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Abstract

This thesis is mainly concerned with the studies of the rogtadilization of stochas-
tic differential equations in Hilbert spaces. Based on thbibty radius approach, we
investigate the robust stabilization of infinite dimensibsystems subjected to stochas-
tic structured bounded and unbounded perturbations withded and unbounded input
operator. The maximization of the stability radius is studby state feedback and by
dynamic output feedback. Conditions for the existence obptitmal controllers are in-
troduced in terms of Riccati equations satisfying some dpenaequalities. Moreover,
lower bounds for the supremal achievable stability radresobtained.

Keywords: Stability radius, Stochastic systems, Stochastic stgbRobust stabiliza-
tion, Dynamic output feedback, Lyapunov equation, Ricogtiagion, unbounded input
operator, Analytic semigroup.
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GENERAL INTRODUCTION

In most dynamical systems which describe processes in eaging, physics and eco-
nomics, stochastic components and random noise are irttltides stochastic aspects
of the models are used to capture the uncertainty about tieoement in which the
system is operating and the structure and parameters ofdtielsof physical processes
being studied.

Stochastic evolution equations in infinite dimensions airal generalizations of
stochastic ordinary differential equations. Their thebas motivations coming both
from mathematics and the natural sciences: physics, clrgnaisd biology. Several
motivating examples of stochastic evolution equation®thmen presented in Da Prato
and Zabczykl[9], such as examples of purely mathematicaivatmns (lifts of diffu-
sion processes, Markovian lifting of stochastic delay ¢igna and Zakai's equation);
examples from physics (random motion of a string, stocba@stuation of the free field
and equation of stochastic quantization); examples froemstry (reaction diffusion
equation); and examples from biology (the cable equatitingrin neurophysiology
and equation of population genetics)

In order to design a controller for a plant with complicatgeh@amic behaviour the
engineer usually considers a simplified model. Then thesesthe question of whether
the controller designed on the basis of the model is robusigmto achieve the required
performance when applied to the real system. Since a matlaimaodel never exactly



General introduction

represents the dynamics of a physical plant, the robusis®ss is not only important in
the context of model reduction but is a fundamental problenttfe application of con-

trol theory in general. In fact, one of the basic goals of femk control is to enhance
the robustness of the system. Roughly speaking, a contislkaid to be robust if it

works well for a large class of perturbed models. If this sleeflects the uncertain or
neglected features of the plant then one can expect goodrperhce of the controlled
system.

For the past decades, there have been extensive works gmngtud robust mea-
sures, where one of the most powerful ideas is the conceptabflisy radii, intro-
duced by Hinrichsen and Pritchard [30]. The so-called Btgabiadius is defined as
the norm of the smallest perturbations destabilizing theaégn, and it answers how
robust is a stability property of a system when the systemesounder the effect of
uncertain perturbations. For a known asymptotically stayistemi(t) = Ax(t)dt,
its stability radius is the maximal > 0 such that all the systems of the forit) =
(A+D(A)E)x(t), ||A]| < p are asymptotically stable. Both and £ are known matri-
ces defining the structure of the perturbations,sus an unknown disturbance matrix.

For finite-dimensional time-invariant systems there amenidas available for the
stability radius with respect to different classes of pdrations, see(([33, 35]). Similar
problems have been considered for many other types of lahg@mical systems, in-
cluding time-varying and time delay systems, implicit gys$, positive systems, linear
systems in infinite-dimensional spaces as well as lineaesyswith respect to stochas-
tic perturbations (see, e.d., [21,/19] 39,54, 16]).

For stochastic systems a number of papers have been publigtieh deal with ro-
bust stabilization problems in the spirit & -control or the stability radius approach.
Among them we cite([14],[15],112],117]1,1241.[31.[33%3]) but all these papers con-
sider the case of finite dimensional systems. The aim of tigisis is to study the stabi-
lization problem for infinite dimensional systems subjddi® stochastic perturbations,

using the stability radius approach. We mainly focus on twabfems:

e The maximization problem with structured bounded pertiioba; we investigate
the maximization by dynamic output feedback and by statelfaek.

6
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e The maximization problem with structured unbounded péstion; we consider
the maximization by state feedback for systems with boumadewt operator and
systems with unbounded input operator.

The design of suboptimal compensators has been studiediiar éind infinite di-
mensional deterministic systems and for finite dimensist@thastic systems. 1n [31],
they consider continuous finite dimensional systems ctettby dynamic output feed-
back and subjected to stochastic perturbations. Necessahsufficient conditions
which guarantee a prescribed stability radius were giveterims of matrix inequali-
ties. The corresponding results for discrete-time systande found in the paper of El
Bouhtouri [19]. For infinite dimensional systems subjectedtbchastic perturbations,
they studied in[[41] the maximization of the stability rasliny static state feedback.
This problem was studied assuming that we can measure tine statte. However, for
some control systems this assumption is not always truereidne, it is interesting to
examine the optimization problem by dynamic output fee@bdthis will be the first
objective of the thesis.

The problem of robust stability with respect to stochasticyrbations of unbounded
structure has been studiedlin [42] according to the assomf#tat the semigroup is ana-
lytic. Our second objective is to extend their results torthaéti-perturbations case. We
give sufficient conditions providing the stability of therpgbed system. These condi-
tions are used to determine a lower bound for the stabilidyusa Then we study the
maximization of the stability radius by state feedback.

Boundary control is preferable for controlling PDE systenme actuation and
sensing are only through the boundary conditions. The prolbdf boundary stabi-
lization of parabolic type equations has been widely sulidieth in the deterministic
case (see, for instance [55,45]) as well as in the stochessie (see, for instance [38]).
Our aim is to present a unique methodology to deal with siibn problems for
stochastic partial differential equation with boundarptrol and boundary noise. These
problems arise naturally as models to describe chemicatioes, parabolic Anderson
model (see Carmona & Molchanov, 1994), and the Kardar—RZhsing equation (see

7
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Bertini & Giacomin, 1997; Funaki & Quastel, 2015).

We study the maximization problem in the case where the iopatator is unbounded.
Two problems are investigated. First we consider systergsied to bounded struc-
tured multi-perturbations, then we consider systems stdgeto unbounded structured
perturbations. In the bounded case we extend the resud€péihder some conditions.

A brief description of the organization of this work follows
In Chapter 1, we recall basic concepts of the theory of differential e in infinite
dimensional spaces, mainly Hilbert spaces. In this wayj stions as semigroup, ana-
lytic semigroup, exponential stability, stochastic slihi Z2-stability, stabilization and
stabilty radius concept.

Chapter 2 is devoted to an investigation of the maximization of thd#its radius
by dynamic output feedback. First we give the system desonip We recall some
useful results. Some characterizations of the stabiltyusare given in terms of Lya-
punov inequalities. Necessary and sufficient conditiongtfe existence of suboptimal
controllers are established. These conditions are givégrins of some linear operator
inequalities.

In Chapter 3 we consider a system subjectedrterturbation with unbounded
structure. First, we study the robust stability problem, deeive characterizations of
the stability radius. Then we investigate the maximizatbthe radius by state feed-
back. We establish some technical lemmas. Based on theseakenwonditions are
derived for the existence of a stabilizing controller ensyithat the norm of the closed
loop operator below a prespecified bound.

Chapter 4 is an extensive study of the maximization problem when tpetioper-
ator is unbounded. We consider bounded and unboundedws&dgberturbations. In
both cases we establish conditions for the existence ofpdimbal controllers and we
obtain lower bounds for the supremal achievable stab#itiius via Riccati equations.

We illustrate the results obtained in the thesis on sevexanples. We consider
the stochastic heat equation with: Internal control andhidemy noise, bounded multi-
perturbations and boundary control, boundary control andtpwise noise, point-wise
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control and boundary noise.

Results of chapter 2 are publiched in "Dynamics of Continuotsgriete and Im-
pulsive Systems, Series B: Applications and algorithms".

Results of chapter 3 are published in "NONLINEAR STUDIES".

Results of chapter 4 are accepted for publication in "Dynamii¢dontinuous, Dis-
crete and Impulsive Systems, Series A: Mathematical Amnglys



NOTATIONS

We list the notations that will be used in the thesis. Het/ and ) be Hilbert spaces.

LU, H)
L(H)
-1l

()
P>=0
P*>0
L7 (H)

Lip(Y,U)

C([0, T H)
L2(Q,H)

LZ(R*; L*(Q, H))

(9 F; )
E(z)

The space of bounded linear operators frémto .

The space of bounded linear operators frgimto #.

The norm in H.

The inner product inH.

P e L(H) is positive (Pz,z) >0, forall ze€ H,z#0.
P e L(H) isnonnegative(Pz,z) >0, forall zec H.
The set of self-adjoint linear bounded operatofs€ L(#H)
such thatP > 0.

The set of lipschitzian functiom\, suchthat A:)Y — U,
and A(0) = 0.

the space of strongly continuously differentiable funct@n
[0,7] with values in H.

The space of square integrabl¢ -valued functions.

The space of non-anticipative stochastic processes

The probability space with nondecreasing family @f -algebras
The expectation ofz.

10



CHAPTER 1

PRELIMINARIES

1.1 Introduction

First we recall some fundamental concepts that are negetsstre comprehension of
our work. Then, we present stability criteria for stochastistems in Hilbert space.

The following Lemma is an extension of the Schur Lemma forrafmes, and it is
presented in this chapter with proof.

Lemma 1.1. LetQ, S, T € L (H), such thaty and S are self-adjoint operators an@

IS coercive.

LetX := [ ji Z) ] . The following result holds

X =0 ifandonlyif Q =0 and S —TQ 'T* = 0.

Proof. We begin by demonstrating that X >~ 0, thenS = 0, Q >~ 0 andS —
TQ'T* = 0 follow. To this end, assume thaf ~ 0. Three instances are distin-
guished.

11



Chapter 1. Preliminaries

1. Forx:(g>, y € H, we have

Hence, forally € H, (Sy,y) > 0.

2. Forx_((]), y € H, we have
Y

S T

r o) (1) ()
= ((a) ()

Then, forally € H, (Qy,y) > 0.

(Xz,z) >0 <= <

3. Forz = Y , Yy € H,we have
—Q7'T*y
S 1

( y > ’ ( y )> ] O
T* Q _Q—lT*y _Q—lT*y
<<Sy_TQ_1T*y>7< y >>>0
0 —Q 7 'T*y

So, forally € H, ((S—TQ 'T*)y,y) > 0.

(Xz,2) >0 = <

Secondly, we show that there exists a linear operAtsuch that

I rR|ls o|[1 o] [s5-1QT 0
0 I ™ Q|| R I| 0 Q|
We have
I R* s T|[1 0] [S+RT+TR+RQR T+RQ
0 I ™ Q R I| T* + QR Q

12



Chapter 1. Preliminaries

ForR = —Q~'T* we havel™* + QR = 0. Thus, we get

I R S T rop |S- T 'T* 0
0 I ™ Q|| R I| 0 Q|
It follows from Q = 0 andS — T'Q~'T* = 0 thatX > 0. O

1.2 Semigroup concepts

1.2.1 Definition and properties
Let H be a Hilbert space.

Definition 1.1. A strongly continuous semigroup is an operator-valued fioncS (¢)
fromR™* to L(#H) that satisfies the following properties:

1 . S(t+s)=95(t)S(s) for any s,t > 0.
2 . S(0)=1Iy.
3 . lir% |S(t)z — z|| =0, for any z € H.

We shall use the standard abbreviatignasemigroup for a strongly continuous semi-
group.

Definition 1.2. Let(S(t)):>0 be aCy-semigroup defined oH. The infinitesimal gener-
ator A of S(t) is the linear operator defined by

Ay = iy DWW~ 2
h—0

., z€D(A)

where S(h
D(A) ={z € X, lim (h)z =

exists in H}.

1.2.2 Analytic semigroup

In this section we recall the definition of analytic semigre@nd some basic properties
of fractional powers of closed linear operators.
For anyw € R andd €]0; 5[ we denote bys,, » the sector irC:

Swo ={A € C\{w} : 0 < |arg(A —w)| < 7}

13



Chapter 1. Preliminaries

Definition 1.3. We call a linear operatord in a Hilbert spaceH a sectorial operator
if it is closed densely defined operator such that, for sénze(0; 7) and someV/ > 1
and a realw , the sectorsS,, ¢ is in the resolvant set o and

IR(N,A)|| < for all A€ Sy

M
A — wl
A particular important class of strongly continuous semugs is analytic semi-

groups.

Definition 1.4. An analytic semigroup on a Hilbert spaé¢is a family of continuous
linear operators or#, (S(t)):o, satisfying

1 . S(0)=1Iy and S(t+s) = S(t)S(s) for any s,t > 0.

2 . The map t — S(t)z is real analytic on 0 <t <oo for all z € H.

3 . lim S(t)z==z2, for any z € H.

t—0t+

We have the following relation ship between analytic seougs and sectorial op-
erators.

Theorem 1.1. 1. If (—A) is a sectorial operator, therl is the infinitesimal genera-
tor of an analytic semigroupS(t)):>o, where

1 Mt n
= A T
S(t) o [M eV R(A, YdA, t>0, 0¢€] 9 [

with
Veo = Voo Ui Uy

759: {zGC:z:w+reii9,r > e}

Ly ={z€Ciz=wtre |y <6}
2. If A generates an analytic semigroup, thenA) is sectorial.
Assume that—A) is a sectorial operator ange(c(—A)) > 0.

Definition 1.5. For 0 < a < 1, the bounded linear operatqr—A)~* is defined as
follows

(—A) @ =— [ (=A) R\ A\, t>0, z€H

Ye,0

14



Chapter 1. Preliminaries

We shall denote by— A)* the inverse of —A)~* and byD((—A)®) its domain.
Definition 1.6. The operatorg— A)“ are called fractional powers di—A).

In the next theorem we collect some simple properties-of )*.
Theorem 1.2. We have

1. (—A)*is a closed operator with domaiR((—A)*) = rg((—A)~ ).

2. a > B impliesD((—A)*) C D((—A)P).

3. D((—A)*) = H for everya > 0.

4. If o, p are real then
(A = (=A)*(-A)°

onD((—A)") wherey = max{a, 3, a + [}.

We conclude this section with some results relatirgl)® and the analytic semi-
group(S(t)):=o-

Theorem 1.3.[29]
Assume that there exisfs> 0 such thatRe(c(—A)) > § > 0.

(1) S(t) : H — D((—A)*) for everyt > 0 anda > 0.

(2) Foreveryz € D((—A)*) we have

(3) Fora > 0, there exists\/,, such that

[(—A)*SH)|| < Mt~ > 0.

15



Chapter 1. Preliminaries

1.3 Stability concepts

1.3.1 Stability

One of the most important aspects of systems theory is thstiability. Consider the
linear system

d';—sft) = Az(t), 2(0)=z2€H (1.1)
where A is the infinitesimal generator of @-semigroupS(¢), t > 0. We shall be

concerned with the following concept of stability.

Definition 1.7. A Cy-semigroup(S(t)):>o, on a Hilbert spacé{ is exponentially stable
if there exist positive constanig andw such that

I1S@#)|| < Me™*, for t>0

w is called the decay rate, and the supremum over all possdlieeg ofu is the stability
margin ofS(t).

Theorem 1.4.[47]
Consider the systern (1.1) defined on a separable real Hillpertes?{. Then the fol-
lowing relations are equivalent.

(@) S(t) is exponentially stable,

(b) There exists a self-adjoint nonnegative operatore L£(#) which satisfies the
Lyapunov equation

(Az, Pz) + (Pz,Az) = — (2,2), for all z € D(A),
(c) Foreveryz € H there exists a positive constantsuch that

+00
| sz <o,
0

1.3.2 Stabilizability

Let/ be Hilbert space an& € L(U, ). Consider the system
dz(t)
dt
whereA is the infinitesimal generator of@,-semigroug S(¢)):>o, on the Hilbert space
H andu € L?(0, 00;U). We recall now the stabilizability definition.

= Az(t) + Bu(t), z(0) =z €H

16
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Definition 1.8. If there exists anF" € L(H,U) such thatA + BF generates &-
semigroupSx(t), then we say thatA, B) is stabilizable.

1.4 Stochastic processes

Let (2, F, 1) a complete probability space. A famifyF; },t > 0, for which theF; are
subo—fields of 7 and form an increasing family af—fields, is called a filtration if
Fs C Fp C Ffors <t.

Definition 1.9. An‘H—valued stochastic process is a map [ty; 7] x 2 — H which
is measurable in the product measure[an7] x €.

Wiener processes are used for modelling white noise dighwds in engineering
systems. The following is one of several equivalent de@inii

Definition 1.10. (w(t)):>o is anH—valued Wiener process ¢, 7] if it is an {—valued
process on0, 7], such that

w(t) —w(s) € L2(Q,H) for all s, t€[0,T]
and
1 . Ew(t) —w(s) =0,
2 . cov(w(t) —w(s)) = (t —s)W, where W € L(H) nonnegative anc
3 . w(s4) —w(s3) and w(sy) —w(s1) are independent whenever

0<s53 <s59<83<s54<T,

4 . w(t) has continuous sample paths on [0,T].

where& denote the expectation.
This inequality is important and useful in the seequal

Lemma (Burkholder-Davis-Gubdy) 1.1. For arbitrary p > 0, then there exists a con-
stantc,, dependent only op such that for any” > 0,

p T g
£ ( sup ) <€ (/ ||®(s,w)”iz(9ﬂ) ds) (1.2)
0<t<T 0

H

/Otfb(s,w)dw(s)

17
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1.5 Stochastic differential equations

1.5.1 Existence of solution

Let ), H be Hilbert spaces. We consider the stochastic evolutioatexqu

{ da(t) = (Az(t) + f (z(t)) dt + D (x(t)) dw (), t>0 13)

:L’(O) =x9 € H.
where A is the infinitesimal generator of a strongly continuous sgmip S(t) on H,
w(t) is a Wiener process with covariance operdiom Y, f : H — HandD(.) : H —
L(Y,H) satisfy Lipschitz conditions
1f) —f)l <aly—=z], y,z€H,c1 >0
ID(y) = D(2)|| < coly — 2], y,2€H,ca >0
Let F; be theo-field given above. We introduce two concepts of a solutiofldd).

Definition 1.11. z(t) is a strong solution of(113) ofty; T if x(¢) € D(A) with proba-
bility one for all most allt and satisfies the following:

1 2(t) € C(to T), L2, 1, ) and /t A1) | dt < +o0 wp.1.

2 . z(t) is adapted to Fy and has continuous sample paths.

3 . x(t):xo—i-/ Ax(s)d8+/t f(x(s))d3+/t D(z(s))dw(s) w.p.1.

to
This concept is very strong, so we introduce a weaker concept
Definition 1.12. x(¢) is a mild solution onty; T if z(t) € C((ty;t1), L*(2,H)) and

adapted toF; such that

x(t) = S(t —to)xo + / S(t—to)f(x(s))ds + / S(t —tog)D(x(s))dw(s) (1.4)

to to

The following theorem has been established in [5].

