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Abstract

This thesis is mainly concerned with the studies of the robust stabilization of stochas-

tic differential equations in Hilbert spaces. Based on the stability radius approach, we

investigate the robust stabilization of infinite dimensional systems subjected to stochas-

tic structured bounded and unbounded perturbations with bounded and unbounded input

operator. The maximization of the stability radius is studied by state feedback and by

dynamic output feedback. Conditions for the existence of suboptimal controllers are in-

troduced in terms of Riccati equations satisfying some operator inequalities. Moreover,

lower bounds for the supremal achievable stability radius are obtained.

Keywords: Stability radius, Stochastic systems, Stochastic stability, Robust stabiliza-

tion, Dynamic output feedback, Lyapunov equation, Riccati equation, unbounded input

operator, Analytic semigroup.
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GENERAL INTRODUCTION

In most dynamical systems which describe processes in engineering, physics and eco-

nomics, stochastic components and random noise are included. The stochastic aspects

of the models are used to capture the uncertainty about the environment in which the

system is operating and the structure and parameters of the models of physical processes

being studied.

Stochastic evolution equations in infinite dimensions are natural generalizations of

stochastic ordinary differential equations. Their theoryhas motivations coming both

from mathematics and the natural sciences: physics, chemistry and biology. Several

motivating examples of stochastic evolution equations have been presented in Da Prato

and Zabczyk [9], such as examples of purely mathematical motivations (lifts of diffu-

sion processes, Markovian lifting of stochastic delay equations and Zakai’s equation);

examples from physics (random motion of a string, stochastic equation of the free field

and equation of stochastic quantization); examples from chemistry (reaction diffusion

equation); and examples from biology (the cable equation arising in neurophysiology

and equation of population genetics)

In order to design a controller for a plant with complicated dynamic behaviour the

engineer usually considers a simplified model. Then there arises the question of whether

the controller designed on the basis of the model is robust enough to achieve the required

performance when applied to the real system. Since a mathematical model never exactly

5



General introduction

represents the dynamics of a physical plant, the robustnessissue is not only important in

the context of model reduction but is a fundamental problem for the application of con-

trol theory in general. In fact, one of the basic goals of feedback control is to enhance

the robustness of the system. Roughly speaking, a controlleris said to be robust if it

works well for a large class of perturbed models. If this class reflects the uncertain or

neglected features of the plant then one can expect good performance of the controlled

system.

For the past decades, there have been extensive works on studying of robust mea-

sures, where one of the most powerful ideas is the concept of stability radii, intro-

duced by Hinrichsen and Pritchard [30]. The so-called stability radius is defined as

the norm of the smallest perturbations destabilizing the equation, and it answers how

robust is a stability property of a system when the system comes under the effect of

uncertain perturbations. For a known asymptotically stable systemẋ(t) = Ax(t)dt,

its stability radius is the maximalρ > 0 such that all the systems of the forṁx(t) =

(A+D(∆)E)x(t), ‖∆‖ < ρ are asymptotically stable. BothD andE are known matri-

ces defining the structure of the perturbations, but∆ is an unknown disturbance matrix.

For finite-dimensional time-invariant systems there are formulas available for the

stability radius with respect to different classes of perturbations, see ([33, 35]). Similar

problems have been considered for many other types of lineardynamical systems, in-

cluding time-varying and time delay systems, implicit systems, positive systems, linear

systems in infinite-dimensional spaces as well as linear systems with respect to stochas-

tic perturbations (see, e.g., [21, 19, 39, 54, 16]).

For stochastic systems a number of papers have been published which deal with ro-

bust stabilization problems in the spirit ofH∞ -control or the stability radius approach.

Among them we cite([14],[15],[12],[17],[24],[31],[32],[43]) but all these papers con-

sider the case of finite dimensional systems. The aim of this thesis is to study the stabi-

lization problem for infinite dimensional systems subjected to stochastic perturbations,

using the stability radius approach. We mainly focus on two problems:

• The maximization problem with structured bounded perturbations; we investigate

the maximization by dynamic output feedback and by state feedback.

6



General introduction

• The maximization problem with structured unbounded perturbation; we consider

the maximization by state feedback for systems with boundedinput operator and

systems with unbounded input operator.

