q)), u € L ((0,7), H§(2)) N L™ (Q x (0,T)),
v € L% ((0,7), HH(Q)) N L (@ x (0,T)), uge, vy € L= ((0,7), L2(2))

Moreover for any weak solution (u,u) and (v,v) of (P1), there exists a sequence (Up,Unt)

and (vn,vnt), 0> 1, of strong solutions of (P2) such that

(s ting) — (u,ur) in L ((0,7); HE(Q)) x L ((0,7), L3(Q)) N L™ (2 x (0,T))
and

(U, vnt) — (,01) in L ((0,7); H3(Q)) x L= ((0,7), LA(Q)) N L@ x (0,T)).

2. Decay result

In this section, we state and prove our main decay results. For this purpose we define

the energy of the solution by
1 2 2 2 2 2
E(t) = 5 Jo {|utl2 + |ve]y + | Vulz + | V|3 + a(u —v) } dr. (2.1)
Formal calculations show

E'(t) = —a /Q e [@) d — b /Q o] ® dz < 0. (2.2)
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Now, we state and prove our main result.

THEOREM 2.1. Suppose conditions (0.1)- (0.5) hold. Then there ezist two positive con-

stants c,w > 0 such that the energy satisfies, for all t >0, we have

c Y
B < | @ T
ce ", if pt =

where

pT =max {m+,7’+} .

PRrROOF. Because of the Theorem 1.3, it is sufficient to prove the result for strong solu-
tions.

Let T"> S >0 and ¢ > 0 to be specified later. By definition 1.1, we obtain

S B0 [0 (00), b ()1 900+ a0 0 O+ 1) () — 0 (0)]

=0 (2.3)
and

L B0 [0 )~ F + (70 +b0 0w (0o (OF 2+ v (8) (0 (0) — (1)

0. (2.4)

Adding and subtracting the following two terms

//Eq [Jue (£) %) dat
//Eq [lor ()] dadt

and



to (2.3) and (2.4) respectively, then we obtain

//Eq [Jue (1 \+|w()\2+au(t)(u<t>—v(t>>}dxdz

__/ /Eq dxdt+2/ /Eq |ut()] dxdt

_/ /Eq aw () ug (£) [ug ()| dadt
and
T ) ,
/ /Eq(t) [|Ut(t)| +|Vu(t)| +ow(t)(v(t)—u(t))} dadt
= —/T/ E1(t) (v (t)v (t))tdxdt+2/ST/QEq (8) |os (8) |2 dedt
_/ST/QEQ () bv () v () v ()" 2 dadt.

The addition of the two results yields

//Eq [Jue (¢ |—|—|Vu()|2+au(t)(u(t)—v(t))+|vt(t)|2—|—!Vv(t)ﬂdmdt

—|—/ /Eq [aw ( )| dadt = — / /Eq + v (t)ve(t)), dedt

+2/ /Eq (jue (1 |+|vt()\>dxdt
. / / E9(t )l (O™ 40w (8) v (1) Jor (O 72) davdt.

Recalling the expression of E, (2.5) yields

2/TEq+1 t)dt:—/sTEq(t)/Q(u(t) L () + v (1) vi(t)), dudt
+2/ E4(t / g (8) 2+ o (0)?) dedt
- /S EY(t) /Q (e (£ e () e ()™ 72 4 bo (£) e (£) o (8) ) 2) .
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On the other hand, we have for a.e. t € [S,T]

(Z(Eq(t) /Q (u(t)ut(t)Jrv(t)vt(t))dx) — (E1(t) /Q (u(t) ug () +v () ve () da

v OEI(t) /Q (w () us (1) + v (£) v (1)), da,
which gives,

B (1) /Q (w(t)u (£) +0 (8) (1)), dz = CZ(E‘J (t) /Q (u (t) uy (t)+v(t)vt(t))d:c)

— BTN OB W) [ () (1) o (0y(0) e

Substituting (2.7) in (2.6), we obtain

o [ BT ()t = — / Ti (Eq(t) /Q (u () g (8) + v (£) e (1) dx) dt

S
T

+q [ ETNOE W) [ (wt)un (@) +o @) () dede
T
+2/ Bt / g (8)]% + |0 (£)) dmdt—a/s EQ(t)/Qm (™2, ($)u(t) dedt
—b/ Bt / loe ()" 20y (D0 (t) dadt =11+ Io + I3+ Iy + I,
Using Young’s (2.3) and Poincare’s inequalities (2.5) and the definition of F, we obtain
T d
== [ 5 (B0 [a@u) o uwar)al

_|Bo(s) /Q (g +voy) (2,9 dx — E9(T) /Q (uut—l—vvt)(:c,T)da:’

< E9(S) B/Q(u%v?)(x s dm+1/ (u? +02)(z, S)dx]
+ EYT) B/Q(u +0?) (2, T)da + = / (2 +02)(z, T)dx}
< BY(S Bc/g ([Vu(z, )P + |Vo(z,S)| )dx+E(S)}

+EYT BC/Q (IVu(e, T)[2 + |Vo(z,T)| )dx+E(T)],
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where ¢, is the embedding constant.

