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Introduction

Reaction-Diffusion equations have enjoyed a considerable amount of scientific interest, because of their
practical relevance and the fact that they model several natural phenomena found in chemistry, biology,
geology, ecology and physics. From a qualitative point of view, a reaction-diffusion problem describes
how the concentration of one or more substances vary over time and space under the influence of two
terms: Reaction term or source term, in which concentration is generated by local interaction. Diffusion
term which causes the substances to spread out in space. A reaction diffusion problem have the form

%—d.Aqu(u), in Q- (E)

QCR,d>0A=>", 86—;2, f : R — R, together with some appropriate boundary and initial
conditions (¢ = 0) imposed on u. Where the unknown is a function u : Q x R — R.

This thesis is devoted to the study of the existence and uniqueness of a global solutions to a nonlocal
reaction diffusion problems and to the asymptotic behavior of this solutions using the notion of attractor.
We assume in the beginning that we can find a phase space H (usually a Hilbert or a Banach space),
such that for ug(x) = u(z,0) € H, the equation has a unique solution wu(ug,t) for all positive times.
In this case we can define a C°—semigroup of solution operators S(t) : H — H by S(t)ug = u(uo,t),

enjoying the following properties

S(0) = I, (I: Identity in H)
S(t+s)=S5(t).S(s) = S(s).5(t),Vs,t > 0.

And

u(t +s) = S(t).u(s) = S(s).u(t),¥s,t >0

where we say that the pair (H, S(t)) is the dynamical system associated with our problem.

A global attractor is a compact maximal bounded invariant set which attracts the trajectories as time
goes to infinity. This set, if it exists, is unique and is essentially thinner than the initial phase space H.
It is also not difficult to prove that is the smallest (for the inclusion) closed set enjoying the attraction
property. But it may present several defaults, it may attract the trajectories at a slow rate. And in
general, it is very difficult, to express the convergence rate in terms of the physical parameters of the
problem. It may also change drastically under small perturbations. Furthermore, in many situations,
the global attractor may not be observable in experiments or in numerical simulations. This can be due
to the fact that it has a very complicated geometric structure. Finally, in some situations, the global
attractor may fail to capture important transient behaviors.

In order, to overcome these difficulties, the notion of inertial manifold was proposed, which is a smooth
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finite dimensional hyperbolic positively invariant manifold that contains the global attractor and attracts
exponentially the trajectories. Unfortunately, all known constructions of inertial manifolds are based
on a restrictive condition, the so-called spectral gap condition. Consequently, the existence of inertial
manifolds is not known for many physically important equations. Thus, as an intermediate object
between the two ideal objects that the global attractor and an inertial manifold are, the notion of
exponential attractor (inertial set) was introduced, which is a compact positively invariant set that
contains the global attractor, has finite fractal dimension and attracts exponentially the trajectories.
So, compared with the global attractor, an exponential attractor is more robust under perturbations
and numerical approximations.

The Allen Cahn equation has the form

% =e*Au— F'(u),z € Q,t >0,

where (2 is an open bounded subset of RY, & > 0 one (small) parameter and F’ the derivative of a double
well potential, u is an order parameter which represents for example the arrangement by unity cell in a
crystal lattice and the well of F' corresponds to the two phases of the material.

For e = 0, our equation is reduced to an ordinary differential equation and u(zx,t) evolves towards +1
or —1 as uyg > 0 or ug < 0. The term £2Au (the diffusion term) occurs in a time scale slower than the
reaction F'(u). A typical choice of the potential is F(s) = 3(s* — 1)?,s € R.

Our equation is usually obtained as a gradient flow (in the sense that the evolution generated by the
equation possesses a Lyapounov functional which is the energy functional decreasing in time) of

E@Q:ié{%unf+lﬁuﬂdm

for the scalar product in €.
2

: £
The term F'(u) represents the energy for a uniform parameter v and the term 0l |Vu|? represents the

interface introduced by Cahn and Hilliard (1958). In such a model the discontinuity of u is not allowed,
and the interface is represented by a thin layer of a transition from a phase to an other owing a little
thickness.

In the first chapter we took an Allen Cahn problem proposed by J. Rubinstein and P. Sternberg [33],
which is a model of a binary mixture undergoing phase separation. More precisely, we proposed to study
the problem

%:Au—i-f(u)—ﬁ/ﬂf(u)dl} xeQt>0, (0.1)
(P)Y g0 =0 x€90t>0 (0.2)
u(z,0) = ug(x) x €, (0.3)

where @ C R” is a smooth bounded domain with outer unit normal v and total volume |©2|. This model

is mass conserved, namely
7 v
— [ u(z,t)de = — [ ug(x)de = M.
al Jo "0 = gy e

Where the nonlinearity f is a polynomial function of odd degree

2p—1

f(s) = Z a;s', with ag, 1 < 0,p > 2
=0
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and f = —F’; F' is a smooth double well potential.

We proved the existence of a unique global solution, and of a global and exponential attractor were
determined for this problem. This study was proposed by Madame Danielle Hilhorst a Reaserch Director
in the University of Paris Sud in France, and also a part of our results was published in a paper in a
collaboration with D. Hilhorst and T.N. Nguyen [5].

In the second chapter we took the Allen Cahn problem proposed in the first chapter with a singular
potential, where for 0 < 6 < 6. a critical temperature

F(s) = —%32 + g@(s),

O(s)=(1+s)In(l+s)+ (1 —s)In(l —s), for s € (—1,1),
so that
(5) = fus = 5606,

2
o(s) = In ( ) , for s € (—1,1),

1+ s
1—s

and then problem (P) will have the form

%zAU%—@AU—M}—%[gp(u)—%’/gcp(u)dx}, xreQt>0 (0.4)
P g0 =0 z €00, t> 0. (0.5)
u(z,0) = up(x) xr € (0.6)

A global and unique solution to this problem was found, where the set {x € €, |u(x,t)| = 1} has measure
zero. And also a complete study of the existence of a global attractor to this problem was given. This
chapter was done in collaboration with D. Hilhorst a research director in the university of Paris Sud in
France.

The third chapter was devoted to the study of the existence of a unique global solution and its asymptotic
behavior of a nonlocal reaction-diffusion system

.
@—Au:av—bu/vdzv, x € Q,t>0,
ot Q
ov

(P) ——Av:h—au—ﬁv/vdx, x e t>0,
ot Q
d,u=0,0,v=0 x € 0Q,t>0,

[ u(w,0) = wo(2) > 0,0(,0) = vo(a) >0 2 €9,

where the coefficients a, b, h, @ and /3 are supposed to be positive, @ C RY is a smooth bounded domain
with outer unit normal v and total volume |Q2|. The difficulty for this system is that the reaction terms
do not have a constant sign, and this means that none of the equations are good in the sense that neither
u nor v is a priori bounded in order to apply the well known regularizing effect to deduce the global
existence in time for problem (P).

Problem (P) is a nonlocal reaction-diffusion system that could arise in physics. It models the effects of
an external field on the rheological properties of a dilute suspension of rigid spherical particles containing
embedded dipoles [6]. These permanent dipoles may be gravitational, magnetic or electric in nature.
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Rotary Brownian motion is assumed negligible. Free rotation of the suspended particles resulting from
the shear is hindered by the action of the field. This gives rise to a system of body couples and, hence,
to a state of antisymmetric stress.

This system was proposed and done in collaboration with Professor Mohamed Guedda from Jules Verne
University of Picardie in France, where we used the framework of (positively) invariant region ¥ C R?;
which means that if (ug(z),ve(z)) € X,Vz € Q, then (u(zx,t),v(x,t)) € ¥,Vt > 0. Due to the problem
form this invariant region is a rectangle (see Smoller [34]). The technique used here to determinate ¥ is
inspired by Pao [29].

The region ¥ can likewise be thought as an attracting region for the problem (P), which provides a
compactness argument, leading to the proof of the existence of a global solution, and to establish a
global attractor.



Chapter 1

The mass conserved Allen Cahn problem
with a polynomial potential

Let 2 be an open bounded domain from R (N > 1).
We are dealing with the following nonlocal reaction-diffusion problem

= Au+ f(u( — 1 Jo flulz,t))de ©€Q,t>0
= >
(P) auu 0 x € t>0,
u(x,0) = up(x) €

where wug for simplicity, is taken to be a function satisfying the Neumann condition d,u = 0.

This problem form was originally presented by Rubinstein and Sternberg [33] to model a binary mixture
undergoing phase separation. It is mass preserving, that means that, viewing u as an order parameter
in the mixture or simply as the concentration of one of the species, one can readily check that

/ u(z,t)dr = / up(z)dx = m,Vt >0
Q Q
which is crucial to the model.

We will consider the function f as a polynomial of odd degree, more precisely
2p—1
= Z a;s', with agp—1 < 0,p > 2

where f = —F"; F' is a smooth double well potential. The nonlinearity f, have the following properties
C; >0, forve=1,--- 7, with M = ‘ﬁm', such that

(P) —Co.(s—M)*? —C5 < f(s)(s — M) < —Cy.(s— M)* +C3, forp>2
(P2) f'(s) < Cu,
(P3) —Cs5((s — M)* +1) < —F(s) < —Cs((s — M)* — 1), with F(s) = — [ f(

(Pa) [f(s)] < Cr(]s = M= +1).
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The polynomial reaction term

/'\ s>

A double well potential

1 Existence of a global attractor

1.1 Existence of the semigroup

Let’s give in the beginning the variational formulation of (P);
multiplying our equation with a test function v € H'(f) integrating it in £ and using the Green’s
formula with the Neumann boundary condition, the resulting equation will be

/—vd:ﬁ+/Vqudx:/vf(u) :c—|—§12| de/f(u)dl‘,VUGHl(Q),
0 Q

but v is time independent so the result will be

—/uvdx+/Vquda:—/vf |Q|/de/f w)dz,Yv € H'(Q),

The following result asserts the existence of a semigroup {S(t)}:>o such that u(x,t) = S(t)ug(z).
Theorem 1.1. Forug— M given in L*(), there exists a unique solution u— M to problem (P) satisfying
u—M € L>(0,T; L*(Q))NL*(0,T; H(Q))NL*(0,T; L*(Q)) with u; € L*(0,T; (H'(Q))) for all T > 0,

and u — M € C([0,+00); L*(Q)).

The mapping ug — u(t) is Lipschitz continuous on L?*(£2).

If furthermore ug — M € H'(Q) N L*(Q), then u — M € L>(0,T; H(Q) N L*(Q)) N L*(0,T; H*(Q)),
and u— M € C([0,T]; H'(2)).

Proof. The proof relies on a Galerkin method, where we denote by 0 = A\; < Ay < --- < \; < -+ the
eigenvalues of the operator A = —A : H'(Q) — (H'(Q)) associated to the bilinear form

a(u, ) = / Vu.Vudz,
Q
with a homogenous Neumann boundary condition, and denote by w; € H'(Q) N L?(Q),i = 1,--- their

corresponding unit eigenfunctions.
For each integer m we look for an approximate solution u,, — M of the form

- M= il i (t) i,
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satisfying
0 1
(E(um - M)awj> + a(um - M7 wj) = ( f(um> - @(f(um>a 1) 7wj)7 (11>
forj=1,---,m
and Uy, (0) = Umo — ug in L*(Q) as m — 4o0. (1.2)

Problem ({1.1)) is an initial value problem of m ordinary differential equations, so by standard existence
of solution argument we can state the existence of a unique solution on (0,7,,),7,, > 0. And if our
sequence is bounded uniformly we will have then 7T, = 4oc0.

We multiply by d;m(t) and sum on j = 1,--- ,m to obtain

0

(a(um—M),um—M)+a(um—M,um—M) = (f(um), tm — M), for j=1,--- 'm

where

1 1
(—,um—M):—/umdx—M:O,
2] 9] Jo

5o ([ =30%0) + [ 1900~ 30 = [ (= 1)) (13)

and thanks to property (P;), (1.3)) will be

1d
2dt (/( dl’) /lV M)|? dx+C1/( — M)*dx < O3 |9,
Q

integrating it from 0 to T, gives

%/Q(um—M)2(T)dx+/0T/Q|V(um—M)\2dx+01 /OT/Q(um—M)Zpdxé %/Q(uo—M)Q(x)derCs\Q\T-

So

or

1
9K = /(uo _ MY(x)de + C5 || T,
Q

such that

sup (/( — M) (xtdx><2K/ /|V | dxds<K/ / 2pdxds§K/Cl,
te(0,7) Q

80 Uy, — M is bounded independently of m in L>(0,T; L*(2)), L*(0,T; H'(Q)) and L*(0,T; L*(Q)).

Hence there exists a subsequence of u,, still denoted u,, such that

— M —u— M in L*(0,T; H(Q)) and L*(0,T; L*(9)) weakly . :
— M —u— M in L®(0,T; L*()) weak star. (1.5)

! I 1
f(tm) = x in LEP(0,T; L' (Q)) weakly ((2p>’ =—Tp> 2) . (1.6)
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The last result is given by (P;) and (Py), where for
1 1

=1
2p  (2p)

2p)
17 o)1 oy = / [ 1) s <

T (2p)’ T )
< / (C’7/(|um — M4 1)dx> ds < C’/ / [ty — M|PP=DE) s,
0 Q 0 Q

which means that the bound on u,,, —M in L% (0, ¢; L?*(2)) gives a bound on f(u,,) in L)' (0, t; LEP'(Q)).

Thus passing to the limits in and ( we find
((u - M)t7v) + a((u - M)a U) = (X,U),\V/U S Hl(Q) N LQP(Q)v
u(0) = up.
This shows that
O(u— M)
ot

where L2(0, T; (H*(2))') and L) (0, ¢; L(?)'(Q2)) are in duality with L2(0, 7; H'(Q)) and L% (0, T; L?*(2)).
Now we can apply the following theorem

= —A(u— M)+ x is in L*(0,T; (H*(Q))") and L®)(0,t; L' (Q)),

Theorem (Compactness theorem). Let X CC H C Y be Banach spaces, with X reflexive. Suppose that
uy, is a sequence that is uniformly bounded in L*(0,T; X), and dg—t" is uniformly bounded in LP(0,T;Y),
for some p > 1. Then there is a subsequence that converges strongly in L*(0,T; H).

Sou— M € C([0,T]; L*(2)).

It remains to check that x = f(u).

Besides the results (L.4), and (L.6), we can state by the theorem 8.1 p214 in [32] that the subse-
quence u,, — M is relatively compact in L%([0, T]; L*(2)), so there exists a subsequence of u,, — M still
denoted u,, — M such that

— M — u— M in L*([0,T]; L*(Q)),
so by corollary 1.2 p27 in [32] we can say that
— M — u— M ae. in Q x (0,+00).

But f is continuous, thus

fum) — f(u) in Q x (0, +00),
where {f(um)},,cy is bounded in L0, T; L) (Q)), with (2p) = 1_1% ,p > 2, so applying lemma 8.3
p 218 in [32] we obtain that

f(tm) — f(u) in L&) (0, T; L' (Q)),

but in (|1.6)) we had
f () — x in LEP(0, T L& (),
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and by the uniqueness of the weak limit x = f(u) a.e. in 2 x (0, +00).
To check that u(0) = wug, let’s choose ¢ € CY(0,T; H' () N L?**(Q)) with ¢(T) = 0 and so ¢ €
L*(0,T; H' () N L*(0,T; L**(f2)), and using

O(u — M)

( 5 ) +alu— M,v) = (f(u),v),Yv € H(Q) N L*(Q),

which we integrate by parts in the ¢ variable in [0, 7], and for v = ¢, we know that

/0 ((u — M), $)ds = (u— M, §)|T — / (u— M, ¢')ds
— (u(0) — M, $(0)) - / (u— M, ¢')ds

thus

/0 C(u— M, ¢’)ds+/0 a(u— M, 8)ds :/O (F(u), 8)ds + (u(0) — M, 6(0)).
Doing the same in yields
/0 (o — M, &)ds + / (it — M, $)ds = / (F (1), 6)ds + (1 (0) — M, 6(0)),

passing to the limit for m gives

/oT —(u— M, ¢)ds + /OTCL(u — M, ¢)ds = /OT(f(U)> ¢)ds + (o — M, $(0)).

and so u(0) = wuo.

To prove the uniqueness of the solution u of problem (P), suppose the existence of two solutions u and
@ satisfying problem (P), with ug — M € L*(Q) and 1y — M € L*(Q), then take w = u — @ where
Jqwdz = [, updz — [, ipdx and for M’ = M — M, then Jqwdz = M'|Q|.

o satisfes then 5= dw= ) - 1@ - g [ s - [ ). 7

Multiplying ([1.7) by w and integrating over €2, then applying the Green’s formula with boundary con-
dition, the result will be

s (o) + [1vutan = [ [0 - p@odo - g [ s [ 1 -

where by (P,) it will have the form

1d 2 2 / 2 / /
—— d de < C d )|d
th(/gw x)%—/QWM r < Cy Qw x+‘m lw| x [ |f(u w)|dzx.