The design of suboptimal compensators has been studied for finite and infinite di-

mensional deterministic systems and for finite dimensionalstochastic systems. In [31],

they consider continuous finite dimensional systems controlled by dynamic output feed-

back and subjected to stochastic perturbations. Necessaryand sufficient conditions

which guarantee a prescribed stability radius were given interms of matrix inequali-

ties. The corresponding results for discrete-time systemscan be found in the paper of El

Bouhtouri [19]. For infinite dimensional systems subjected to stochastic perturbations,

they studied in [41] the maximization of the stability radius by static state feedback.

This problem was studied assuming that we can measure the entire state. However, for

some control systems this assumption is not always true. Therefore, it is interesting to

examine the optimization problem by dynamic output feedback. This will be the first

objective of the thesis.

The problem of robust stability with respect to stochastic perturbations of unbounded

structure has been studied in [42] according to the assumption that the semigroup is ana-

lytic. Our second objective is to extend their results to themulti-perturbations case. We

give sufficient conditions providing the stability of the perturbed system. These condi-

tions are used to determine a lower bound for the stability radius. Then we study the

maximization of the stability radius by state feedback.

Boundary control is preferable for controlling PDE systems since actuation and

sensing are only through the boundary conditions. The problem of boundary stabi-

lization of parabolic type equations has been widely studied both in the deterministic

case (see, for instance [55, 45]) as well as in the stochasticcase (see, for instance [38]).

Our aim is to present a unique methodology to deal with stabilization problems for

stochastic partial differential equation with boundary control and boundary noise. These

problems arise naturally as models to describe chemical reactions, parabolic Anderson

model (see Carmona & Molchanov, 1994), and the Kardar–Parisi–Zhang equation (see

7



General introduction

Bertini & Giacomin, 1997; Funaki & Quastel, 2015).

We study the maximization problem in the case where the inputoperator is unbounded.

Two problems are investigated. First we consider systems subjected to bounded struc-

tured multi-perturbations, then we consider systems subjected to unbounded structured

perturbations. In the bounded case we extend the results of [40] under some conditions.

A brief description of the organization of this work follows.

In Chapter 1, we recall basic concepts of the theory of differential equations in infinite

dimensional spaces, mainly Hilbert spaces. In this way, such notions as semigroup, ana-

lytic semigroup, exponential stability, stochastic stability, L2-stability, stabilization and

stabilty radius concept.

Chapter 2 is devoted to an investigation of the maximization of the stability radius

by dynamic output feedback. First we give the system description. We recall some

useful results. Some characterizations of the stability radius are given in terms of Lya-

punov inequalities. Necessary and sufficient conditions for the existence of suboptimal

controllers are established. These conditions are given interms of some linear operator

inequalities.

In Chapter 3 we consider a system subjected ton perturbation with unbounded

structure. First, we study the robust stability problem, wederive characterizations of

the stability radius. Then we investigate the maximizationof the radius by state feed-

back. We establish some technical lemmas. Based on these lemmas, conditions are

derived for the existence of a stabilizing controller ensuring that the norm of the closed

loop operator below a prespecified bound.

Chapter 4 is an extensive study of the maximization problem when the input oper-

ator is unbounded. We consider bounded and unbounded structured perturbations. In

both cases we establish conditions for the existence of suboptimal controllers and we

obtain lower bounds for the supremal achievable stability radius via Riccati equations.

We illustrate the results obtained in the thesis on several examples. We consider

the stochastic heat equation with: Internal control and boundary noise, bounded multi-

perturbations and boundary control, boundary control and point-wise noise, point-wise

8



General introduction

control and boundary noise.

Results of chapter 2 are publiched in "Dynamics of Continuous, Discrete and Im-

pulsive Systems, Series B: Applications and algorithms".

Results of chapter 3 are published in "NONLINEAR STUDIES".

Results of chapter 4 are accepted for publication in "Dynamicsof Continuous, Dis-

crete and Impulsive Systems, Series A: Mathematical Analysis".
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NOTATIONS

We list the notations that will be used in the thesis. LetH,U and Y be Hilbert spaces.

L(U ,H) The space of bounded linear operators fromU to H.
L(H) The space of bounded linear operators fromH to H.
‖.‖ The norm in H.
〈., .〉 The inner product inH.
P ≻ 0 P ∈ L(H) is positive 〈Pz, z〉 > 0, for all z ∈ H, z 6= 0.

P � 0 P ∈ L(H) is nonnegative〈Pz, z〉 ≥ 0, for all z ∈ H.
L+(H) The set of self-adjoint linear bounded operatorsP ∈ L(H)

such thatP � 0.