Using the fact that £ is nonincreasing function, then we get
1| < cE1T(S) 4+ cETH(T) < cE1T(S) < cEY(0)E(S) = cE(9). (2.8)
and

= |q /S L E e ) /Q (wug +vor) da| < ¢ /S g (~E'(1)) E()dt

= cETTY(S) — cEITY(T) (2.9)
< cE(S) < cE(9).
Next, we estimate the terms I and I5, we have
L+1s ga/;EQ(t)/Qm(m|ut<t)ym<ﬂ”>—1 dxdt+b/STEq(t)/Q]v(t)\]vt(t)]r(x)_l dwdt

= aJy +bJa.
(2.10)

By applying Young’s inequality (2.3) with
m(x) :
d(z) = 1 and 0 (z) =m(x),

we obtain, for all € >0

J1</ E1(t [/|u ()| dz—l—/c6 ) |ug(t) ) dz | dt,

where
~[m(x) =@t
ce(w) = [ ()] (@) em(@)—1
Likewise
J2</ Bt [/\v G d:z:+/ 2) ()@ dee| dt,
where




Therefore

T T
aJy <ae /S EA(1) /Q lu(t) @ dadt + a /S E9(1) /Q ce() |ug ()@ ddt
+

gae/STEq(t) [/Qyua)ym dx+/Q]u(t)]m do

—i—a/ST Eq(t)/ﬂcs(m) |ut(t)|m(m) dadt

dt

T _
<ae [ B0 |IVa@5 + IVl d

+a /5 a0 /Q ce() |ug ()@ devdt,

where c7, ¢} are two positive constants independent of e.
By using the definition of (2.1), we get

+

aJi SGEC/STEQH(t)(E(t))nE__1dt—|—aec/STEqH(t)(E(t))m2_1dt

+a /S 40 /Q ce() Jue (1)) ddt

(2.11)
<a ce((E(O))m;1+(E(O))nf1>/STEq+1(t)dt
+a /S " g /Q ce() |ug ()@ dadt.
T by < b ce ((E(O))’é—l 4 (E(O))f—l) / " pet(ar
5 (2.12)

T
+b/S Eq(t)/Qc/E(a:) ’Ut(t)r(x) dxdt.
Thus, using (2.11) and (2.12), we get

— mt

1y (B(0) ™ —1)+b((E(o))r2‘W(E(O))g‘l)]/STEq“(t)dt

—i—/ST Eq(t)/Q (a ce() |ut(t)|m(m) +bcl(x) |vt(t)|r(x)) dzdt.

Li+ 15 < ec [a ((E(O))

For the third term I3, we set as in [50] and exploit Holder (2.4) and Young’s inequalities
(2.3) and as follows

Qp ={xeQ/f|u(z,t)] >1} and Q- ={xe€Q/|u(z,t)|<1}.
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Therefore,

/TEq(t)/Q|ut(t)|2d:rdt:/STEq(t) VQ |ut(t)|2dx+/ﬂ+|ut(t)|2dx] dt

S
<o B0 ( [ dx>2/p+ ' (  tuetol” d:c’) z/p} i
T . 2/p" 2/p~
<[ E) (/Q|ut<t>|m<w>dx> +</Q+|ut<t>|m<x>dx) ]dt,

where
p  =min {m*,r*} ,,OJr = max {m+,r+} .

Which gives

/TEq(t)/Q\ut(t)\dedtgc/STEq(t)

S

(/Q |ut(t)|m($) dx) o + (/Q ]ut(t)’m(f) dx) 2/0_] dt

< c/ST E(t) (—E’(t))2/p+ dt+c/ST E9(t) (—E’(t))z/p_ dt.