Again by (P,)
/|f u)|dxr < 04/ lwldz,
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1d 5 9 / 9 Cy / 2
< R
5T (/ dx) +/QyW\ do <Cy | Widot g |

and by Holder’s inequality we will have

2
(/ ]w[dx) < |Q|/w2da§
Q Q
1d 2 2 2
widz | + | |Vwl?dx < 2Cy | wdz,
4 /dea: < 4C /dex
dt \ Jo R

thus applying the Gronwall’s lemma gives

/wzdx < e4c4t/w§da:,
Q Q

and so the uniqueness is given for uy = g
To prove the second part of the theorem let’s multiply (1.1)) with \;d;,, and summingon j =1,--- ,m,

it will be

and so

that is

the result will be

th/ IV (s — M)z + /Q Ay — M)|2dz = /Qf/(um)|V(um M)z < Gy /Q IV (i — M)|:dx,>
1.8

and so
/|V M)|*dx < 26’4/ IV (U, — M) |*da,

and by the Gronwall’s lemma the result will be

/|V M)|*dx < </ IV ( uO—M)|2dx) 204t

Again from (|1.8)) we can assert that

/ /|A ]dxds<C4/ /|v M)|2da:ds+%/g|V(uo(x)—M)]Qda:. (1.9)

And if we multiply (1.1) by (wjm, — M), sumon j=1,--- ,m

/Q (s — M), 2da + /Q IV (uy — M) = /Q (g — M) f (),

(U — M) f (Um) = —F' (um),

where
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thus 4
/K“m — M) Jdx + —
Q

1
A {5 |V (U, — M)|2dx+F(um)] dr =0,

and obviously
4
dt Jq

which we integrate in ¢ and by using (P3) the result will be

3190 = AP+ Flu)] o <0

% |V (un(T) - M)2dz — %/ﬂ |V (uo — M)|*dzx < —/QF<um)da: < —Cs (/Q<<um - M) — 1)dar) )
and so

%/Q|V(um(T)—M)|2dx+CG/

1
(U, — M)?Pdz < 5/ IV (ug — M) |*dz + Cs|€).
Q Q

1.2 Existence of absorbing sets and of the maximal attractor
1.2.1 Generalities

We assume in the beginning that we can find a phase space H (usually a Hilbert or a Banach space),
such that for ug € H the equation has a unique solution u(t;ug) for all positive times. In this case, we
can define a C° — semigroup of solution operators S(t) : H — H by S(t)ug = u(t;ug). These enjoy the
usual semigroup properties

S(0) =1, (I: Identity in H) (1.10)
S(t+s) = S(t).S(s) = S(s).5(t),Vs,t >0 (1.11)
And
u(t) = S(t)ug (1.12)
u(t+s) = S(t).u(s) = S(s).u(t),Vs,t >0 (1.13)

where we consider the semidynamical system (H, S(t)):>o.

We say that an equation is dissipative if all the solutions are bounded, provided that this bound is
uniform over all the trajectories.
For ug, the orbit or trajectory starting at wug is the set UpoS(t)ug = Uiso{u(t)}. A complete orbit
containing ug is the union of the positive and negative orbit through wy.
We say that a set B C H is invariant for the semigroup S(t) if

S(t)B = B,vVt > 0.
The following definition gives dissipativity for a semigroup by the existence of an absorbing set.

Definition 1.1 (Absorbing set). Let B be a subset of H and U an open set containing B. We say that
B is absorbing in U if the orbit of any bounded set of U enters into B after a certain time (which may
depends on the set)
VBy C U, By bounded,
{ Eltl(BQ) such that S(t)Bo C B,Vt Z tl(Bo)

we say that B absorbs the bounded sets of U.
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An other example of invariant sets is given by w-limit sets; these sets are also essential in view of
the construction of global attractors.

Definition 1.2 (Limit Sets). The w-limit set of a set X consists of all limit points of the orbit of X,
UJ(X) = mszoutZSS(t)X. (114)

Remark 1.1. The w-limit sets could be characterized by:
r € w(X) if and only if there exist sequences (74), oy and (tx),cy, With 2, € X, Vk € N, and ¢, — +o0
as k — +oo, such that S(tx)zr — = as k — +oo

The construction of attractors will be based on the following result.

Proposition 1.1. Let X C H. If, for some ty > 0, the set
U S(0X (1.15)
is compact, then w(X) is nonempty, compact, and invariant.

Definition 1.3 (The Global Attractor). A global (universal, or mazimal) attractor is a compact set
A C H that enjoys the following properties

i- A is an invariant set (S(t)A = AVt >0).
ii- A possesses an open neighborhood U such that for every ug in U, S(t)uy converges to A ast — oo

d(S(t)up, A) — 0 as t — oo. (1.16)
Of course d(z, A) = inf c 4 d(x,y).

The following result shows that w(B) is the global attractor, provided that S(t) is dissipative and B
is an absorbing set. But w(B) is already nonempty, compact, and invariant, so it will remain to show
that it attracts trajectories as in (|1.16]).

Theorem 1.2. If S(t) is dissipative and B is a compact absorbing set then there exists a global attractor
A =w(B). If H is connected then so is A.

1.2.2 The existence result

The following result ensures the existence of a maximal attractor, which is a suitable set for the study
of the asymptotic behavior of the problem in hand.

Theorem 1.3. With properties (Py) and (P2), the semigroup S(t) associated to problem (P) is such
that

i- There exist absorbing sets in L*(Q) and H*(Q2) N L*(Q).

- There exists a mazimal attractor A which is bounded in H*(Q2) N L**(Q), compact and connected
in L*(9).

Proof.  i- First we will show that there exists an absorbing set in L?(2) and in H'(Q2) N L*(Q).
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il- Existence of an absorbing set in L?((2)
Recall that we had

%% </Q(u _ M)2) + /Q IV (u— M) de +C, /Q(u — M)™dx < Cy|€],

and so

4 ( /Q (u— M)Z) 2 /Q (It — M)+ (u—M)?)da+2C, /Q (u—M)Pdz < 2 / (u—M)?dz+2C4]9).

Q

Remark that thanks to the Holder’s inequality for % + é =1

/Q(u—M)Qda::/Q)((u—M)?p); dr < (/Q ’(((U_M)Qp)l/p)p’dx)l/p' </Q da:)l/q )
= (/Q(U—M)zpdx) 1/,,‘ WEK

1/p 9\ /P Cy 1/p
(/(u—M)dea:> QM = (—) <—/(u—M)2pd:U) ol
Q Cl 2 Q
) 1/p ) o 1/p
/(u MY < (—> Q[ (— /(u _ M)2”dx) |
Q Cl 2 Q

And by the Young’s inequality for 1% + % = 1 we remark that
9\ /P C Ur 4 C 1/p 9\ /P
(2) ][5 o] " 2[5 L) T3 [(2)
Ch 2 Jo P 2 Ja Cy
1
q

2 p/q 1
(&) 1or+35 [ anras
P Q

But

thus

p q

1
+ =
q

so for 1 <p<+o0

1 1 2 p/q 1 2 P/l]
/(U—M)2dx < G (u— M)*dx + - (—) 1] < ﬁ/(14—]\4)2pdx—|—— (—) 19|
Q P2 Jo q \C1 Q q

e p/q
thus for Cg = 1 (C—)

/(U—M)zdxSCg’Q|+%/(U—M)2de,
Q

Q
SO

d
G =i+ 2/9 (19 (u— M)]? + (u— M)?) da+2C, /Q(u MYz < 2(Cy + Cs) Q] +

+C’1/(U—M)2pdx,
Q



10

Chapter] The mass conserved Allen Cahn problem with a polynomial potential

or

4 (u—M)de+2/ (IV(u— M) + (u— M)?) dz+C4 /(u—M)dex < 2(C3+C3) |Q] = Cy,
Q Q

dt Jq
(1.17)
and by applying the Gronwall’s lemma to

d

— [ (u— M)*dx < —2/(u—M)2dx—i—Cg
dt /o,

Q

we can say that

/Q (1 — M)2dz < < /Q (o — M)2dx) e 4 %@(1 _ e, (118)

Thus 1
sup/(u — M)?*dx < /(uo — M)*dz + =Cy
¢t Ja Q 2

and )
lim sup/(u — M)*dz < pi where pi = 509.
Q

t—o00 t

We deduce from (.18) that any ball of L?(Q2) centered at 0 and of radius ps > py = 1/5Cy is
an absorbing set in L?(2). Indeed if By is a bounded set of L*(2), included in a ball B(0, R) of
L?(Q2) centered at 0 of radius R, then S(t)By C B(0, po) for t > to = to(B),to = 5 In <2R—22>,

pP3—PY
because

for By C L?*(£2) a bounded set, we want to find to = to(By) such that

VuO—MEBO:/(u—M)degpg,Vtztg,
0

and the boundedness of By gives the existence of R > 0 such that By C B(0, R), where for
Ug — M e B()

/(u — M)?dx < R?e™ + 2,
Q

and we want that
[ w= < 2
Q

thus we must have
R*e™ + pt < p3 with py < po,
which gives tg = %ln (%).
2 1
We conclude that the set B = B(0,p2) = {u — M € L*(Q), [,(u — M)*dx < p3,ps > p1} is
an absorbing set in L?((2).
From (|1.17) we had

4 (u—M)2dx+2/|V(u—M)|2dx—|—C'1/(u—M)2pdx§C’g,
dt Jo Q Q
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12-

thus

+r g t+r t+r
/ — /(u—M)Qda: ds+2/ / |V(u—M)|2da:ds+C'1/ /(u—M)dexds < rCy,
¢ ds \Jg t Q t Q

where

/tt”d% (/Q(U_M)%zx) ds = /Q(u—M)Q(MM)dx—/Q<“_M)2(°"”’t)dx

then

/( — M)? (xt+rdx+2/ /\Vu— ]d;z:ds—l—Cl/ / M)*dzds <

<7“Og+/ﬂ< — M)*(x,t)dx

for ug — M € B' C B(0, R) and t > t

t+r t+r
2/ / \V(u—M)]2dde+Cl/ /(u—M)de:cds < rCy+ ps. (1.19)
t Q t Q

Existence of an absorbing set in H'(Q2) N L?(Q).
We equip H'(2) N L?(Q) with the supremum of the norm of H'(Q) and of L?(1).
O(u— M)

Let’s multiply the following equation by 5

ou 1
s —Au=f (u)—@/gf(u)dx

after integration in the space, using the mass conservation property and applying of the
Green’s formula, the resulting equation will be

/Q(d(u;tM ) 2dt (/ V(u ) :/QWf(u)dx: —W (/QF(u)d:c)

/Q(W)Qdaﬂr%% (/QIV(u—M)IQd:c> +W(/9F(u)dx) =0,

% [ B IV (u— M)? + F(u)] <0,

and after integration in time it will be

/Q\V(u—M)(x,t)]de+2/QF(u(x,t))dxS/Q\V(uo(x)—M)]de+2/QF(uo)d:c,

and thanks to property (P3) we will have
/ IV (u(z,t) — M)Pdz + 206/(u MY (a, t)d < / 1V (uo(x) — M) dat
Q Q Q

+ 206/(u0 — M)*(z)dx + 29| (Cs + Cs),
Q

SO
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SO

sup </Q IV (u(z, t) — M)|* da + 206/

te[0,T] Q

(u— M)Qp(x,t)dx> <K',

for

K'—/Q]V(uo(m) —M)|2d$+206/9(u0—M)Qp(x)dx+2]Q](CG+C5)

which will give us an estimation of uw — M in L>(0,T; H'(Q) N L*(2)), and with application
of the uniform Gronwall’s lemma we can give to it an L>(R™, H*(Q) N L*(12)) estimation

Lemma (Uniform Growall lemma). Let g, h,y be three locally integrable functions on |to, +00[
satisfying

d d
d—th € L, (Jto, +o<[) and d_gtJ < gy -+ h fort>t,

t+r t+r t+r
/ g(s)ds < al,/ h(s)ds < ag,/ y(s)ds < as, fort > to,
¢ ¢ t

where ay, as, as and r are positive constants. Then
as a
y(t+r) < (— +a2> e Vit > to.
r

Remark that from ((1.19) we can state that there exists a constant as > 0 and for ¢t >
to,UO—MEBCB(O,R)

t+r t+r
/ / IV (u — M)|* dzds + / /(u — M)*dzds < as,
t Q t Q

and if we set y(t) = [, [|V(u — M)* + (u — M)*] dz then

d
dsy(s)ds <0.y(t)+0

thus by applying the uniform Gronwall’s lemma we will have
2 2 as 0o_ @3
/ (V0= P + (0= M) do < (% 0) e = 2.
Q

azg\ 2\ . . R 5 :
Thus the bounded set B; = B { 0, (—) is an absorbing set in H'(2) N L*’(Q2)), and is
r
relatively compact in L*(), because
for ug — M € L*(Q) where ug — M € B(0, Ry) C B(0, ps). Let t; = t;(Ry) > 0 be such that
S(t)B(O, Ro) C B(O, pg) for t Z tl(Ro),

it means that ¢ > t; implies that (fQ(u — M)2dx) 1/2 < ps. And by the uniform Gronwall’s
lemma

/(|V(U—M)|2+(U—M)2p) d$§%>VtZt1(Ro)+T.
Q@ r
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Thus if u(t) — M € H'(Q)NL*(Q),Vt > t;+r, while ug— M € L?(Q) and ug— M € B(0, Ry)
then

/ (IV(u— M)+ (- M) de < %t > 1, + 1.
Q T

1/2
Sofort >t +r,u(t)—Misin B (O, <%> ) a bounded set in H'(2) N L?’(Q). Then for
T

t > t; +r, S(t) transforms the bounded sets on L?*(€2) in a bounded sets in H*(2) N L?(Q),
and knowing that H'(Q) N L?(Q) is compactly imbedded in L*({2), these bounded sets are
relatively compact in L?*(Q).

ii- We proved in (i2) the existence of an absorbing set in H'(Q)NL? (), relatively compact in L*(Q),

a3

1/2
which is connected thus the global attractor is A = w (B <O, (—) ))
r

1.3 Regularity of the attractor

We have shown that the global attractor A is a bounded subset of L?(Q2) and H'(Q) N L?**(2). Here we
will prove that it is bounded in both L>(2) and H?().
For u € L*(9), we define

o () = {u(aj) if u(z) >0 | u(z) = {u(x) if u(z) <0 ‘

0 otherwise 0 otherwise

Clearly if u € L*(Q), then so are u, and u_, with

/uidmﬁ /qux, and /uQ_de/Ude.
Q Q Q Q

Furthermore, if uw € H'(2) then so are u, and u_ as given in the following result

Lemma 1.1. If u € HY(Q) then so are uy and u_ with

/|Vu+|2dx§/|Vu|2dx, and/|Vu_|2dx§/|Vu|2d$.
Q 0 Q Q

Vuu, (z) {Vu(x) if u(z) >0 | Vi (z) = {Vu(x) if u(z) <0 .

In fact

0 otherwise 0 otherwise

It follows immediately that
(Au,uy) = a(u,uy) = (Vu, Vuy) = / |V, |*dz.
Q

Theorem 1.4. The global attractor A is uniformly bounded in L>(S2), with

Csy 1/(2p)
llu — M| < o for allu—M € A.
1
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Proof. From property (P;) we had
F(s)(s = M) < =Ci(s = M) + Cs,p > 2.
It follows that

1/(2p)
f(s) <0 when s — M > (%> >0, (1.20)

1

> 1/(2p)

_ [ C
put then TT = (c—f

Let’s multiply our problem
1
w = A= flu(e 1) =~ g | Sl 0)de
Q

by ((u — M) — II), integrate it over € then using the Green’s formula with the boundary condition,
the result will be

1d

o (=0 —mzac) + [ 19000 = P = [ (0= 30) = 1. flagdo-

_ﬁ[)((u—M)—Hﬁdx/Qf(u)dw:
:/Q((U—M)—H)+f(u)dm+H/Qf(u)dx§0

and so we can say that it exists a positive constant C' such that

a4 (/Q((u M) - n)zd:p) < —C’/Q((u — M)~ TI)2d,

an application of the Gronwall’s inequality will give then

[ w=an) =M < [ (o) - 40) =M,

Q

since the attractor is bounded in L?*(Q) for any v € A, there exists ug such that v = S(t)(ug — M), we
have

/Q((u—M)—H)idx:O, for all u — M € A.

Thus
l|lu — M||oo <II for all u — M € A.

In a similar manner, we can prove that
llu — M| > —II for all u — M € A,

using ((u— M) —1I)_.
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We will use bellow the L> bound, to deduce that the attractor is bounded in H%(§2). To do that we
will use the equation

du
Tt u=p - o [ fw (1.21)

Multiply (1.21]) by u,; and then integrate the result in €2 yields

(i;l? + = u)dr = U u)dr = —— F w)dx

which we integrate from 0 to ¢ to give

/Ot/ﬂuidxds—l—%/ﬂa(u(m,t),u(a:,t))dx: %/ﬂa(uo(x),uo(x))dx—/ﬂ dH/QF wola

but A is bounded in H*(2) N L*(2) and in L*(Q), this gives for some x = % [, a(uo(z), uo(z))dz +
05 fQ(UO(ZL‘) — M)de$ + O5|Q|

/Ot/Quﬁdxder%/Qa(u(a;,t),u(x,t))dxg K. (1.22)

Now we will obtain a bound on w; in L*(€2). For that we differentiate (1.21]) to give

d

Eut + Aut U ut |Q| / f 'U/tdx

and take the inner product with t?u; to have
1
tQ(Uu Oyuy) + tQ(Uu Auy) = tQ(Uta f(w)ur) — t2(ut7 @/ [ (w)udr) =

= t2(ut7f ) —t @/f w)updz(ug, 1) =
= t*(uy, f'(u)uy) (because the mass conservation yields (ug, 1) = 0)

and by property (P,), we know that it exists Cy > 0 such that

1d
S </Q(tut)2d;z;) —t/ﬂufdw—l—ﬁ/gwutpdx §t204/ﬂufd:z:,

integrating between 0 and t gives

¢ t t ¢
1/ 4 (/ (sus)Zd:L) ds—/ <s/u§dw> ds+/ <s2/ |Vus|2dxds> < 04/ <S2/u§dx) ds
2 Jo ds \Ja 0 Q 0 Q 0 Q
and so
1 2 e 2 ' 2 2
— [ (tuy)*dx + s* [ |Vusl®dz ) ds < [ (s+ Cys?) uidz | ds
2 Ja 0 Q 0 Q

remark that s + Cys? is bounded on [0, 1], we obtain then setting ¢ = 1

%/Q(ut(l))deg (1+Cy) /Ol/ﬂugdxds
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and by (1.22)) it will be

% /Q (w(1))2dz < (1 + Cy)r, (1.23)

which is an L*(2) bound on u;(1), uniform over all the attractor.