Lip(Y ,U) The set of lipschitzian function∆, such that ∆ : Y → U ,
and ∆(0) = 0.

C([0, T ];H) the space of strongly continuously differentiable functions on

[0, T ] with values in H.
L2(Ω,H) The space of square integrableH -valued functions.

L2
ω(R

+;L2(Ω, H)) The space of non-anticipative stochastic processes.

(Ω;F ;µ) The probability space with nondecreasing family ofσ -algebras.

E(z) The expectation ofz.
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CHAPTER 1

PRELIMINARIES

1.1 Introduction

First we recall some fundamental concepts that are necessary to the comprehension of

our work. Then, we present stability criteria for stochastic systems in Hilbert space.

The following Lemma is an extension of the Schur Lemma for operators, and it is

presented in this chapter with proof.

Lemma 1.1. LetQ,S, T ∈ L (H), such thatQ andS are self-adjoint operators andQ

is coercive.

LetX :=

[
S T

T ∗ Q

]
. The following result holds

X ≻ 0 if and only if Q ≻ 0 and S − TQ−1T ∗ ≻ 0.

Proof. We begin by demonstrating that ifX ≻ 0, thenS ≻ 0, Q ≻ 0 and S −
TQ−1T ∗ ≻ 0 follow. To this end, assume thatX ≻ 0. Three instances are distin-

guished.

11



Chapter 1. Preliminaries

1. Forx =

(
y

0

)
, y ∈ H, we have

〈Xx, x〉 > 0 ⇐⇒
〈[

S T

T ∗ Q

](
y

0

)
,

(
y

0

)〉
> 0

⇐⇒
〈(

Sy

T ∗y

)
,

(
y

0

)〉
> 0.

Hence, for ally ∈ H, 〈Sy, y〉 > 0.

2. Forx =

(
0

y

)
, y ∈ H, we have

〈Xx, x〉 > 0 ⇐⇒
〈[

S T

T ∗ Q

](
0

y

)
,

(
0

y

)〉
> 0

⇐⇒
〈(

Ty

Qy

)
,

(
0

y

)〉
> 0.

Then, for ally ∈ H, 〈Qy, y〉 > 0.

3. Forx =

(
y

−Q−1T ∗y

)
, y ∈ H, we have

〈Xx, x〉 > 0 =⇒
〈[

S T

T ∗ Q

](
y

−Q−1T ∗y

)
,

(
y

−Q−1T ∗y

)〉
> 0

=⇒
〈(

Sy − TQ−1T ∗y

0

)
,

(
y

−Q−1T ∗y

)〉
> 0

So, for ally ∈ H, 〈(S − TQ−1T ∗)y, y〉 > 0.

Secondly, we show that there exists a linear operatorR such that
[
I R∗

0 I

][
S T

T ∗ Q

][
I 0

R I

]
=

[
S − TQ−1T ∗ 0

0 Q

]
.

We have
[
I R∗

0 I

][
S T

T ∗ Q

][
I 0

R I

]
=

[
S +R∗T ∗ + TR +R∗QR T +R∗Q

T ∗ +QR Q

]
.

12



Chapter 1. Preliminaries

ForR = −Q−1T ∗ we haveT ∗ +QR = 0. Thus, we get
[
I R∗

0 I

][
S T

T ∗ Q

][
I 0

R I

]
=

[
S − TQ−1T ∗ 0

0 Q

]
.

It follows fromQ ≻ 0 andS − TQ−1T ∗ ≻ 0 thatX ≻ 0.

1.2 Semigroup concepts

1.2.1 Definition and properties

LetH be a Hilbert space.

Definition 1.1. A strongly continuous semigroup is an operator-valued function S(t)

fromR
+ toL(H) that satisfies the following properties:

1 . S(t+ s) = S(t)S(s) for any s, t > 0.

2 . S(0) = IH.

3 . lim
t→0

‖S(t)z − z‖ = 0, for any z ∈ H.

We shall use the standard abbreviationC0-semigroup for a strongly continuous semi-

group.

Definition 1.2. Let (S(t))t≥0 be aC0-semigroup defined onH. The infinitesimal gener-

atorA of S(t) is the linear operator defined by

Az = lim
h→0

S(h)z − z

h
, z ∈ D(A)

where

D(A) = {z ∈ H, lim
h→0

S(h)z − z

h
exists in H}.

1.2.2 Analytic semigroup

In this section we recall the definition of analytic semigroups and some basic properties

of fractional powers of closed linear operators.