Theorem 1.5.LetT > t, > 0 be arbitrary and letz, be measurable relative t6; with
E|zo|* < co. Then there exists a unique mild solutionof(1.4Yi{to; t1), LP (2, u, H)),
p = 2;4 which is adapted td@;.

18
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1.5.2 Stochastic stability

For stochastic systems, many definitions of stability haaenbdefined in the literature.
We look atL?2-stability in this study.

Consider the system

{ da(t) = Ax(t)dt + D (z(t)) dw (t), t>0 (1.5)

z(0) =z € H.

with A andD as above.

Definition 1.13. The systeni (11.5) is said to dé-stable if the uniquer;-adapted so-
lution z(.) onR* with initial valuez(0) = z, satisfies|,"™ & (||z(t)||*) dt < +oo for
everyr, € H.

Definition 1.14. The systeni (11.5) is said to be mean square stable if thereposgive
constants\/ andw such that

E =) < M ||zl for any z € H, t>0.
Theorem 1.6.[47] The following statements are equivalent.
(1) There exist\/ > 0 andw > 0 such that
Elzt))? < Me™ || 2|*, for any z €H, t>0
(2) There exists a nonnegative operafore £(#) such that
2(Az,Pz) + (A(P)z,z) = — (2,2), z€ D(A)

where
(A(P)z,z) =trD*(2)PD(2)W

(3) Foreveryz, € H, we have

+0o0
5/ ()] dt < 400
0

19
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1.6 Stability radius

Consider the system

{ dx(t) = Ax(t)dt + ﬁ:lDiAi (Bix(t)) dws (1) £ > 0, W
z(0) =z € H.

where A denotes the infinitesimal generator of an exponentiallglstaemigroups (¢)

in a separable real Hilbert spatée

For a given separable real Hilbert spabigs);, i € N, we consider the familyD;, E)ien
of operatorsD; € L (U, H), Ei € L(H, V).

Ay, ..., Ay are unknown Lipschitz nonlinearities atd;(t))
dent real Wiener processes on a probability sgéxer, p).

rer,» 1 € N, are indepen-
N —
SetA = @ A;andN = {1,2,3, ..., N}. The Lipschitz norm ofA is given by
=1
| A f|zip= max || A; [[Lip
1EN
The stability radius of the systein (1.6) is defined as follows

Definition 1.15. The stochastic stability radius of with respect to the perturbation
structure(D;, E;) and the Wiener process;(t) is

N
H GPIAZ HLip; Az - Llp(yz,ul)SUCh }

r(A; (Di, Bi)jew) = inf ) )
that (1.6) is notL*-stable

In this section we recall some characterizations of theilgtabadius of system
(1.8), established in [40], for later use.

Theorem 1.7.Leto > 0 and assume there existse £+ (#) satisfying

2 (Px, Az) + (Ex, Ex) = 0, xr € D(A), (1.7)
I —60°D*PD = 0, (1.8)

then

r“(A; (D, E)) > o.

20



Chapter 1. Preliminaries

A similar result can be obtained if we replace the Lyapunovagign [1.7) by the
corresponding Lyapunov inequality.

Proposition 1.1. Leto > 0. Assume that there existe (0, +o00)" and P € Lt (H)
satisfying
2 (Px,Az) + (E(a)z, E(a)z) <0, forall x € D(A), (1.9)

I—(0/a;)*0;D;PD; = 0, (resp.I—(c/;)*0;D;PD; - 0), forall j e N, (1.10)
where
N
(E(a)z, B(a)z) = Y of (B, Eyz).
=1
Then
r" (A; (D, Ei)ieﬁ) > o, (resp.rw (A; (D, Ei)ieﬁ) > J) )
Moreover, the Lyapunov equation
2 (Pz, Az) + (E(a)z, E(a)z) =0 (1.11)
has a solution”, € L™ (H) such thatP > F,.
The following theorem provides a computable formula forgtebility radius.

Theorem 1.8. Let (A; (D;; E;),.x) and (w;(t)),cw) be as above. Then the associated
stability radius is given by

J

~1/2
" (A; (Dy, Ei);ex) = sup ( eaﬁx | (Gj/a?) DiP («) Dj”) : (1.12)

ae(0,+00)

whereP («) is the unique solution of (L11). 4 (A4; (D;, E;),.5) < -+oo there exists
N

aminimum norm destabilizing perturbatidn= & A;, [| AL, = 7 (A; (Ds, E;) ;)
=1

Moreover there exist a subsétc N and a scaling vecton”’ € (0, 00)’ such that

—-1/2
" (A; (Dy, E)iew) =7 (A (Dy, Bi)iey) = (qu\(ej/a?) D P (a) Dyl
(1.13)
whereP (o) € LT(H) is the unique solution of (1.11)
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CHAPTER 2

MAXIMIZATION OF THE STABILITY
RADIUS BY DYNAMIC OUTPUT
FEEDBACK

2.1 Introduction

The goal of the chapter is to design a dynamic output feedtizak stabilizes and
reaches a stability radius. We follow Hinrichsen & Pritath&t996) to generalize the
results achieved for finite-dimensional systems to infiditeensional ones. We show
that the approach used in the finite dimension may be geredaio the infinite dimen-
sion. Still, the problem is considerably more difficult irethatter, and the findings are
given under additional assumptions such as the coerciv/gpecific operators.

The following is the outline for the chapter. The system desion in the next sec-
tion. We also recollect a few noteworthy outcomes. Lyapunegqualities are used to
characterize several aspects of the stability radius. Tdua findings of this chapter are
presented in section 3. Necessary and sufficient condjtionthe existence of subop-
timal controllers are established. These requirementexgeessed as linear operator
inequalities. The chapter comes to a close with an illusinat
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Chapter 2. Maximization of the stability radius by dynamic output feedback

2.2 System description

Let H, W and Z be a separable real Hilbert spaces. Consider a class of éafinit
dimensional uncertain systems, which are described bygu@tons of the form

N
dr(t) = Az(t)dt+Y DA (Ex(t) dw(t) + Bu(t)dt, te RT,  (2.1)
i=1

y(t) = Cx(t), te R, (2.2)
33(0) = xOEH,

whereA denotes the infinitesimal generator of an exponentiallyietsemigrou® (¢) in
‘H. The input and output operators, respectively,/are L(W,H) andC' € L(H, Z).
For a given separable real Hilbert spabgs);, i € N, we consider the familyD;, Ey)ien
of operatorsD; € L (U;, H), E; € L(H,Y;). Moreover, we assume thatl, B) is sta-
bilizable andA, . .., Ay are unknown Lipschitz nonlinearities at;(t)) e , @ € N,
are independent real Wiener processes on a probabilites$fad, ;1) relative to an in-
creasing family(7;), . of c—algebrag F;), p+ C F, such that

E (wi(t)) =0 and & (w;(t) — w;(s)) (wj(t) — w;(s)) = 6;;0; (t — s), forall i,j €N,

whered;; is the Kronecker symbo#, > 0 and the disturbances; vary inLip (V;,U;).
The unknownA;, i € N, represents uncertainty in the state-dependent gainstiat
tionary white noise processés;(t) exert on the system’s evolution.

The framework of the perturbations is determined by the art;, £;), &, and the
overall level of stochastic disturbances is identifiedsby 0. Define

1Al =inf {7 > 0; Yy, g€ Vit [|Ai(y) — A (9)

w <y =79l }-

Overall, [2.1) refers to a set of stochastic systems pararadtby A; € Lip (V;,U;) ,
i € N, with the norm
HAiHLz‘p < 0.

We note that the Lipschitz norm is used to measure the sizaabfe; € Lip (), U;) .
The goal of this chapter is to determine conditions underctvidlynamic compen-
sators of the form

d7(t) = HE(t)dt + Gy(t)dt, u(t) = F7(t) + Ky(t) (2.3)
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Chapter 2. Maximization of the stability radius by dynamic output feedback

can exist, wherd? : H — H is a linear operatoi; € L(Z,H), F € L(H,W) and
K € L£(Z,W) which stabilizes the system and reaches a specified syatititus.

By combining [(2.1),[(Z]2) and(2.3), we get the following yst

dx(t) \ | A+ BKC BF x(t) N ) | | (1) .
(i) = o J (50 )& [ 0 )2 ([ o) <(a?<§>>>d *”'
2.4
Set
A+BKC BF D; ) "
a= | T = | L E= | B, o}andx(t):(m>>

The system[(Z]4) can be expressed as follows:

N
dz(t) = AZ(t)dt + > DiA; (B(t)) duwy(t). (2.5)
=1
For all compensator§ (2.3), arbitraty; € Lip (V;,U;), i € N, and anyz, = “f ,
To

Ty € H, there exists a unique solutianof (2.8) such tha(0) = Z,, (seel[37]). The
proposition that follows will be crucial in establishingtsptimality requirements.

Proposition 2.1. Leto > 0. The statements below are equivalent:
1. A generates an exponentially stable semigroup such that
r* (A; (D;, Ei)ieﬁ) > 0.
2. There existy; > 0,1 < i < N, and a coercive operatoP € L(H) satisfying
2 (Px, Az) + (E(a)z, E(a)z) < 0, forall z € D(A), (2.6)

and
I —(0/a;)*0;D;PD; = 0, forall jeN.

Proof. Assume that* (A; (D;, Ei)ieﬁ) > ¢. Following Theoreni 1]8, we have

~1/2
A0y Blr) = sw(max| B/ P @ D)) L @D

an(O,—‘roo)N JeEN
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whereP («) solves
2 (Pz, Az) + (E(a)z, E(a)x) = 0.

Hence, there exist’ € (0,7 (A; (D;, E;),ox)) anda € (0, +00)" such that

—1/2
o< (x| (0/2) DiP @D )
JEN
Hence
()% > ||(6;/a?) D;P (@) D||, forall j €N,

and hence
<(g')2 (6;/02) D3P (a) Djx,x> < ||z||?, forall j €N and z # 0.

This means
(0 (Qj/ai) DiP (o) Djx,z) < z||*, = #0.

Thus

+oo
o’ (0;/a3) x*D; ( S*(t)E*(a)E(a)S(t)dt) Dz < ||z|*, = #0.
0
Pick e for which

eo” (0;/a2) |D;MD;|| < 1— 0% (0;/03) | D} P(a) D;

I

whereM solves the following Lyapunov equation

2(Pz,Az) + ¢ (z,z) = 0.

(x,D;P(o)Djx)

[Edl ’

‘><1—02(9j/0z?) r#0

o” (0;/a3) < (/ S*(t) (E* (o) E(a) +€l) S(t)dt) Djzx, Djx> < ||lz||*, = # 0.
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Chapter 2. Maximization of the stability radius by dynamic output feedback

Consequently, the bounded operator

X = / S*(t) (B* (@) E(a) + <I) S(t)dt

0

is coercive ovefH{ and satisfies the Lyapunov equation:
(XAz,z) + (X, Az) + (E(a)z, E()z) + € (z,2) = 0.

Thus,
(XAzx,x) + (Xz, Ax) + (E(a)z, E(a)z) < 0, x € D(A).

Finally, to obtain the converse propriety, we employ Thedfie? and Proposition 1.1.
O

2.3 Suboptimality conditions

The following theorem gives necessary conditions for thisterce of suboptimal con-
trollers.

Theorem 2.1.Leto > 0. Given an exponentially stable compensaforl(2.3) such that
r (A, (Di, E),o) > o, then there exist € (0,00)", 7,6 > 0, R € H;}(H) and
S € H,F(#) coercive operators such that

2(z, ART) + (E(a)RZ, E(a) RT) — <§ z, i §> <0, 7€ H, Rt € D(A), (2.8)
c C

2(Sz, Az) + (E(a)z, E(a)z) — ST5T) < 0, z € D(A), (2.9)

R>=0andS > R !, (2.10)

I —(0/0;)*0;D;SD; -0, j € N. (2.11)

Proof. According to Proposition 211, there exist > 0,¢ € {1--- N} and a coercive
operatorX € L (H x H) satisfying

2(Xz,Az) + (E(a)z, E(a)z) < 0, z€ D(A), (2.12)
I —(0/0;)*0;D;XD; = 0, jeN. (2.13)
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Chapter 2. Maximization of the stability radius by dynamic output feedback

Assume the partitioning ok and X ! is as follows:

S T
™ Q

whereR, S, P and( are self-adjoint operators. We get

R M
M+ P

— -1 _
X_ I - 9

S T R M| |Ixy 0
T Q M P | |0 Iyl
Or equivalently,
SR+TM* = Iy,
SM+TP = 0,
QM*+T*R = 0,
T*M+QP = Iy.

By using the fact thak” >~ 0, and Lemma1]1 we get
Q=0,8—TQ'T* = 0.
We have

SR+ TM* = I SR+ TM* = Iy
QM*+T*R =0 M* = -Q~'T*R
— SR—TQ 'T*R = I

Using the assumption thé§ — TQ~'T*) R = I, we obtain that
R'=S-TQ 'T* - 0.

Thus,
R'—S=-TQ'T*=<0.

But, for any;j € N, we have

I —(0/0;)*0;D;XD; = 1—(a/aj)29j[D; 0] [Ab; g] [%

D.
_ 1_(a/aj)29j[p;fs D;N][ Oﬂ]
= ]—(O'/Ozj)erD;SDj
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Chapter 2. Maximization of the stability radius by dynamic output feedback

So,

— (O'/Oéj)erD;SDj = 0.
Let
I R

, zi=J f , © € D(A),
0 M~ x

and pickz € H such thatRz € D(A), we have

J =

2(Xz,Az) + (E(a)z,E(a)z) <0, z € D(A).

Alternatively,

2<XJ<;),AJ<;>>+<E(Q)J<;),]E(oz)J<;>><0.

Note that since

. S I A A+ BKC (A+BKC)R+ BFM*
oo | B GC GOR+ HM* ’
and since
E E
E(a)J = (@) E(a)R |
0
we have
) s 1] (=« A+ BKC (A+BKC)R+BFM* | (
T 0 T )’ GC GCR+ HM* T
. [ E(a) E(a)R o\ | Ble) E@R | (a\\
0 0 T 0 0 T
Hence

2 ((A+ BKQ)x,Sz) 4+ 2(GCx, T*z) + (E(a)z, E(a)z) + 2 ((A+ BKC)x, T)
+ (E(a)z, E(a)RZ) +2([(A+ BKC)R + BFM*|z,Sz) + (E(a)RZ, E(a)x)
+ 2((GCR+ HM")Z,T*z) + 2 ([(A + BKC)R + BFM*|Z,7) + (E(a)R%, E(a)RT) < 0.
Forz = 0, we get
2((A+ BKC)z,Sz) 4+ 2(GCx,T*z) + (E(a)z, E(a)z) < 0.
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This gives

2 (Azx, Sz) 4+ (E(a)x, E(a)x) + 2(BKCx, Sz) + 2 (GCx, T*x) < 0

Also,
2 (Az, Sz) + (E(a)z, E(a)z) + 2 (SBK + TG)Cz,z) < 0.
Thus,
2 (Az, Sz) + (E(a)r, E(a)z) — <%x %x> — 2 ((SBK +TG)*z,(SBK + TG)*)x)

n <(% +6(SBK + TG)*)z, (% +6(SBK + TG)*)x> <0.

For ¢ is small enough, we get

2 (Azx,Sz) + (F(a)x, E(a)z) — <%x, %x> < 0.

Now, for x = 0 we have
2([(A+ BKC)R+ BFM*|z,7) + (E(a) Rz, E(a) RZ) < 0,
that means
2(ARz,7) + (E(a) Rz, E(a)RT) + 2 (B(KCR+ FM™)z,Z) <0,

which gives

2 (7, ARZ) + (E(a)RZ, E(a)RT) — v (KCR+ FM*)Z,(KCR + FM*)Z)

- <§/x\, §§> + <(B* +v(KCR+ FM"))Z, <§ +~(KCR+ FM*))§> < 0.

Y Y Y Y

For~ is small enough, we receive

B* _ B*
2 (7, ARZ) + (B(a)R%, B(a)RT) — < i §> <0.

]

Now, we can prove that there is a suboptimal compensatortapleshing sufficient
conditions for its existence.
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Theorem 2.2. Assume thaf{218)=(Z.]11) hold for somec (0,00)", v > 0,0 > 0,

o > 0, and for somer, S € H.(K) coercive operators, such that—! — S is coercive.
Then there exists a compensatdf, G, F', K') such thatA generates an exponentially
stable semigroup with* (A, (D;, E;), ) > o.

Proof. We aims to demonstrate the existence of a positive operaaoid a compensator
(H,G, F, K) such that

2(Xz, Az) + (E(a)z, E(a)z) + (I1z, 2) = 0, (2.14)
for

T

z:=J ( ) € D(A), x € D(A) and z € H such thatRx € D(A).
T

Equation|[(2.14) reads as

(A+ BKC)z,Sx) +2(GCx, T*z) + (E(a)x, E(a)x) + (Il 2, x)
2((A+ BKQ)x,7) + (E(a)z, E(a)RZ) + (II112, RT) + (9w, M*T)
2([(A+ BKC)R+ BFM*|z,Sz) + (E(a)RZ, E(a)z) + (E(a)RZ, E(a) RT)

+ o+ + o

<(H11R + leM*)/Z'\, R/.Tf\> + <(H12R + HQQM*)/.I'\7 M*/.CE\> - O,

where
I, II

H12 H22

> 0.

Choose

1 1
F = —SB'R', G=—5T7'C,

v 02
K =0 T=R'-S, M=R, I,=-1I,

2
m, = — (2SA + E*(a)E(a) — ﬁc*c/*) :
2
My, = O —R? <2AR + RE*(a)E(a)R — ¥33*> R

WhereT is coercive.

30
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We will establish that equality (2.15) holds for this seiest In fact,
1

2 (Azx,Sz)+2 <(——T 1O Cox, T x > (E(a)x, E(a)x) + (—1j 2, RT)

52

+ <_ (2SA + E*(0)E(a) — ﬁc*c) > +2 (A2, %) + (E(a)z, E(a)R7)

+ (IIyz, Rz) + 2 ( [AR + B(— B R YR)Z, S:U> + (E(a)RZ, E(a)x)

+ <[(——T 'C*)CR+ HR]Z, > + (MR — I R)Z, x)
1

+ 2 <[AR+ B(—72

B*R Y R|7, 5> + ((I;1 R — 11,1 R)Z, RZ) + (E(a)R7, E(a) RT)

2
+ <[—1‘[11R + (I, — R! (QAR + RE*(a)E(a)R — ﬁBB*) R YR|z, R£>

— 2(AF,2) + (B () E()RE, 2) + 2 <S[AR - Bfﬁ*]:/f,x>

+ (E*(a)E(a)R7,z) +2 < {(—C;O) + TH] ng,x> .

Choice

cC

() () ()2

Also, pick

H=-T"SA-

+ E*(a)E(a) + TA)

I -1
0 R!

produces
2(Xz, Az) + (E(a)z, E(a)z) + (Ilz,2) =0, z € D(A).
Sincell > 0, we may deduce that
2(Xz, Az) + (E(a)z, E(a)z) <0, z€ D(A).