Since any u — M € A is given as S(1)v for some v € A, it follows that f(u — @ fQ dx — d—qz is

uniformly bounded in L?(Q) over all of A. And since Au is uniformly bounded in L?(Q) it follows that
u is uniformly bounded in H?().
We can now give and prove the following result

Theorem 1.5. The global attractor A is bounded in H?(S2).
Proof. We know that

du 1
Au = — T fu) — l /Q f(u)dx (1.24)

holds for a.e. t along a trajectory. And since u — M € L>®(Q), so is f(u ~ fQ w)dz, and thus
\QI Jo f(w)dx € L>(0,T; L*(2)). And by the bound for wu, obtalned in (1.23) we can say by

- that u(t) — M € L*>(0,T; H(Q)).
Since the traJectory is continuous into L*(12), the bound on |Au(t)|2(q) is uniform for all ¢ € (0,T), and
so the attractor is uniformly bounded in H?(). O

2 Existence of exponential attractor

By its definition an exponential attractor is an exponentially attracting compact set, with finite fractal
dimension, which in contrast to a global attractor enjoys a uniform exponential rate of convergence of
the solutions to it once the solution is inside an invariant absorbing set. Because of this, exponential
attractors possess a deeper and more practical property; they remain more robust under perturbations
and numerical approximations than global attractors.

2.1 Elementary notions
Let X be a compact subset of H, the fractal dimension of X is the following number

In Ne(X
dimy X = lim sup L“
é'*)(]#' ln E

Y

where N¢(X) is the minimal number of balls of radius ¢ in H which are necessary to cover X. In

particular, if
1\ ¢
N (g).

where ¢ is independent of £, then

Definition 2.1 (Exponential Attractor). A compact set M C H is called an exponential attractor or
an inertial set for S(t) if it
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i- has finite fractal dimension dimpM,

1~ 18 positively invariant, that s

S(t)M C M,Vt >0,
14~ attracts exponentially the bounded subsets of H in the following sense

VB C H, bounded, 3co(B) > 0,3c;(B) > 0, such that dist(S(t)B, M) < coe ;¢ >0

Remark 2.1. It follows from the definition that an exponential attractor, if it exists, always contains
the global attractor and the existence of an exponential attractor actually yields the existence of a
finite-dimensional global attractor (this follows from the continuity of the semigroup and the fact that
an exponential attractor is a compact attracting set).

The first construction of exponential attractors, is due to Eden, Foias, Nocolaenko, and Temam [1§],
it consists in a way in constructing a fractal expansion of the global attractor A. Where we consider
an iterative process in which one adds, at each step, a cloud of points around the global attractor. But
at each step the control of the dimension of this new cloud of points around the global attractor is
needed, and also the new set must remain positively invariant, without increasing its dimension. The
key idea of such a process is the so-called squeezing property which says, that either the higher modes
are dominated by the lower ones or that the flow is contracted exponentially.

Definition 2.2 (The squeezing property). A mapping S : B — B, where B is a compact subset of

H, enjoys the squeezing property on B if, for some 6 € (0, i), there exists an orthogonal projection
P = P(§) with finite rank such that, for every u,v € B, either

I(I = P)(Su = Sv)|l g < [|[P(Su = S04

or
[Su = Svlly <6 flu— vy

Remark 2.2. We can note that this property uses essentially orthogonal projectors with finite rank, so
that the corresponding construction is valid only in Hilbert spaces.

Theorem 2.1 (Existence of exponential attractor). If ({S(t)}+>0B) satisfies the squeezing property on
B and if S, = S(t.) is Lipschitz on B with a Lipschitz constant L then, there exists an inertial set M
for ({S(t)}i>0B) such that

df(M) < Npmax{1,In(16L + 1)/In2},

and
dist(S(t)ug, M) < coe™ (/81

2.2 Existence of an exponential attractor

We want to show the existence of an inertial set to problem (P), let’s recall it
ut:Au—i-f(u)—ﬁfﬂf(u)d:c in Q x RF,
(P) Byu:O on 6Q><R+,
u(z,0) = up(x) x €,
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to do that it is sufficient to show that our semigroup S(t) satisfies the squeezing property.

We will consider the eigenvalues \;, Vi € N and eigenfunctions w; of the operator —A early taken, and
take H, = span{wy,--- ,w,} and the operator P, : (H'(Q))" — H, which is an orthogonal projection
and Q,, = I — P,, where I is the identity on (H*(2))".

We know from the study of the global attractor, that there exists a time ¢y = to(;) such that the set

B - UtZtOS(t)Bb

is compact invariant, where B; is an absorbing set in L?(Q) and in H'(Q) N L?’(£2), thus we will take
S(t): B— B.
We know that for w = v — @ our problem will be

= Aw + f(u) = (@) = i Jo (f(w) = f(@))dz  in Q@ xR,
Oy,w =10 on 00 x R*,

w(z,0) = up(x) — () xz €,
we will try to answer to the following question

What is the right projection Py, that guarantees the squeezing property?
Multiplying our first equation by w and integrating it over {2 the result will be

;jt (/ 2dx>+/Q|Vw|2dx:/Qw(f(u) dx—@/wdxx/ (7)) dz <
< [wlrtw -1 Idw+|9|/|w|de/|f )| do,

and by (P,) we know that 3Cy > 0 such that f'(s) < Cy thus

1d 2 2 2 /
5 t(/wdx)+/|vw| dx 04/ dm—|—|n|( |w|dx

But )
(/ |w|dx> < |Q|/w2dx
Q Q
and so L4
—— (/ w2dx) +/ IVw|* dz < 26’4/ widx
that is

d 2 2
— <4
dt(/gwdx)_@;/gwdw

where by applying the Gronwall’s Lemma the result will be

= ()
o  \Jao
thus Lipx (S(t)) < e*¢4l.

Assume t, has already been given and prove the squeezing property, that is, V6,INy = Ny(d) such
that for v and w in B with S, = S(t,), if

|Qn, (Ssu — Siu) | > | Py, (Seuw — Siw)| this gives? |S,u — S.ul < d|u— 1.
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For that, consider w, = S,u — S,u and put A, |1:’*‘|H22, where [|w,||* = [, |[Vw.|*dz, |w.|* = [,w?dz,
then
Clwnl® P+ Quowell” [1Prowsl|” + (| Qnpw |
. = — —
|w*|2 |PNOW* + QNOW*|2 |PNow*|2 + |QNOW*|2 ,

but we assumed from the squeezing property that
’QNOW*’2 > |P]\/0u')>|<’2 :> 2 ‘QNQM*‘Z > ‘PNQM*|2 + ’QNQW*’27

thus
HQNOw*H
2 ’QNOW*F’

*

and
2
||QN0w*||2 - |A1/2QNOW* = (A1/2QNOW*7 AI/ZQNOW*) = (AQNow*ﬂ QNOW*)ﬂ
for Anys1 the smallest eigenvalue of A over Qn,+1 (H'(Q) N L?*(£2)) we will have

||QN0W*||2 = (AQNOW*aQNOW*) > (>\No+1QN0w*, QNOW*) = >\No+1 |QN0W*|2>

SO

HQNOW*H

- )\N +1
2 |QNUW*|2 27"

>k

then )
)\* > 5)\]\[0_;’_1 .

And to prove the squeezing property it will be sufficient to prove that if A\, > %)\NO‘i’l then |w,| <

d|u—al.
bt 1d 1 1d
w) o d [t b [ow) s+ [watar <o [
th(/ da:>+2/Q|Vw| d:v_th(dex +Q|Vw| dr < 2C, de:v
S0 p
— /wzdﬂc —|—/ \Vw]de—4C4/w2d:c§O
dt \Jo Q 0
or )
Vw|*d
i /dex + M—4C4 /w2dx§0,
dt Q fQWZdZL' Q
thus if we put A(t) = f‘}wu;‘ddx and £(t) = % we can state that
QUJ X

% (/ﬂ w%lx) < —(A(t) —404)/90"26”7»

and if we apply the Gronwall’s Lemma we will have

/wzda: < (/ wgd:z:) 6[4C4t—fg/\(s)ds]
Q 9

/Wfdl[’ S </ Cdgdf]f) 6[4C4t*_fot* )\(S)ds].
Q Q

and so for t = ¢,
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Thus the last result will have the form
lw.| = [Sou — S| < 5(t,) Jwo| = 6(t.) |uo — o),

and we want to have 0 < § = 0(t,) = el2Cate=3 Ji* Me)ds] g
At this stage we only know that A\, = A(t,) > 5)\N0+1 and that limy, 400 Ang+1 = +00, but the past

behavior of the quotient norm A(s) for s < ¢, is not known, which we will state by the following result

Proposition 2.1. Let \(t) = fg}IV:;Idjr = ”|:=|22 and £(t) = fu:z(:.?%lz = %7
then \(t) satisfies the differential inequality
d
— At 2,

2
Moreover, if A(t.) > Ao then [;" A(t)dt > Aot — t2.

*

Proof. For A\(t) = JolVelde _ “'::‘2 and £(t) = —2_ — U we have

Jqw?dx W |w|
LdA()
> W (we, (A = A(t))w)

where for
wy = —Aw + R(u) — R(u) with
R(u) = f(u) — ‘Q‘/f u)dx and R(u) = f(u) |Q|/f

but if A(t) = 5257, then

dAt) 2 <whw > (w,w) — 2w, w) <w,w >

dt (wvw)Q
2 <w,w >
= m [< Wi, W > _(Wtaw)m]
2
= o.0) [< wy, w > —(wy, w)A]
2
B (w,w) [(wr, Aw) — (Wi, w)A]
2 2 “
= (w,w) (Wu (A — )\)W) = m (wtv (A - )‘>m>
= o (e (A= 8 = = (~Aw -+ Rlu) = R(@). (A= 9),
thus
1dA(%) 1 1

= (A= 2)& (A= A)8) + = (B(u) = B(u), (A = A)§) — (AL, (A= A)§).
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But
(AE, (A= A)§) = (AL, AL) — (XS, A)
= A (&, Ag) — N[gf* = Mgl - 2 =0,

hus
t LANE) 4 aeeP = L (R(w) — R(@). (A - )e)

2 dt wl ’ '
So

1dA(t) 2 1 .

2 HIA= AR = = (R@) - R(), (4= V)

< L R(u) — R@)[|(A - M.

]

And by Young’s inequality it will be

1d)\(t) 2 1 N2 1 2
s T (A= A1) < T |R(u) — R(u)|” + > (A=)
Thus
dA(t) 1 12
—a < W |R(u) — R(u)]

then
R(u) — R(@)]* < / (F(u) — (@) da
thus NG )
o S W (f(u) — f(@))* da,

and using the property (FP2) of the function f we will have the result

d\(t) 9
— <<
dt — Ci
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and by the Gronwall’s lemma we can say that
A(t) < C3(t — to) + Alto),
so by reversing the inequality for 0 < ¢y < t,
Alto) = A(t.) + Ci(to — t.) > ho + Ci(to — t.),

setting t = t, and integrating from ¢y = 0 to ¢ty = t., we obtain

2

tx 04 9
Alto)dto > Aot — 2.
0

A simple consequence of this result is that for
5, = 6[20475*—%[;* A(s)ds]

then

1 c?,
6, < exp [(2Cy — Z)\No-i-l)t* + Tt* ,

If we choose initially that ¢, = 1 then

1 C?
(5* S exXp |:204 — Z)\NO.H + _4:| s

4
and if Ny is large enough so that

ANo+1 > 8Cy + CF +121n(2)
which finishes the proof of the following result

Proposition 2.2. Under the conditions (Py)— (Py), there exists a time t,, such that S, = S(t.) satisfies
the squeezing property with § < %.

3 Convergence to Steady State [5]

Here we will make more assumptions that we did in Theorem (1.1]), that is
Let © be a connected open bounded domain from RY (N > 1).
Constants sq, so: We suppose that s; < sy are two constants such that

f(s2) < f(s) < f(sy) for all s € (s1, s2). (3.1)

Note that we can choose sq, so such that s; is negative with large absolute value and sy is arbitrary
large.

Assumption on uy: We will make the following assumption on the initial data:

(H): ug € L*(Q) and s < up(x) < 59 for ae. z € Q.

The solution u of problem (P) will be such that
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Proposition 3.1 (Invariant set). Let T > 0, and assume that u € C*1(Q x (0,T]) N C(Q x [0,T]) is a
solution of problem (P) and that

s1 < up(x) < s9 for all x € Q.

Then B
s1 <u(x,t) < sg forallz e Q0<t<T.

Proof. For the purpose of contradiction, we suppose that there exists a first time ¢y such that u(zo, o) =
s1 or u(xg,tg) = se for some zy € . Without loss of generality, assume that w(zg,ty) = s2. By the
continuity of u and the definition of 3, we have

s1 <u(w,ty) < 89 for all ¥ € Q, and u(x,t) < sp for all x € Q and 0 < t < t. (3.2)

Since d,u = 0, we deduce from Hopf’s maximum principle that zy € . Therefore the function (., )
attains its maximum at xy € €2, which implies that Au(tg, zo) < 0. By (3.2)), we have

. Ul’o,to—At —UZL‘Q,'[Z[)
e

> 0,

1
which we substitute in problem (P) to obtain 9] (f(s2) — fu(x,ty)))dz > 0.
Q

Since s1 < u(x,tg) < sy for all x € Q, it follows from (3.1)) that f(s2) < f(u(z,tp)) for all x € Q so that
f(s2) = f(u(z,to)). Using (3.1) again, we obtain u(x,ty) = sq for all z € ). As a consequence we have

/u(a;,to)dx = $9|Q| >/u0(x)d:1;,
Q Q

which contradicts the property of the mass preserving.
O

Theorem 3.1. Assume that hypothesis (H) holds. Then problem (P) possesses a unique solution u
such that

u e CHEH(Q x [e,00)) for all a € (0,1),e > 0,
s1 <wu(w,t) < sy for all z € Q,t >0, (3.3)

and
{u(t) : t > 1} is relatively compact in C*(Q) (3.4)

In order to prove Theorem ([3.1)), we need some technical lemmas.

Lemma 3.1. Let ug € L*(2), g € LP(Q x (0,T)) for some p € (1,00) and let u be the solution of the
time evolution problem

U — Au =g ret>0

dyu=0 r € 0t >0,

u(z,0) = up(x) x€Q
Then for each 0 < e < T, there exists a positive constant Cy(e,$2,T) such that

lullyyz ey < Co (luollz2) + llgllze@x o)) -
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Lemma 3.2. One has the following embedding
N +2

2,1 MA/27(C . _
W2HQ x (0,T)) € CM2((Q x [0,T]) with A =2 — and p # N + 2

Lemma (3.1)) and Lemma (3.2]) follow from [9] page 206. Now we can prove Theorem (3.1
_ N+2

Cl-a
Hf ()~ g . F 0
<2001 sup 1705

We apply Lemma (3.1)) and the embedding in Lemma 1' on the domain Q x (0, 1) to obtain

H'U/"01+a,(1+a)/2(§_2><[571]) <C (HUOHLQ(Q) + Hf( ‘Q‘ / flu >
LP(QX(O,l))

= (VQWZHUOHLOO(Q) +2/Q'7 sup |)

51§5352

Proof. Let a € (0,1), p Since s; < u(t) < sy for all t > 0, it follows that

0= J, Fe

< QM| f
Lr(Q2x(0,1))

Lo°(Q2x(0,1))

sc(|@|1/2<|s1|+|82|>+2|Q|1/p sup |f<s>).

s1<5<s2

Similarly, we apply Lemma (3.1)) and the embedding in Lemma (3.2)) on the domain 2 x (k, k& + 1) and
Qx (k+1/2,k+ 3/2) to obtain

[lullorea.arar/a@x ore 1)) <C<|9\1/2(|81|+!82I)+2\Q|1/p sup |f(s)!>,

s1<5<s2

and a similar one on the domain Q x (k+ 1/2, k + 3/2). Finally, we deduce from the fact that k can be
chosen arbitrary large that

lullensosserzoniensy <0(\mmusu+152|>+2|er/p sup If(S)!)-

s1<5<s2

3.1 A version of a Lojasiewicz inequaity

We will prove a version of Lojasiewicz inequality for the function £ which coincides with the functional
& on the solution orbits. We set .
u) == [ |Vu* -
)=5 [ Ivu

F(s) = {F(s) if s € [31—1,32%—1]‘

where F' € C>®(R) is such that

0 otherwise

Then E(u(t)) = E(u(t)) for all t > 0, where £(u) = 3 [, [Vul* — F(u)dx.
In what follows we will prove the d1fferent1ab111ty of E and compute its derivative. And then we will
give a definition and some equivalent conditions of a critical point to prove the Lojasiewicz inequality.