For anyw ∈ R andθ ∈]0; π
2
[ we denote bySw,θ the sector inC:

Sw,θ = {λ ∈ C\{w} : θ ≤ |arg(λ− w)| ≤ π}

13



Chapter 1. Preliminaries

Definition 1.3. We call a linear operatorA in a Hilbert spaceH a sectorial operator

if it is closed densely defined operator such that, for someθ ∈ (0; π
2
) and someM ≥ 1

and a realw , the sectorSw,θ is in the resolvant set ofA and

‖R(λ,A)‖ ≤ M

|λ− w| for all λ ∈ Sw,θ

A particular important class of strongly continuous semigroups is analytic semi-

groups.

Definition 1.4. An analytic semigroup on a Hilbert spaceH is a family of continuous

linear operators onH, (S(t))t≥0, satisfying

1 . S(0) = IH and S(t+ s) = S(t)S(s) for any s, t ≥ 0.

2 . The map t→ S(t)z is real analytic on 0 < t <∞ for all z ∈ H.
3 . lim

t→0+
S(t)z = z, for any z ∈ H.

We have the following relation ship between analytic semigroups and sectorial op-

erators.

Theorem 1.1. 1. If (−A) is a sectorial operator, thenA is the infinitesimal genera-

tor of an analytic semigroup(S(t))t≥0, where

S(t) =
1

2πi

∫

γε,θ

eλtR(λ,−A)dλ, t > 0, θ ∈]π
2
, π[

with

γε,θ = γ+ε,θ ∪ γ−ε,θ ∪ γ0ε,θ

γ
−
+

ε,θ = {z ∈ C : z = w + re
+
−iθ, r ≥ ε}

γ0ε,θ = {z ∈ C : z = w + re
+
−iη, |η| ≤ θ}

2. If A generates an analytic semigroup, then(−A) is sectorial.

Assume that(−A) is a sectorial operator andRe(σ(−A)) > 0.

Definition 1.5. For 0 < α < 1, the bounded linear operator(−A)−α is defined as

follows

(−A)−α =
1

2πi

∫

γε,θ

(−λ)−αR(λ,A)dλ, t > 0, x ∈ H

14



Chapter 1. Preliminaries

We shall denote by(−A)α the inverse of(−A)−α and byD((−A)α) its domain.

Definition 1.6. The operators(−A)α are called fractional powers of(−A).

In the next theorem we collect some simple properties of(−A)α.

Theorem 1.2.We have

1. (−A)α is a closed operator with domainD((−A)α) = rg((−A)−α).

2. α ≥ β impliesD((−A)α) ⊂ D((−A)β).

3. D((−A)α) = H for everyα ≥ 0.

4. If α, β are real then

(−A)α+β = (−A)α(−A)β

onD((−A)γ) whereγ = max{α, β, α + β}.

We conclude this section with some results relating(−A)α and the analytic semi-

group(S(t))t≥0.

Theorem 1.3. [29]

Assume that there existsδ > 0 such thatRe(σ(−A)) > δ > 0.

(1) S(t) : H → D((−A)α) for everyt > 0 andα > 0.

(2) For everyz ∈ D((−A)α) we have

S(t)(−A)αz = (−A)αS(t)z, t > 0.

(3) For α > 0, there existsMα such that

‖(−A)αS(t)‖ ≤Mαt
−αe−δt, t > 0.

15



Chapter 1. Preliminaries

1.3 Stability concepts

1.3.1 Stability

One of the most important aspects of systems theory is that ofstability. Consider the

linear system
dz(t)

dt
= Az(t), z(0) = z0 ∈ H (1.1)

whereA is the infinitesimal generator of aC0-semigroupS(t), t > 0. We shall be

concerned with the following concept of stability.

Definition 1.7. AC0-semigroup(S(t))t≥0, on a Hilbert spaceH is exponentially stable

if there exist positive constantsM andω such that

‖S(t)‖ ≤Me−ωt, for t ≥ 0

ω is called the decay rate, and the supremum over all possible values ofω is the stability

margin ofS(t).

Theorem 1.4. [47]

Consider the system (1.1) defined on a separable real Hilbert spaceH. Then the fol-

lowing relations are equivalent.