Finally, we apply Proposition 2.1 to achieve the requirettome.
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Example 2.1.In this example, let us consider the following heat equation:

g—(:n, ) = %(z,t) + il[xo,e,xoﬁ](:p)u(t) + Ay(z,t)é(t), = €[0,1],

=yo(z), z€[0,1], Z(0,¢)=2(1,t)=0, t>0, (2.16)
t) =5 filj:y(x,t)d:c,

<

£(t)dt = dw(t), zo,x1 €[0,1], and v € [0,1],

with
O<axg—e<agt+e<l, andO0<zx;—v<z +v<l.

To abstract this problem, we introduce the following operator
e The self-adjoint operatodh = Z%Z in the Hilbert spaced = L?(0,1) with

D(A) = {h € I2(0,1), % € 12(0,1), %(0) - %(1) — 0}

The operatorA generates an exponentially stable semigrélip). Moreover, its
eigenvalues and the corresponeding eigenfunctions aendiy (cf. [8])

A = =272, @n(z) = V2cos(nmz), n>1, A\g=0, ¢o=1

e B: W — H defined by

1

Liwo—ezo+e] (z)u(t);

e (' :H — Z defined by

cp=t / " b w)da:

2V Sy

D=I1:U—H A:Y—-U E=1:H—-Y withid=Y="=H.
The abstract version of the systdm (2.16) is as follows:

dY(t) = AY(t)dt + DA(EY(t))dw(t) + Bu(t)dt, t >0,
Y(0) = Y, (2.17)
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The compensator is shaped as follows
dY (t) = HY (t)dt + Gz(t)dt, u(t) = FY(t) + Kz(t), (2.18)

whereH : H — H is a linear operator, G € L(Z,H), F € L(H, W), K €
L(Z,W). Theoreni 212 is applied to the compensator design. To begiidenéfy the
operatorsR and S that satisfy the requiremen{s (2.8)-(2.11).

Leto > 0 be given, lety andY € H. For f € D(A) we have

Af = Z 2(f. bn(@)) dul2),

(E(a)f, E(a)f) =a®(Ef,Ef) = a*{f, ).
Inequality [2.8) reads as

2(2(0), ART (1)) + o (R (1), BT (1)) ~ <B*\§(t), §§(<t>> 0. (219

Letting
S _ 2(nm)?
Zrn< o(0)) bule),  with T(1) € H, = S
we find
o?r? — (k) — @(COS kresin kmzg)? <0, k> 1.

Through using the knowledge that

+o0o
(1) = (Y1), 6u(x)) én(a),
n=1
and since
B*¢p(x) = % cos kme sin krxg
we derive .
- V2 |
B*Y(t) = Y (%), pn(x) COS NTTE Sin N xg.
; < > (enm) 0
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Thus,

2 (1), ART(1)) +a? (BT (1) RY (1)) - <5§((t), %s?(t)>

— (enm)

io <§((t)> ¢k($)> (eT\/?r) cos ke sin kmxg, io <§((t), ¢n(x)> V2

400 \/g

(1), Y — (km)’re (V(8), 6ul2)) ¢k<m>> + af (Y1), ou(a))

(enm)

Inequality

—2(k7)ry, 4+ o®r? — (cos ke sin kmag)? < 0,

2
(vekm)?
give (2.19).

Now, inequality[(Z2.9) is equivalent to

2 (SY (), AY (1)) + (E()Y (%), B(a)Y(t)) — <€Y(t), gY(t)> <0.

Letting

SY(t) = s (Y(t), ox(x)) ¢(x) and Y(t) € H, s; = o

We have

V2

—2s3(km)* + a? — ((5uk7r)

cos krvsin krx,)? < 0, k> 1.

Using the observation that

+o0

Y(t) =) (Y(t),¢u()) dulz) and Coy(x) =

n=1

\/_
(vkm)

34
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(Y1), én()) (o) S Fmesin iz, io (Y1), énl) ) V2

cos kv sin kmay,

cos ne sin n7rx0>

COS NTTE sin mrxo>

(2.20)
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we get
+oo

CY(t) = > (Y(t), pn(x)) f) cos nv sin nwy.

n=1

It follows that

(SY(1), AY(2)) + (E()Y (1), E()Y(t)) — <
= <Zsk ) dr(@), Y — (nm)* (Y (), 6u(2)) du(z )>

+ o® (Y(1), Y(2)

(\]

“+00

> (V‘g) cos nrv sinnwy (Y(t), ¢n(2))
n=1

+oo
1 < > (lﬁ) cos kv sin kmxy (Y(¢), ¢r(x)) , >
= [ k=
52

Foranyk > 1 we haves; > 7', thenS = R,
Thus foro < 7 we getl — (3)2931 > 0, and hencd — (£)%0S > 0.
Consequently,
1—(2)%0D*SD = 0.
[0
Inequality [2.20) follows from the fact that
1 2
82 (vkm)?
Because the conditions of Theorlem 2.2 are met, we selectifygecsato( H, G, F, K)
such that

sp(km)* + o — — ———(cos knvsin krx;)? < 0.

1

K = 0, F=—=B'R"', M =R,
gl
1 . _
= —mN” 'c*, N=R1'-5,
H = —N-— (SA—050+E*( JE(a) + NA).
with
<= h _ 2(nm)?
Rz = ;rn<z7¢n(x)>¢n(x), where r, ;= ==, z €,
+o00o Oé2
Sz = ;sn (z,n(2)) Pn(x), where s, = CE z € H.
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CHAPTER 3

ROBUST STABILITY AND
STABILIZATION OF SYSTEMS WITH
UNBOUNDED
MULTI-PERTURBATIONS

3.1 Introduction

The problems of robust stability and robust stabilizatibaminfinite dimensional sys-
tem subjected to stochastic bounded structured pertorizatiave been studied in [41]
using the stability radius approach. In the applications important to study these
problems in the case where the perturbations operatorststeuare unbounded, be-
cause it covers the case of partial differential equatioit taoundary and pointwise
noise.

Kada and Rebial [42] considered the problem of robust stgliith respect to sin-
gle stochastic perturbations of unbounded structure fdassmf infinite dimensional
linear systems described by analytic semigroups. Our fbative in this chapter is
to extend their results to the multiperturbations case. W gufficient conditions pro-
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viding the stability of the perturbed system. These coaodgiare used to determine a
computational formula for the stability radius.

The second obijective is to study the maximization of theiltyabadius by state feed-
back. First, we establish some technical lemmas. Based se leamas, conditions are
derived for the existence of a stabilizing controller ensyithat the norm of the closed
loop operator below a prespecified bound. Such controlldides called suboptimal
controllers. The suboptimality conditions are obtainedeinms of a Riccati equation
which satisfies an operator inequality. The supremal aabievstability radius is char-
acterized via the Riccati equation. Tow examples illustiathe results are treated at
the end.

3.2 Robust stability

3.2.1 System description

Let A be the infinitesimal generator of an analytic exponentistiyle semigroufS(t));-o
on the real separable Hilbert spake
We will consider the system

do(t) = Ax(t)dt + Y Dil\; (Egx(t)) dw; (t) > 0 (3.1)

| Ai |lpip< o,i € N={1,...,N},
LL’(O) = X9 € H
where, fori € N = {1, ..., N}, we have

e D, is a linear operator frorty; to H, (D; is generally unbounded as an operator
from U; to H), such that —A) " D; € L(U;, H) for some fixedy, 0 < v < I,
wherel; is a real separable Hilbert space.

e E; € L(D((—A)7%),Y;) with § < min{} — v, 1}, such that
Ei(—A)~° € L(H,Y;), where); is a real separable Hilbert spaces.
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o (wi(t))ep, 1 € N, are independent real Wiener processes on a probabilitgspac
(€2, F, p) relative to an increasing famili;), ., of o— algebrag ), x, C
F, such that

{ € (wi(t)) =0, B
E (wilt) —wi(s)) (w;(t) —w;(s)) = 6i;0; (t —s), i, j € N,

whered;; is the Kronecker symbol art] > 0.

Existence and uniqueness

In this theorem we establish the existence and uniquendks eblution to the problem
(3.1). We proceed as in[42].

Theorem 3.1.For anyT > 0, there exists a unique mild solution of the equationl(3.1)
inC([0,T], L*(Q,H)), satisfying the initial condition:(0) = z

Proof. The approach adopted to prove this theorem is based on $&aahfixed point
Theorem for contractions and on the analytic estimates.
Set

> =C([0. 7], L* (2 H))
and define the corresponding norm by

2

x5~ = ( sup (€ ||x<t)||2)> < +00
te[0,7)

The solution of the systerh (3.1) is given by
N ¢
z(t) = S(t)xo + Z/ S(t — s)D;A; (E;x(t)) dw; (s)
i=1 70
We have

2 (1) :S(t)a:OJrZ /0 S(t—s) (—A) (—A) " DA (Ei(—A)_5(—A)5a:(s)) dw; (s)

= S(t)xo + i /O t S(t — 5) (—A) DA (E (—A)(Sx(s)> de; (s)
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whereD; = (—A) " D, € L (U, H) andE; = E; (—A)™° € L (H, V).
It follows that N
(=) 2 (1) = (=AY S(t)ao+32 Jy S(t=5) (~A)" (=AY Dids (Bi(=4) 2(s) ) dwi (5)

By settingz(t) = (—A)° 2 (¢) andz, = z(0) , we obtain

2(1) = S(t)za + ) /0 t S(t — s) (—A)° DA, (Eﬂ(&)) do;(s)  (3.2)

wherefs = v + 9.
In order to establish existence and uniquenesdfor (3.1gstablish the existence
and uniqueness for (3.2). We proceed in three steps.

Step 1 Let
F:Z%Z

defined by

D(=(0) = Stz + Y /0 St — 5) (—A)° DA, <E¢Z(S)> dw; (s)

I" is well defined as a mapping froln to >

Since (S(t)),», is an analytic exponentially stable semigroup there exisitjve
constants\/, MB,_B andw such that
IS < Me™ >0, >0 andH(—A)B S(t)H < Myt=Bet,

Now sinceD; = (—A) " D; € L (U;,H) andE; = E; (—A)™° €, L (H, V), there
exist constantd/, and . such that

b

< M, and‘

< M;s

L(U;H) L(H,V5)

we have

I (2 @) = (T (= (1)), T (= (1))

= |1S(t)zl” + <S(t)z0,z /0 S(t —s) (—A)’ DA (E,-z(s)) dw (s)>

=1

+ <i1 /Ot St —s) (—A)° DiA, <E22(8)> dw; (s) ,S(t)z0>
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<z JES(t = s) (—A)° DA, (Eﬂ(S)) dws (s z JLS(t = s) (—A)° DA, (Eﬂ(S)) dwi(s)>
We have

E(IS@®=l") = I1S®)zl”

£ (<S(t)zo,ZN: /O tS(t —5) (—A)’ DA, (Eiz(s)> de; (s)>> —0

Let G, (s) = S(t — s) (—A)° DA (Eﬂ(S)), then

(s} -o(E oo £ o)

Since the Wiener process are independant, we haviefoj :

( ) ¢ (i </0 Gi(s) dwi (s). /0 Gi(s) d <s>>>

=1
By Burkholder-Davis-Gundy inequalify 1.2, there exist p@sitonstantg; such that
2
( )<Zcz/5a )| ds

E(IT (= EDIIF) < 115 (#)=oll” +§:Ci /Otf IG; ()] ds
< 18(t)z0” + ﬁ:c /Otg (Hsu —8) (—A)’ DA, <Eiz(s)> H2> ds
< 1S(t) 2l +Zcz/ SHSt—s (Ez( ))Hst

s) dw (s

s) dw; (s

s) dw; (s

Then

2

t
< M2 2 ||z|” + Zci / M2 (t—s) > e 2N 2K? ds
i=1 Y0

N t
< M |zo|* + ) e MEM2K? M / (t —s) 2P e 209 ||2(s)|| ds
0

=1
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< M? ||z +chM/ T eI | o(5) |1 ds whereM; = M2M2K? M}

t
< M?||z])? +ZM; / (t —5) 2P e 29 || 2(s)||* ds whereM! = ¢; M;
0

i=1

But .
/ (t — 5)72’8 e~ 2w(t=s) 1o < 1 11728 < ;T1—25
0 —1-2p —1-2p
hence
1
E(IIT (= (I*) < M =z0]” +ZM{ QBTl P sup & ||z(s)||”
s€[0,T

1

< M? ||| + 7 25T1 26 (NmaxM{) sup & ||z(s)||> < +o0

ieEN s€[0,T)
We conclude thaf is well defined o _.

Step 2 Now we show that® maps)  into ).
Forh € [0,T] andt € [0, T — h|, we have

D (2)(t + h)—T (2)(t) = S(t+h) ZO+Z / S(t+h—s) (—A)’ DA, <Eiz(s)> dwi (s)
- (S(t)zoJrZ /0 St — s) (—A)° DA, <£~7¢z(5)> de; (5))
= (S(t+h)z0 = S(0)20) + Y /0 S(t+h—s) (—A)° DA, (Eiz(s)) dw; (s)

_ i /Ot S(t — s) (—A)® DA, <E¢Z(s)> dws (s)
+é /tt—i-h S(t+h—s)(—A)" D;A; <Eiz(s)> dw; (s)

— (S(t+ h)zo — S(t)20)
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+i [t =) = 50— 0) (-4 Dy (Bio) )

+£ /tt+h S(t+h—s)(—A)° DA, <Ezz(s)) dw; (s)

From a version of Burkholder-Davis-Gundy inequdlityl 1. Zrthexist; > 0 andc, > 0
such that
E(IT (2)(t +h) =T (2)(O)°) < ISt + h)zo — S(t)z0]”

+§Ci /Ot e[| st 4 b —s) = 56— ) (-4 D (Bixts) )| s

2

ds

N t+h _ N
+3 ¢ / £ HS(t+ h—s) (—A)® DA (Eiz(s)>
i=1 vt
Since(S(t)),, Is strongly continuous, we have
lim [[S(¢ + h)z0 = S(t)zo| = 0

and we have
S(t+h—s)=S(t—s)S(h)

then
S(t+h—s)—S(t—s5) =St —s)S(h) — S(t — s) = S(t — ) [S(h) — 1]

and . )

/0 £ H(S(t +h—s)—S8(t—s))(—A)° DA (Ezz(s)> H ds

_ /Ot £ HS(t — ) (S(h) — 1) (—A)’ DA <Eiz(s)> H2 ds
< /Ote (||S(h) e HS(t — ) (—A)? DA, (Eﬂ(S)) HQ) ds
<[|S(h) — 1||2/0t M; (t — )% 6_2w(t_8)52}é%]5 12(s)||? ds

But .

1
t — -2 —2w(t—s)d < —T1—2,B
/0 (t=5) e g 253
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It follows that

/Otg H(S(t +h—s) = S(t =) (~4)" DiA; (EZZ(S)> H2 ds

1

< M;||S(h) —I||? sup € — T
< My 5(h) 1 sup E112()I* T
Then
N t ~ ~ 2
S [ e[S+ ) = (e~ 5) (~4) Ditss (Eixts)) | s
i=1 /0
N 1
< o B Ny
<3 M ISU) 11 sup €126 57
<||S(h) = I ——==T*"Y "M/ sup &
< IS ~ 11 155 Z o £l
<15 - 11 5T (NmaxM;) sup € |=(s)|* wherea; = .0,
tEN s€[0,T7]

Now for the last term we have

Z / £ HS (t+h—s)(—A)" D;A; (EZZ(S)> HQdS

N t+h
Z / (t+ h — 5) P 2Wh=) qup £12(s)||” ds

s€[0,7)

t+h
< ZM" sup & ||z( )HQ/t (t+h — )" Pe 2= gs where M| = ¢, M;

s€[0,T7]

But
hl—?ﬁ

1-28

t+h
/ (t+h — s) 2Pe2Hh=9) s <
t

2

N t-+h
/ ENS(t+h—s)(—A)’ DA (Eiz(s))|| d
;C/t H S ( ZS> S
hl 25
< 1
}:Msg%EW(W 25
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h1—26
< sup & Hz(s)H (NmaXM”)

s€[0,7 5
Therefore
E(IT ()t +h) =T (2)(®IF) < IS(t+ k)20 — S(t)zo]|*
1 1-28 2 hl_zﬁ "
+[[S(h) — IH ——— T’ NmaxM] sup & ||z(s)||*+ sup & |[=(s)| NmaxM;
—2p ieEN s€[0,T7] s€[0,T 1-28 1EN
Then

limé (|1 ()(t + ) =T () (0)I°) =

In order to prove the left continuity df(z) we have, for all € [0,¢],t € [h, T

D ()t~ h)-T ()(0) = St~ hzO+Z [ s ) D (i) 9
—5(t) —é /0 St —s) (=AY DA, (Eiz(s)) duwi (s)
— (S(t — h)zo — S(t)2 +Z / S(t —h — s) (—A)° DA <Eiz(s)> de; (s)
—g; /t th St — ) (—A)’ DiAs (Eiz(s)) dw; (s)

— (S(t — h)z — S(t)z0 +Z / St —h—s)— St —s)) (—A)° D,A; (Eiz(s)> dw; (5)

N t

_Z /th S(t—s) (_A>ﬁ DiA, <E1Z(S>> dw; (s)

i=1
(S(t)),s Is strongly continuous then

lim ||S(t — h)zg — S(t)z0]| =0
h—0

and

Z /Ot_h (S(t—=h—=s)=5(t—s)) (_A)ﬁ DiA; <EZZ(S)> dw; (s)

i=1
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t—h

- _i /0 o S(t—h—s)(S(h)—1I)(—A)° D;A; (E-z(s)) dw; (s)

=1

£ (HZN: /0 o S(t —h—s)(S(h) — I) (—A)® D, (Eiz(s)) dw; (s)

2)
N t—h

< |IS(h) — I||2ZC§'M¢/ (t—h—s) e 2007 qup €1|2(s)||* ds
i=1 0

s€[0,7T

N
1 _
< [|S(h) = II* sup &|l=(s)|” mTl N M,
=1

s€[0,T]

1
< 18(0) = 1P sup € (9" 57 (Nmaxct )
s€[0,7T] B ieN

N 2
(5 ds)
—1

< éz /tthg (Hsa —9) (-4 D, (Be(s)) H2> ds

For the last term

/t jh St — s) (—A)° DA (Eiz(s)>

al t
< Z@Mz sup]S HZ(S)”2 /t_h (t — S)—2,8 o 20(t=5) g

i1 s€[0,T
N ) pl-28
<) GM; sup £ | z(s)||
; 5€[0,T] 1-28

5 h1—26 _
< swp €L 1y (Vi)
s€[0,7] -2 ieN

Then
lim€& (HF (z2)(t—h) =T (z)(t)|]2) =0

h—0
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Step 3 It remains to verify that” is a contraction.
Letz, 23 € Z, then

D= (6) =T () = Stz + Y /O S(t — ) (—A)° DA, (Eizl(s)> dw; (s)