I-3- Convergence to Steady State [5] 25

3.1.1 Some preparations

We define the spaces

H={ueL*Q): [ju(zx)dz =0}, equipped with the norm ||.|[z = ||.|[r2(0),
V={ue H(Q): [,u(z)dr = 0}, equipped with the norm [|.||y = ||.||z1(q)-
Let V* be the dual space of V. We identify H with its dual to obtain:

Ve H<—=V"

where this embeddings are continuous and compact. We denote by £(X,Y") the space of bounded linear
operators from a Banach space X to a second Banach spaceY’, and write £(X) = L(X, X).
We also define the spaces

£(Q) = {u € I7(Q) : /Qu(x)dx - 0} |

equipped with the norm ||.||z»(q) = ||-||zr(0) and
X, = {u € W (Q) : / u(x)dr = O} :
Q
equipped with the norm ||.||x, = [|.||w2r@). Throughout the sequel, we denote by C' > 0 a generic

constant which may vary from line to line. We start with the following result.

Lemma 3.3. Let u,h € L*(Q),p € [1,00) be arbitrary and let g be a continuously differentiable function
from R to R such that
lg(s)], |4’ (s)| < C for all s € R. (3.5)

Then 1
| ot mhydr <> glu) in (9 as [illo) 0
0

Proof. By Jensen’s inequality and ({3.5)),

/0(9(“+Th>_9(“))dT S/O |(g(u+ Th) — g(u))[” dr

SCA!@w+ﬂw—mWHM
< C|n.

( ) ee(fm)”

Lemma 3.4. The functional E is twice continuously Fréchet differentiable on V. We denote by E', L
be the first and second derivative of E, respectively. Then

(1) The first derivative

Thus

A(ﬂu+ﬁw—mwﬂf

]

E :V — V* is given by

(E'(u),h)ysy = /QVth - /Q f(u)h  for allu,h € V. (3.6)
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(1) The second derivative
L:V — L(V,V*) is given by

(L(u)h, k)y-y = /QVth' — /Q f'(w)hk  for allu,h,k € V. (3.7)

As a consequence,
<L(U)h, l{?>v*7v = <h, L(u)k‘>v7v*. (38)

Proof. We write E as the difference of E; and Es, where
1

- /Q IVl dz and By(u) = /Q Flu) dz. (3.9)

Obviously, E; is twice continuously Fréchet differentiable. Its derivatives are easily identified in the
formula (3.6 and (3.7). We now prove the differentiability of Fj.
By Taylor’s formula, there exists 6(x) € (0,1) such that

F(u+h) — F(u) = f(u+ 0h)h for all u,h € V.

Ey(u) =

11 follows that

‘E2(u+h /f Jhdx

/|fu+8h Fu)| b dz
< C|\ f(u+6h) = f(w)lr2@llhllv-

Note that u+6h tends to u in H'(Q) as h — 0in V; it follows from Lemmathat | f(ut0h)— f ()| 22
tends to 0 as b — 0 in V. Thus

Ea(u+h) — /f Vhdz| = of|[h]lv) as b — 0.

This implies that the first derivative EY exists and

<E§(U)7h>v*,V:[2f(U)hd$.

The Fréchet differentiability of EY is shown in a similar way. Choose p > 2 such that V is continuously
embedded in LP(2). Let T be a linear mapping from V' to V* given by

<Th7k>V*,V:/Q,]?/(U)hk'dl’.

We will use below a generalized Holder’s inequality based on the identity
1 1 —2
—r-+ 22
p D p

For every u, h, k € V, there exist n(z) € (0,1) such that

'(E’(quh) Ey(u) — Th,k)y«v

< [ 17wk o) = F @l 4] i da

<N (u+nh) = F ()l oo o) [Pl o) 1l o)
< C|If'(w+nh) = F' ()l o212 llv [ Ellv, (3.10)
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It follows from (3.10) that
15 (u + h) = Ey(u) = T hllv- < CIf (u+nh) = f'(w)] o2 o)1 2]lv-
Since p/(p—2) < 400 and since f" is bounded, || f/(u+nh) — f'(w)|| Ls/e-2q) tends to 0 as h — 0. Thus

15 (u+ h) = Ey(u) = Thily- = o(||A]lv)

which implies that
(Ey(u)h, k)y-y = / f'(w)hk for all u,h,k € V.
Q

On the other hand,
(B3 (w) = EY(0)h, k)y-v| < /Q ' (uw) = F'(v)] |h] k] dz

< CILf' (@) = F ()l poro-2 ey 1Bl kv,

so that B B
155 (u) = By (v) | evivey < CNlf (w) = £/(0) || oro-2(q)-

This estimate implies the continuity of EY.

We define a continuous bilinear form from V' x V — R by
a(u,v) = / VuVudz.
Q

The following lemma is an immediate consequence of the Lax-Milgram theorem, we omit then its proof.

Lemma 3.5. There exists an isomorphism A from V onto V* such that
a(u,v) = (Au,v)y«y for all u,v € V. (3.11)

Corollary 3.1. The first and second derivatives of E can be represented in V* as:

E'(u) = Au— ’Q’/f (3.12)

L(uh = Ah — '(u h+@/f (3.13)

for all u,h € V.
Proof. Since f is bounded, f(u) — % Ja f(u) € H = V*. Therefore,

Au—f /f eV,
Tl

/Q<ﬁ/9ﬂu>>h:ﬁ/QJE(U)/QhZOforaHhEv,

Since
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(Au — ‘Q‘/f vv—/Vth /f

This together with (3.6 implies that

E'(u) = Au—f ‘Ql/f

Identity (3.13) may be proved in a similar way. O

it follows that

Lemma 3.6. Let p > 2, then for any g € LP(Q2), there exists a unique solution u € X, of the equation
Au=g in V" (3.14)
Moreover, (Aw,v) = (—Aw,v) for allw € X,,v e V.

Proof. 1t follows from Lemma that Equation (3.14) has a unique solution u € V. We now claim that
u € X, . Consider the elliptic problem

—Atu =g in €,
o, =0 on 0f.

First, since g € H, it follows from the Fredholm alternative that this problem possesses a unique solution
@ € V. Next, since g € LP(Q2), we deduce from [3] that @ € W?P(Q) so that also @ € X,,. In fact, @

satisfies Equation ([3.14]) since
<g,v)v*7v = <—A2~L, U>V*,V = / VuVudr = a(ﬂ, U) = <Aa,v>v*7v
Q

for all v € V. By the uniqueness of the solution of Equation (3.14)), u = u € X,.
On the other hand, for all w € X,,,v € V

(—Aw,v)y=y = / VwVvder = (Aw,v)y- v,
Q

so that A = —A on X,,. O
Definition 3.1. We say that ¢ € V is a critical point of E if E'(¢) = 0.
Lemma 3.7. For every ¢ € V', the following assertions are equivalent:

(1) @ is a critical point of E,

(17) ¢ € Xo and ¢ satisfies the equations

—Ap — f(p |Q|/f ) =0 in Q, (3.15)
Oyp =10 on 0f). (3.16)

Moreover, o is C=().
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Proof. (ii) = (i). It follows directly from Lemma [3.6] and the formula (3.12)).
(i) = (i1). Assume that ¢ € V is a critical point of E. We deduce from (3.12)) that

szﬂ@—ﬁ%jw in V",

Since f(¢p ‘Q‘ Jo f(@) € H, then A(p) € H. It follows from Lemma that ¢ € Xy and A = —A.
Therefore % Satlsﬁes .

Finally, we deduce that ¢ € C*°(Q) from the boundedness of f(¢ |Q| fﬂ , Sobolev embedding
theorem and a standard bootstrap argument. O

3.1.2 The Lojasiewicz inequality

Theorem 3.2. (Lojasiewicz inequality). Let ¢ € V be a critical point of the functional E such that
s1 < ¢ < sy. Then there exist constants 6 € (0, —] and C,o > 0 such that

|E(u) = E()]'™" < CIIE (u)]v-

for all ||u — ||y < 0. In this case we say that E satisfies the Lojasiewicz inequality in ¢. The number
0 will be called the Lojasiewicz exponent.

We check below that all hypotheses in [14, Corollary 3.11] are satisfied so that the result of Theorem
will follow from [14, Corollary 3.11]. We need the following result.

Lemma 3.8. Let ¢ be a critical point of E. Then L(p) is a Fredholm operator from V' to V*. Moreover,

(i) ker L(yp) is finite-dimensional and contained in C™=(€).

(11) (u,v)yy~ =0 for all u € ker L(p) and v € Rg L(p),

(1ii) V* is the topological direct sum of ker L(p) C V «— V* and Rg L(yp),

() if g € LP(Q) NRg L(p) forp>2 and u € V solves the equation

Lip)u=ygin V"
then u € X,,. Consequently,
Rg (L(¢)|x,) = Rg L(p) N L7(Q).
Proof. We first prove that the linear operator
T:V—V*

b —fe+ g [ T

Tl
is compact. Indeed, it follows from the compact embedding H < V* and the following estimate
Al < 1l + | /f

€

< C(I1Pll 2y + 1l L1 @)
< Cllh|lv.

12(Q)
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Recall that since A is an isomorphism from V onto V*, it is also a Fredholm operator of index
ind A := dimker A — codimRg A = 0.

It follows that L(p) = A+ T, as a sum of a Fredholm operator and a compact operator, is also a
Fredholm operator with the same index [7, p. 168]. Therefore,

Rg L(yp) is closed in V* and dimker L(y) = codim Rg L(¢) < oc. (3.17)

(i) Using similar arguments as the proof in Lemma[3.7, we deduce that if h € ker L() then h € X and
satisfies the equation: B ~
{ —Ah = f(©)h+ g Jo ['(9)h=01in Q,
o,h =0 on 0f).

Note that f'(¢) € C*®(Q); we deduce that h € C*(Q) from a Sobolev embedding theorem and a
bootstrap argument.

(ii) We may identify the linear operator L(y) with a bilinear symmetric form on V' x V' (e.g see [30,
Section 10.5.3 p. 82]). Thus, for every u € ker L(p),v = L(p)w,w € V,

(u, v)vys = (u, L(p)w) vy« = (L(p)u,w)y«y =0,

which implies (ii).
(iii) Using part (ii), we deduce that for every u € ker L(¢) N Rg L(y), (u,u)y«yv = 0, hence v = 0. It
follows that ker L(¢) N Rg L(¢) = {0}. On the other hand, dimker L(¢) = codim Rg L() so that V* is
the algebraic direct sum of ker L(y) and Rg L(y).

Since ker L(yp) is finite-dimensional, it is closed in V*. It follows from that Rg L(¢p) is closed
in V*, thus V* is the topological direct sum of ker L(y) and Rg L(y).
(iv) Since g € Rg L(yp), there exists u € V satisfying

Au = f'(o)u — /f Ju+ g.
[

We write

1 _
A== [ Flourged,
9] Jo
thus v € X5 and A = —A. We have
~u=fepu=—g [ Flehi+ge @)
note that f’(¢) € C>(Q) and use elliptic regularity theory to deduce that u € X,,. From this we obtain
(iv). O

Before proving Theorem [3.2] we recall the definition of an analytic map on a neighborhood of a point
(see [37, Definition 8.8, p. 362]). A map T from a Banach space X into a Banach space Y is called
analytic on a neighborhood of z € X if it may be represented as

T(z+h) ZTk .. hlinY, for any h € X, ||h||x < ¢, € small enough,

k>1
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where T(z) is a symmetric k—linear form on X with values in Y and

D T2 e IR < oo.

k>1
Here, £;(X,Y) is the space of bounded k-linear operators X* — Y.

Proof. of Theorem
In order to prove Theorem , we apply [14], Corollary 3.11] for

X =X,,Y = £P(Q),
where p > N. In this case, there holds the embedding W27 C C'*(Q) with A =1 — 2. Note that

E'(u) = —Au — / f(u) € LP(Q
Tl
for all v € X,. In view of Lemma , it is sufficient to prove that E’ is analytic in a neighborhood of
¢. Indeed, let € be small enough such that for all h € X, with ||h[|x, < €, we have
Alle@) < [Ihllx, < 1.
Since

f(s)=f(s) = Zaisi forall s € (s — 1,50+ 1),
=0
we perform a Taylor’s expansion to deduce for all h € X, with ||h||x, < e, that

It follows that

where

Ti[h] := —Ah+ F(p h—@/f

and

7!

£l /
Tilh, ..., h] :Zf@)h |Q|/f B for all 1 < i < n.

We now prove that T; € £;(X,, LP(€2)). For all hy,....,h; € X, and 1 <i < n, we have
||ﬂ[h17 ey hi]”ﬁp( <C ”T[hh 3 hl]”LOO(Q)

f’<> Hl e,

< CTT Il < H A1 x;,
j=1 j=1

——=hy...h;

Loo(Q)
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which implies that T; € £;(X,,, LP(2)) for all 1 < ¢ < n. In the case i = 1, since —A is linear, continuous
from X, to £P(§2), we easily deduce that 77 € £;(X,, LP(€2)). Therefore £’ is analytic on a neighborhood
of .

U

3.2 Large time behavior

Theorem 3.3. Let (H) hold and let u be the unique solution of problem (P). Then there exists a
function @ such that
lim ||u(t) — ¢[|cr) =0 as t — oo. (3.18)

t—o00
o= fom
Q Q

and o is a solution of the stationary problem

—Ap =—flp) + g Jo flp) inQ,
(%) { Oy =10 . on O0N).

Moreover, s; < ¢ < 89,

This section is devoted to the proof of Theorem by applying the Lojasiewicz inequality.
Lemma 3.9. Suppose that (H) is satisfied and let u be the solution of problem (P). Then

(i) For all0 < s <t < oo,

E(u(s)) = E(u(t)) —|—/ /Q|ut]2d:c. (3.19)

(ii) Further, e := limy_,, E(u(t)) exists.
We denote by S(t) the semigroup on H corresponding with problem (P) and define the w-limit set of

ug by
w(ug) == {p € H'(Q) : 3t,, — oo, u(t,) — ¢ in H' () as n — oo}.

We have the following result
Lemma 3.10. Suppose that (H) is satisfied and let u be the solution of problem (P). Then
(i) w(ug) is a non-empty, compact set of H*().

(i) The functional E is constant on w(ug). If ¢ € w(ug) then s; < ¢ < sy and ¢ is a critical point of
E, ie., E'(¢) =0.

(iii) d(u(t),w(ug)) — 0 ast — oo. Where d(u(t),w(ug)) = infocwuo) |[u(t) — 0|1 (o)

Proof. (i) Since {u(t),t > 1} is compact in H'(2), we can easily show that w(ug) is non-empty, compact
of H(Q).
Next, note that if ) € w(uy), then there exists a sequence t,, — oo such that ¢ = lim,,_,, S(,)ug. For
all t > 0, we have

S(t)y = lim S(t +t,)up € w(up).

n—oo

This shows that w(ug) is positive invariant.
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(ii) First, we prove that E is constant on w(ug). Let e = limy ,o E(S(t)up) as in Lemma [3.9] For any
¢ € w(ug), we have ¢ = lim,, o, S(t,)ug for some sequence t,, — oo. Since FE is continuous in H'(),

E(p) = lim E(S(t,)ug) = e.

n—oo

i.e., E is constant on w(ug).
Note that since S(t,)ug — ¢ in L?(2) so that we can extract a subsequence of S(t,)uo which
converges almost everywhere on 2. On the other hand s; < S(t,,)ug < sy for all n > 0, therefore

51 < < s9.

We now prove that ¢ is a critical of E. Since w(ug) is positive invariance, E(S(t)p) = E(p) for all
t > 0. It follows from Lemma [3.9] that

t
/ / |l |* dadt = 0 for all t > 0,
0 Jo

so that ¢; = 0 for all ¢t > 0. Hence, ¢ satisfies the equation

—Ap — f(p |Q|/f )=01in Q,
Op =0 on 0S.

Therefore, ¢ is a critical point of the functional £ by Lemma |3.7|

(iii) Assume by contradiction that there exists a sequence ¢, — oo and € > 0 such that
d(S(tn)uo, w(ug)) > e.

By compactness, there exists a subsequence t,, — oo such that S(t,, )up — w € w(up). Therefore,
d(S(tn, )uo, w(ug)) =0 as k — oo, which is absurd. O

Proof. of Theorem [3.3]
We will first apply the Lojasiewicz inequality in the case fQ uo(x) = 0. Recall that since E is constant
on w(uyp), as in Lemma we can write

e = E(v) for all v € w(uy). (3.20)

It follows from Theorem [3.2] that E satisfies the Lojasiewicz inequality in the neighborhood of every
¢ € w(up); in other words, we have that for every ¢ € w(ug) there exist constants

1
6€(0.51,C>0and >0

such that
|E(v) — E(p)|*? < C||E'(v)||y+ whenever ||v — ||y < 6. (3.21)

Since the functional E is continuous on V', we may choose ¢ small enough so that

|E(v) — E(¢)| < 1 whenever ||v — ¢||y < 0. (3.22)
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It follows from the compactness of w(ug) in V' that there exists a neighborhood U of w(ug) composed of
finitely many balls B;,j =1, ..., J, with center ¢; and radius ¢;. In each of the ball B;, inequality
and the Lojasiewicz inequality hold for some constants 6; and C;. We define § = min {0;,7 =
1,..,J} and C = max {C},j = 1,..., J} to deduce from (3.20), (3.21)) and (3.22) that

E(v) = e['"? < C||E'(v)]

v« forvel.

Using Lemma [3.10|(i7), there exists
to >0

such that
u(t) € U for all t > t.

Hence, for every t > tg, there holds

d ) PR 01 dE |
—£|E(u(t)) —e|l” =0|E(u(t)) — €| (— %(U(t»)

0 llul;
> GBI .
Note that for all t > to, u(t) € C=(Q), so that E'(u(t)) € H and it can be written of the form
E'(u(t)) = —Au — f(u) + ﬁf(u) = —.
Applying continuous embedding H — V*| we have
12 @)y < CHE (1) 120 = Cllinl ey for all > to (324

where C is a positive constant. Combining (3.23) and (3.24) we obtain

Here, Cy = L Thus
cc

|MM—WMHS/wme%MM%»ﬂﬁﬂﬂwm—W)

t1

for all
to <ty < ta.