Similarly, we obtain
T T 2/p* T 2/p”
2 / !
/S E4(t) /Q (s (8) 2 deedt < ¢ /S B(t) (~E' (1) dt+e /S Bt (~E' (1) dt.
By addition, this yields

| <efTEI) (—E )" dt+efT B (—E W)Y dt. (2.13)

Now, we distinguish two cases:

Case 1: if p* =2, then p~ = 2. Hence, (2.13) takes the form
T T
] < ¢ /S BY(t) (—E'(t)) dt < ec /S BT () dt + e B(S).
Case 2 : if p™ > 2, we use Young’s inequality (2.3) with

§=(q+1)/qgand & =q+1
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to obtain

/STEq(t) ()" < e /. B0t e, / " (CEH) T

By taking ¢ = p*/2—1, it comes

T

/:Eq(t) (—E’(t))Q/p+ dt < ec/STEqH(t)dt—i—ce/S (—E'()) dt -

T
< ec /S BT (#)dt + c B(S).

For the second term in the right-hand side of (2.13), we use Young’s inequality (2.3) with
d=p / (,07 —2) and &' = p~ /2,

to obtain

2/p”

/S ! E(t)(-E'(t))"" dt<eC /S TE(t)qp’/ (" =2)dt+C.B(S).

Since, qp~/ (,0_ —2) =q+1+ (p+ —p_) / (p_ —2), then

/5 ! E(t) (—E’(t))z/ 7t < ec(E(S))PT=r7)/ (07 -2) /S ! ETN(4)dt + c E(S)

. (2.15)
< ec [S BT 1) dt + c B(S).
By (2.14) and (2.15), estimate (2.13) takes the form
T
T3] < ec /S ETL(4)dt + . B(S). (2.16)

Combining (2.8)-(2.16), we see that
Q/TEq+1(t)dt < /TEq(t)/ (a ce(z) lu |m(x) +cL(x) blv ]T(x)> dxdt
s ~Js o\ T ‘ !

tec [1 ta <(E(0))m2_1 + (E(O))m2+_1> b <(E(o))3—1 + (E(O))“f—l)} /ST B (1)dt

+c.E(S).
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Choose € > 0 so small that

L (BO)T

e [1 ta ((5(0)) 1) b ((E(O))il + (E(O))fl)] <1

Once € is fixed, then m(z),r(xz) are bounded. Hence, there exist two positive constants

My, My such that cc(z) < M; and c;(:c) < Ms. Since ¢ = % — 1, then we obtain
T + T
by < q m(z) r(z)
/5 E" (t)dt < cE(S)JrM/S E (t)/Q(a]ut| bl da
T
< cE(S)—M / B E' (t)dt
S
pt pt
<cE(S)+c <E2(S) —E2(T)>
.
<c (E(S)+E2(S)>
+
<c (1 + E%1(0)> E(S) <cE(S), VYT >8>0,
where M = max{Mj, Ms}. Thus, we arrive at

T +
/ BT (1) dt < cE(S).

S
By letting T' — +00, we get
+oo  ,t
: E7(t) dt <cE(S).
By Komornik’s integral inequality [40], we obtain the desired result. O
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CHAPTER 4

Blow up of the wave equation with nonlinear first order

perturbation term

This chapter is the subject of an accepted paper for publication by
Soumia Abdelhadi and Hamchi Ilhem.

Blow up of the wave equation with nonlinear first order perturbation term.
Advances in Mathematics: Scientific Journal 11 (2022), no.7, 565-575
DOI: https://doi.org/10.37418/amsj.11.7.1

In this chapter, we consider the following system

u — Au+ g* Au+auy + F (t, Vu) = |u\p_2u in Qx(0,7),

u=0 on 02 x(0,7), (P3)

u(.,0) =wup(.) and w(.,0)=wuy(.) in £,

where p > 2, a > 0 are constants, g and F' are a functions satisfying some conditions to be
specified later. Noting that (g v)(t) = [3 g(t —7)v(7)dr for all ¢ > 0.

Our aim, in this chapter, is to prove that if the damping terms (linear and viscoelastic)
dominated the nonlinear first order perturbation term then the energy is decreasing. So, we
can define the auxiliary functional L. After that, we show that the solutions with sufficiently
negative initial energy blow up in finite time.

This chapter is organized as follows. In section 1, we present some preliminary results

needed for our work. In section 2, we give the proof of main result of our problem.
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1. Preliminary results

In this section, we shall give some preliminary results which will be used throughout this

work.

The existence and uniqueness result for system (P3) is given in the following theorem

THEOREM 1.1. Suppose that

2(n—1)

n—

p< if n>3.

g is a CY(RT) positive decreasing function satisfying

1—/0 g(s)ds >0

and F is a C1(RY x R™) function.
If ug € HY( Q)N H?(Q) and uy € H(Q) then there exists a unique mazimal strong solution
of system (P3)
ue L ((0,7), H(Q) N H§(Q)),
uteLOO(OT JHE Q)
u € L ((0,7), L3(2)).
PROOF. As in [74]. O

Now, we consider the energy functional for the local solution u of (P3) defined

for allt €[0,T) by

B0 = 3 () -+ (1= [ 9(r)ar ) 19000 I + 300000 = )
where
t
(gov)(t) =/0 gt —7) || v(r) —v(t) |3 dr.
We have
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LEMMA 1.2. Assume that the hypotheses of the Theorem 1.1 are verified and suppose that
| F(t,U) ?< 2ag(t) |U |?, Vt>0, YU&eR" (1.1)

Then E is a decreasing function.