Stz — 3 /0 CS(t— 5) (—A) DA, (Buzals)) des )

i=1

— Z /0 t S(t —s) (—A)? D; <Ai <E¢Zl(s)> — A (Em(s))) dw (s)

Then

2

ds

s 7| e B (3 (Bat9) - & ()

t
< Zszz/ (t— 5)_25 e 20=5) qup (5 |21(s) — z2(3)||2) ds
, 0

i=1 s€[0,T
al 1
< q: M; T2 sup (€ |z1(s) — z2(s)|”
> Mg s (€~ )

< g (Mmax(an) ) sup (€ () - (1)

ieN s€[0,T]

< M(T) sup (&|z1(s) — z(s)|°)

s€[0,7T
Thereforel is contractive for enough smdll > 0. For largeT we can proceed in a
usual way by considering the equation on intenjalg] , [T',27] , ... with 7 enough

small. O
3.2.2 Characterizations of the stability radius

N N
Lety = }ejlyi andi/ = »691“"'

The approach used in this work to characterize the stodstatility radius~ (A; (D;, E;) Eﬁ)
is based on the following lemma.
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Lemma3.1.LetE € £(D((—A)?%),Y), and

y(6) = ES(O)m -+ B Jj Slt =)Dy (s)ds; (9
(3.3)
ES(t)an+ L E J{ St = 5)Djv,(s)ds (3

wherev; € L2 (R*, L (Q,U;)), j € N, andz, € H.
Then

€ (Ily ®)12) = 1ES (1)l + iej / € (HEs<t —5)(~A) ijxs)\f) ds

whereD; = (—A) "D, ,E=E(—A)°andf =y + 6
Moreovery (.) € L? (RT, L? (©2,Y)) and

ol = [ & ()

-/ T IBS Wl dt + 36, / " £ ((Dyoy(s), PDyuy(5))) ds

j=1
whereP € L (H) is a self-adjoint nonnegative operator satisfying

2(Px,Az) + (Ex, Ex) = 0,z € D (A). (3.4)

Proof. For anyj c N, we have
E [y S(t = s)Djv;(s)dw; (s) = E [§ (=A)° (=A)" S(t = 5)Dyv;(s)dew; (s)

—E(-A) / (—A)° S(t — 5) Dyv;(s)du; (5)

= ~/0 (—A)° S(t — 5)Djv;(s)dw; ()

_F / (—A4)° S(t — 5) (—A)? Djv;(s)dw; (5)

_ / ES(t — 5) (—A)® Djyv;(s)dw; (s)

0

47



Chapter 3. Robust stability and stabilization of systems with unbounded mutitiFpations

and we have

ly DI = {y (), y (1))

= ||ES(t)xo||> + <ES(t)xo,Z / ES(t — s) (—A)? Djv;(s)dw; (3)>

j=1"0

" <Z/ ES(t - ) (=) Doy (s)dy (5). Es<t>xo>

2
-+

Z /0 ES(t — ) (—A)? Djv;(s)dw; (s)

Hence

€ (ly ®)I) = 1 ES(t)aoll* + iej / € (HE% —5)(-A) ﬁjvj<s>H2) ds. (3.5)

Thus . .
HyHig,—/O 5(\!y(t)!\2)dt—/0 | ES(t)o|| dt

+ /O o (éej /O e (HES(t — 5) (=AY Dyuy(s) 2) ds) dt

we have

2

1BS(t)zall* = | B (=4)" S(t)a

SinceE € L (H,)) there exists\/; and ) positive constants such that

2

/0 T ES ()| dt = /0 m HE (—A)Y S(t)wo|| dt

+oo
< MZM; ||x0||2/ t 202t
0

From the fact thaf < 1 it follows that "> ¢~%e~2*dt < +oc.
Therefore

—+o00
/ |ES(E)zo||? dt < +oo.
0
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Now we have

I— /Om (iej /Otg (HES(t _ 8) (—A)’ Dy (s) 2) ds> dt
_ ﬁ;ej /;OO (/Otg (HES(t _ 8) (—A) Dy (s) 2) ds) dt

)

Divy(s), [ (57t =) ((=4) (~a7)" (E)) >dt> s

ES(t—s)(=A)" (=A)7" Djuy(s)

Djv;(s),
< (=52t —9) ((=4)°) (B) B (=4 S(t - 5) dt)Dyuy(s) >> ds
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Therefore
N +o0
I = Zej/o & ((Djv;(s), PDjvj(s))) ds
j=1
where .
Pz = / S*(r)E*ES(r)zdr,z € H
0

We show thatP is a bounded operator.
Letz € H, we have

+o0 +oo ¥
(Pz,z) = < S*(r)E*ES('r’)zdr,z> = < S*(r) ((—A)5> E*E (—A)° S(T)zdr,z>

0 0

+oo -
_ / (B (-4 S(r)2. B (~4) S(r)=) dr (3.6)
0
+oo .\ 5 2
:/ HE(—A) S(r)z|| dr >0
0
Therefore
+oo
(Pz,z) < M;M} HZHQ/ e dr,
0
Sinces < 1 the integral ;"> r~*¢~2dr is bounded. We deduce then thate
L (H).
Then
+oo 5 +oo | 5 2 N +o00o
[ etw@gya= [ B som] a0 [ e D). PDu ) ds
j=1
+00 ) N too
= [ uBs@mlat+ 30; [ E (Dyoste) POy () ds

j=1
Now we show thay‘0+°° E ((Djvj(s), PDjv;(s))) ds < co. From the previous, we have
forzeU,jeN,

+o00
(Djz, PDjz) = <Djz,/ S*(T)E*ES(T)Djsz>
0
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_ <( AY' D2 / s )((—A)5>*E*E(—A)5 S(r) (—A)Wﬁjzdr>

I
/\

*

Il
T~
/\\\

(r) ((—A)ﬁ)* E'E (—A)ﬂs<r>5jzdr>

_ /O+°° |E 4 so)D||

dr
whereg = § + v. Therefore

+00
(Djz, PD;z) < MMM, Hz||2/ r2Be=2r .
0

Sinces < 1 the mtegralf e~2"dr is bounded. We deduce then that
[ € (Dyoy(s), PDyuy(s D) ds <
O
Now consider the input-output linear map
L: L2 (RY, L2(Q,U)) — L2 (RY,L*(Q,)))
defined by
(Lv) EZ fo $)D;v;(8)dw; (s)
(3.7)

= ZE [5S(t — s)Divi(s)dw (s)
By Lemma3lLv € L2 (RT, L2 (Q,Y)) for anyv € L2 (RT, L2 (Q,U)).

Lemma 3.2. The linear mapf defined by[(317) has the operator norm

%
~ (max (61D PDL)
Lz ieN
whereP satisfies[(314).

51

"5 ((=A)°) B'E(=4)° S(r) (= A) 7 (=AY Dyzdr
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Proof. Letv € L2 (R*, L? (,U)), we have

|

L e(lE) o

e
e

2
)dt

”MZ HMZ

({D;vi(s), PD;v;(s))) ds

0] e
>0 [ E A0l s

IN

< max (0,1 0; PD) ol
Thus .
[2),, < (w1070
L2 ieEN

Now we will show that there exists’ € L2 (RT, L? (Q,U)) such that

I°

1
3
= <max (0 HD?PDzH))
L ieN

Or

N

j_v:ei/; - ((D(s), PDal(s))) ds

Now suppose that

(max (0 ||D;PDZ-||>)
ieN

max(e |DfPD;||) = 6y, || D;, PDs || -

SinceD; PD;, is self-adjoint, then there exists, such that|v;, || = 1 and

||D* PDon = “Sl‘,‘lp (v,D; PD;yv) = (v, D PD;yv;, )

We definev? as follows

v (t) = 0,t € RT,i # 4
vy, (t) = B (t) vi,

wherej (.) € L* (R*,R) and||8 ()|l 2+ gy = 1-
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Theno? () = (09 (\),ew € L2 (RT, L? (Q,U)). We have

[P0l =3 [ el ] as
:ZA’WWWS

“+oo
:/ 18 (5) v | ds
0

= [loi I =1
and
7.0 e 0 0
‘Lv P 292/0 E ((Dywv}(s), PD;iv)(s))) ds
N +oo
— 292/ (<Divg(3), PD,U?(3)>) ds
i=1 0
+o0
:910/0 (B () vy, D, PDyy B (5) vy, )) dis
+oo
_ /0 ()1 || Dz, PDs, || ds
”wmw/ I ds
’ i =6, ||D; PDy|| = max (6 | D; PDi|)
L2 ieN
Therefore
v z
12|, = oo = (max(e- HD*PD-H))Q
Za P ien
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Leta € (0,00)", and
D =a;'D; , EY = By, AY () = i\ (o7") i € N. (3.8)

Then every solution of the perturbed systém](3.1) is alsolatisa of the scaled
perturbed system

x(t) = S(t)xo + Z/o S(t—s)DAY (Efa(s)) dw; (s),t >0 (3.9)

The input-output operatol.® : L2 (R, L? (Q,U)) — L2 (R*,L*(,))) of the
system(A; (D7, E')) is given by

o = (o] ||
N Eill t
= Z : / S(t —s)D7 (v (s)) dw; (s) ,t >0
=\ gy 0

In the following theorem we give an important characterisabf the stability radius
e (A; (D;, E;) ﬁ) in terms of the solution of the Lyapunov equatibn[3.4).

i€

Theorem 3.2. Suppose that there exist= (a;) _ € (0,+00)"

andP(a) € LT (H) satisfying N

2(P(a)z, Az) + (E () z, E (a) ) = 0,2 € D (A) (3.10)

I—(0/a;)*0;D;P () D; = 0,j €N (3.11)
N
where(E (o) z, E (o) ) = Y. o? (B, Eix) .
i=1
Thenrv (A; (D, Ei).€ﬁ> >o0.

N —
Proof. Let A = @& A; such thatA; € Lip (V;,U;),i € N and||Af[,,, < o, and
=1

suppose thaP(«) et (H) is such that[(3.10) and (3.11) hold. The unique solution of
(3.1) with initial conditionz (0) = z, satisfies the scaled equatidn (3.9).

54



Chapter 3. Robust stability and stabilization of systems with unbounded mutitiFpations

yit (1) uyt (t)
: , ut(t) = :
yn (1) un (t)
Ul (1) = AL (5 (1)) andy? (1) = B (2 (£)) ¢ > 0
For any; € N, we have

Let

B
E@(z )ww
EY

where

B = iB; = 0iB; (—A) (- A) = aily (- A)’ = B (- A)'

DY = a7 'D; = ;' (—A) (=A) ' Dy = a; ' (—A) D; = (—A) ;' D, = (—A)” D

i

EM v EM
y%w( E>S®%+Z( ;)LsaswfnﬁﬁwwmmMQ
ESN =1 ESN

For anyi € N we have

V(0 = B S(Om+ SB[ (= 5)DF (1 (s) desl)

= B (A (AP SO+ 3B [ (A7 (=AY S = 5)DF (1 (5) d)

= E{" (—A)" S(t)zo + ZEa (—4)7 /Ot (—A)" S(t =)D (uf(s)) dewi(s)

= E% (—A 55(t)x0+ZEfi / (—A)° S(t — s) (—A) DY (u(s)) duw;(s)
= FE% (- a:o—i—z / B2 ( S(t — s) (—A) DY (u% (s)) dw; (s)
=) s+ 3 [ B AP 9D o) 0
v (1) = B (—4)° %+Z/Ea S(t— $)D (u (s)) des (s) (3.12)
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wherefs = § + .
For everyT' > 0, define the truncations;, € L2 (R*,L? (Q,U4;)),i € N, and
ug € L2 (RY, L2 (,U;)) by

uL, (t
o [ =T @) e T, . 1,7?( )
i 0 |f £ T , U - ) :
UNJ,VT ()
Then

+oo
gl = [ € (g 1) a

- [ e ) ar
:/0 5(2\\%@)\\2) i
:/o (Z /QHA?” (" (t,))] dmw)) dt
:/0 (; HAz%HLZp/Q(yZa’ (t,w)) dﬂ(w)> dt
/ € (I (o)1) at

T
< a2, / £ Iy (OI17) dt

< max | A%
iEN

Hence .
lgl2, < A2, / £ (s OI?) dt (3.13)

Now definey$ as the output of the syste(d, (D;", E;")) generated by the input
u$ with initial conditionz (0) = .
Then
y7 (t) = E () S(t)xo + L (t) , £ >0 (3.14)

and

( /OTg(Hya OF)dr) <l
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< B () SE)aoll + [ L7 [[uzll 2
Using (3.13), we obtain

( | et dt)2 < 1B (@) S(t)aoll + 1271 1A%, ( [ e e ) dt)z
(3.15)

The second condition implies that

2
1—(5) 0,||D;PD;|| >0, for any jEN
J

Thus
I?Ea%ej Hozj_2D;PDj|| <og?
hence
maxd; || (5" Dj) P (a5 D;) | < o™
Therefore
maxt; [|(Df”)" PD;"|| < 07
JEN
By Lemma& 3.2 we obtain

1o < o2

Now since||All,, = [[A®%]|,,, < o, the operatof.* A® is a truncation o, (R, L? (2, )
with & := |[L*|| |A®]|;, < 1. By the inequality[(3.15) for all” > 0, we get that

([ € wr)a) 1= () Sl

Thenyy € L2 (R*, L? (2,Y;)) anduf® = A% (y) € L2 (RY, L* (Q, U;)) -
By Lemma3.1 the solution (.) of (3.8) belongs toL? (R, L? (2, H)) .
We conclude then that

r <A; (Ds, Ei)ieﬁ> >0

]

As a consequence of this theorem we have the following @moWhich enables us
to obtain a lower bound for the stability radius
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Corollary 3.1.

(A 0nE) )= s () 1D1P@D)

a€g(0,00)N  ieN
J— 2
Proof. 1. Fori € N, if | D; P(a)Di|| = 0 thenl — (g) 0,D:P (a) D; = 0, for all
o > 0andw; € (0,00),i € N. From Theoreri 312 we obtain that (A; (D;, E;)),cy =
+00.

2. Asume that| D} P(a)D;|| # 0, for anyu € U;, o € (0,00)",i € N, we obtain

that
(D P(a)Dju, u)

2
i

17 P(e) Dil| =

Then we get that
(D; P(a)Dyu,u) || D; P(a)Dy|| ™" < Jlul?

and
||D* a)Dil)=
lu|® — 0; (D! P(a)Dju,u) >0
thus
||D* ) Di|)=
6, | D; P()Dyl| = 0
Therefore
2||D* a)Dil) 7
6, D; P(a) D,]| = 0

which implies that

0 e o 0 e B
(o)) = G IDP@DI = (max( % 1D:P@D) )

1€

Hence
r (A; (Di’Ei)'eﬁ> > sup (max— | D P(« )DzH)_T1

ae(0,00)N ieN &y

]

A similar result can be obtained if we replace the Lyapunavagign [3.10) by the
corresponding Lyapunov inequality.
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Corollary 3.2. Suppose that there existe (0, +00)", P € L (H) satisfying

2(Pzx,Azx) + (E(a)z, E(a)z) <0, x € D(A) (3.16)

I —0*(0;/a3)D;PD; =0 (resp I—o%(0;/a2)DiPD;-0), jeN (3.17)

Thenr”(A; (D;, E;),cn) = o (respr(A4; (D;, E;);ex) > 0).
In this case the Lyapunov equation

2 (Px,Az) + (E(a)z, E(a)z) =0, z € D(A) (3.18)
has a solution?, € £1(#) such thatP = F,.
Proof. Suppose that there existe (0, +o0)", P € LT (H) satisfying

2 (Px,Az) + (E(a)z, E(a)z) <0, x € D(A)

or
2(Px, Az) + Z a; (B, Ex) <0, z € D(A)
i=1
since
E; = Ez(_A)ia(_A)é = Eﬁ(_A)(S
then

2 (Px, Az) + iai <E’i(—A)%, Ei(—A)5x> <0, x€D(A)

Now, becausel is the infinitesimal generator of an analytic exponentiatible semi-
groupS(t), there existd € L1 (H) such that

2 (Pox,Ax) + (E(a)z, E(a)x) =0

Or .
i=1
Then forz € D(A), we have
2 (Pox, Ax) + Z o <E(—A)5aj, E(—A)‘S:E> =0,

i=1
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SettingX = P — F,, we get

2(Xz, Az) <0, r € D(A)

Applying the Lyapunov Theorem we obtain th&t>- 0, thusP > F,.
Hence conditiond(3.10) and (3]11) are satisfied. By applyimgoreni 3.2 we deduce
thatrw(A; (D“ Ei)ieﬁ) > 0.

(]

ForJ c Nanda’ € (0,00)”, we defineP (o) = [," S*(t) (Za?E;EZ) S(t)dt

i€
the solution of the inequality (3.16).
Then

+oo
0;/a:D;P(a’)D; = > " (af/a)) b /0 D;S*(t)E; E; S(t)Dydt

e
=> (a}fa) Hy e
1€J
whereH;; = 0; [ D;S*(t)E;E; S(t)D;dt , i,j € N.
We will show thatH,;; € £+ (H) .
Letu; € H, we have

“+o00

0
+o0
0
+oo
0

+o0
=0, [ B SWDu | dt =0
0

But
~ 2
E; (—A)’ S(t) (—A)” Dju,| dt

+00 5 +oo
| B s@Dua= [
0 0
+o0
)

~ 2
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hence
2

s (—ay°

+o00 —2wt

tw

) ) +oo 6—2wt 9
< 6;MZM?, St ||u
0 t20 !

Since < 3, the mtegral( e etQQ;”fdt) is bounded. We deduce thaf;; <
£+ (H).

+oo
(Hijuj, ug) < 9j/

Lemma 3.3. [40] Let o = inf max . There exist a subset

ae(0,+00)N jEN

> (ai/ay)” Hy
1EN
J C N and for every > 0, a vectora € (0, +00)”, such that

Y (/) Hy |[<p+6,j€N

iEN

> (ai/oy)® Hy
ieJ
Now we establish a computational formula for the stabilégius

=mje

Theorem 3.3.Let (4; (D;, E;),.%) and (w; (t)),. be as above. Then the associated
stability radius is given by

™ (4;(Dy, By),ci) = sup maXH(H /a ) D P()D; H Tl (3.19)

a€g(0,00)N  jeN

where P(«) is the unique solution of (3.10). 1 < (D“E) ) < +o0, there

€N

exists a minimum norm destabilizing perturbatiin= @ JAVE
=1

||A||Lip =" <A; (Di; Ei)jgﬁ) .
Moreover there exist a subsétc N and a scaling vector”’ € (0, +00)” such that

rY (A§ (D, Ei)z‘eﬁ) =" (A (Di, E; )’GJ)

maxH(@ /g )D P(a”)D; H (3.20)

whereP(a’) € LT (H) is the unique solution of (3.16).