Therefore, [|u(t1) — u(t2)||r2() tends to zero as ¢, — oo so that {u(t)} is a Cauchy sequence in H.
Consequently, there exists ¢ € H such that lim; .., u(t) = ¢ exists in H. O

3.3 Rate of the convergence

In this section, we estimate the rate of the convergence of u(t) to ¢. The proof is based on Lojasiewicz’s

inequality. We consider two cases, when Lojasiewicz exponent 6 = % and 6 € (0, %)
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3.3.1 When Lojasiewicz exponent 6§ € (0, 3)
We need the following lemma.

Lemma 3.11 (see [21], Lemma 3.3). Asume that for all t > ty, some o > 0 and a constant K > 0

o0
/ el < K2,
t

Then, we have

VK
[u() —u(r)lln < =517 forall 7 >t > 1o,
Consequently,
K
|u(t) — ollg < ] 27(115 “ for all t > t,.

> 0 and a constant

Theorem 3.4. Assume that Theorem holds for 6 € (0,3), then for a :=
K >0, we have

1-26
VK

1— 2@

lu(t) —ollg < = forallt > 0.

Proof. As in the proof of Theorem [3.3] we only need to prove this theorem for function @ such that
J udx = 0. Since @(z,t) is smooth for all ¢ > 0, we have

d
dt
Since u(t) tends to ¢ as t — co. Therefore there exists Ty > 0 such that for all ¢ > Tj

(E(u) — E(p)) = (B'(w), 0) = —(E'(u), E'(a)) = || &'(@)|3. (3.25)

|la(t) — || <o (o in Theorem [3.2)).

It follows that for all t > T

CIE @)llv- > |E(a) — E(e)]'™".
Therefore, by using the continuous embedding H — V*, we obtain
CIE @)|lm = |E(@) — E(e)]'™" = (B(a) — E(g))' ™. (3.26)
Combining (3.27) and (3.28)), we get
d

E(E(ﬂ) — E(p)) < —Cy(E(1) — E())*79 for all t > Ty,

where Cy :=1/C%.
~1/(1-20)
Note that y(t) := <(E(U(To) — E(0)2 14+ Cy(1—20)(t — TO)> is the unique solution of the

differential equation

d
ay@) = _02y2(1—0) for ¢ 2 To,

y(To) = E(u(To) — E(p)).
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We use a differential inequality in [20, Lemma 2.7, p.53] to deduce for all ¢t > T that
—1/(1-260)
E(u(t)) — E(p) < ((E(ﬂ(To) — B(9))*"™ + Ca(1 = 20)(t — To))
—1/(1-26)
= ((E(U(To) — E(9))?7 = Co(1 = 20)Ty + C(1 - 29)t>
—1/(1-20)
_ ((E(u(TO) —E(9) = Cy(1 — 20)Ty + Cy(1 — 29)% + Oyl — 29)%)

~1/(1-26)
t _ _
< <02(1 — 29)§> for all t > Ty, with some T > T} large enough.

It follows that for all ¢t > T,
[ s s < g
t

—1/(1-20)
Csy(1 — 26
M) and a := > (0. Now, according to Lemma (3.11] we obtain

Here, K := (

2 1—26
K _
lu(t) — ol < 1 \/;at_o‘ for all t > Tj.

3.3.2 When Lojasiewicz exponent 6 = %

Lemma 3.12 (see [22], Lemma 2.2). Assume that there exists two constants v > 0 and a > 0 such that
for all t € 10,7,

“+o00
/ lael% ds < aexp(—).
t

Then for all T >t > 0, we have
vt
lu(t) = w(m) | < Vabexp(==).
Theorem 3.5. Assume that Theorem holds for 6 € (0, %), then for constants K, > 0, we have

llu(t) — ¢|lg < Kexp(—ot) for allt > 0.

Proof. As in the proof of Theorem [3.3, we only need to prove this theorem for function @ such that
Jq udx = 0. Since (z,t) is smooth for all ¢ > 0, we have

d
dt
Since u(t) tends to ¢ as t — oo. Therefore there exists Ty > 0 such that for all ¢ > Tj

(E(u) — E(p)) = (B'(w), u) = —(E'(u), E'(w)) = —||&'(@)|3. (3.27)

|lu(t) — || <o (o in Theorem [3.2)).
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It follows that for all t > T

CIE @)llv- > |E@@) — E(p)|2.

Therefore, by using the continuous embedding H — V*, we obtain

= (E(u) — E(p))?.

N[
N |=

CrllE"(@)||a = [E(u) = E(p)]

Combining (3.27) and (3.28)), we get

d
7

(3.28)

E(u) — E(p)) < —Cy(E(u) — E(p)) for all t > T,

where Cy :=1/C%.
Note that y(t) = (E(u(To) - E((p)) exp(—Csq(t — Tp)) is the unique solution of the differential

equation

d
Ey(t) = —Cyy for t > Tp,

y(To) = E(u(Ty) — E(p)).
We use a differential inequality in [20, Lemma 2.7, p.53] to deduce for all ¢t > T that

E(u(t)) — E(p) < <E(ﬂ(To) - E(@)) exp(—=Ca(t — Tp)).

In particular for all ¢ > Tj,

[ ) ds < (E(U(To) - E(@)) exp(—Ch(t — Th)).

Now, Using Lemma [3.12] we deduce the result of the theorem. O
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Chapter 11

The mass conserved Allen Cahn problem
with a logarithmic nonlinearity

1 The problem

We propose to prove the existence of a global attractor for the mass conserved Allen Cahn problem.
This problem was proposed by J. Rubinstein and P. Sternberg [33], as a model of a binary mixture
undergoing phase separation. Whereas they choose a smooth reaction term f, we propose a singular
form of the reaction term. More precisely, we study the problem

g?—Au—kf |Q|/f r, xT€Qt>D0, (1.1)
(P)3 ayu=0 v EINL>0 (1.2)
u(z,0) = ug(x) x €€, (1.3)

where @ C R” is a smooth bounded domain with outer unit normal v and total volume |©2|. This model

is mass conserved, namely
7 7
— [ u(z,t)de = — | wug(x)dx
l Jp "0 = o J, )

The nonlinearity f = —F’, with 0 < 6 < 0. a critical temperature, is such that

F(s) = —%52 + g@(s),
O(s)=(1+s)In(1+s)+ (1 —s)In(l —s), for s € (—1,1),
so that
F(5) = s — sepls).

1+ s

o(s) = In (1 - S) , for s € (—1,1),

and then problem (P) will have the form

?;Z_Au—l—e(u—M)—g[tp(u)—ﬁ go(u)d:c}, reQt>0 (1.4)
0
(P) du=0 xr € 0,t > 0. (1.5)

u(z,0) = uo(w) x €
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4 Fe)

Graphic of @

Graphic of the logarithmic potential F

s=1 fis) s=1 s=1 &(s) s=1

Graphic of the nonlinearity Graphic of ¢

First we prove the global existence and uniqueness of solution for problem (P). We will prove that if
ug satisfies the hypothesis

(Ho) : ug — M € L*(Q), ||uo||z=@) < 1 a.e on Q, and |[M] < 1,

then there exists a unique global solution u satisfying ||u(t)|[z~@) < 1. Moreover, the set {z €
Q, |u(x,t)| = 1} has measure zero. The technique used here is inspired by A. Debussche and L. Det-
tori [I5] and C. Dupaix [I6] where in order to avoid the singularities in £1, we approximate ¢ by the
sequence of functions

N op+1

S
@N(s):222k+1,]\721,s€(—1,1) (1.7)

which converges to

+00  9k+1
s 1+ s
90(3)222 2k+1:1n< ),se(—l,l)
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as N — +o0.
Also we define the sequence of functions

2k+2

N
=2
ZO 2k +2)(2k + 1)

N>2s¢€(-1,1) (1.8)

which converges to the function

too g2k+2
D(s) =2 —-1,1
() ; Gy S €LY
as N — +oo, and remark that for s € (—1,1)
0 < Py(s) < P(s) <2In2. (1.9)
The regularized problem is then
0 0 1
%—Auz\/zﬁ (uN—M)—§ [@N(UN)—@/QON<UN)CZZE:| reQt>0 (1.10)
Q
(Pn) dyuy =0 xedt>0, (1.11)
un(x,0) = up(z) x €, (1.12)

with M = ﬁ Joun(z,t)de = ﬁ Jo uo(z)dz, and the solution of problem (P) is obtained by letting
N — 400 in problem (Py), where the limit function u has to stay in the interval (—1,1).
We define the Lyapunov functional as

0.

En(uy) = /Q ( |Vuy|? — N+ gch(uN)) dz. (1.13)

2 Existence of a unique solution to problem (P)

The proof of the existence of a unique global solution of problem (P) is based on several estimates
independent of NV on the solution uy of problem (Py), this will enable us to let N go to +00 and enforces
the limiting phase variable u to belong to (—1,1). More precisely we want to prove the following result

Theorem 2.1. (i) For each ugy satisfying (Hy), problem (P) possesses a unique solution u which
satisfies

u—MeL®(0,T;L*(Q)NL*(0,T; H'(Q)) for all T >0, and u— M € C (Ry; L*(2)) .

(ii) Moreover, if ug — M € H*(Q), with ||ug||p=@) <1 a.e on Q and |[M| < 1, the solution u satisfies
u—MeL®(0,T;H(Q)NL*(0,T; H*(Q)) for all T >0, and u— M € C ([0,T]; H'(Q)) .

Furthermore for allt > 0 and both in cases (i) and (i), ||u(t)|| @) < 1, and the set {x € Q, |u(x,t)| = 1}
has measure zero. The mapping S(t) : ug— M — u(t)— M is Lipschitz continuous on L*(Q2) and (S(t))s>o0
is a semigroup on L*(Q).
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2.1 Existence of a unique solution to problem (Py)

We will give here a complete proof of the existence of a unique solution to the problem

8;;\/ — Auy =0, (uy — M) — g |:90N(UN) — ﬁ / goN(uN)dx} reQt>0 (2.1)
Q

Theorem 2.2. (i) Foruy— M € L*(Q), there exists a unique solution uy of problem (Py) satisfying
uy — M € L>=(0,T; L*(Q)) N L*(0,T; H(Q)) N L*NT2(0, T; L*Y2(Q)), N > 1,

with
(uy — M), € L*(0,T; (HY())') for all T > 0,

and
uy — M € C([0, +00); L*()).

The mapping ug — un(t) is Lipschitz continuous on L*(£2).

(ii) If furthermore ug — M € H*(Q) N L2N*2(Q), then uy — M € L>(0,T; H'(Q)) N L*(0,T; H*(Q)),
and uy — M € C([0,T]; H*(Q)).

0
Before proving this result, we remark that the polynomial —§¢N(8),S € (—1,1) is such that

N
0
—§g0N(s) = Zaks%ﬂ, with ay <0, N > 1 and s € (—1, 1) so that it satisfies
k=0

dC; > 0, fort=1,---,7, such that

(P) —Cy.(s — M)*N*t2 — Oy < —g(s — M)pn(s) < —Cp.(s — M) T2 £ Oy, for N > 1,5 € (—1,1)

(P) —ggplN(s) < Cy, for N >1,s€(—1,1),
(P3) —C5((s — M)>N+2+1) < —gch(s) < —Ce((s — M)*M*2 - 1), with N > 1,s € (—1,1).

0
(Py) |§g0N(5)] < Cq(ls — M]QN“ +1), for N >1,s € (—1,1).

Proof. (i) The proof relies on a Galerkin method, where we denote by 0 = A\ < Ap <--- <\, < -+
the eigenvalues of the operator A = —A : H(Q) — (H*(Q))’ associated to the bilinear form

a(u,v):/Vu.Vvdx,
Q
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with a homogenous Neumann condition, and denote by w; € HY(Q) N L*Y2(Q),7 = 1,--- the
corresponding unit eigenfunctions. For each integer m we look for an approximate solution vy} — M

of the form

satisfying
0 0 1
(g7 (un — M), wi) + a(uy — M, w;) = Oc(uly — M, wi) — 5 {SON(UE) - @(@v(u}(}), |, wi),
(2.4)
fori=1,...m
and ut(0) = Upmo — ug € L*(2) as m — +oo. (2.5)

Problem (2.4) is an initial value problem for m ordinary differential equations, so by standard
argument we can state the existence of a unique solution on (0,7,,), T, > 0.
We multiply (2.4) by d;,,(t) and sum on i = 1,--- ,m to obtain

0 0
(5;(uny = M), uy = M) +a(uy — M,uy — M) = 0.(uy — M,uy — M) = o (pon(uf), uy — M),

s ([ —02ar) + [ 90 -2 o =0, [ g - ar2ae - [ - dnentuyas

(2.6)
where .
(=, uy — / Ndx — M = 0.
P “
We know that
90/(1% — M)?*dx = 6’6/(uﬁ)2da€ — 0. M3,
Q Q
and in view of the definition of the function ®, we have that
al 1
N 20y = | On(ufy)d 2.7
JLwrae <23 ey [ = e, (2.7
where we have estimated ®y from below by the first term of its expansion; thus
90/(u]mv)2dx < GC/ Oy (uly)de;
Q Q
and by ([1.9)) equation (2.6) yields
1d 2 0 m m
ST ( )2dx \V ul — M)|* dz < 20,|QIn2 — 6,|Q|M? — 3 (ulyy — M)y (uly)dz,
Q

(2.8)
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then by property (P;) it will be

%5(/ (g - de) [ -anPatc [ @-mP e, @)
t Q

where C3 = C3|Q] + 20| In2 — 6.|Q|M?, integrating (2.9) from 0 to T gives

T T
%/(u%(z,T} — M)*dx +/ / IV(ul — M)|* deds + Cy / /(u% — M) 2dpds <
0 o Ja 0 Jo

1
<3 / (ug — M)*dx + CsT, (2.10)
Q
1
so that, if we set kK = 5 /(Ug — M)?*dx + CsT, there holds
Q

sup (/(u’ﬁ(x,t) — M)Qdm> < 2k, / / |V (uly — | drds < K / / M) 2drds < k/C,
t€[0,T] Q

so ut— M is bounded independently of m in L>°(0, T'; L*(Q2)), L*(0, T; H*(2)) and in L*N*2(0,T; L*N+2(Q)).
Hence there exists a subsequence of {u/y},,>1 denoted {uy},>1 such that

— M —uy — M in L*(0,T; H'(Q)) and in L*¥2(0, T; L*"*2(Q2)) weakly, (2.11)
— M — uy — M in L>(0,T; L*(2)) weak star, (2.12)
/ / 2N +2
on(uh) — x in LEN2' (0, T; LEN2'(Q)) weakly, where (2N + 2)' = N i N> (213)
The last result is given by properties (P;) and (Py) where
(2N+2)’
o (U )H 2N+2)’<0 T L(2N+2 / / lon(u 2N+2) dads <

(2N+2)’
< 07/ (/ |u‘]<,—M](2N+1)—|—1> dxds
< C/ / luly, — M|*N*2dads,

which means that the bound on (uf, — M) in LEN*2(0, T; LeN+2)(Q)) gives a bound on ¢y (uh)
in LEN+Y'(0, T, LEN+2'(Q)).
Thus passing to the limit in (2.4]), we find

0 1

((uy — M)y, v) + aluy — M,v) = 0.(uy — M,v) — =(x — @(X: 1),v), (2.14)

2
Yo € H'(Q) N LEN+D(Q)
which shows that

Auy — M) 0 1
— = —A(uy — M) + Oc(uy — M) — §(X - @(X» 1)).
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Moreover (uy — M); is in L?(0,T; (H*(€2))") which is in duality with L*(0,7; H'(Q)), this allows
us to apply the compactness theorem (see [35] Lemma 3.2 p 71 ) to deduce that uy — M €
C([0,T]; L*(2)).

It remains to check that x = on(uy).