PROOF. We multiply the first equation in (P3) by u(t), integrate it over Q and use

Green formula (1.4) to obtain for all ¢ € [0,7")
B(1) = 150 Vu)(t) —a || w(t) I3 ~50(0) | Vult) I3 ~ [ F(t. VuJu(0)d
Since ¢’ <0 then
E'(t) < —alluw(t) |3 —;Q(t) I V() |13 +/Q\ F(t,Vu) || uw(t) | do.
If we use the Young inequality (1.5), with
X=|F(t,Vu) |, Y =|w(t)] and p=60=2

we find

B < 5 [ (51070 P -g(t)| Vu(t) Pldet (55— a) w13

1
If we take 6 = — we obtain
2a

B) < 5 [ 15| V) P ~g(t)| Vu(t) Plda

By (1.1), we find

E'(t)<0, Vtelo,T).

Consider the following functional



LEMMA 1.3. Suppose the conditions of Lemma 1.2 hold. Assume further that E(0) < 0.
Then
1
0<H(O)§H(t)§]; | () 15, Vte[0,T).

PROOF. From the definition of E, H and the decreasing of F. U

2. Main result

In this section, we shall discuss the blow up question of system (P3).

THEOREM 2.1. Under the assumptions of Lemma 1.3 and assume that a and g verify

p—2 3C«/ag(0) p—2 1

o=t —— - —|—p)/ooog(7)dr>0, (2.1)

where Cy is the best constant of the Poincare inequality then the solution of problem (P3)

blows up in finite time.

ProOOF. We proceed in 4 steps:
Step 1 Since H is positive then we can define for all € > 0 the auxiliary functional L as

follow

2
L(t) = e“tH%(t) —|—eeat/ﬂu(t)ut(t)dx, vVt e [0,7T).
We derive the functional L with respect to ¢ we obtain

p+2 2
L'(t) = ae™H' (t)+p;L
P

+oee™ || ug(t) |2 +ec /Q w(t)ug (t)dz.

e“tH%p(t)H’(t) —l—eaeat/gu(t)ut(t)dx

Since H and H' are positive then

L) > eac /Q w(t)ug(£)d + ee® || ug(2) |3 +ee /Q w(t)ug(t)dz. (2.2)
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We multiply the first equation of (P3) by u(t) and integrate it over §2 we obtain
t
/Q (t)uge(t / Autyu(t)de — /Q /O gt — ) Au(r)u(t)drdz
— a/Qut(t)u(t)dm—/QF(t,Vu)u(t)der | w(®) |5 -
We use Green formula (1.4) and boundary conditions we find
t

/Qu(t)utt(t)da: = — || Vu(t) |3 —i—/o g(t—T)/QVu(t).Vu(T)dxdT
~a /Q we()u(t)de — /Q F(t, Vu)u(t)dz+ || u(t) ||5.

First, we have

/ (t—r /Vu t).Vu(r)dzdr /Otgt— /Vu AVu(r) — Vu(t)|dzdr

t
+ g(T)dr || Vu(t) H

o

By Schwarz inequality (1.3), we find

t t
| 9t=7) | Vut).Vum)dedr =~ [ gt=7) | u(t) 2] Vu(r) = Vu(t) |l dr

+/ Pdr || Vu(t) |2 .

If we exploit Young inequality (1.5) with

X =y/glt=7) [ Vu(r) = Vu(l) l2, Y = /g(t=7) | Vu(t) 2 and p=0=2

we obtain for all 5; >0

t 1 t
[late=) [, 9u).Vutr)asd > ~srtao T+ (1- 1) [ atryar | 9u) 13
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On the other hand, if we use Young and Poincare inequalities (See inequalities (1.1) and

(1.5) in chapterl) we find for all 82 >0

B2

—/ (t, Va)u dx>——/|FtVu)|2d— C2 || Vu(t) |2, Vtelo,T).

By (1.1), we find

—/QF(t,Vu)u(t)d:cZ—< ﬁi) P2 )HV @) |13, vtelo,T).