61



Chapter 3. Robust stability and stabilization of systems with unbounded mutitiFpations

)

1. If i = 0, it follows from Theoreni_3]2 that” (A; (Di,Ei)Eﬁ) = 400 and the
equality [3.19) is satisfied. Moreover

Proof. We havej = inf)N(maX H( ) D;P(a)D;
JEN

a€e(0,00

E; St)D; =0,t >0,j € N

so [3.20) is satisfied for every singletdn= {j} ¢ N and alla’ € (0, +00)’

2. If i > 0, we show that* (A; (D;, Ej),.x) < [t 1= by constructing a destabilizing
perturbationA.

For everya € (0,+00)", leto (a) be the largest for which (3.16) has a solution
P(a) € LT (H) satisfying [3.1T).

Forallo < o (a), we have

2
I- (i> 6;D:P(a)D; = 0,j € N

Q;
this implies that

o < (max (6;/a2) | DiP(a)Dy|)) 7 . Vj € N

jEN

Leto (a) = (max (%) || D;P(a) D, |) #

JEN
then sup o2 (a)=pa""

a€(0,00)V

By Lemma 3.3, there exist C NV and a vectory’ e (0, +00)” such that

~

= Z (0vi/ey)* Hy;

ieJ
whereP(a’) € L1 (H) is the unique solution of (3.16).
Letv? € U;, |[v?|| = 1,j € J, such that

= <’U?, Z (Oéi/Oéj)Q H”U?>

icJ

= ||(6;/a3) D;P(a”) Dy ,j € J

> (aifay)? Hy

icJ

= (o8, (0;/a2) D; P(a”)Ds}) = j

It follows that
(v?,(0;/07) f 7' DiP(a”)Dj?) = 1,Vj € J,
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Settings = 2, we obtain
(v?,(0;/03) 6°D;P(a”) D)) = 1,Vj € J, (3.21)
Define forj € N the perturbation\; € Lip (;,U;) by

{A() ollyillvi, JeT, y€eY;
Aj(y;) =0, j € N\J

N
Then||A|,,, = 6,7 € J, itfollows that|Af|,,, = & whereA = @& A,. We will
=1
show that for thisA the system[(3]1) cannot be stable.
Assume that this is not the case. hgte H , the solutionz (.) of (3.1) satisfies

xz(t)=S(t x0+2/ (t—s)D %Aa] (B2 (s)) dwj (s),t >0, (3.22)

jeJ

where D77, E77, and A}’ are defined in[(318). Sej” = E;’z, theny;’ €

J b
L (R, L2 (2,9)), j € J-
We have for anyj € J

EY = ;B = o) (- A) " (—4) = 0,E, (—4) = B (~4)

J J
AT (y;) = a;Aj (o5 ;) = 6 [yl 0], 5 € T, y; € Vs
definey®’ and £/ by
Y = <yjj)j€J By = (Ejjx)jeJ ,

Then

Yy (t) = EYS(t)xo + ZEO‘J /0 S(t— S)D?jA?‘j (57 (s)) dw; (s) ,t >0

= E*S(t)xg+» E™ / t (—A) 7" (A S(t—s)D AY (427 (s)) dw; (s) ,t > 0
jeJ 0
= E* S+ Y B (-A)”° / t (—A)’ S(t—s)DFAY (y5 (s)) dw; (s),t > 0
= E*S(t)ao+ Y _EY / t (—A)’ S(t — 5)DFAY (y57 (s)) dw; (s) ¢ > 0
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= EYS(t 3(:0—1-2/ B (— t—s)D;‘jA;‘j (457 (s)) dw; (s),t >0
jeJ

= EYS(t xg—l—aZ/ B (— t—sDJUOHyJ s)|| dw; (s),t >0
jeJ

= E*S(t ZIJO—i—O'Z/ EYS(t —s) DO”vOHy] ||dwj ,t>0

jeJ

By applying Lemma 3]1, we obtain

+00 +oo
/ & (ly™ ()]12) dt = / |2 S ()0l dt
0

#0730 [ D ()P (@) Dl

s)|[) ds

ieJ
+0o0
:/ | B2 S ()0 dt
0
+0 ZH /o3 (v}, D} P (o) D; UO>/ 7 (s)Hi) ds
iceJ
By (8.21) we get

[ e 0y a= [ iEsemlac [ e 0lR) d

for all zp € H, this identity implies that; = 0 for every; € J henceP (aJ) =0
thusj = 0.
Therefore neither of the stochastic systém]|(3.1) hor (3R2}-stable. It follows
that
e (A; (Dia Ei)z‘eﬁ) < (i (A; (Dia Ei)z‘eJ)
< Ei(sup)N(r?%X (6 /a ) HD;P(oz)DjH)_T1

N

=l

S

By Corollary[3.1 we obtain the desired result. O
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Corollary 3.3. Leto > 0 such that (4; (D;, E;),.%) > o.
Then there exist; > 0,i € N, andP(a) € £ (H) such that

2(P(a)x,Az) + (E (o) z, E (o) x) =0, x € D (A)

I—(0/a;)*0;D;P(a)D; =0, j €N (3.23)

Proof. Leto’ € |o, 1 (A; (Dy, Ey);ew) |-
It follows from Theoreni313, that there existe (0, +oc)" such that
o' < (max (0;/a3) | D;P(a)D;||)= whereP(«) is the solution of the equatiof {3]10).
jEN
This implies that
g<o < (I;l;% (0;/03) || Dj P(a) Dy[) =

—
5 > mas (6,/02) | D5 P(o)
JEN
—
02> (0;/a2) ||D;P(a)Dy|| VjeN
—
ej(O'/Oéj)QD;P<CK)Dj < I, j € N
ThenP («) satisfies the equatioh (3]10) and the condition (3.23). O

3.2.3 Example

In this section, we present a practical example to illusttiaé above theoretical results.
Denoting bys the Dirac Delta function at zero and bythe Dirac Delta function &.

Example 3.1. Consider the stochastic parabolic equation with Newman boundan-
dition

W(w,t) = 54w, t) + erde() (fry(, D)) inn () 0< @ E<1, 20,
y(x,0) = yo(x),
a2(0,1) = —c2 (g, y(0,1)) wa(t), G4(1,1) = 0,

where(cy, c) € R?, f € L*(0,1), g € L?(0,1).
To put the probleni (3.24) into the abstract setting we intaadihe self adjoint operator

(3.24)
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Ah = Th in the Hilbert space = L?(0,1) with

d?z dz dz
— 2 JRE— 2 —_ = — =
D) ={z € LX0.1), —5eL*0,1), —(0)=—(1) =0}
The operatorA generates an analytic semigroufit), the eigenvalues of are \,, =

—n?72 and the corresponding eigenfunction afg(x) = v/2cosnrz, n > 1 and
$o(z) =

In this example we havB,u = d¢u such thatD; € L(R, H-275(0,1)), >0, and
Eyz=(f z)WithE; € L(H,R),A; = ¢, e RandD, € L(R, H 277(0,1)), >0
is defined byDyu = —du. SetEyz = (g, z) with By € L(H,R), Ay = ¢, € R.

In the abstract form the probler (3]24) can be formulatecodlews

{ dz(t) = Az(t)dt + 37, DyANE;(2(t))dw (1), (3.25)
2(0) = 2

For this system we have= 1 + 2, ands = 0 such that) < 3 < L. then there exists a
unique solution of[(3.24). In order to get an explicit formdibr the stability radius we
need at first to solve the following Lyapunov equation

2(Pz,Az) + (E(a)z, E(a)z) =0, =z € D(A) (3.26)
where
2
(B(a)z, E(a)z) = Z i (Eiz, Biz) = o (B2, B12) + a5 (Eayz, Ey2)
Suppose that we can express the solufioof (3.26) by
Pz= ZPM L bn) by, 2 EH

n,j=1

Thensincedz = 5"\, (2, ¢,) ¢n, 2 € D(A), it follows that

(Pz, Az) <Z/\ (2, ) ¢"’ZPWZ¢” > ZA Pon((2, 60))?

n,j=1

Now sinceF;z = (f, z) and E»,z = (g, z), and because

_ < LY G ¢n> =3 (260 (f, 00)

n=1
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(9,2) = <9:Z (2, én) ¢>n> = (2, ¢n) (9, 0n)

n=1 n=1

It follows that

(B(a)z, E(a)2) = a2 (B2, B12) + a3 (Eyz, Ey2)

+o0 +o0

= a%(z (z,00) (f, dn))* + a%(z (2, On) (g, D))

n=1 n=1

Equation [(3.26) becomes

—+00 “+o00

2 MaPan({z,80))* + a1 (Y (2 ) (f:0n))* + 5D (20n) (9, 00))* = 0

n=1 n=1

For z = ¢, k € N*, we get

20 P + 3 ((f, 0k))* + 03 ((g, #))* = 0
Therefore

—oi((f, é))* — a5((g, &n)* _ i ({f, dk))* + a3((g, dk))”

P, = _
Wk 2k Q22

we deduce that the solution 6f (3126) is given by

+o00
Pz = Zp’f (z,01) O, z€H where P,= a%((f, ¢k>>22k42'7ro2‘§(<97¢k>)2_
k=1

For all ©w € U, we have
—+o00

PDyu = Z Py (Dyu, ¢1) ¢

k=1

+00
= Zpk <Ua Df¢k> O
k=1

= Pu(u, ¢1($)) b

Or
+oo
(PDyu, Dyu) = <Z Py (u, ¢1(8)) ¢kzaD1U>
k=1
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=" Py (u, 64()) (d, Dru)
k=1
=" P (u, 64(€)) (D, u)
=" P (u,60(6))°

Then
+o0
ID; P(a)Dy]| = 2~ Py (cos®(kn¢))
k=0
oF((f, o)) + a3((g, ox))”
<2 Z P, =2 Z ST
If we assume thaf, ¢k> =1 and<g, qﬁk) =1, for k > 0, we get
+oo 2 2
a1+a2_ 9 I o+
| D} P( D1|<22 S = a1+a2);k2ﬁ2 ==

For all w € U, we have

+o00o
PDyu = Z P <D2U> <Z5k> o
k=1

+0o0

= Z Py {u, D3¢) o

k=1

+oo
= — Z Py, (u, ¢1(0)) ¢r,
k=1
Or

(PDqu, Dyu) = < Zpk ¢k,D2u>

= — Z Py (u ) (&k, Dou)

= - ZPk (u, 61(0)) (D3¢, u)
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+o00
k=1

Then

+oo oo o 9 ) )
| D3P () Dyl| = 22 P, =2 Z ai((f, ¢k>)2];‘732<<g, 1))
k=1 k=1

If we assume thatf, ¢,) = 1 and(g, ¢x) = 1fork >0

Then
400 9 )
*p a1+a2_ 9 1 a?+al
| D3P () Dyl| = QZ ok2n2 +a2); =
Therefore
_1
9 ;
a€e(0,400)2 je{1,2} ]
-
o (o)’
ae(0,+00)2 je{1 2}Oé
= Sup min % ( \/6 )
@E(0,+00)2 j€{1v2}\/9_j m
= Sup min ) ( V6 )
@ €(0,400)2 j6{1,2}m \/@
= min (i)
je{1,2} \/@
Or

" (A, (Ds, Ey)icqr.2y) = min(

el
3%

3.3 Robust stabilization

3.3.1 System description

We consider controlled stochastic systems described mBqwation of the form:

dx(t) = Ax(t)dt + % DA (Ei(x(t))dw;(t) + Bu(t)dt, t € R*

z(0) =z, xg € H (327)

HAiHLz’p <0
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wherew takes its values in the real separable Hilbert spdceB € L£(Z,H) and
the other operators are as in the previous part. In additierassume thatA, B) is
stabilizable.

Our aim is to characterize the supremum of the stabilityi aldich can be achieved by
linear state feedback = F'x, whereF' € L(H, 2).

Let

a { F e L(H,Z); A+ BF is the infinitesimal generator of an }

exponentially stable analytic semigroup

and define
7(A; (Dy, By, o) = sup {r(A+ BF, (D;, E;);cw); F € F}.

Forall F € F,a € (0,4+00)", ande > 0, consider the Lyapunov inequality

N
2(P(A+ BF)x,x)+ Y o] (Bx, Ejr) +* (Fa, Fx) <0,  x€D(A) (3.28)

=1
with
I —o*(9;/a3)D;PD; = 0, jeN (3.29)

3.3.2 Suboptimality Conditions

In order to establish conditions for the existence of suibwgdtcontrollersu(t) = Fx(t)
such thatt” € F ando < r*(A + BF;(D;, E;),w) » for o > 0, we need the following
lemmas.

This lemma is of technical interest.

Lemma 3.4. Leta € (0, +00)™ ande > 0. If there exists” € £ (#), such that

2(Pz,(A—e?BB*P)z) +¢ *>(PBB*Pz,z) + (E(a)z, E(a)z) <0, x € D(A)
(3.30)

[—0%6;/a3)DiPD; =0, jeN (3.31)

thenA. = A — e 2BB*P generates an exponentially stable analytic semigroup and
o < r(Ag; (Di, i) ierv)-
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Proof. Consider the initial value problem

{dt 2(t) = Acx(t)  teR*

3.32
x(0) = xg, g € H ( )

The solutionz(t) of the system[(3.32) is given by
t
x(t) = S(t)xy — 52/ S(t — s)BB*Px(s)ds
0

We have

|z ()] < ||S(t)zol| + 2 /0 S(t — s)BB*Px(s)ds

t
gMe-wtyyxou+e-2MHB\|/ e~ 4=) | B* Pa(s)|| ds
0

From which we get

t
lz(®)]” < 2M ||| ‘2Wt+2€‘4M2||BII2[/ e || B Pa(s)| ds)”
0

¢
< Kjem 2wt 4 KQ/ e~ 2w(t=s) ||B*Pm(s)||2 ds
0

WhereK; = 2M? ||z, and K, = 2e~*M? || B|.
It follows then that

+o0 +00 +o00 t
/ le())|2dt < K, / et gt 4 K, / ( / =20l HB*PSC(S)HQd$> dt
0 0 0 0

Thus

+o0 9 Kl +oo +oo 9
/ lz(®)|”dt < — + Kz/ </ e~ 2= || B* P (s) | dt) ds
0 2w 0 s
Kl +o00 2 o +00 -
< +K2/ |B*Pa(s)|? 2 / 20t gt) ds
2w 0 s

which implies that

“+o0 +oo
K, K, )
O de < =2 22 B*P d
/O |z(t)||” dt < 5w T 20 /0 |B*Px(s)||” ds

Now we show thaB* Pz (t) € L*(R*, Z).
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We have forrg € D(A.), V(z) = (z, Px) is differentiable and

iV(x(t)) =2(PA.x,x)
dt
From the inequality((3.30) we obtain
d

SV(a(t) < —= " (PBB"Pr,x) — (E(a)s, B(a)a)

< —e?*(PBB*Pz,x)
Thus

/O%V(x(t))dtg—52/o (PBB*Px(t), x(t)) dt

Hence T
V(@(T)) - V(x(0) < —& / |B* Par(t) |2 dt

Using the fact thaP > 0 we get
T
5_2/ |B*Px(t)||* dt < V(xy), forallT >0
0
Therefore .
= [ 1B P < K o]
0
which implies thatB* Px(t) € L*(R*, Z), andz(t) € L*(R™, H).
Now inequality [(3.3D) implies that
2(PA.x,z) + (E(a)z, E()z) < —e~2||B*Px(t)|?
Thus
2(PA.x,z) + (E(a)x, E(a)x) <0,
I —o*(0;/a3)D;PD; = 0, jeEN

Becausea is the infinitesimal generator of an exponentially stablalyic semi-
group andB is a bounded operator, thén = —c2B*P € F ( see [46]). Applying
Corollary[3.2 we get thad < r*(A.; (D;, E;),cx) and if the inequality[(3.31) is strict,
we obtaine < r(Ag; (Ds, Ei);cn)- O

The following lemma is of basic importance for the approasédito investigate the
maximisation problem.
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Lemma 3.5. Leta € (0,+o0)Y , e > 0and FF € F. If the inequality [3.30) has
a solution Py € L*(H) satisfying condition[(3.31) theR, = —2B*P, € F and
o <rY(A+ BFy; (D;, Ei);en)-

Moreover, there exist®, € L (#H) such that

2(P(A+ BFy))x,2) + (E(a)z, B(a)x) + e 2 (PyBB*Pyx,z) = 0, x € D(A)
I—0%(0;/0)D;PD; =0, jeN
P < F.
Proof. For anyx € D(A) , we have
2(Py(A+ BF)x,x) + (B(a)x, E(a)x) + £* (Fx, Fx)

= 2(PyAz,z) + (E(a)z, E(a)z) + 2 (PyBFz,2) + &* (Fx, Fx)
SetF’ = ¢F + ¢ 'B*P,, then

<F/w, F/x> = ((eF + e 'B*Ry)z, (eF + ¢ 'B*Ry)x)
= e? (Fa, Fx) + (Fx, B*Pyx) + (B*Pyx, Fx) + ¢ 2 (B*Pyx, B* Pyx)

=e? (Fa, Fx) + 2/(B*Pyx, Fx) + ¢ 2 (B*Pyz, B*Pyx)

hence

<F’x, Fx> — c2(B*Pox, B*Pyz) = £ (Fx, F) + 2 (B*Pox, Fz)
SincePF, is a solution of the inequality (3.28) it follows that

2 (PyAx,z) + (E(a)z, E(a)z) + 2 (PyBFx,x) + &* (Fx, Fx) <0

with
(PBhBFz,z) = (Fx, B*Pyx) = (B*Pyx, Fx)

Then
2(PyAz,x) + (E(a)x, E(a)z) — e 2 (B*Pyr, B*Pyx) + <F/x, Fll‘> <0 (3.33)
SetA, = A + BF, whereF, = —s2B*P, then
2 (PyAgz, w) = 2 (PyAx,x) — 2¢ 72 (PyBB* Py, x)
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The inequality[(3.33) implies that
2 (PyAoz, z) + (E(a)z, E(a)z) + e 2 (PyBB*Pyz,x) < — <F,ac7 F/x>
Thus
2 (PyAoz, z) + (E(a)z, E(a)z) + e 2 (PyBB*Pyz, ) <0 (3.34)

Applying Lemm& 34 we conclude that € F ando < r*(Ag; (D;, Ei);c)-
Now sinceF, is a solution of the inequality (3.84), then it satisfies thiofving
inequality

~

2 (PyAox,x) + <E(oz)x, E(a)x> <0

o= ()

By Corollary[3.2 there exist®, € £*(H) such that

where

2(PyAgx,x) + <E(o¢)x, E(a)x> <0

with P, < P,.
Therefore

2 (P Az, x) + 2 (v, BLBB*Pyx) + (E(a)x, E(a)z) <0

and
I —0%;/a3)D;PD; =0,  je€N.