Besides the results (2.11)), (2.12)) and (2.13)), we can state by theorem 8.1 p 214 in [32] that the
subsequence {ul},>1 is relatively compact in L*(0,7; L*(Q)), so there exists a subsequence of

{u#} 51 denoted {u/s},=1 such that

uh = uy in L2(0,T; L*(Q)),
so by Corollary 1.2 p 27 in [32] we can say that

u’;; — uy a.e. in  x (0, 4+00).
Then, as ¢y is continuous

on(uy) = pn(uy) in Q x (0, 4+00),

where {@N(U%)}uEl is bounded in LEN*2'(0, T; LEN+2'(Q)) with (2N +2) = 3%1?, so applying
lemma 8.3 p 218 in [32] we obtain that

/

en(uly) = on(uy) in LEVH(0,T; LENT2'(Q)),

but in (2.13) we had
o (u) = x in LEN' (0, T; LENT2) (),

so by the uniqueness of the weak limit x = ¢y (uy) a.e. in Q x (0, +00).
To check that uy(0) = ug, let’s choose ¢ € C1(0,T; H () N L*N2(Q2)) with ¢(T) = 0 and so
¢ € LNT2(0,T; HY(2)) N LAN+2(0, T; L*N*2(Q)), and using

(ag_tNW) +a(un,v) = Oc(uy — M,v) — g([SON(uN) — %’ /Q on(un)], ), Yo € H'(Q) N LEN+(Q)

which we integrate by parts in the ¢ variable in [0, 7] and for v = ¢ we know that

|50 = ol = [ unoh)as
— —(un(0), 6(0)) — / (un &')ds,
yields

T T T
~(uy. & ds = 0, _ M, )ds—
/0 (UN7¢>+/O a(uy, ¢)ds /0 (un ¢)ds

0

T 1
~5 [ oxtun) = 5 [ entuml. s+ (u(0),600).
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Doing the same in ([2.4)) yields

T T T
/0 —(uR, ¢") —i—/o a(uf}, ¢)ds = 66/0 (uly — M, ¢)ds—

_g/O ([w(u%)_ﬁfgw(um@dﬁ(uN(O),¢(0)),

passing to the limit for m gives

T T T
—(uy, ¢ ds =0, — M, ¢)ds—
/0 (un, &) + / alu, 6)ds / (ux — M, 6)ds

0

T 1
— 5/0 ([on(un) — @ /Q on(un)], @)ds + (uo, $(0)),

by identification we can conclude that ux(0) = uy.
To prove the uniqueness of the solution uy of problem (Py), suppose the existence of two solutions
uy and uy satisfying problem (Py), then take vy = uy — uy where ﬁ fQ vndr = ‘ﬁl| fQ uodx —

ﬁ Jowodz = M' = M — M, vy satisfies then

aUN 0

N Aoy = oy M) - [{soN(uN) — on(in)} - ﬁ / (o (uy) — on(@x)}dz| . (2.15)

Multiplying equation (2.15) by vy and integrating over €2, then applying the Green’s formula with
boundary condition, the result will be

1d
—— /U%le‘ +/ ]VUN|2dx:66/U?de—HC]Q]M&—

0

~ 0. ., ~
=5 | ovtontun) = on@n)de + 50 [ (ontuy) = ex(in))de,

and if we set ¥(t) = [,(¢n(un) — @n(Un))dz and then use property (P) it will be

1d 0
—— /U?le‘ +/ |Voy[*dzx < (90+C4)/v12vdx—96|Q|M’2—|——M’¢(t),

thus

d

o (/ v%,d:z:) < 7/U?Vd:v—200|Q|M’2+9M'1/J(t),
Q Q

where v = 2(6, + Cy), then applying Gronwall’s lemma to this inequality yields

t
/ dz < ( / Ugdm) oy M / (00 (1) — 20| M) =) ds,
Q Q 0

and so the uniqueness is given for uy = ug.
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(ii) To prove the second part of this theorem, let’s multiply equation (2.4)) by \;d;,, and summing on
i=1,---,m, the result will be thanks to property (F)

1d

7
——/ |VuN|2dx+/(AuN)2dx:06/ |VuN|2dx——/gp’N(uN)|VuN|2dx§

< (0. + C4)/ Vuy|*de = u/ \Vuy|*dz, (2.16)
0 0

for 4 = 6.+ C4. So by Gronwall’s lemma this yields

/ |Vuy|?dr < (/ |Vu0|2d:v) et
Q Q

Again from relation (2.16), we can assert that

T 1
| [ Guxpasas <t [ (Vug(o)Pde + 5 [ [Vun(o)Pd
0 Q Q Q

2.2 Uniform a priori estimates for the solution of problem (Py)

In what follows we will obtain a uniform in N a priori estimates to problem (Py), which will enable us
to show that the complete trajectories of (S(t)ug)ier of problem (P) enter a complete set. In this first
result we will prove that the energy Fn(uy) enters an absorbing ball independently of N.

Lemma 2.1. (i) For each uq satisfying hypothesis (Hy), there exist a positive constant Dy and a time
to = to(M, ||ug — M||12(q)) which do not depend on N such that

|lun (t) = M|[320y < Do for all t > to. (2.17)

(i) For each ug — M € H'(Q) with ||ugl|pe@) < 1 a.e. on Q, and |M| < 1, there exist a positive
constant Dy and a time t; which do not depend on N such that

||uN(t)||%I1(Q) < Dy and Ex(uy)(t) < Dy for allt > ty, (2.18)

+oo 2
/ / (d“—N> dzds < D,. (2.19)
tl Q dt

Proof. (i) Let’s multiply equation (2.1)) by uy — M and integrate in space, the result will be due to
the mass conservation and an application of the Green’s formula

and also

%% (/Q(uN - M)de) + /Q IV (uy — M)Pdz = GC/Q(UN — M)*dz — g/Q(UN — M)en(uy)dz,

(2.20)
and using the fact that [, |V(uy — M)[*dz > 0 gives

Ld (/Q(UN - M)%) - ec/ﬂ(uN — M)*dx + g /(uN — M)on(uy)dz <0,

24t a
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where
/(uN—M)goN(uN)dx:/uNwN(uN)d:c—/M(pN(uN)d:E
Q Q Q
so the result will be

li /(uN—M)de —90/(uN—M)2dx+Q/ungN(uN)dzcg Q/MwN(uN)dx, (2.21)
but
2k+1

k+1

N
Moy (uy) Z

then ([2.21]) will have the form

1d /(u — M)?*dx —6/(u —M)Qda:—l—Q/u on(u )dm<6i M /u%“dx
par \ e e J (o 3 | unen(un =Pl gh51

1 2k+1 1
We apply the Holder’s inequality with ]—) =% i 5 and 5 =% 7

2k+1

(2k+1) 2k+2 2k+2 1
/ui’f“dm < [/ uy  dx Q|22
Q Q
2k+1

M|Q|2k+2 2k+2
2k+1d < 0 2k+2 ) 2.99
Z%H/“ Z % + 1 (/Q“N ) (2.22)

_ _ 2k42
Next we apply the Young’s inequality with p = 2k + 2 and ¢ = 575 to deduce that

M|Q| 7 / ing, ) MO 2 / 2h+2g
u Xz Uu Z.
— = 2%k+2 242 ) N

to obtain

so that

Thus

N 2k+2

M|Q|772 2 M ME2|Q) al
‘9 it el B 2k+2d < 9
2 r </Q“N x) = Z Gtk 12) ;21@

k=0

1
/ w2 dy,
2 Ja

so that

N

M%%\
dr <6
w0 ey Y
this development yields
1d /(u — M)?*dz | -6 /(u —M)%lx—l—g/u on(u QZ /u2k+2dx+
2dt \ Jo' " “Joo QQNNN 2k:+2

M2k+2|Q|
+QZ 2k +2)2k+ 1)

/ w2 d, (2.23)
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but
N u2k+1 N u2k+2
N N
unen(un) = 2UNZ i1 22 %1
k=0 k=0
and so

N | —
SIS

(/Q(UN - M)de) - Qc/Q(uN — M)*dx < —9; T 2)1(% =y /Qu?VkJrde

N

N 5 M2k+2’Q|

— (2k+2)(2k + 1)

which we rewrite as

d /(uN — M)*dzx | - 90/(uN — M)*dx + Q/ Py (uy)dz < Q|Q|<I>N(M),

or as

1
—i /(UN—M)Q(ZQT —96/(UN—M)2dZU+Q/(I)N(UN)dQT—FQ/(DN(UN)dZL‘S Q’Q’q)N(M)
2dt \ Jo 0 1 /g 1/, 2

(2.24)
but 0 0 0 0 (1 M?
- — M)*dx =~ | vidr — =|QIM? = - —/2d ——1Q
and due to the positivity of the function ® we can state that
1/ 2 dx < i\f: L /u2k+2dx
2Jo N T & 2k+2)2k+1) Jo T
thus
0 9 0 0. 5
2 (uy — M)“dz < 1 Oy (uy)de — ZM Q2] (2.25)
Q Q

And then ([2.24) implies

1d 5 9 0 9 0

- (uy —M)dz ) — 0. [ (uy —M)*de+ — | (uy — M)*de+ - | Pn(uy)der <
1d 9 9 0 0 0. .,

< —— (UN—M) dx —96 (UN—M) dr + - (I)N(UN)CZLE—F— (I)N(UN>d£L'——M ‘Q‘ <
2dt \ g 0 4/, 4/, 4
0 0

< §|Q|<I>N(M) — ZM2|Q\ (2.26)

So if we set Cy = §|Q| (®n (M) — $M?), (2.26) will be

%% (/Q(“N _ M)2dm> L Z /Q(UN — M)2dz— 6, /Q(uN _ M)2de + Z / O (uy)de < Cy, (2.27)

Q
where by (2.25) and the fact that 0 < &y (s) < &(s) < 2In2, we can say that for Cy = 26,/ In2

—Qc/(uN — M)QdZE + Q / (I)N(UN)dJZ Z —OQ,
Q 4 Q
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thus
1d 0 1d
ST (/Q(UN—M)Qd:E> +Z/Q(UN_M> de — Cy < 3% (/(UN—M)2dZL‘)+
+ Q/(UN — M)3dx — 96/(uN — M)*dx + Q/ Oy (un)de < C4
4 Jo Q 4 Jo
that means that for C5 = 2(C; + Cy)
d 2 4 2
— (uy — M)*dz ) < —= [ (uy — M)*dx + Cs. (2.28)
dt \ Jq 2 Jq
Applying the Gronwall’s lemma to (2.28]) will give the following result
2 —5¢ 2 2 _9
(uy — M)*de < e 2" [ (up(z) — M) dx—i—gCg |:1—€ 2]. (2.29)
Q Q

We deduce from ([2.29) that any ball of L?(2) centered at 0 and of radius py > p; = (%Cg)l/ ?
an absorbing set in L?(2). Indeed if By is a bounded set of L?(€2), included in a ball B(0, R) of

2

L?(Q) centered at 0 of radius R, then S(t)By C B(0, p2) for t >ty = 21In (Rﬁ>

P2—P1

In the beginning let’s multiply equation (2.1)) by —Auy and integrate it on €2, the resulting
equation will be after application of the Green’s formula

0
th/ |Vuyl| dx—l—/(AuN) dx = 0. /|VuN| dx—ﬁ/gpN(uN)|VuN|2dx

But ¢y (s) > 2, forall s € (—1,1), and 0 < 6 < 6, so

th/ Vuy| dx+/(AuN) dz < (6, _9)/ Vuy|?dz, (2.30)

we want to apply the uniform Gronwall’s lemma to
i/ |Vuy|?dz < 2(6. —9)/ |Vuy|?dr, (2.31)
dt Jq Q

for g(t) =2 (6. — 0), y(t) = [, |Vun|*dz and h(t) = 0, where we had from part (i) of this lemma
1d 9 9 9 0

—— (uy — M)%dz ) + | |[V(uy — M)|*dx =0, | (uxy — M)*dx — = | (ux — M)on(uy)de,
: 2 R? 2\ 1/2

with ¢ >ty where to = 7 In (ﬂ) and py > p; = (503) , such that

/(uN — M)?dx < p3, for ug € B(0, R),
Q
thus

1d 9
2dt </ (uny — M)?dx> +/ IV (uy — M)|*dz < 0.p5 — 5/(uN — M)y (uy)dz,
Q Q Q
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and

6 9 al M 2k+1
) Q(“N — M)y (un)ds = —5 QUNSDN(UN)dSU + 9% 1 QUN dx,

which with (2.23) yields

9 / i s LYY
2 /Q(UN_M)SON(UNW =73 /Q U e )ditd % 2k +2)2k + 1) Z % +2 / ez,
and since N . N o

unpn () = 2 Z 2k + ; (2.32)
it will be
N 2%h+2 N
_;AWN_A@%NWA = 2225¥22fll §;2k+22k+n/ﬂ%wwﬁz

N
M2k+2|Q|
.y —0 [ ®
kZ:O 2k + 2)(2k + 1) /Q w(u

but @y (uy) > 0 thus

0 N 2k+2|Q|
—— - M
2/Q(UN Jen (un)dz Z (2k + 2)(2k + 1)’
so finally
1d 9 9 5 0
3% (uy — M)%dz ) + [ |V(uy — M)|*dx < 0.p; — 5 (uy — M)y (uy)de <
Q Q Q
N

M2k+2|Q|
<Oy +0) :
—~ (2k +2)(2k + 1)

for t > ty and then

M2k+2|Q| 1d

a uniform integration in time asserts the existence of az such that

[ [ (z N, )
—% (/Q(UN - M)Q(t+r)dx> < as,

and the existence of a; such that

t+r
/ 2(0. — 0)ds < a;.
¢
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So applying the uniform Gronwall’s lemma to (2.31]) gives
/ V(uy — M)t +7)’dx < Bem — Dy, Vt >ty =ty + .
Q T

So for t > ty, uy — M is in B(0, Di/Z), a bounded set in H'(Q). Then for t > t;, Sy(t) transforms
the bounded sets on L?(f2) in a bounded sets in H'(2). But H() is compactly imbedded in

L?(92), these bounded sets are relatively compact in L*(Q2). Thus Ay = w (B(O, Diﬂ)) is a global
attractor. 5
To prove the second part, we multiply equation (2.1]) by % and then integrate the result in €2,

after an application of the Green’s formula, the use of the mass conservation and the fact that
¢ = @' the result will be

/Q(d;fv) +—— (/ V| d:c) - 2= (/ u?vda:) —g% </Q<I>N(uN)d:c),

d dun \*
—F — — <
o N(UN) /Q ( 7 > der <0

d
EEN(UN) S OEN(U,N) =+ 0,

where to apply the uniform Gronwall’s lemma, we need to to prove that

SO

then we can state that

t+r
/ En(uy)ds < ag, ¥Vt > to.
t
Remark that
1 0. 0 1 0. 0
En(un) :/ —|Vuy|? — Zuf + = ®n(uy) | dz < —/ |VuN|2dx+—/u?de+—/CIDN(UN)dx,
5 2 2 2 /g 2 /g 2 /o

but 0 < Py (s) < P(s) <1In(2),Vs € [-1,1]. And so

1 0. 0 1
En(uy) = /Q <§]VUN\2 - Eu?\, + §®N(UN)> de < = / |Vuy|?dr + = / urdz + 0|Q|In 2,

and so the proof is given by the preceding results of this lemma.

Finally to prove that
+oo 2
/ / (du—N) dxds < Dy,
tl Q dt

/Q (CZL_?)ZW = —%Emwu),

and so the last result can be given.

remark that we had

]

The following results are given, to show later that the trajectories of the attractor are compact in

C([-T,T); H*(Q)) for all T > 0.
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Lemma 2.2. There exist a positive constant Dy and a time ty >t which do not depend on N such that
()

| (un), )72y < D2 for all t > ts, (2.33)
(ii)

+00
| )l e < D (230

to

0
Proof. (i) We differentiate equation |D with respect to ¢, multiply the result by % and then

integrate it on €2, and after an application of the Green’s formula the result will be

1d dun '\ duy|® duy '\ o[ duy \?

but
Ov(s) > 2,Vs € (—1,1),
thus
1d duy \? duy | duy \* duv\*,

where 0 < 6 < 6., and so

(L)) e wcon (5w o
(L))o ()

to which we will apply the uniform Gronwall’s lemma, where thanks to (2.19) we can state that

t4r dUN 2
das > 0 such that / / (W) dxds < az,Vt >ty > tq,
t Q

dUN
Ve

thus

thus

St
where [772(0, — 0)ds = 2(0. — 0)r < a,.

2
So/ (‘%V) (t)dz < Dy, ¥t > to.
Q

d 2
/ ( UN) (t+r)de < %e‘“,% > to,
Q
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(i) If we integrate relation (2.35]) between ¢y and ¢ we will have

%A(%)Q(zﬁ)dw—%/§2<w—]\l> (ts)dar +

thus for ¢t — +00

drds < (0. — 0) / / (duN) dads,

dxds < D,

_N
dt

+oo d’LLN

V_

from the preceding result of this 1emma.
O

Corollary 2.1. There exist a positive constant D3 and a time to >ty which do not depend on N such
that

lun (t)|[32(0) < Ds for all t > to, (2.36)

Proof. From the relation (2.30)), we can state that

(Auy)’dr < —=— |qu| dr ) + (0. — 0) | |Vuy|*dz,
Q Q

and so the result is given after a uniform in time integration and application of the preceding lemma.

O
The next results are used to prove the existence of a unique solution to problem (P).
Lemma 2.3. For any ug satisfying hypothesis (Hy), there exists a positive constant Dy, such that
1
|lon (un(t)) — )/, on(un)|lizi) < Da,VE > ts, (2.37)
Proof. From the problem form
8UN 0 1
— —Auy =10 - M)— = - — d
o By = 0y = M)~ § [t — o [ ontumia]
let’s define
1 20un 2 20.
() = owlun) = o [ entunde = 5T 4 Sy + Zuy 1),
o)

o o [ 20uy 2 20, 2
(Pn(un))” = {—5w+5A 7 (uN—M)} ,

thus by Cauchy’s inequality we can state that there exists a > 0 such that

0uN

()’ < o [(7) + (Buy)? + (ay - M)?] ,
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where by lemma [2.1] lemma 2.2 and corollary [2.1 we can state that

/Q(go_N(uN))2dx <o [/Q (ds—tN)zdx—i—/Q(AuN)de—l—/Q(uN — M)Qda:] < Dy, Vt > t3, (2.38)

where D4 = Oé(DO + D2 + Dg) and t3 = HlaX(t(),tQ).
Moreover we can state that there exists a constant C’ such that

tllon (un)|| o012 < C". (2.39)
We infer from ([2.37)), the existence of a constant C, such that for all t € (0,7)

1
t”(pN(uN) - @/QSON(U'N)dajHLOO(O,T;LZ(Q)) S C.

Therefore in order to prove (2.39) it suffices to prove that t|ﬁ Jo n(un)dz| is bounded.

By contradiction suppose that t\ﬁ Jo ¢~ (un)dz| is unbounded; then there exit two sequences (ty)gen
and (Nk)gen such that
ty =t €[0,7], as k = +o0
and
tk|—§12|/g<ka(uNk)dm — +00, as k — 400 (2.40)

which will lead to
limy, 4 oo ‘51' sup fQ un, (z, tg)dr > 1,

and to
limg 4 oo ‘% sup [, un, (@, t*)dz ﬁ Jo, uo(x)d.