(a) S(t) is exponentially stable,

(b) There exists a self-adjoint nonnegative operatorP ∈ L(H) which satisfies the

Lyapunov equation

〈Az, Pz〉+ 〈Pz,Az〉 = −〈z, z〉 , for all z ∈ D(A),

(c) For everyz ∈ H there exists a positive constantγz such that
∫ +∞

0

‖S(t)z‖2 dt ≤ γz

1.3.2 Stabilizability

Let U be Hilbert space andB ∈ L(U ,H). Consider the system

dz(t)

dt
= Az(t) +Bu(t), z(0) = z0 ∈ H

whereA is the infinitesimal generator of aC0-semigroup(S(t))t≥0, on the Hilbert space

H andu ∈ L2(0,∞;U). We recall now the stabilizability definition.

16



Chapter 1. Preliminaries

Definition 1.8. If there exists anF ∈ L(H,U) such thatA + BF generates aC0-

semigroupSF (t), then we say that(A,B) is stabilizable.

1.4 Stochastic processes

Let (Ω,F , µ) a complete probability space. A family{Ft}, t ≥ 0, for which theFt are

sub-σ−fields ofF and form an increasing family ofσ−fields, is called a filtration if

Fs ⊂ Ft ⊂ F for s ≤ t.

Definition 1.9. AnH−valued stochastic process is a mapx : [t0;T ] × Ω → H which

is measurable in the product measure on[t0;T ]× Ω.

Wiener processes are used for modelling white noise disturbances in engineering

systems. The following is one of several equivalent definitions.

Definition 1.10. (ω(t))t≥0 is anH−valued Wiener process on[0, T ] if it is anH−valued

process on[0, T ], such that

ω(t)− ω(s) ∈ L2(Ω,H) for all s, t ∈ [0, T ]

and

1 . E(ω(t)− ω(s)) = 0,

2 . cov(ω(t)− ω(s)) = (t− s)W, where W ∈ L(H) nonnegative and

3 . ω(s4)− ω(s3) and ω(s2)− ω(s1) are independent whenever

0 ≤ s1 ≤ s2 ≤ s3 ≤ s4 ≤ T,

4 . ω(t) has continuous sample paths on [0, T ].

whereE denote the expectation.

This inequality is important and useful in the seequal

Lemma (Burkholder-Davis-Gubdy) 1.1. For arbitrary p ≥ 0, then there exists a con-

stantcp, dependent only onp such that for anyT ≥ 0,

E
(
sup

0≤t≤T

∥∥∥∥
∫ t

0

Φ(s, w)dω(s)

∥∥∥∥
p

H

)
≤ cpE

(∫ T

0

‖Φ(s, w)‖2L2(Ω,H) ds

) p

2

(1.2)

17



Chapter 1. Preliminaries

1.5 Stochastic differential equations

1.5.1 Existence of solution

LetY ,H be Hilbert spaces. We consider the stochastic evolution equation.

{
dx(t) = (Ax(t) + f (x(t))) dt+D (x(t)) dω (t) , t > 0

x(0) = x0 ∈ H.
(1.3)

whereA is the infinitesimal generator of a strongly continuous semigroupS(t) onH,

ω(t) is a Wiener process with covariance operatorW in Y, f : H → H andD(.) : H →
L(Y ,H) satisfy Lipschitz conditions

‖f(y)− f(z)‖ ≤ c1|y − z|, y, z ∈ H, c1 > 0

‖D(y)−D(z)‖ ≤ c2|y − z|, y, z ∈ H, c2 > 0

LetFt be theσ-field given above. We introduce two concepts of a solution of(1.3).

Definition 1.11. x(t) is a strong solution of (1.3) on[t0;T ] if x(t) ∈ D(A) with proba-

bility one for all most allt and satisfies the following:

1 . x(t) ∈ C((t0, T ), L
2(Ω, µ,Y) and

∫ T

t0

‖A(x(t))‖dt < +∞ w.p.1.

2 . x(t) is adapted to Ft and has continuous sample paths.

3 . x(t) = x0 +

∫ T

t0

Ax(s)ds+

∫ T

t0

f(x(s))ds+

∫ T

t0

D(x(s))dω(s) w.p.1.

This concept is very strong, so we introduce a weaker concept.

Definition 1.12. x(t) is a mild solution on[t0;T ] if x(t) ∈ C((t0; t1), L
2(Ω,H)) and

adapted toFt such that

x(t) = S(t− t0)x0 +

∫ T

t0

S(t− t0)f(x(s))ds+

∫ T

t0

S(t− t0)D(x(s))dω(s) (1.4)

The following theorem has been established in [5].