]

Applying this lemma iteratively we show in the following threm that there exists
P e L*(H) such that

2 (Ax, Pz) + (E(a)z, E(a)x) — e % (z, PBB*Px) =0, x € D(A) (3.35)
I —o%0;/a)D;PD; =0, jeN

Theorem 3.4.Let F € F. Suppose that there existc (0, +-00)™ ande > 0 such that
the Lyapunov inequality (3.B0) has a solutiéh € £*(#H) which satisfies condition
(3:31) then the Riccati equation (3135) has a solutibr £ (H) satisfying

I —o*(0;/a3)D;PD; = 0, jJEN
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F.=-¢?B*PeF
g S Tw(A — €7ZBB*P; (D'm El)zeﬁ)
Proof. Applying the above lemma iteratively we construct a seqaasidinear opera-
tors ( Py )ren € L7 (H) which satisfies

2(Ppy1 Arz, @) + (E(a)x, E(a)z) + ¢ % (x, L,BB*Pyx) <0, x € D(A)

I —0%(0;/a3)D; PeaD; = 0, jEN
Py 2 Py

whereP, solves the inequality (3.30) antl, = A — e 2BB*P,.
Since(Py)en is a decreasing sequence and it is bounded from below
by 0, the limit ask — +oc exists. LetP = limy_, o, P,. Then

2(PA.x,z) + (B(a)z, BE(a)z) + ¢ 2 (x, PBB*Pz) =0, x & D(A)

I —o0%0;/a3)D;PD; =0, jeN

whereA, = A — ¢ 2BB*P.
Using Lemma3J5 we deduce that = —¢2B*P € F and
o <r“(A—e2BB*P; (Di, Ei)jen)-

Finally since
2(PA.x,x) + (E(a)z, E(a)z) + ¢ (v, PBB* Px)
= 2(PAx,z) + (E(a)z, E(a)r) — ¢ (x, PBB*Px)
ThenP satisfies the Riccati equatidn (3135) [

Now we will use the above result to establish conditions fieréxistence of subop-
timal controllers.

Proposition 3.1. Let o, e > 0, Suppose that the Riccati equatign (3.35) has a solution
P e L*(#) suchthatl — o*(0;/a3)D;PD; = 0, j € N, for somen € (0, +00)™
thenF. = —e2B*P € F ando < r“(A+ BF.; (D, Ei);c)-
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Proof. SinceP is a solution of the Riccati equation (3135) then
2(P(A—¢e7BB*P)z,z)) + (E(a)z, E(a)z) + e 2 (v, PBB*Pz) =0, x € D(A)

I —o*(0;/a3)D;PD; = 0, jeEN

From Lemmd_3J5 we obtaifi. = —2B*P € F ando < r*(A + BF.;(D;, E}),c%)
[

As in [4Q], we can obtain

Proposition 3.2. Lets > 0. Suppose that there exists ¢ F such thatr < r*(A +
BF;(D;, E;),cx)- Then there exist € (0,00)", ¢ > 0 such that the Riccati equation
(3:38) has a solutio® € LT (H) satisfying

I —0°(0;/0})D;PD; = 0;  jeN
F.=—c¢?B*Pc F
Using Proposition 3]1 and Proposition]3.2 we get the follmyiesult
Corollary 3.4. We have

o>0; there erist a€ (0,400)Y and £>0
r(A; (Di, Ey);ey) =sup § such  that (B33) has a solution P e LY(H)

with I —0%(0;/a2)DiPD; =0 for all jeN
3.3.3 Examples

Example 3.2. Consider the parabolic equation with Newman boundary condition

W, t) = Lh(x,t) —y(a,t) +ut), 0<z<1, 0<t<T

y(z,0) = yo(x) 3.36
2(0,t) = —c(f,y(0,t))w(t), c€R, feL¥0,1) -
2(1,t) =0

To put the probleni(3.36) into the abstract setting we intaedihe self-adjoint operator
Ah = £ _ 1 in the Hilbert spacei = L2(0, 1) with

D(A) = {z € L*(0,1), % c L*(0,1), %(0) = %(1) =0}
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The operatorA generates an analytic semigroufi¢), the eigenvalues of are \,, =
—(1 4 n?zr?) and the corresponding eigenfunction atg(z) = v2cosnrz, n >

1, ¢o(z) = 1(seel8]). We definedy = —dy such thatD € L(R, Hz%(0,1)).
SettingEz = (f,z) , B=1andA = ¢ € R, we can presenf(3.86) as follows

{ dz(t) = Az(t)dt + DAE(2(t))dw(t) + Bu(t)dt (3.37)

2(0) = zo

For this system we have= 1 + £ and§ = 0 such thap < 8 < 3.
We solve the following Riccati equation

2(Az, Pz) + (Ez,Ez) — e ?(B*Pz,B*Pz) =0, z¢& D(A) (3.38)
Suppose that we can express the solufioof (3.38) by

Pz—z (2, 0n) 05, z€H

n,j=0

Then sincedz = 520\, (2, ¢n) ¢n, 2 € D(A), it follows that

(Az, Pz) Z/\ Pon({z, ¢0))?

We have

2) = <f,2 (2, bn) ¢n> = (2,00 (f,6n)

n=0
and

(Pz, Pz) Z

Equation [(3.3B) becomes

+o0

2 Z AnPun ({2, ¢n>)2 + (Z (2, o) ([, an g Z =0

n=0

Setz = ¢, k € N,then

2M P, + ((f, on))? — e 2P3, =0

Or
—e Py 42X P + ((f, %))* = 0
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ThereforeP,;, = A’C%Z/Z whereA = A7 + ((f, ¢x))?c~2 > 0.
Or

+oo
Pz=) Pilz¢x)n, z€H
k=0

Where
- Ak + VA

g2

A=+ (f,0n)%e

B

Now we choose such that
(z,2) — 0?0 (PDz,Dz) >0

Letz € H, we have

+o0o
PDz=_ Py (Dz ) ¢

k=0

+o0
= Pz, D"6x) o

k=0

= — Z by <Z> ¢k(o)> P

Or

(PDz, Dz) = <— > Pz, 01(0)) ¢, Dz>

S Z Py, (z, ¢1(0)) (¢r, Dz)
=— Zpk (z,0%(0)) (D" ¢x, 2)

=Y Pi{z0:(0)*

Hence [(3.30) will be

(z,2) = 0°0 ) Pi(2,01(0))° > 0
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For z = ¢, we obtain

+o0o
1—0°0)  Pigp(0) >0
k=0

“+o0
1—20292Pk >0

+oo 1
P <

Z k=19552p

k=0

Or
= Ak VA ((f, dn))%e 2 1
§ g2 = 2020
)
Z)\k A (L) < (3.40)
Since A
e + VA = N UA
_ N (AR (o)
A — VA
e (f, ¢k>)2
\/)\2 ((f, dx))%e™2 = A&
Then [3.4D) will be
+00 o2 2 -2
((f, dx)) < €
; VAL +((f )22 = A — 2070
Or .
1 ~ ({f, ¢k>>2
> 3.41
390% % 2 T e 4D
We have
VM {0022 2N =Ml =M, VEEN
Then
\/v ((f, 65))2=2 — Ay > —2\,,  VEEN
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Or

((/, ¢k> ((f, ))”
Z VAL ((fooR))e =M T Z —2Xk (3.42)
Assumef(z) is such thatf(xz) > 0 forall 0 < = < 1, we obtain

f(@)pn(z) < V2f(x)po. Then

Or
<f7¢n> S \/§<f7¢0>

Therefore

<f7 ¢n>2 S 2 <fa ¢0>2
Then [3.4R) becomes

3 Wo0P 524007
o VA {foo))et =N T D T2

S ((f ebk)) X ((F, ¢o))?
We have . .
Z (<fji>) = (1<‘i igi; = 1.1565((f, éo))
Then [(3.411) will be 1
LIS65((f, 60))? < 5

Leto such that )

: 1.5208V0({f, b))

Or
o < 1
~ 2.3130((f, ¢0))?
Then
> 23130((1,¢0))°
hence

2&0.2 - <<f7 ¢0>)2
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Or N
x 2
# 2 Z : (<f7 ¢k>)2 —
g A+ ((fok))2e 2 — N
Thus for

1
1.5208v/8 (f, do
the Riccati equatior (3.38) has a solutibhe £ (H) with

>0
)

I —00*D*PD = 0.
By Corollary(3.4, we get

1
= 1.5208V/8 (f, o)

Example 3.3.Consider the following stochastic parabolic equation with Newimaund-
ary condition

r%(A; (D, E))

Ww,t) = T4 (2,t) + c10e() (foy(a,t) wr(t) +u(t), 0<z,E<1, ¢>0.
y(x,0) = yo(x)

%.(0,t) = —cz (g, y(0, 1)) wa(t), 3L(1,1) = 0
(3.43)

where(cy, c;) € R?, f € L*(0,1), g € L?(0,1).
To put the probleni(3.43) into the abstract setting we intaedilne self adjoint operator
Ah = €1 in the Hilbert space® = L*(0,1) with
2
D(A) = {z € L*(0,1), % c L*(0,1), j—i(o) = j—i(l) =0}
The operatorA generates an analytic semigroufit), the eigenvalues of are \,, =
—n?72 and the corresponding eigenfunction ape(z) = v/2cosnmz,n > 1, and

1
0,and Bz = (f,z) with By € L(H,R), A, = ¢; € RandD, € L(R, H275(0,1)),
f > 0is defined byD,u = —du. SetEyz = (g, z) with Ey € L(H,R), Ay =5 € R.
In the abstract form the problem (3]43) can be formulated#iews

{ dz(t) = Az(t)dt + Bu(t)dt + 32, DN E;(2(8))dw;(t)
2(0) = 2o
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For this system we have= 1 + 2, andJ = 0 such thap < 8 < 1.
The corresponding Riccati equation reads

2(Az, P2) + (E(a)z, E(a)z) — e 2(B*Pz,B*Pz) =0 (3.45)
Suppose that we can express the solufitoof (3.4%) by
Pz = ZPW L bn) by, zEM
n,j=0
Then sincedz = S\, (2, ¢,) ¢n, 2 € D(A), it follows that
AZPZ <Z>\ Z¢n ¢mZPn]Z¢n > ZAPnn Z¢n
n,j=0
Now sinceF;z = (f, z) and E»z = (g, z), and because

_ < LY (o) ¢n> =3 (2 60) (f, 00)

n=0

<ga Z> = <gvz <Za ¢n> ¢n> = Z <Zv¢n> <g7¢n>

n=0 n=0
It follows that

(B(a)z, BE(a)2) = af (Byz, B12) + a5 (Eyz, Ey2)

= a1<Z (2, 0n) (F8n))” + 3> (2, 0n) (9, 6n))°

and

(Pz, Pz) Z

Equation [[3.45) becomes

22)\ Pon((z, 6n))? *22 ({2, n))?

+ai (D (2 0n) (f:0n))* + a50)_ (2,00} (9. 0n))* = 0
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Setz = ¢, k €N, then

22k P, + o3 ((f, 0x))* + a5 ((g, dr))? —e 2 PE, =0
Or

— 2Pl + 2\ P + 5 ((f, 0n))* + a5 ((g, d1))? =
ThereforeP,;, = A”\F whereA = A} + 2 (af((f, dr))* + a3({g, ¢x))?) >
Or

PZ—ZPk 1) bk, 2 EH

Where
Ak + VA

5—2
A =N+ e (@i ((f, 00))* + a3 (g, dn))?)
For j € {1,2}, we have

P, =

I— 02(9j/a]2)D;PDj =0
is equivalent to
|1z|* = 0*(6;/a3) (D;PD;z,2) >0, Vzel

and we have

+oo

n=0

400
= Pu(Djz,¢n) Dién

n=0
+o0o
n=0

Or .
(D;PDjz,2) = Y " Po{2,D;én) (D;bn, z)
n=0

+o00 )
=> P (2. D}¢n)
n=0

So
12]1* — UQ(Hj/aJQ-) <D;PD]'Z,Z> >0, VzeH
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is equivalent to

+o00o
2l = 0%(0;/03) >~ P (2, Di¢n)’ >0, VzeMH
n=0

Then )
% 2
I20° > 0(0;/03) > " Pu{z Didn)", VzeH
Or )
2o Pz, D) o?
U= i ASIVARY g BN X
RE o T
is equivalent to
—+o00
> Pu(D;n)? < -
n=0 J

For j =1, we have

2

+o0
ZPn(D’fgzﬁn( 2 < 0291 such that Dy =6

ZP $n(§))? < 291

Then .
> 2B w0r 5 (3.4
Since A
Ao+ VA = VA
_ A= (A e (0 ({f, o)) + 03 ((g, d0))?))

A — VA

=2, 00))* + 039, 60)?)
A — VA

— _2(05%(<f7 ¢n>)2 + Oé%(<g, (/bn))Q)
\/Z - )\n
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Then [[3.46) will be
o (Q2({f,0))? + 03({g. 0)) (9a(£)® _ o2
nZ:O \/Z — )\n S 0'201

Sinces, (£) = V2 cos(nr€), theng? (€) = 2 cos?(n€). Or

i’i 2(a*((f, &n))* + a5((g, $n))?) cos*(nm€) _ o]

n=0 \/Z B /\” a 0291
But
= 2(0%((f, 60))? + a3 ({g, $n))?) cos? (n7€) _ = 2(0*((f, du))* + a3((g, 8n))?) cos? (nré)
; \/Z - )‘n S nZ:O _2)\71

(3.47)
and we havey, = 1, ¢,(z) = \/ﬁcos(mm:), sincecos(nmz) < 1, ¥n > 1, and
0 <z < 1, theng, (r) < V2¢.
Assumef(z) is such thatf(z) > 0 forall 0 < = < 1, we obtain

f(@)pn(x) < V2f(7)¢o. Then

/0 F(2)én(x)dz < V2 / F(2)bodi
Or
(f, dn) < V2(f, b0)

Therefore

(f, dn)> < 2(f, d0)’

Assumey(x) is such thay(x) > 0 forall 0 < z < 1, we obtain

9(x)¢n(x) < V2g(x)do. Then

/ (@)bu(a)dr < V2 [ st

Or
(9, 6n) < V2(g, b0)

Therefore
<g> ¢n>2 S 2 <g7 ¢0>2
Then [3.4]7) becomes
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§2<a%<<f,¢n>> + 3({g, #))?) cos” (nmé) <Z 4(03((f, 90))* + a3 ((g. ¢0))*)

n=0 \/_ )\ n=0 _2/\n
= 2(03((f, 6n))* + 03 ({g, $n))?) cos*(n7E) _ = (@3((f> 90)* + 03 ({g, 90))?)
> <2
n=0 \/Z - >"’l n=0 —An
We have

2+fa% f7¢0 —|—()é2 g?¢0 2%0&% f7¢0 +Oé§(<g7¢0>)2

n2m2

oo 2 a2 o))2
= 2(0&%(<f, ¢0>)2 +a§<<g7¢0>>2)zn21ﬂ-2 _ (a1<<f ¢0>) ;_ 2((g,¢ >) )

n=0

Leto such that

(aF((f, d0))? + a5({g, ¢0))?) < Y

3 B 0'291
0103 ({1 90))* + a3llg 6n)?) _ 1
302 = g2

3a2

7= BT 90+ a3 ((9, o0) )

3a?
i \/el(a%«f, #0))? + 3({g, 90))?)

For j = 2 and using the same steps, we obtain

3a3
7 \/92<a%<<f, 6o + a3 (g, 00)))

Therefore, fory; = as

3

3
((9.90)%) \/ 0a(((F. o)) +

QCCE RS (—

<<g,¢o>>2>>
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CHAPTER 4

MAXIMIZATION OF THE STABILITY
RADIUS OF SYSTEMS WITH
UNBOUNDED INPUT OPERATOR

4.1 Introduction

For deterministic infinite dimensional systems, subjetbestochastic perturbations, the
problems of robust stability and robust stabilization hiagen studied ir [41], using the
stability radius approach. These problems have been studide case where the op-
erators structure perturbations are bounded and the imewator is bounded.

In this chapter, we consider infinite dimensional systenhgesiied to stochastic per-
turbations with unbounded input operator. These systenysrepaesent perturbations
of partial differential equations with stochastic uncerti@s and boundary or point con-
trol. Our objective is to investigate the maximization oé thtability radius by state
feedback. We consider two cases, the bounded and unbouindeiised perturbations.

In both cases, we proceed with similar arguments but witfeidiht asymptions.
First we give the system description and some charactenzabf the stability radius.
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Next, we establish some technical lemmas. Based on thesedgnuuonditions are
derived for the existence of a stabilizing controller ensyithat the norm of the closed
loop operator below a prespecified bound. Such controlldides called suboptimal

controllers. The suboptimality conditions are obtainedeirms of a Riccati equation
which satisfies an operator inequality. Then, we give a ldweamd for the supremal
achievable stability radius via a Riccati equation. Findilyo illustrative examples of
the theoretical results are given for both cases.

4.2 Systems subjected to stochastic bounded multi-perturbations

4.2.1 System description
LetH, Z,U;,Y;,i € N, real separable Hilbert spaces. Consider the controlledhasac

tic system

{ do(t) = Ax(t)dt + o8 | DA (Ex(t)) dwi(t) + Bu(t)dt, t € R*, @)

z(0) = x¢ € H,
where

H1 Aisthe infinitesimal generator of an exponentially stablayic semigroud S(¢)):>o
onH.

H2 B is alinear operator fronZ to H, (B is generally unbounded as an operator from
Z to M), such thal—A) "B € L(Z,H) for some fixed; , 0 <7 < 3.

Fori € N:
H3 D; is a linear operator frort¥; to H.
H4 F;is a linear operator frorf to ;.
H5 A; € Lip(Y;,U;).

HE (w;(?))ier, -t € N, are independent real Wiener processes on a probabilitespac
(€2, F, pu) relative to an increasing family:),., of o-algebrag 7)., C 7,
such that
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{ £ (wi(t)) = 0

E (wi(t) — wis)) (w;(t) — w;i(s)) = 0;0; (t — ), i, j €N,

whered;; is the Kronecker symbot), > 0. u takes its values in the real separable
Hilbert spacez.

We assume thatA, B) is stabilizable. Our aim is to characterize the supremum
of the stability radii which can be achieved by linear statedback, = Fz.

Let
= { F € L(H, Z); A+ BF is the infinitesimal generato}

of an exponentially stable semigroup

and define

7(A; (D, E)) = sup {r"(A+ BF;(D,E)); F € F}.

4.2.2 Suboptimality Conditions

In order to establish conditions for the existence of sulbbwgdtcontrollersu(t) =
Fux(t) such thatF' € F ando < 7%(A + BF;(D, E)) , for o > 0, we need the
following lemmas.

In this lemma, we establish some elementary results.