Since ¢’ <0 then

() 52

_ /Q F(t,Vu)u(t)ds > — ( %

¢2) 1vul) . welo.m) 25)
Now, by the definition of H we have

() =5 () 13 45 (1= [ a(e1ar ) 19000 [ + 000 +p) (20

Replacing (2.4), (2.5) and (2.6) in (2.3) to obtain

fyuude > = 19u) (oo Tuio-+ (1= ) [ st | Vo B

— o fyuouas - (A0 4 B e2) | vutr 1 45 o) 1

b (1= [ atrar ) 19ul0) 13+ (ao Tu)0-+otil0

= E-8)(govu)t)—a [ wt )+ 5 () I3 +pH(?)

—2 0 Cc? —2 t
b PR B 2y [atear | 1) 5.
If we take ﬁlzgand 62:ogy@we find
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/Q w(t)ug(t)de > g(goVu)(t)—a /Q ut(t)u(t)da:+§|| w(t) |2 +pH ()

— Ci/a _
po2 B0 2 Y [ year

2
5 ;) | V() I3

_I_

Since g > 0 then
| utpunde > Lgovu®) —a [ utyu(tde+ || w) 13 +pH()
+ ool Valt) 3. 2.7)

Replacing (2.7) in (2.2) to find

B

L(t) = e (1+0) | unlt) 3+

- 2
+ e | Vu(t) H2
2 .

goVu)(t) +ec™pH(t)

Let 8> 0. By writing p =26+ (p—20) and since

HO) 2 (O =5 |0 13 =3 1| V) 13 =500 V)

we obtain

L(t) 2 e(1+5=8) [lult) 3 +ee (= B)(go Vu)(t) +ee (b~ 28)H (1)

4
+ ee®(a—p) || Vu(t) |13 +6€“t2§ (@) [[} - (2.8)

If we take § < min (Z, a), inequality (2.8) takes the form

L'(t) = Ce"[Ht)+ || u(t) I3 +(goVu)(t)+ [l u®) IF], vte[0,T). (2.9)

Step 2 We have



If

then

If

then, if we take

we obtain

/ upuidx > 0,
Q

/ uouidr <0,
Q

p+2
—H 2 (0)

€<
Jouourdx

L(0) > 0.

then from the increase of L, we find that

L(t)>0, Yte[0,T).

Step 3 By the definition of L and the algebraic inequality (1.6), with

we obtain

= H(b), 9:6/9|u(t)\|ut(t)\dx and m:p2+p2
2p 2pat 2p 2
< 2803 [ () + ([ u) || wlt) | do)7]
2pat 271?2
pa
< (Cert2 H(Zf)+(/ﬂ|u(t)||ut(t)|d90>p+]7
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where C' is a generic positive constant.

If we use Schwarz inequality (1.3) and the embedding LP(Q) < L?(2) we find

2p 2p

2p

2pat <P
Liv2(t) < Cert? | H(t)+ || u(t) |57 || welt) 1572 ] .

If we use Young inequality (1.5) with

2 2p 19 +2
X = u) IF Y <) |50 =" and 6 =2
we find
Liz(t) < Ceriz[H 2 P
() < Ced? [H(t) [Jun(t) I3+ ul) [5]. (2.10)
Step 4 By combining (2.9) and (2.10), we arrive at
(2—pla
(L 72 (t) > Ce 7
A simple integration over (0,t) gives
1
L(t) > =
2-p (2—p)at\ | p+2
[LPH (0)—0<1—e v )]
From which follows, via (2.10), the desired result. O
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Conclusion

In this thesis, we have studied some nonlinear hyperbolic problems involving nonlineari-
ties.

The first study focuses on the nonlinear wave equation with damping and source terms of
variable exponent types. By some assumptions on the initial data, we showed that the energy
is decreasing and we obtained a blow up result for the solution in finite time.

The second study considered a coupled system of nonlinear wave equations with vari-
able exponents in the damping terms. By using the Faedo Galerkin method, the existence
and the uniqueness of a weak solution is established. We, also, proved decay estimates for
the solutions under appropriate assumptions on the variable exponents using the multipliers
method.

Finally, we considered the nonlinear wave equation with damping, source and nonlinear
first order perturbation terms. We showed that when the damping terms (linear and vis-
coelastic) dominated the first order perturbation term, the usual energy is decreasing and the

solutions with sufficiently negative initial energy blow up in finite time.
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Open Problems
The following open questions can be made regarding the material presented in this thesis.

e Study of the properties for the solutions of the system considered in chapter 2 in the
case when the initial energy is positive.
e Fstablish sufficient conditions so that the system considered in chapter 4 is stable

(exponentially or polynomially ).
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