Let’s introduce the set

1
Ek = {ZE € QaSONk(uNk(x)) > o / @Nk(uNk)dx}7
21 Jq

and F; k= Cgk
But for k large enough, we can state by the relations ([2.38]) and (2.40)) that

Dy > / B, (g (2, )] d > / [P (e (2, 60))] e =

Fy,

= /Fk {ﬁ/gﬁm(um(%tk))dx - <PNk(UNk($7tk))rdw =

1 1
- te))dz + o ty))dr — t d
/Fk |:2‘Q|/§;80Nk(u]vk(m7 k)) $+2|Q|/§;Q0Nk(UNk(ZE, k)) x (zDNk(UNk(ZL‘, k)) T,

but in the set Fj,

1
o, (00)) > 5 [ owilum (o 80)da,
2100 Jo

Dy > /F {ﬁ/{lgom(um(x,tk))dxrdx: (ﬁ/{lgo]vk(u]vk(x,tk))d:v>2 < /F dz,

so that
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that is
1 2 | Fy
Dy > <@/£;90Nk<uNk($7tk))dx) 1
then
1 2
|Fi| <4Dy/ <|Q|/90Nk(UNk($atk))d$> 7
thus
kl_1>1[+noO |Fy| =0, (2.41)
which yields
lim |Ex| = |9
k—4o0

Moreover the function ¢ is continuous and increasing, and using the definition of the set £} we can say
that

1 /1
xr € By < o, (un, (x,t;)) > 3 (W/ngvk(u]vk(x,tk))dx> . (2.42)

Since ¢ is one-to-one, (2.42) implies that

B 1
uNk(xvtk) > 2 ! <m/§2¢Nk(uNk(x7tk))dx> )

so that
L1 1
un, (z,ty)dr > oy, 50 o o (un, (2, 1)) d dr = ¢y, 0] on, (un, (z,t1))dz ) | Ey| =
Ey FEy Q
1
- (W / m(umm»dx) 19/ - |Fi)),

and thus, in view of ([2.41]),

1
lim sup/ un, (z,tg)dr = lim sup/uNk(Ltk)dx > |9 { lim gka (—/@Nk(uNk(:E,tk))das)].
E), Q k—+oo 219 Jq

k——+o0 k——+o0

It follows from the assumption (2.40) that

k—4o00

lim sup — Q) / on, (un, (z,tx))dr = 400,
Q

which implies that

i o~ (g [ om o)) = 7o) = 1.

k—4o00
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We also have that

lim sup/ un, (z, ty)dz > |9 (2.43)
Ey

k—+o00

so that

/uNk(x,tk)dx:/ uNk(x,tk)d:E—l—/ un, (x, tg)dz,
Q Ey

Fy

and we remark that by Holder’s inequality and Lemma (2.1))

/Fk up, (z,t,)dx : < {/F (un, (z,14))° dx} |Fy| < [/ﬂ (un, (z,1;))° dx] |Fy| < C|Fy,

so that
lim Sup/ un, (z, ty)dz = 0.
F,

k—4o00

Thus, also using ([2.43]), we deduce that

. 1
kgrfoosup (@/Qu]vk(x,tk)dx) >1,

while by the mass conservation

1 ‘ 1
@/QUO(I)CZI = kEToosup <@/QuNk(x7tk)dx> > 1,

which contradicts the hypothesis (H).
]

Lemma 2.4. For each ug — M € H'(Q) with |[ug||re) < 1 a.e. on Q and |[M| <1, and all T > 0
there exists a positive constant Co = Co (T, ||uo||m (@) independent of N such that

(i)
l|un ()1 < Co for all t € (0,T); (2.44)

(i)
1
unlz20,mm29) + 11 (un)dl |20, 200)) + |lon(un) — 9] en(un)dr|[rz20r;020)) < Co. (2.45)
Q

(iii) Moreover, for an arbitrary 0 satisfying 0 < 6 < T there exists a positive constant Cs = Cy (5, T, ||u0||H1(Q))
which does not depend on N such that

llun (t)|m2) < Cs for allt € (6,T). (2.46)
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Proof. (i) From relation (2.30)) we have

Vuyl|?dr ) < (6. — 6 / Vuy|?dz,
3 ([ wuxtac) < 6.-0) [ 19
d 2
7 \VuN| dr ) <2(0.—0) |VuN| dx,

and so is given after apphcatlon of the Gronwall’s lemma where CF = 20=0T [ |Vuo(z)[*dz.

thus

(ii) From equation ([2.1)) we remark that

0 0
%—AUN-FQ{SDN |Q|/SONUN :|:0c(uN_M)7

thus )
8uN 0 1 _n2 2
( 5~ Auvtg {SON(UN) ‘Q‘/Q<PN(UN)d$D =0; (uy — M)~

which yields after integration on 2

eg/Q(uN—M)?dx_/ ((ZL—tN>2dI+/Q(AuN)2dm+9Z2/Q {QON(UN)—ﬁ/QQON(uN)d{E]2dx—

d 1
—2/ ﬂAuNal:);—Q/AuN {@N(UN)—@/QON(UN)CZZU] dx+
Q

—1—9/9 pn [(,DN(UN |Q‘/90N uN)d:U]d
and so

L(%—tN)zder/(AuNfder%z/ﬂ [SON(UN) - ﬁA@N(uN)dx}dezefA(uN_M)2 do+

duN

1
—|—2/ —AuNdx+0/AuN {@N(UN)—@/apN(uN)dx} dx—
Q

dUN 1
—0 [ D Lontum) - g [ entumiaa]

after application of the Green’s formula with the boundary condition and the use of the mass
conservation property and theorem ([2.2)), the resulting inequality will be

2 2 ?
/ (du_N> dm+/(AuN)2d:U+e_/ {WN(UN)_L/SON(UN)CII} do < 97K~
o \ dt Q 4 Jo 9 Ja
d d
-4 ([ vuspac) ~o [ htueustas - o5 [ astunis).
Q Q@ “

using the fact that ¢y (s) > 2,Vs € (—1,1), we obtain the following inequality

2 2 2
/ <du—N) dx+/(AuN)2dx+0—/ |:QON(UN>—L/QON(UN)CMZ:| dr < 0>°K—
o\ dt 0 4 Jo €2 Jo
d / Vuw[2da | + 26 / Vuy |2z — 02 / Oy(uy)de ),  (2.47)
T @t dt \ Jg
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which we integrate in time for ¢ € (0,7") to have

/ /(duN) dde/OT/S)(MN)dedHi—Q/OT/Q {SON(UN)_%’/QSON(UN)dxrd:EdSS

T
< KT — / Vun (2, T) 2z + / (Vug(2)[2dar + 20 / / Vi [2dwds—
Q Q 0 Q

— 9/ Oy (un(z,T))dx + 9/ Oy (up(z))dz,
Q Q
and using the fact that 0 < &y (s) < P(s) < 21In2, with the result (2.44]) yields

/ /(duzv) dxder/OT/Q(AuN)dedSJr@;/OT/Q [@N(UN)—ﬁ/QSON(“NMIrdMSSCO’

where CF = 02KT + [, |Vuo(x)|*dz + 20TCy + 21n 260|Q|.
(iii) From the preceding result we can state that
un(t) € H*(Q) for a.e. t € (0,7),
thus
36 € (0,T) such that uy(0) € H*(Q),
and then applying the mean value theorem for integrals, yields

3t € (6,7),3Cs = C5(0, T, ||uo|| a2 () such that ||un(t)||m2@) < Cs.

2.3 Proof of the existence of a solution to problem (P)

After the elaboration of a several a priori estimates on problem (Py) independent of N, we are now
ready to prove theorem ({2.1J).

Proof. First we will consider the case (ii), that is ug — M € H'(Q) with [|ug||z=) < 1, a.e. on Q and
M| < 1.
Remark that from inequality (2.45)) in lemma ([2.4]), we can state that

{uy — M}n>; is bounded in L*(0,T; H*(2))

{(uny — M) }n>1 is bounded in L*(0,T; L*())

1
{en(uy) — a /Q on(un)dr} ys1 is bounded in L*(0,T; L*(Q2))

so there exist a subsequences {uy, — M}j>1.{(un, — M)i}j=1 and {on,(un,) — & [oen, (un,)dz} i1
respectively satisfying

uy, — M —uw— M in L*(0,T; H*(Q)) weakly

(un, — M)y = (u— M), in L*(0,T; L*(Q)) weakly

1 1 .
on, (un;) — Q/QSONJ- (un,)dz — x — E/QXdl" in L*(0,T; L*(2)) weakly
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thus with the same arguments as in page 4, we say that as j — +00 u, uy, x satisfy

ur = Au+6.(u— M) — g {X - é/gxdx} , in L*(0,T; L*(Q))

with boundary condition
Jyu =0, in 09 x (0,400).

Moreover using the result in (2.44)) we deduce that
uy — M — u— M in L*(0,T; L*(Q)) as N — +o0,

and that
u— M e C([0,T]; L2(Q)).

We now want to prove that the set {z € Q, |u(z,t)| = 1} has measure zero.
For an arbitrary small n € (0,1) and for ¢ € (0,7) we introduce the set

EL (1) = {o € O Jun(a,8)] > 1 - n).

We infer from (2.39)) that
) N n)2e+1 2 ,
tIEY] | 2 <
Ey| Z 2k+1 =%
k=0
0/2
1— 2k+1 2
e (250, )

or

[EX| <

and by the Fatou’s lemma we have
o € Qfulz, )] > 1—n}| < lim inf|Ey],

thus
12

2 1n? <ﬂ> ’
n

lim In <2—_77> = 400

n—0 n

H{x € Q, |u(z,t)] > 1} = 0.

To prove that x = ¢(u) that is pn(un(z,t)) = o(u(z,t)) a.e. in Qx (0,7) as N — 400, we proceed
as in page 4.
Thus u — M € L>(0,T; H'(Q)) N L*(0,T; H*(Q)),VT > 0.
It remains to prove that u — M € C([0,T]; H'(Q)).
We already know that v — M € C([0,T]; L*(f2)), and from the results and (2.46)), we can state
that u — M € C([6,T]; H'(Q)),V¥d > 0, so that u — M € C’((O,T],Hl(Q))
So it suffices to study the continuity for ¢ = 0.
Let to € [0,T] and let (tx)gen be a sequence in [0, 7] converging to tg as k — +oo. From the properties

{z € fu(z,t)] > 1—n}| <

where

which gives



[1-2- Existence of a unique solution to problem (P) 61

of ® we have 0 < ®(u(z,#)) < 2In2, and from the fact that uy — M — v — M € C([0,T]; L*())
and that [{z € Q,|u(x,t)] > 1}| = 0, we can apply the dominated convergence theorem to state that
O (u(w,ty)) converges to ®(u(x,tg)) as k — +oo in L'(), thus

®(u) € C([0,T]; L' (Q)) (2.48)
besides from ([1.13), E is a Lyapunov functional for problem (Py) and so
EN(UN) S EN(Uo),vt c [O,T],

which implies that
Pr% sup E(u)(t) < E(ug).
—

And from an other side, since u — M € L>*(0,T; H*(Q)) N C([0,T]; L*(Q)); u — M is weakly continuous
on [0, T] with values in H*(€2), thus there holds

E(ug) < ll_r)% inf F(u)(t),

which implies the continuity of E(u) at ¢ = 0, and so the continuity of u — M at ¢t = 0 in H'(Q). This

together with leads to the fact that w — M € C([0,T]; H'(R2)) since u — M € C([0,T]; L*(2)).

And so part (ii) is proven.

Let’s proceed now to the prove of part (i) of the theorem of existence of a unique solution to problem

(P).

Let g satisfies hypothesis (Hp), and consider a sequence (uf)g>1 such that uf satisfies (Hy) and also
—Me H(Q); M = ﬁ Jo ub(x)dx, Yk > 1, where

—~ M — ug— M as k — +oo in L*(Q).

Then consider u, and u, two solutions of problem (P) with initial data uf and ul respectively. And let
Wpq = Up — Uy Which satisfies

0
(qu)t — Awpg = Oc(wpg — M') — 5 {{@(up) — o(uq)} ‘Q‘ /{90 up) — p(ug) ydr |, (2.49)
where M' = M, — M, for | a1 Jo ubdz = My, and & [, uidz = M,.

Multiplying equation (2.49) by w,, and integrating over €2, then applying the Green’s formula with
boundary condition, the result will be

1d 2 2 2 2
5% (/prqu) —|—/Q|prq| da::HC/Qonqd:c—Hc\Q\M’ -

_ g/ﬂwpq<<ﬁ(up) — ¢(uy))dx + gM’ /§2(¢(up) — p(uy))dz,

and if we set ¥(t) = [,(¢ ¢(u,))dz and apply property (F») it will be

1d 0
3% (/Q wzqdac> + /Q IVwy,2dz < (0, + Cy) /wa)qu —0.|QM"” + §M/¢(t),
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thus

d
g7 (/Q wiqdm) < V/Q%%qu — 20.|QM"™ + OM")(t), (2.50)

where v = 2(0. + Cy).

With the results (2.45) and (2.46) we know that the sequence (uy — M)g>; satisfies equation (1.4)) in
L3(Q2 x (6,T)),¥d > 0.
Then applying Gronwall’s lemma to (2.50)) yields

t
/ widr < < / wgq(x,a)dx) V=0 L / (01p(t) — 20,|QM")e ) ds, (2.51)
Q Q [

letting 6 — 0, gives

t
/wiqdﬁ < (/ (ug — ug)Qdm) et M// (91/}(75) . 296|Q’M/)e»y(t—s)ds’
Q Q B

and so for M’ = 0, that is ub = ul, we can say that (uz)g>1 is a Cauchy sequence in C'([0, T]; L*(Q)).
Thus there exists u € C([0,T7]; L*(€2)) such that as k — +oo

up — u in C([0,T]; L*(Q)). (2.52)

And as proved in the first part, the results (2.39) and (2.52)) imply that V¢ € (0,T) the sets {z €
Q, Jug(x,t)| > 1} and {z € Q, |u(z,t)| > 1} have measure zero, therefore by (2.52)

o(ug) = @(u) a.e. in Q,Vt € (0,T) as k — +oo. (2.53)

It remains to prove that p(uy) — @(u) in L=(0,T; L}()), as k — +oo.
For arbitrary small € (0,1) and all ¢ € (0,7) we introduce the sets

EA(t) = {2 € Q Juge, )] > 1 —n}, FA(t) = Q — BX(1),

Efi(t) ={z € Q,fu(z,?)] > 1 —n}, Fn(t) =0- Eﬂ(t>7

and the associated functions X]; and Y, defined as

1 ifx e FF¢) 1 ifxeF(t
k n
x,t) = s x,t) = )
X (@) {0 otherwise X 1) 0 otherwise

Note that (2.39) implies that for all £ € (0,7")

012

|E£(t)| < @

Moreover, for all ¢ € (0,7") we have that

p(ur) — () = @(up) (L — x5) + @(ur)xy — ow)xy — o)1 — xy),
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thus
/Q p(un(a, 1)) — plulz,t))ldz < / (s, 1) (1 — A (, £))dat
+ / p(unr, O)XE ) — oz, ) (@, 1) dat
4 / o(ulz, ) (1 — yola, 1) d.

For I = [, [(ur(z,1))(1 = x)(z,t))|dz, the use of the Holder’s inequality yields

I < [ /Q ¢2<uk<x,t))d4 v { /ﬂ (1- Xq';(x,t))?dx} ”

and using the fact tha Q = Ef U FF

[ =i npa = [ (1) + / (1= =
0/2
t21n (2_T’7>

On the other side [, @*(u(x,t))dz = [ p*(ur(x,t))dx + [0 @*(ui(z, t))de,

where in the set Fé“

_ k

—(1=n) Suplz,t) <1-1
with the monotonicity of ¢ yields
p(=(1 =) < pup(z,1)) < (1 —n),
so there exists a constant C” such that
O (ug(w,t)) < C™.