Lemma4.1. Leto > 0 ande > 0. If there exists? € L1 (H), such that

2(Px,(A—¢e2BB*P)z) + e 2 (B*Px, B*Px) + (E(a)z, E(a)z) <0, x € D(A)
(4.2)
and
I —0*(0;/02)D;PD; = 0; jEN, (4.3)

thenA, := A — e 2BB*P generates an exponentially stable analytic semigroup.
Moreover,
0 <1 (Ae; (Dy, Ei) ey ) -

Proof. By asymptionsH1 andH2, it follows, that A, = A — e 2BB*P is the
infinitesimal generator of an analytic semigroup®(A. ) (see[44])
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Let us consider irt{ the initial value problem

{dt() Aca(t), t>0, 4.2)

z(0) = zg, xo € H.
We recall that the solution(.) of the system[(4]4) is given by

t
() = S(t)ao — £~ / S(t — $)BB*Px(s)ds.
0
This implies that

@l < [1S®)o]| + 2 /D S(t — ) BB* Pa(s)ds

< \|S(t)m0||+6_2/0 IS(t — $)BB*Pa(s)| ds
15(t)o] + = /
< 1S ()zo] +<" /||St—s> |

t e—w(t—s) .
[ e Pl as

IN

S(t — s)(—A)"EB*Px(s)H ds

B|| 1B Pu(s)] ds

IN

Me ! |zo| + &2

whereB = (—A)™"B, and hence

—2w(t—s)

~112 t
le(®)I1? < 20272 ao” + 227 | B[ 222 / : | B*Pa(s)|* ds.

It follows that

+o00 oo
/ |(t)||* dt < 20> H%H?/ 2wt gy
’ 0

,4’

+00 t —2wt s)
M2/ / — |[B*Pa(s)]” ddt

and the Fubbini Theorem gives

—+o0 400
/ e 2dt < 2M2||x0\|2/ o2t gy
0

+oo  p+too —2w(t s)
+ ‘BH MQ/ / 1B Px(s)||? s
IM? ||I0H A5 +o0 ) +00 672w(t75)
— + 2¢” ‘ MQ/ B*P / —
e Someel () G
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On other hand, since < £, there existds” such that
+00 M?2 2 2 +o0
/ z(t)||]* dt < M= Jlol” + 274 HBH MgK/ | B*Px(s)|” ds.
0 w 0

We shall now prove thaB* Pz (t) € L*(R*, Z). For this purpose, we st(z) :=
(x, Px), wherex solves the system (4.4). From (4.2) we obtain,

d
SV (a()

IN

—e 2(PBB*Pz, 1) — (E(a)x, E(a)z)
< —¢?(PBB*Px,x).

This implies that

| Gvietna < - [ (PBEPa(o).ale)

and therefore
T

V(a(T)) = V((0)) < —5-2/ |B*Px(t)|? dt.
0
SinceP > 0, we have
T
5—2/ |B*Px(@)| dt < V(zo), forall T > 0.
0

Hence .
/ 1B Pa(t)|? dt < K’ |[aol?,
0

and hences* Pz(t) € L*(R", Z). Thereforeg € L*(R™,H) andF. := —¢2B*P €
F.

It follows from (4.2) that
2(PA.x,z) + (B()z, E(a)z) < —e* | B* P (t)|
Thus,
2(PA.x,z) + (E(a)x, E(a)z) < 0,

I —o*0;/a3)D;PD; = 0, jeN

Applying Propositiofi L1 we get that< r*(A.; (D;, E;),.w) and if the inequal-
ity (&.3) is strict, we obtaiw < r*(A.; (D;, E;);cx)-
O]
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The following lemma is of basic importance for the approasédito investigate
the maximization problem.

Lemma4.2.Leto > 0,e > 0 andF € F. If the inequality

2(P(A+ BF)z,z) + e ?(B*Pz,B*Pz) + (E(a)z, E(a)z) <0, x € D(A+ BF)
(4.5)
has a solution”, € £* () satisfying the condition

I —o*0;/a3)D;PyD; =0, jeN (4.6)

then
Fy=—e2B*Py € F ando < r*(A+ BFy; (Dy, B)ex)-

Moreover, there exist®, € LT (#) such that for all: € D(A + BF,), we have
2(P(A+ BFy)x,z) + (E(a)z, E()x) + ¢ ? (B*Pyxr, B*Pyx) = 0,

also,
I —0%0;/a3)D;PD; =0, jeN and P, < P,

Proof. Forz € D(A + BF'), we have

2(Py(A+ BF)x,x) + (E(a)x, E(a)x) + €* (Fx, Fz) = 2(PyAz,z) + (E(a), E(a)z)
+ 2(PyBFz,z)+¢* (Fx,Fx).

SettingF" := ¢F + ¢~ ' B*P,, we get

(Fa,Fa) = (P +e B Ra,(cF += B R)a)
= &*(Fx,Fz) +2(B*Pyr, Fz) + ¢ % (B*Pyx, B*Pyx) .

Hence
<F’x, Fx> — e72(B*Pow, B*Pyz) = &2 (F, Fa) + 2 (B* Pz, Fx) .
SinceF, solves[(4.b), it follows that

2(PyAx,z) + (E(a)z, BE(a)z) + 2 (PyBFz,x) +&* (Fx, Fx) <0,
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so that

2 (PyAz, z) + (E(a)z, E(a)z) — e 2 (B*Pox, B*Pyz) + (F 'z, F'z) < 0.
(4.7)
SetA, :== A + BF, whereF, := —s~2B*P,, we obtain

2 (PyAgz, 7)) = 2 (PyAx, ) — 2¢7* (B*Pyx, B*Pyx) .
From (4.7) it follows that
2 (PyAoz, z) + (E(a)z, E(a)z) + e 2 (B*Pyz, B*Pyz) < — <F,a:, F’x> .
Therefore
2(PyAgr, ) + (E(a)z, E(a)z) + e 2 (B*Pyr, B*Pyz) < 0.  (4.8)

Lemmm shows th&f() - ? ando S rv (AQ, (DZ, EZ)ZEN)

Now, sincel, solves[(4.B), it follows that

2 (PyAopz, ) + <E(a)x, E(a):z:> <0,

E(oz) = ( g?(BOi)PO ) )

By Propositioi LI, there exisf§ € £ () such that

where

2 (P Aoz, x) + <E\(a)x, E(a)x> =0, with P, 2 F,.
Consequently,
2 (P Ayz, x) + e 2 (B* Pox, B* Pox) + (E(a)z, E(a)z) = 0,

and
I —0%(0;/a2)D;PD; =0, jeN.

Applying this lemma iteratively we get the following impartt result.
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Theorem 4.1.Let ' € F. Assume that there exist > 0 ande > 0 such that
the Lyapunov inequality (4.5) has a solutidh € L£*(H) which satisfies the
condition [4.6). Then the Riccati equation

2 (Ax, Pz) + (E(a)z, E(a)z) — e 2 (B*Pz,B*Pz) =0, x € D(A) (4.9)
has a solution? € L (H) satisfying

I—0%6;/0®>)D*PD; =0, j€N, F.=—-¢*B*PeF
J 7 J J

and
(A —e?BB*P; (D;, Ey);ex) > 0.

Proof. Applying Lemmd_4.P iteratively we construct a sequencer@dr opera-
tors (P )ken € L7 (1) which satisfies

2 <Pk+1AkZE,I‘> + (E(a)x, E((I)ZL’) + &2 <B*Pk$, B*Pk{L'> =0, ze€ D(Ak),

I —0°(0;/02)DiPe1D; =0, jeN, and Py, = Py,

whereP, is a solution of[(4.6) and\, := A — e 2BB*P,.
Letting P := lim Py. Hence, for all: € D(A.) we have

k——+o0

2(PA.x, 2)+{E(a)x, E(a)x)+e * (B*Px, B*Px) = 0, where A, := A—< ?BB*P,

and
I —o%0;/a3)D;PD; =0, jeN.
Lemma 4.2 shows that
F.=—e?B*PcF and o <r"(A—c>BB*P;(D;, E});cx).
Since

2(PA.x,x) + (E(a)x, E(a)r) + 2 (v, PBB* Px)
= 2(PAx,z) + (E(a)z, E(a)r) — ¢ 2 (B*Px, B*Px) |
it follows that P satisfies the Riccati equatidn (#.9). This ends the proof. [

94



Chapter 4. Maximization of the stability radius of systems with unbounded ingarator

The following result is another consequence of the aboveoiE#me. Here, we
establish some conditions for the existence of suboptimetrollers.

Proposition 4.1. Let o, > 0. Assume that the Riccati equatidn (4.9) has a
solutionP € £L*(#) such thatl — o*(0;/a2)D;PD; = 0, j € N.Then

Fs c _T and o < rt (A + BF€7 (D27 El)zeﬁ)

Proof. SinceP solves the Riccati equatioh (#.9), we see that
2(P(A—e2BB*P)z,z) + (E(a)z, E(a)x) + e 2 (B*Pz, B*Px) =0, x € D(A).
I — UQ(QJ/Q?)D;(PD] b 0, j c N

By Lemmd 4.2, we obtain the desired result. ]

As a consequence of the proposition/ 4.1 we characterizaufirermal achievable
stability radius via the Riccati equatidn (4.9). We set

, ] o>0; there exist > 0 such thatd.9)) has a solution
P e LT(H)with I — o?(0;/a?)D;PD; =0, jeN |

Corollary 4.1. The following inequality holds

Proof. Lets € S". Then there exist > 0 such that the Riccati equatidn (#.9) has
a solutionP € L£*(H) with

I —o*0;/a3)D;PD; =0, jeN.
By Propositiori 4.1,
o <r”(A+ BF.;(D;, E;),cy) with F. € F.

Therefore, we have the desired result. O

95



Chapter 4. Maximization of the stability radius of systems with unbounded ingarator

4.2.3 Examples

In this section, we present two practical examples to ilatstthe above theoret-
ical results. Denoting by the Dirac Delta function at zero and by the Dirac
Delta function at.

Example 4.1. Consider the stochastic heat equation

dz(t,x) = (L2 g 4 SN A (2(t, 2))dwi(t) + Se(@)u(t)dt, 0<z <1, t>0
2(0,z) = zo(x)
z(t,0) = 2(t,1) =0

(4.10)

To put the problen1(4.10) into the abstract setting, we inicmlthe self-adjoint
operator A = ;;—22 defined on the Hilbert spac = L?(0,1) with D(A) =
H}(0,1) N H?(0,1).

The operatorA generates an exponentially stable semigréip). According to
[8], the eigenvalues ofl are

However, the corresponding eigenfunctions are
on() = V2sinnmz, n>1, ¢olz)=1
Define the following operators:

D; = E;j=1y forall ie{1,..,N} =N,
A; € Lip(H,H),
Bu = dcu, WithB € L(Re, H 277(0,1)).

The problem[(4.10) can be formulated in the abstract fornodews

{ dZ(t) = AZ(t)dt + S| DiN(E:Z(t))dw;(t) + Bu(t)dt (4.11)

2(0) = Z,

Leta € (0;4+00)Y ande > 0. The Riccati equation corresponding to this system
is

2(AZ, PZ)+{E(a)Z, E(0)Z)—e 2 (B*PZ,B*PZ) =0, Z € D(A) (4.12)
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Expressing the solutiof of (4.12) as follows:

+oo
PZ =Y PylZ ¢ e;, ZEH

n,j=1
and using
+oo
1z =S 0z aye. zenih)
n=1
we get
+oo
n=1
and

(B()Z.E(0)7) = 3" o} (FZ.EZ) = Y a2 (2.2)

Also, we have

+00 +oo
B*PZ = B* (Z P {Z, ¢n) ¢j> = (Z P {Z, ) B*ij)

n,j=1 n,j=1

= (Z Poy (Z,60) @(5)) ~ V2 (Z Poy sin(j€) (Z, ¢n>)

n,j=1 n,j=1
So,
+oo  +oo
(B'PZ,B*PZ) =2 > PyjPursin(jr)sin(kns) (Z, ¢n) (Z, dm)
n,j=1m,k=1

Equation [4.1R) becomes

25705 Pana (Z,60)° + 301, 02 (2, 2)
— 272y F® :52:1 P P sin(j) sin(km&) (Z, pn) (Z, pm) = 0

n,j=1

For Z = ¢, k € N*, we get

N
20 Py, + Z af —2e 2 P2 sin® kn¢ = 0
i=1
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Hence
N
—25’2P,€2k sin? kmé + 2\ P, +a =0, where a= Z af
i=1
we have
A= X} + 2ae?sin® kné > 0
Then
A+ VA
2e72s8in” kw&
Or
o0
Pz= ZPk (z,0) by, 2E€H
k=1
Where

At VA
 2e2sin® kné

A = X} + 2ae™?sin® k¢

By

Now we show that

0; N
[-0*(2)D;PD; =0, forallje N (4.13)
0%

J

For somes > 0. LetZ € H, we have

(1= ZP2.2) = Y (- 2)R) 200

Hencel — 02(%)P > 0ifand only if1 — o2(%)P, >0, forall n > 1.

J
o?
J— J
Letj € N. Forn € N*, we have

0

1—-o0*(2)P, >0,
()P 2

. N

of o At VA

— = :
;02 = 2 2sin® nwé’

2
e% 1

>
0a0? — \/)\% + 2ae~2sin* nwé — N,
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Leto such that

N
V2
o< ma;v/2 with a:Za?.
i=1

- Qja
then
on2 1
> i
;a0 272
hence
of . 1 forall n € N*
ora
0,a0? = —2X, "

and because we have

\/)\% +2ae2sin® nwé — N\, > =2\,

Then

1 1
<

VA2 4 2ae2sin? nré — N, ~ 2
Or (4.14) implies that

2
asj 1

>
Ojac® = /X2 + 2 2sin’ nméa — A

for all n € N*

(4.14)

(4.15)

Thus foro < ”\%iﬁ the Riccati equation has a solutidhe £+ (#H) with
0; =
I-0*(%)D:PD; =0, VjeN
a]

Recalling Corollary 4.1l we get

™2
- maneN(\/Q_J)

Example 4.2. Consider the stochastic parabolic equation

r(A; (Dy, Ei)iew) >

dy(x,t) = 7 2(ZL D)t — y(a, t)dt + SN | Ay(y(a, t))dwi(t),

y(@,0) = yo(x),
%(0,t) = ult), 9L(1,t)=0.
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Consider the operatodh = ’/T_Q% — h defined on the Hilbert spactl =
L*(0,1) with

D(A) = {4 € H*(0,1),4(0) = ¢(1) = 0}.

The operatord generates an exponentially stable semigréup, the eigenvalues
of A are
Ap=-n? =1, n>0.

In addition, the corresponding eigenfunctions are
$o=1 and ¢,(z) = V2cosnmz, forall n>1.
Define the following operators:

D; = E;=1y forall ic{1,..,N} =N, with
A; € Lip(H,H),
1 . .
B*y(x) = —ﬁzp(o), with ¢ € D(B”).

The problem([(4.16) takes the following abstract form

{ AY(t) = AY(dt + T2, DA(EYO)dwilt) + Bubydt oy

Y(0) = o
Leta € (0;+00)" ande > 0. Note that the corresponding Riccati equation is

2 (AY, PY) + (E(a)Y, E(a)Y) — e 2 (B*PY,B*PY) =0, Y € D(A)
(4.18)
Assume that we can express the solufibof (4.18) as

+00
PY=> Py V.dn) ¢, Ve

n,7=0

we have .
Ay - Z /\n <y7 ¢n> ¢n7 for y € D(A>’
n=0
Hence

AV, PY) = 3 AP (V.60
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We have
N
(E()Y, B(a Za (EY,EY) =) al (VD)
i=1
Since
n,j=0 n,j=0
1 +o0 \/5 +o00
= __2<an] y¢n ( )):_?<an]<ya¢n>)7
n,j=0 n,j=0
We get
+oo  +oo
(B*PY,B*PY) = Z Y PP (Y, 60) (Y, 6m)
n,j=0 m,k=0
Equation [(4.1B) takes the form
,2 +oco 400
2ZPMA (Y, én) +Za VI == > PPk (V. b0) (Y, bm) =0
n,7=0 m,k=0
ForY = ¢, k € N, we obtain
al 2 22 2
Or
9 N
where a—Zaf
i=1
we have -
A =2 57T4“ 0
Then )
P = o \/K) 0
2e72
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hence .
Py = ZPn V. 6n) b, VEH
whereP, = (Az’fj;ﬁ) Now we show that
0; _
[—0*(“2)D!PD; =0, foralljeN, (4.19)
(0%
J

for somes > 0. LetZ € H, we have

+oo

(1= Py.2) =3 1 2 C5r) o)

J n=1 J

Q

Hencel — o ( )P = 0ifand only ifl — o (Q—JQ)P >0, foralln > 0.
Letj € N. Forn € N, we have

a? 1
<
9] ao )\2 25 2a )\n

Leto such that

hence
oz? S 1 S 1
0,a0?2 — 2 7 —=2(—n?—1)
Then
G 5L (4.20)
0,a02 = —2), '
and because we have
—2
Ny s oy,
7T
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Then
1 1
<
YR+, T
Or (4.20) implies that
2
- 1
5> , (4.21)
0;a0 A2 4 257:42(1 A,
Thus foro < i‘}g the Riccati equation has a solutidh € £ (#) with
1—o2%)prPD; = 0 forallj e N
—a(z)j ;= 0, orall j €
J

Recalling Corollaryf 4.1l we get

V2
minieﬁ(\/e_j)

(A5 (Dy, Bi)jew) 2

4.3 Systems subjected to stochastic unbounded per-
turbations

4.3.1 System description

Let us consider the controlled stochastic system repreddit the equation

dz(t) = Az(t)dt + DA(E(x(t))dw(t) + Bu(t)dt, t >0,
z(0) = xo, o € H, (4.22)
HAHLip <0

We introduce the following assumptions

H1. Aisthe infinitesimal generator of an exponentially stablaic semigroup
(S<t))t20 on#H;

H2. B is alinear operator fron¥ to #, such that

(—A)™"B € L(Z,H) for some fixedn, with 0 <n < %;
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H3. D is generally an unbounded linear operator, in order that,
. : 1
(—A)7"D € L(U,H) for some fixedy, with 0 <~y < 5

H4. E is a linear operator frori to ), such thatF(—A)~° € L(H,Y), with
0 < min{% —%% —n};

H5. (w(?)),cg, Is areal Wiener process on the probability speeer, ;) with
variancey,
u takes its values in the real separable Hilbert sga@ndA < Lip (Y, U).

The goal of this work is to characterize the supremum of thbikty radii which
can be achieved by linear state feedback F'z. For this purpose, we set

z._ F:H — Z; A+ BF isthe infinitesimal generato
of an exponentially stable analytic semigroup |

Define
(A, (D, E)) =sup {r”(A+ BF,(D,E)), FeF}.

4.3.2 Suboptimality Conditions

The aim of this section is to establish conditions for thestxice of suboptimal
controllersu(t) = Fx(t), with

FeF and0 <o <r“(A+ BF;(D,E)).
To do this, we need the following Lemmas.

Lemma 4.3. Leto > 0 ande > 0. If there exists? € L1 (H), such that

2(Px,(A—e2BB*P)z) + ¢ 2(B*Px, B*Px) + (Exz, Ex) <0, x € D((—A)?)
(4.23)
and
I —605>D*PD =0, (4.24)

thenA, := A — e 2BB*P generates an exponentially stable analytic semigroup.
Moreover,
o <r"(As; (D, E)).
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Proof. According to [46, Theorem 2.5.1], it follows from assumpsaH1), (H2)
and (H4) thatd. is the infinitesimal generator of an analytic semigrougf—A)?).