Theorem 1.5.LetT > t0 > 0 be arbitrary and letx0 be measurable relative toFt with

E|x0|2 <∞. Then there exists a unique mild solution of (1.4) inC((t0; t1), L
p(Ω, µ,H)),

p = 2; 4 which is adapted toFt.

18



Chapter 1. Preliminaries

1.5.2 Stochastic stability

For stochastic systems, many definitions of stability have been defined in the literature.

We look atL2-stability in this study.

Consider the system

{
dx(t) = Ax(t)dt+D (x(t)) dω (t) , t > 0

x(0) = x0 ∈ H.
(1.5)

with A andD as above.

Definition 1.13. The system (1.5) is said to beL2-stable if the uniqueFt-adapted so-

lution x(.) onR
+ with initial valuex(0) = x0 satisfies

∫ +∞
0

E
(
‖x(t)‖2

)
dt < +∞ for

everyx0 ∈ H.

Definition 1.14. The system (1.5) is said to be mean square stable if there exist positive

constantsM andω such that

E ‖z(t)‖2 ≤Me−ωt ‖z0‖2 , for any z0 ∈ H, t ≥ 0.

Theorem 1.6. [47] The following statements are equivalent.

(1) There existM > 0 andω > 0 such that

E ‖z(t)‖2 ≤Me−ωt ‖z0‖2 , for any z0 ∈ H, t ≥ 0

(2) There exists a nonnegative operatorP ∈ L(H) such that

2 〈Az, Pz〉+ 〈∆(P )z, z〉 = −〈z, z〉 , z ∈ D(A)

where

〈∆(P )z, z〉 = trD∗(z)PD(z)W

(3) For everyz0 ∈ H, we have

E
∫ +∞

0

‖z(t)‖2 dt < +∞

.
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Chapter 1. Preliminaries

1.6 Stability radius

Consider the system





dx(t) = Ax(t)dt+
N∑
i=1

Di∆i (Eix(t)) dωi (t) , t > 0,

x(0) = x0 ∈ H.
(1.6)

whereA denotes the infinitesimal generator of an exponentially stable semigroupS(t)

in a separable real Hilbert spaceH.

For a given separable real Hilbert spacesUi,Yi, i ∈ N , we consider the family(Di, Ei)i∈N
of operatorsDi ∈ L (Ui,H) , Ei ∈ L (H,Yi) .

∆1, . . . ,∆N are unknown Lipschitz nonlinearities and(wi(t))t∈R+
, i ∈ N, are indepen-

dent real Wiener processes on a probability space(Ω,F , µ).

Set∆ =
N
⊕
i=1

∆i andN = {1, 2, 3, ..., N}. The Lipschitz norm of∆ is given by

‖ ∆ ‖Lip= max
i∈N

‖ ∆i ‖Lip

The stability radius of the system (1.6) is defined as follows.

Definition 1.15. The stochastic stability radius ofA with respect to the perturbation

structure(Di, Ei) and the Wiener processwi(t) is

rw(A; (Di, Ei)i∈N) = inf





‖
N
⊕
i=1

∆i ‖Lip; ∆i ∈ Lip(Yi,Ui)such

that (1.6) is notL2-stable





In this section we recall some characterizations of the stability radius of system

(1.6), established in [40], for later use.

Theorem 1.7.Letσ > 0 and assume there existsP ∈ L+(H) satisfying

2 〈Px,Ax〉+ 〈Ex,Ex〉 = 0, x ∈ D(A), (1.7)

I − θσ2D∗PD � 0, (1.8)

then

rw(A; (D,E)) ≥ σ.
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A similar result can be obtained if we replace the Lyapunov equation (1.7) by the

corresponding Lyapunov inequality.

Proposition 1.1. Let σ > 0. Assume that there existα ∈ (0,+∞)N andP ∈ L+(H)

satisfying

2 〈Px,Ax〉+ 〈E(α)x,E(α)x〉 ≤ 0, for all x ∈ D(A), (1.9)

I−(σ/αj)
2θjD

∗
jPDj � 0, (resp.I−(σ/αj)

2θjD
∗
jPDj ≻ 0), for all j ∈ N, (1.10)

where

〈E(α)x,E(α)x〉 =
N∑

i=1

α2
i 〈Eix,Eix〉 .

Then

rw
(
A; (Di, Ei)i∈N

)
≥ σ,

(
resp.rw

(
A; (Di, Ei)i∈N

)
> σ

)
.