Again in the set Efj
1—n<u(z,t) < —(1—-n)

where the monotonicity of ¢ will insure the existence of a constant C"? such that
902(uk(xat)) < 0/2’

then we can conclude that there exists a constant C’? such that

12
I < - (2.54)

- t21n (2__77>
1
If I = [o lo(u(z, t)xy(z, t) — p(u(z, t))xy(z, t)|dz, due to the monotonicity of ¢ and thanks to the
results ([2.52)), (2.53) we can say that

gp(uk(x,t))xﬁ(x,t) — p(u(z,t))x,(x,t) a.e in Q as k — +o0,
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where
p(ug(z,t)) if z € FF(t)

0 otherwise

plun(z,t)xy(2, 1) = {
and for z € F(t), |ug(z,t)] <1 —n, with the monotonicity of ¢
|o(un(x, 1)) < (1 —n).
Therefore the dominated convergence theorem implies that for all ¢t € (0,7)
gp(uk(w,t))x,’;(:p,t} — p(u(x,t))xy(z,t) in L'(Q) as k — +o0. (2.55)
Finally when I35 = [, [o(u(x,t))(1 — x,(z,t))|d2z we have

0 if z € F,(t)
o(u(z,t)) otherwise

ol 1)(1 = Xy, 1)) = {

50 Iy = [ lo(u(e, 0)da].
Then due to the monotonicity of ¢, for all z € E,(t)

p(L—n) < e(u(z,1)) < e(=(1—n)),
which gives

0/2

@. (2.56)

I < / ( )90(—(1 —n))dz = p(=(1=n))[Ey(t)] < o(=(1 —n))
Ey(t
But 7 € (0,1) being arbitrary, (2.54))-(2.56]) imply that for all ¢t € (0,1)
o(up) — o(u) in L=(0,T; LY(Q)) as k — +o0.
To prove the uniqueness of the solution of problem (P), let’s consider two initial functions ug, vy of

problem (P), satisfying hypothesis (Hp), and let u,v be the corresponding solutions of problem (P)
resp. For w = u — v, the corresponding problem will be

= B = 0o = 20) = & | () = 90D = 7 [ (6t0) = )]

where M = ﬁ Jo wo(z)dx — Iﬁll Jo vo(@)dx = M, — M,.
Multiplying this resulting equation by w and integrating over €2, then applying the Green’s formula with
boundary condition yields

5 ([ tdn) + [ up=o. [ wao - oloine - § [ we - e)ds+ 33 [ o0) - oo

7

_ QC/Qdex —aolm? - /Qw(gp(u) — o(v))dz + ng(t)

and using the monotonicity of the function ¢ the result will be

Ld (/ w2da:> +/ Vol? < (ec+c)/“2dl’ — UM + M ()
2 dt Q Q Q 2
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or

Kl (/ wgdx) < 7/ widz — 20,|Q|M? 4+ OM(t),

applying Gronwall’s inequality, and as in (2.51]) we have for all § > 0 and t > §

t
[wran < [ [ crwaras] 00 a1 [t 2ni0inet-as
Q Q s

and so when § — 0 we will have
t
[rte < | [ (o= 300 = = M Pae] 4 01 [0t - 24000000 s
Q Q 0

which gives the uniqueness for ug = vy, and thus the Lipschitz continuity of the mapping S(t) from
L*(Q) into itself.
O

3 Existence of Attractors

Theorem ([2.2) asserts that the mapping Sy () : ug — uy(t) is Lipschitz continuous on L*(€2), and
thus the solution to problem (Py) is such that uy(z,t) = Sy (t)ug(x).

Note also that from Lemma (2.1)), we can say that the semigroup Sy(t) associated to problem (Py) is
such that

(i) there exists absorbing sets in L2(Q2) and H* (),

(ii) there exists a maximal attractor Ay which is bounded in H'(2), compact and connected in L?((2).

The following theorem proves the existence of an upper-semicontinuous maximal attractor A to problem
(P)

Theorem 3.1. (i) For any a < 1, the restriction of the semigroup (S(t))i>0 to the set {|u|pe@) <
1}n{u—M € H'(Q),|M]| < a} endowed with the topology of L*(Y) possesses a mazximal attractor
A bounded in H'(2), compact and connected in L*(2).

(ii) The Haussdorf semidistance 6(An,.A) converges to zero when N — 400, i.e.

- nein inf [lux — ul|ma) = 0.

Proof. (i) If M € (—1,1), we can see from Lemma that Ay is uniformly bounded with respect
to N in H'(Q).
Consider a sequence (u)))yen such that, for any N, u) is in Ay, and let (un(t))ien be the orbit
on Ay passing through u}’ at t = 0. We can see from Lemma that

1
on(uy) — 9] /Q @n (uy) is uniformly bounded in L*(€2).



66

Chapterll The mass conserved Allen Cahn problem with a logarithmic nonlinearity

(i)

Therefore (ux)ney is bounded in L=(R; H'(Q)),

and ((un)¢)nen is bounded in L= (R; (H'(2))").

Hence using classical compactness theorems, there exists a subsequence (uy, )reny and a function
uin C(R, L*(Q)), such that for all T > 0, (un, )ken converges to u in C([-T,T], L*(Q)).
Moreover, u is in L>(R; H'(©)) and

(un, )¢ — uy in L°(R; (H*(Q))') weak *.
Also, using similar arguments as in the proof of theorem(2.1]), we have
QONk(UNk) — @N(uN) in LOO<R; Ll(Q)) weak *.

This implies that u satisfies problem (P), defined for all ¢ € R where  is bounded in H'(Q2). Thus
u(t) € A, for all t > 0.

By the convergence of uy, to u in C([-T,T], L*(Q2)) we have
U?vk — ug in H'(Q)

and
: 0
uloré& [, — uollm1@) — 0 as N — +oc.
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Global Solutions to a Nonlocal
Reaction-Diffusion System

1 The problem

We want to study the existence of a unique global solution and the asymptotic behavior of the following
reaction-diffusion system

(
@—Au:av—bu/vdx, redt>0,
ot Q
ov

(P) ——szh—au—ﬁv/vdx, x € Q,t>0,
ot Q
d,u=0,0,v=0 x €, t>0,
\U(.I,O) = u0<$) > O,U(l',O) = UO(‘I) >0 x e Qv

where the coefficients a, b, h, @ and /3 are supposed to be positive, @ C RY is a smooth bounded domain
with outer unit normal v and total volume |Q2|. Even if the non linearities are polynomial (linear), the
eventual blow up of the time dependent function fQ vdx makes this study complicated.

Problem (P) is a nonlocal reaction-diffusion system that could arise in physics. It models the effects of
an external field on the rheological properties of a dilute suspension of rigid spherical particles containing
embedded dipoles [6]. These permanent dipoles may be gravitational, magnetic or electric in nature.
Rotary Brownian motion is assumed negligible. Free rotation of the suspended particles resulting from
the shear is hindered by the action of the field. This gives rise to a system of body couples and, hence,
to a state of antisymmetric stress.

The difficulty for this system is that the reaction terms do not have a constant sign, and this means
that none of the equations are good in the sense that neither w nor v is a priori bounded in order to
apply the well known regularizing effect to deduce the global existence in time for problem (P).

We will try to prove the global existence of a unique solution to system (P), and to study its asymptotic
behavior by the use of the framework of (positively) invariant region ¥ C R?; which means that if
(uo(x),vo(x)) € X,V € Q, then (u(z,t),v(x,t)) € X,¥t > 0. Due to the problem form this invariant
region is a rectangle (see Smoller [34]). The technique used here to determinate ¥ is inspired by Pao
[29] where we will find the upper and lower solutions to problem (P).

The region ¥ can likewise be thought as an attracting region for the problem (P), which provides a
compactness argument, leading to the proof of the existence of a global solution, and to establish a
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global attractor.
It is classical (see [27])that under the assumption that ug(z) and vy(x) are bounded and measurable to
say that there exist Tiyax > 0 and N; € C([0, Tinax), R) such that

i— (P) has a unique classical; non continuable solution (u(z,t),v(z,t)) on (Q x [0, Tax))?,
and

1—
sup |u(z, t)| < Ni(t),sup|v(z, )| < Na(t),V0 <t < Thax
e e

Moreover, if T}, < 0o then

lim sup|u(z,t)] = +oo, lim sup|v(z,t)| = +oo.
t—Tmax xe) t—=Tmax e

However we remark that if we integrate in space the system (P) the result will be

udx—a/vda:—b/udx/vdx
dt

d
(E) vdx-h\ﬂ\—a/udx—ﬁ(/vdm) )
/u(az,O)d:E:/uo(:v)dx20,/v(x,0)dx:/vo(z)da:20
Ja Q Q Q

which is an ODE system of unknown ([, udz, [, vdz).
Set, for simplicity (U, V) = (|, udz, [,vdzx) to have

dU
o =aV —bUV
dv

(E) o = h|Q| — alU — V2

U(0) = Uy > 0,V(0) = Vy > 0

The nonlinearities aV — bUV and h|Q| — aU — V? are of C™ class towards U and V, thus they are
locally Lipschitz in €2, on the other side these non linearities are time continuous, which insures to the
Cauchy problem (F) the existence of a unique maximal solution in [0, Ty ), Tmax > 0 for (Up, V) € R2
And because equilibria are an important special class of invariant regions, where the stability is the
most commonly studied property of them, a complete study will follow.

1.1 Study of the stability of the ODE (FE)

The stability or not of the equilibrium points of the system (E) depends on the sign of h|Q| — a%, SO

a a
L IR0 —al >0 (&
(@l =ag > (b

h h
< a|Q|>, system (F) admits three equilibrium points (U, V}) = <E|Q|, O),

a 1 a7 %
(U, V)2, = (E,iA> where A = {5 [h\Q| - ag}} .
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h
i- For (U,Vh) = (—|Q|, 0), the linearized system corresponding to (£) is
a

{ _( bh|m>
W= \a— = | 1

My = —aw

(0 a — el
Jl_(—oc() ’

1
it has two real eigenvalues with opposite signs \; = —Xy = (bh|Q| — aa)?, so this equilibrium

and the Jacobian matrix is

point is a saddle point. The corresponding eigenvectors are v; = (%1 (bh|Q2| — Oza)% , 1) and

vy = <é (bh|Q2| — aa)% , 1) respectively. In the phase portrait, the trajectories given by the
eigenvectors of the negative eigenvalue initially start at infinite-distant away, move toward
and eventually converge at (U, V). The trajectories that represent the eigenvectors of the
positive eigenvalues move exactly in the opposite way: start at (U, V;) then diverge to infi-
nite distant out.

ii- For (Uy, Vy) = (%

1
B

wy = —bAw — bwpu
e = —aw —2BAp

—bA 0
Ja = ( —« —QBA)’

it has two negative eigenvalues A\; = —bA and Ay = —2F A, which give an asymptotic stable
equilibrium point called a sink point, the corresponding eigenvectors are v; = (—é(?ﬂA + A1), 1)
and vy = (—é(ZﬁA + A2), 1) respectively. The phase portrait shows trajectories moving di-
rectly toward and converge to (Us, V3).

iii- For (Us, V3) = (%, —A) , the Jacobian matrix of the linearized system is

J. — bA 0
P\ —a 284 )
It has two positive eigenvalues A\; = bA and Ay = 28 A, which yields an unstable equilibrium
point called a source point, and the corresponding eigenvectors are v, = (—é(b —2B)A, 1)

and ve = (0, 1) respectively. The phase portrait shows trajectories moving away from (Us, V)
to infinite distant away.

JRNCE)
[h|Q| — a—} } the linearized system is

A) ,WhereA:{ 2

and the Jacobian matrix is
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h
II- If h|Q| — a% <0 (% > —|Q|>, there exists a unique equilibrium point (U*,V*) = (E|Q|,0) ,
a a

and the linearized system will be then

we = (a—b2Q|) p
py = —ow

0 o bhel
J = a .
( —a 0

It has two pure imaginary eigenvalues \; = —\y = (aa — bh|Q|)% i, and so this equilibrium point
is a center for the linearized system.

Y

the Jacobian matrix is
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h
Thus we can conclude that when h|Q| — oz% > 0 (% < —|Q|>, we have an asymptotic stability of
o'

a
the steady state of (E), where (Us, V) = <Z’ A) is an attractive point. And so in this case as t — oo

lim | uder =Uy, < oo and lim | vdr =V, < oo,
t—o00 QO t—o0 Q

where Uy, = ¢ and V,, = A.

b

2 Study of a reaction diffusion system

Let’s take the following reaction-diffusion system

(
%—Au:av—b/vdxu, xr e t>0,
ot Q
ov

(P){ = —Av=h—au—f [ vdwv, ret>0,

ot Q
d,u=0,0,v=0 x e, t>0,

[ u(z,0) = up(z) > 0,v(x,0) =vo(z) >0 2z €Q,

a
b
and fQ vdx — Vy as t — oo. Thus we are dealing with the system

h
with the condition that h|Q| — oz% >0 ( < —|Q|>, and in the case where [,udz — Uy as t — oo
«

(%—Au:av—b/lu, xreQt>0,

(P) %—Av:h—au—ﬁflv, x € Q,t>0,
d,u=0,0,v=0 x € 0Q,t>0,
L u(x,0) = up(z) > 0,v(z,0) = vo(x) >0 x€Q,

(1/2)
[h|Q| — a%] } . For simplicity this system equation could be writen as

w ()= ()0t ) - ()

2.1 The invariant region X

1

where A =
£

For f(r,s) = as—0b'r and g(r,s) = h —ar — §'s, we are dealing with a mixed quasimonotone functions,
that is
Osf(rys) =a>0,0,9(r,s) = —a <0,

where we have the definition



74 ChapterIIl Global Solutions to a Nonlocal Reaction-Diffusion System

Definition 2.1. W = (@,7) and W = (u,v) in (C2(Q x [0,T)))* N (C(Q x [0,T]))2 are called upper,
resp. lower solutions if W > W,

ou— Au > f(u,v),0u — Au < f(u,v) (2.1)
0v — AU > g(u,v), 0w — Av < g(u, v)
furthermore
d,u>02>du,0,1>0> 0w (2.3)
and finally
u(z,0) > up(x) > u(z,0),v(x,0) > vo(x) > v(z,0) (2.4)

Then follows the theorem

Theorem 2.1 (Pao (1992)). Let W = (u,v) and W = (u,v) be a pair of ordered upper and lower
solutions and let f and g be mized quasimonotone. Then there exists a unique solution W = (u,v), and
it 15 in the sector

< W, W >= {z e (C*' Q% [0,T))’ N (CEQx[0,T))" /W< Z < W} .

Thus to apply this theorem we have to find a pair of ordered upper and lower solutions.
We choose v = 0, then u has to solve the inequality

8tﬂ - AQ S f(ﬂa O) = _b,@7

with d,u < 0 and u < ug(z). We are guided to look for solutions independent of the spatial variable;
the solution to the ordinary differential equation

yp=—by

Yo = infq up
Thus v = infg ug = m, and then we can look for upper solutions, where
For v we use the inequality

00 — AT > ¢g(0,v) =h— 870 (2.5)
a1/5 Z 0 Z ayyaﬁ Z UO<$) Z v
o h —au h—ou : .
which yields 7 = max 7 , sup vg + 7 = N with the condition that u < h/a.
Q
Finally v solves
O — AT > f(u,7) (2.6)

ou>02>0u

=
[V
=
()
—~
=B
AV
I

v h
and so W = max (supQ Ug, %, —> = M, then the invariant region is [m, M] x [0, N].
a
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2.2 Existence of a global attractor

Let’s recall our system

a ()20 () - ().

with Neumann homogeneous boundary conditions, and the assumption that uy(z) > 0,v¢(z) > 0,
where for W = (u,v), F' = (f, g) it will be written as

oW — AW = F(W), (2.7)

supplemented with the boundary condition 9,W = 0 for z € ,t > 0, and the initial condition Wy =
(Uo, U()) .
Let’s denote by

H=IL[*OY%) = {W € (L2(Q))2 s.t. (u(z),v(z)) € X for ae. z € Q}, and V = (HI(Q))2,

endowed with the usual norm in (L2())” and in (H'(2))” respectively.

The existence of an invariant region 3 to the system (P) insures that (P) is well set for Wy € H, in the
sens that:

Suppose Wy € H, then problem (P) admits a unique solution W for all time ¢, W(t) € H, Vt,
W e L?(0,T;V),VT > 0.

The mapping Wy — W (t) is continuous in H. If moreover Wy € V', then W € L*(0,T; (H*(Q))?), VT > 0

The next result asserts the existence of absorbing sets and of a global attractor
Theorem 2.2. The semigroup associated to problem (P) is such that
i) there exist absorbing sets in H and H NV,

i1) there exists a global attractor A which is bounded in V', compact in H. A attracts the bounded sets
of H. Furthermore convezity of ¥ yields then A is connected in H.

Proof. il) Multiplying (2.7) by W and integrating it in space yields thanks to the Green’s formula

1d
-—/ |W|2dx+/ |VW|2dx§Cl/ Wda, (2.8)
where
Ci= sup |[F(W(x,t))l
(z,t)EQXT

Because Y is a connected subset of R?, it follows from Poincré-Wirtinger inequality that there
exists a constant Cy = Cy(12) s.t.

/|W|2dm gc4/ VIV 2dz
Q Q

and applying the Cauchy’s inequality to (2.8]) yields
1d

C
il 24 / 20r < f/ 2dr + =110
2dt/Q|W| T+ Q|VI/V| x_C’12 Q|I/V| x+2€| |
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therefore
1d 2 g 1 Cl
—— de < (Ci= — — 2dr + —|Q
s | WEde < @5 =5 [ wide+ el
we choose € small enough to deduce that there exist Cs5, Cs > 0 s.t.
d 2 2
— | |[W]dx < =C5 [ [W]“dx + Cé,
SO
2 2 —Cst Cs —Cst
W edx < (Wol?da ) e + —= (1 — e~ "),
Q 0 Cs
o\ L2
thus any ball of (L?(£2))? centered at (0,0) and of radius py > p; = (56) is an absorbing set
5
in (L*(Q2))%. Indeed, if By is a bounded set of (L?*(2))? included in a ball B((0,0), R) of (L*(2))?,
1 R?
then S(t)By C B(0, po) for t >ty = to(By), to = = In (ﬁ)
Cs P2 — P1
Also from (2.8)) we will have
t+r g t+r
/ —/ (W 2z + 2/ / VW [*dx < rCs, (2.9)
¢ ds Jo t Q
and then for Wy € B' C B((0,0), R) and t > ¢,
t+r
/ /IVW|2d:r: < 7Cs. (2.10)
t Q
i2) Multiplying (2.7, by ;W and integrating the result in space gives
d[1 5
— = [ [VW|dze — | F(W)W,| <0,
then B((0,0),C,/%) is an absorbing set in (H())2.
i1) From i2), it exists an absorbing set in (H*(£2))?, relatively compact in (L?(€2))? which is connected,

and so A=w (B ((0, 0), C’é/2>> is a global attractor.
[l



Conclusion

This thesis was about the proof of the existence of a unique global solution, to three different nonlocal
reaction-diffusion problems arising in chemistry and physics. The presence of an integral in space in
these non linearities makes this study complicated.

Our main contributions were the proof of the existence of global solutions and a study of their long time
behavior by the global attractor concept.
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