Let us consider i the initial value problem

Lr(t) = A.x(t), te€RT, (4.25)
z(0) = xg, x9 € H. '

We recall that the solution(.) of the system[{4.25) is given by
t
x(t) = S(t)xo — 5_2/ S(t — s)BB*Px(s)ds.
0
This implies that

lz(®)]| < ||S(t)zo| +e2 /OS(t—s)BB*Px(s)ds

< \|S(t)x0||+6_2/0 IIS(t — s)BB*Px(s)| ds
15(t)o]| + &2 /
< ISzl +=" /HSt—s) |

te—w(t s) i
| T 1B Pt as.

S(t — s)(—A)"BB* Px(s)

IA

B|| 1B Pu(s)) ds

IA

Me ! ||zo]| + &2

whereB = (—A)™"B, and hence

2 2 2wt 2 Bl e [fe
eI < 20272 ol +-2=7* B s7 [ s

+00 +oo
/ o) dt < 24 o / —

+o00 t 72w —s)
/ / 1B Pas)|” dsdt

and the Fubbini Theorem gives

—+o0 400
/ e 2dt < 2M2||x0\|2/ o2t gy
0
+oo  p+too —2w(t s)
+ ‘BH MQ/ / |B* P ( s

IM? +o0 +o00 [ —2w(t—s)
202 |z Mg/ |B*Pa(s)|? (/ 6—2dt> ds.
0 s (t - 8) K

| B* Pz(s)||* ds.

It follows that

+2:74||B

+ 274

2w
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On other hand, since < £, there existds” such that
+00 M?2 2 2 +o0
/ ()| dt < w +2:74|B MgK/ |B* Pa(s)||? ds.
0 0
We shall now prove thaB*Pz(.) € L?*(R™, Z). For this purpose, we sét(z) :=

(x, Px), wherer solves the system (4.25). From (4.23) we obtain,

d
SV ()

IN

—e2(PBB*Pz, 1) — (Ex, Ex)
< —¢?(PBB*Px,x).

This implies that

/0 %V(x(t))dt§_5—2 /O (PBB*Pa(t), x(t)) dt.

and therefore

V(a(T)) = V(2(0)) < —e~2 /0 |B*Px(t)|? dt.

SinceP > 0, we have
T
= [ 1B )P < Vi), foralT > o
0

Hence T
=2 [ 1B Po) < K ol
0

and henceB*Pz(.) € L*(R",Z). Therefore,x(.) € L*(RT,H) and F. :=
—e’B*P e F.
It follows from (4.23) that
2(PA.x,x) + (Fx, Ex) < —~%||B*Px(t)||*.
Thus,

2(PA.x,x) + (Ex, Ex) 0,
I —60°D*PD > 0,

IN

andsor < r(A.; (D, E)). If the inequality [4.24) is strict, we get< r*(A.; (D, E)).
O]

106



Chapter 4. Maximization of the stability radius of systems with unbounded ingarator

Now, we prove the following necessary Lemma which is the niagmedient in
the proof of next Theorem.

Lemma4.4.Leto > 0,e > 0 andF € F. If the inequality

2(P(A+ BF)z,x) + ¢ %(B*Pz, B*Pz) + (Ex,Ez) <0, x € D(A+ BF)
(4.26)
has a solution”, € £* () satisfying the condition

I —05*D*PyD = 0, (4.27)

then
Fy=—e?B*Pyc Fando < r“(A + BFy; (D, E)).

Moreover, there exist®, € L7 (#) such that for all: € D(A + BF,), we have
2(P(A+ BFy)x,z) + (Ex, Ex) + ¢ * (B*Pyx, B*Pyz) = 0,

also,
I —0c*D*P,D =0 and P, < P,.

Proof. Forz € D(A + BF'), we have

2(Py(A+ BF)x,x) + (Ex, Ex) + ¢* (Fx, Fz) = 2(PyAz,z)+ (Ew, Ex)
+ 2(PyBFz,v)+&*(Fx, Fr).

Letting F' := ¢ F + ¢~ ' B*P,, we get

(Fa,Fa) = (P +e B Ra,(cF += B R)a)
= &*(Fx,Fz) +2(B*Pyr, Fz) + ¢ % (B*Pyx, B Pyx) .

Hence
<F’x, Fx> — e72(B*Pow, B*Pyz) = &2 (F, Fa) + 2 (B*Pyz, Fx) .
SinceP, solves[(4.26), it follows that

2 (PyAx,x) + (Ex, Ex) + 2 (PyBFx,x) +¢* (Fx, Fx) <0,
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so that
2 (PyAz,z) + (Ex, Ex) — e *(B*Pyz, B*Pyx) + (F'z, F x) <0. (4.28)
SetA, := A+ BF, whereF, := —<~2B*P,, we obtain
2 (PyAgz,w) = 2 (PyAx,z) — 2e7% (B*Pyx, B*Pyzx) .
From (4.28) it follows that
2 (PyAyz,w) + (Ex, Ex) + ¢ 2 (B*Pyx, B*Pyz) < — <F/x, F/:c> :
Therefore
2(PyAoz,z) + (Ex, Ex) + ¢ 2 (B*Pyz, B*Pyz) < 0. (4.29)
Lemma4.B shows thdf, € F ando < r*(Ay; (D, E)).
Now, sinceF, solves[(4.29), it follows that

2 <POAOLU,QZ> + <E\LE’,E.T> S 0,

~ E
FE = .
< 5_1B*P0 )

By Propositio 3.2, there exisf§ € £*(#) such that

where

2(PiAgz,x) + <EQS,EI> =0, with P, < P,.
Consequently,
2 (P Ayz, x) + £ 2 (B* Pyw, B* Pyx) + (Ex, Ex) = 0,

and
I —06*D*P,D = 0.

]

Theorem 4.2. Let F € F. Assume that there exist> 0 ande > 0 such that
the Lyapunov inequality (4.26) has a solutiéh € £1(H) which satisfies the
condition [4.2¥). Then the Riccati equation

2 (Az, Px) + (Ex, Ex) — ¢ 2(B*Px, B*Pz) =0, x € D((—A)°) (4.30)
has a solutionP satisfying

I-00’D*PD =0, F.=—e*B*P e F and r“(A—e?BB*P;(D,E)) > o.
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Proof. The main basic idea of the proof is to iteratively apply thenbea(4.4. To
this end, we construct a sequence of linear operdfrs.cy € £*(H) such that

2(P 1 Agr, z) + (Ex, Ex) + e 2 (B* Py, B*Pyx) = 0, x € D((—A)%),

I— 902D*Pk+1D >0, and P, > PkJrl,

whereP, is a solution of[(4.26) and, := A — e 2BB*P,.
Letting P := lim P,. Hence, for all: € D((—A)?) we have

k—4o00

2(PA.x,2)+(Ex, Ex)+e * (B*Px, B*Pr) = 0, where A, .= A~ >BB*P,

and
I —00*D*PD = 0.
Lemmd4.%4 shows that
F.€ F and 0 <7“(A— ¢ ?BB*P;(D, E)).
Since

2(PA.x,x)+(FEx, Ex)+e ? (v, PBB*Px) = 2 (PAx, x)+(Fx, Ex)—¢ * (B* Pz, B*Pxr),

it follows that P satisfies the Riccati equatidn (4130). This ends the proof.[]

The following result is another consequence of the aboveoi#me. Here, we
establish some conditions for the existence of suboptimatirollers.

Proposition 4.2. Let o, > 0. Assume that the Riccati equatidn (4.30) has a
solutionP € LT (H) such thatl — §o?>D*PD = 0, then

F.e F and o <r“(A+ BF.; (D, E)).

Proof. SinceP solves the Riccati equation (4130), we see that
2(P(A— e 2BB*P)z,z) + (Ex, Ex) + ¢ 2 (B*Px, B*Px) = 0, x € D((—A)?).

I —00’D*PD = 0.

By Lemma 4.4, we obtain the desired result. O
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Let us now state a corollary of Propositibnl4.2 for charazitey the supremal
achievable stability radius via the Riccati equation (4.39r this purpose, we
set

g ._) 7> 0; there exist > 0 such that4.30]) has a solution
| PeLlt(H)with] —0c2D*PD > 0 '

Corollary 4.2. The following inequality holds

77(A; (D, E)) > sup S .

Proof. Letoc € S'. Then there exist > 0 such that the Riccati equation (4130)
has a solutior? € £*(#H) with

I —6005>D*PD = 0.
By propositiof 4.2,
o <r“(A+ BF.;(D,E)) with F. ¢ F.

Therefore, we have the desired result. O

4.3.3 Examples

In this section, we present two practical examples to Hatstthe above theoret-
ical results. Denoting by the Dirac Delta function at zero and by the Dirac
Delta function at.

Example 4.3.Consider the following stochastic parabolic equation with Newma
boundary conditions

%y 1) = LY, t) — y(o,t) + fe(2)ult), 0< 2, <1, 0<t<T,
y(az, O) :yo(l’),

B(0,t) = —c(f,y(0,0)w(t), c€R, feL0,1),

(1) =0

(4.31)
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To put the problen(4.31) into the abstract setting, we inicethe self-adjoint
operatorAh = 327’2‘ — h defined on the Hilbert spack = L?(0, 1) with

D(A) = {z € L*(0,1), % € L*(0,1), %(0) = %(1) = 0}.

The operatorA generates an analytic semigroufit). According to [8], the

eigenvalues ol are
Ap = —(14+n?7?%).

However, the corresponding eigenfunctions are
¢o =1 and ¢,(z) = V2cosnmz forall n> 1.

Define the following operators:

Dy = —6y, with D e L(R, H 27%(0,1)),
Ez = (f,2), with E € L(H,R),
A = ceR,

Bu = deu, with B e L(R, H 27%(0,1)),

The problem[(4.31) can be formulated in the abstract fornmoHews

{ V(t) = AY(t)dt + DAE(Y(t))dw(t) + Bu(t)dt, (4.32)

y(O) = y0~
In this case, we have

1

o™

such that0 < 8 < % and § = 0.
The corresponding Riccati equation reads
2(AY, PY) +(EY,EY) — e *(B*PY, B*PY) = 0. (4.33)

Expressing the solutioR of (4.33) as follows:

+00
PY =Y Py¥.¢n)d;, YVEH,

n,7=0
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and using
AY=3 M .60 6 Y EDA)
we get -
(AY, PY) = f A Pan (Y, 0n))?,
and - .
(EY,EY) = (£, V)" = (2% (Y, 6u) (f, 6u))*.

Also, we have

+00 +oo
BPY =B (Z Pas (¥, 62) @) — V2 Y Pyjcos jmé (V.6,).

n,j=0 n,j=0
So,
+oo 400
(B*PY,B*PY) =2 Y PyjPugcos jmé cos kr& (¥, ¢n) (V, bm) -
n,j=0 m,k=0

Equation [4.3B) becomes

+00 +oo
2% APun((V,00) + (D (Vida) (fr )
n=0 n=0 o ie
— 2677) > PPy cos jré cos kré (¥, ¢n) (V. b)) = 0.
n,j=0 m,k=0

ForY = ¢, k€N, we get
20 P + ((f, ¢1))* — 2672 P cos® kmé = 0.

Hence

e + VA

L2 —2 2 9
= 5t ea s where A = X\, + 277 (f, ¢x)” cos” kmé > 0,

kk

and hence

A+ VA

2e=2cos? nmwé

+oo
PY =Y Py (Y, ¢u) ¢, Where P, :=
n=0
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Now, we show that — o2(§) D*PD = 0 for somes > 0. In fact,
I —o*0)D*PD =0

is equivalent to
+oo

1—20202Pk >0,
k=0
or

i‘) Aot VAT 1
— e2cos?kwé ~ Oo?

which is equivalent to

S 2(f, 1)’ oL
~ fo?’
k=0 \/)\i +2(f, ¢p)* €2 cos? kmé — N
But
- 2(f, 6n)* N~ 2 )
—2X\,

k=0 \/)\Z +2(f, )’ e~ cos? kmé — N =
Assumef(z) is such thatf(z) > 0forall 0 <z < 1. Then

—2)\k

k=0 k=0

=2 (f, )" x4 (S, po)’
P

We have

+oo 2 +00
2 LD o 00y s = 2313 ()’

2.2
— :0(1+n7r)

Leto such that

o? < ! 5 -
2.3130 (f, do)
then .
Z 2(f, ¢k>2 < 1
—2X\r Oo?’
k=0
therefore

i" At VAT 1
e 2cos2kmé — Oo?’
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Thus, 1‘or1.52091W > o the Riccati equatiori{4.33) has a solutibhe L7 (H)
with I — 6o2D*PD > 0.
According to Corollary 4.2, we get
1

> :

1.5209V/0 (£, ¢o)
Example 4.4. Consider the following boundary controlled heat equation om t
interval (0, L), L > 0

(45 (D, E))

Or2(2,1) = Opaz(w,1) — 2(,1) + koe(x) (g, 2(2, 1)) w(t), 0< 2, &< L, t>0,

g € L*(0,L),
2(2,0) = 29(z), 0<ax<L,
0,2(0,t) = u(t), 0yz(L,t)=0, t>0.

(4.34)
In this case, we consider the operatéh = 327’; — h defined on the Hilbert space
H = L*(0, L) with

D(A) = {z € H*(0, L), j—;(O) = Z—;(L) = 0}.

The operatorA generates an analytic semigrowjgt), the eigenvalues of are

—7’L27T2

L2
In addition, the corresponding eigenfunctions are

1 2
b = ﬁ and ¢,(z) = \/;cos ?, forall n > 1.

Define the following operators:

Ay = -1, n>0.

Dz = dcz, with D e L(R, H 27%(0,L)),
Ez = {g,2), with F € L(H,R),
A = keR,

B*p(z) = —(0), with ¢ € D(B*).

The problem[(4.34) takes the following abstract form

(4.35)

dZ(t) = AZ(t)dt + DAE(Z(t))dw(t) + Bu(t)dt,
Z(0) = 2,.
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For this system we have

G 1
=y=-+= — and § =0.
n=-y 4+2,0<5<2an 0
Note that the corresponding Riccati equation is
2(AZ,PZ) +(EZ,EZ) — ¢ *(B*PZ,B*PZ) =0, ZeD(A) (4.36)

Assume that we can express the solufibof (4.36) as

“+o0o
PZ=> Py(Z,60)0;, ZeH

n,j=0
Hence .
AZ = X (Z,¢0) ¢u, for Z € D(A),
n=0
and hence
(AZ,PZ) =) M\Pun((Z,04))
Since

(BZ,EZ) = (9,2),

“+oo
B*PZ = B*(Z P,; (Z,¢n>¢j>

n,j=0
— \f (Z (2, ¢n > ,
n,j=0
Equation [4.3b) takes the form
+00 ,2 +oo 400
2
2)_ MPun((Z.60)) 49, 2) == 3 Y PurPuj (2.0} (£, 6m) = 0
n=0 n,k=0m,j=0
For Z = ¢, k € N, we obtain
, 2e72
206 P + ((9, 01))" — Tpkk =0.
So,
L\, + VA , 22 2
Py = Lw ¥ vA) 2;_2 ), where A = \2 4 = DO %’ ) 0,
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and so .
PZ = an <Za¢n>¢n7
n=0
where )
N —2
Pn _ L()‘n+ A) and A, _ )\Z+ 25 <97 ¢n> )
2e—2 L

Now, we show that — o2(§) D*PD = 0 for somes > 0.
We have

I —0%0)D*PD =0
is equivalent to,

2 nmwé
2 2
1 O'HEOCOS( )P, >0,

or,
L i’f L\, + VA) cos?(254)
2002 — — 2e—2 ’
We have

_9 2 -2 2
2e <g7¢n> _)\n_'_\/)\%_‘_M’ forall n € N,
An)

<97 ¢n>2 < <g7¢n>2
\/)\24_%_)\” T2

it follows that

forall n € N,

2:2 (g, ¢n)” _ 26 % (g, 6n)”
2 <
An \/A” * L = 2L,

thus

2e—2

Z L(\, + VA) cos?(25%) i g, &) cos® Tg)
n=0 n=0
Set

+oo
sy
n=0

1 Z*” L2 1 Lcoth(L)
= - = = _I_ -~ 7
—An = n?m? 4+ L2 2 2
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Leto such that
L

2 <gv ¢0>2 057
Assumey(z) is such thay(x) > 0 forall 0 < z < L. We have

*i (g, 8n)" 0 cos (") _ f 2(g,¢0)°0 _ 1
— —2\, L T4 2L T 207
and hence
1 S X (g, ¢n)? 0 cos (Tg)
202 — =2\, L ’
Or equivalently,
& gbn coS (Tg)
2029 go An ’
hence that .
YA\ + VA
029 — 2e72 — + )
and finally that
— —0'202008 P >0,
Consequently, if
L
~\ 2(g,00)" 05

then the Riccati equatioh (4.86) has a solutiBre £ (#). Moreover,
I —00?D*PD > 0.
According to Corollary 4.2, we get

L

r(A; (D, E)) > W.
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CONCLUSION

In this thesis, we have addressed the problem of robustigttuin for a class of
continuous-time infinite dimentional linear systems satgd to stochastic per-
turbations. As a robustness metric, we used the conceptloifist radius.

At first, an infinite-dimensional system subjected to stetibatructured bounded
perturbations is explored with the goal of maximizing thebdgity radius using a
dynamic compensator. Operator inequalities are used treshe necessary
and sufficient conditions for the existence of a suboptimatjgensator.

The second objetive of the thesis is to study the robustriabgization problem

for systems with unbounded structured stochastic multibpieations. This case
is more important in the applications because it coversdise of partial differen-
tial equations with boundary and pointwise noise. Undeiteaml assumptions,
we have extended the results bf [41] to the unbounded casech@facterized
the stability radius in terms of a Lyapunov equation and tiigemal achievable
stability radius in terms of a Riccati equation.

Finally, we have investigated the problem of maximizingstebility radius when

the system is subjected to bounded or unbounded structeraripations, with

unbounded input operator. We established some conditmmihé existence of
suboptimal controllers. These conditions are obtainedrnms of a Riccati equa-
tion which satisfies an operator inequality. The supremhbies@able stability ra-

dius is characterized via the Riccati equation.
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PERSPECTIVES

We recall here some possible directions for future invesiog.

Most of the results in this thesis as well as in other paperstahilization of
stochastic equations have been proved for parabolic emsatHence, it is quite
restrictive for many applications.

Our future work will be focused on investigating robust dtgbproblems for the
class of stochastic well posed systems introduced in [48].

We are interested by the generalization of our results to @ergeneral setting.
More specifically, for partial differential equations witleterministic uncertain-
ties and boundary noise.

Another possible direction for future work is to provide si@tions to illustrate
the effectiveness of the designed controllers.

While for time invariant systems, most of the robustnesslprab are well under-
stood, many problems for time-varying systems are stilhofddnese are interest-
ing and challenging topics for future work.

Some real world problems in science and engineering can beleaby stochas-
tic differentiel equations driven by fractional Brownian iom and it will be in-
tersting to investigate the stability radius problem foclsgystems.
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