Moreover, the Lyapunov equation

2 〈Px, Ax〉+ 〈E(α)x, E(α)x〉 = 0 (1.11)

has a solutionP0 ∈ L+(H) such thatP � P0.

The following theorem provides a computable formula for thestability radius.

Theorem 1.8. Let (A; (Di;Ei)i∈N) and (ωi(t))i∈N) be as above. Then the associated

stability radius is given by

rw
(
A; (Di, Ei)i∈N

)
= sup

α∈(0,+∞)N

(
max
j∈N

∥∥(θj/α2
j

)
D∗

jP (α)Dj

∥∥
)−1/2

, (1.12)

whereP (α) is the unique solution of (1.11). Ifrw
(
A; (Di, Ei)i∈N

)
< +∞ there exists

a minimum norm destabilizing perturbation∆ =
N
⊕
i=1

∆i, ‖∆‖Lip = rw
(
A; (Di, Ei)i∈N

)
.

Moreover there exist a subsetJ ⊂ N and a scaling vectorαJ ∈ (0,∞)J such that

rw
(
A; (Di, Ei)i∈N

)
= rw

(
A; (Di, Ei)i∈J

)
=

(
max
j∈N

∥∥(θj/α2
j

)
D∗

jP (α)Dj

∥∥
)−1/2

(1.13)

whereP
(
αJ
)
∈ L+(H) is the unique solution of (1.11)
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CHAPTER 2

MAXIMIZATION OF THE STABILITY

RADIUS BY DYNAMIC OUTPUT

FEEDBACK

2.1 Introduction

The goal of the chapter is to design a dynamic output feedbackthat stabilizes and

reaches a stability radius. We follow Hinrichsen & Pritchard (1996) to generalize the

results achieved for finite-dimensional systems to infinite-dimensional ones. We show

that the approach used in the finite dimension may be generalized to the infinite dimen-

sion. Still, the problem is considerably more difficult in the latter, and the findings are

given under additional assumptions such as the coercivity of specific operators.

The following is the outline for the chapter. The system description in the next sec-

tion. We also recollect a few noteworthy outcomes. Lyapunovinequalities are used to

characterize several aspects of the stability radius. The main findings of this chapter are

presented in section 3. Necessary and sufficient conditions, for the existence of subop-

timal controllers are established. These requirements areexpressed as linear operator

inequalities. The chapter comes to a close with an illustration.
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Chapter 2. Maximization of the stability radius by dynamic output feedback

2.2 System description

Let H, W and Z be a separable real Hilbert spaces. Consider a class of infinite-

dimensional uncertain systems, which are described by Itô equations of the form

dx(t) = Ax(t)dt+
N∑

i=1

Di∆i (Eix(t)) dwi(t) + Bu(t)dt, t ∈ R
+, (2.1)

y(t) = Cx(t), t ∈ R
+, (2.2)

x(0) = x0 ∈ H,

whereA denotes the infinitesimal generator of an exponentially stable semigroupS(t) in

H. The input and output operators, respectively, areB ∈ L(W ,H) andC ∈ L(H,Z).

For a given separable real Hilbert spacesUi,Yi, i ∈ N , we consider the family(Di, Ei)i∈N
of operatorsDi ∈ L (Ui,H) , Ei ∈ L (H,Yi) . Moreover, we assume that(A,B) is sta-

bilizable and∆1, . . . ,∆N are unknown Lipschitz nonlinearities and(wi(t))t∈R+
, i ∈ N,

are independent real Wiener processes on a probability space(Ω,F , µ) relative to an in-

creasing family(Ft)t∈R+ of σ−algebras(Ft)t∈R+ ⊂ F , such that

E (wi(t)) = 0 and E (wi(t)− wi(s)) (wj(t)− wj(s)) = δijθi (t− s) , for all i, j ∈ N,

whereδij is the Kronecker symbol,θi > 0 and the disturbances∆i vary inLip (Yi,Ui).

The unknown∆i, i ∈ N, represents uncertainty in the state-dependent gains thatsta-

tionary white noise processesdwi(t) exert on the system’s evolution.

The framework of the perturbations is determined by the family (Di, Ei)i∈N , and the

overall level of stochastic disturbances is identified byσ > 0. Define

‖∆i‖Lip := inf
{
γ > 0; ∀ y, ŷ ∈ Yi : ‖∆i (y)−∆i (ŷ)‖Ui

≤ γ ‖y − ŷ‖Yi

}
.

Overall, (2.1) refers to a set of stochastic systems parametrized by∆i ∈ Lip (Yi,Ui) ,

i ∈ N , with the norm

‖∆i‖Lip < σ.

We note that the Lipschitz norm is used to measure the size of each∆i ∈ Lip (Yi,Ui) .

The goal of this chapter is to determine conditions under which dynamic compen-

sators of the form

dx̂(t) = Hx̂(t)dt+Gy(t)dt, u(t) = F x̂(t) +Ky(t) (2.3)
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Chapter 2. Maximization of the stability radius by dynamic output feedback

can exist, whereH : H → H is a linear operator,G ∈ L(Z,H), F ∈ L(H,W) and

K ∈ L(Z,W) which stabilizes the system and reaches a specified stability radius.

By combining (2.1), (2.2) and (2.3), we get the following system
(
dx(t)

dx̂(t)

)
=

[
A+ BKC BF

GC H

](
x(t)

x̂(t)

)
dt+

N∑
i=1

[
Di

0

]
∆i

([
Ei 0

]( x(t)

x̂(t)

))
dwi(t).

(2.4)

Set

A :=

[
A+ BKC BF

GC H

]
, Di :=

[
Di

0

]
, Ei :=

[
Ei 0

]
andx(t) :=

(
x(t)

x̂(t)

)
.

The system (2.4) can be expressed as follows:

dx(t) = Ax(t)dt+
N∑

i=1

Di∆i (Eix(t)) dwi(t). (2.5)

For all compensators (2.3), arbitrary∆i ∈ Lip (Yi,Ui), i ∈ N , and anyx0 =

(
x0

x̂0

)
,

x̂0 ∈ H, there exists a unique solutionx of (2.5) such thatx(0) = x0, (see [37]). The

proposition that follows will be crucial in establishing suboptimality requirements.

Proposition 2.1. Letσ > 0. The statements below are equivalent:

1. A generates an exponentially stable semigroup such that

rw
(
A; (Di, Ei)i∈N

)
> σ.

2. There existαi > 0, 1 ≤ i ≤ N, and a coercive operatorP ∈ L(H) satisfying

2 〈Px,Ax〉+ 〈E(α)x,E(α)x〉 < 0, for all x ∈ D(A), (2.6)

and

I − (σ/αj)
2θjD

∗
jPDj � 0, for all j ∈ N.

Proof. Assume thatrw
(
A; (Di, Ei)i∈N

)
> σ. Following Theorem 1.8, we have

rw
(
A; (Di, Ei)i∈N

)
= sup

α∈(0,+∞)N

(
max
j∈N

∥∥(θj/α2
j

)
D∗

jP (α)Dj

∥∥
)−1/2

, (2.7)

24



Chapter 2. Maximization of the stability radius by dynamic output feedback

whereP (α) solves

2 〈Px, Ax〉+ 〈E(α)x,E(α)x〉 = 0.

Hence, there existσ′ ∈
(
σ, rw

(
A; (Di, Ei)i∈N

))
andα ∈ (0,+∞)N such that

σ′ ≤
(
max
j∈N

∥∥(θj/α2
j

)
D∗

jP (α)Dj

∥∥
)−1/2

.

Hence

(σ′)
−2 ≥

∥∥(θj/α2
j

)
D∗

jP (α)Dj

∥∥ , for all j ∈ N,

and hence
〈
(σ′)

2 (
θj/α

2
j

)
D∗

jP (α)Djx, x
〉
≤ ‖x‖2 , for all j ∈ N and x 6= 0.

This means 〈
σ2
(
θj/α

2
j

)
D∗

jP (α)Djx, x
〉
< ‖x‖2 , x 6= 0.

Thus

σ2
(
θj/α

2
j

)
x∗D∗

j

(∫ +∞

0

S∗(t)E∗(α)E(α)S(t)dt

)
Djx < ‖x‖2 , x 6= 0.

Pick ε for which

εσ2
(
θj/α

2
j

) ∥∥D∗
jMDj

∥∥ < 1− σ2
(
θj/α

2
j

) ∥∥D∗
jP (α)Dj

∥∥ ,

whereM solves the following Lyapunov equation

2 〈Px,Ax〉+ ε 〈x, x〉 = 0.

We get

εσ2
(
θj/α

2
j

)
〈
x,D∗

jMDjx
〉

‖x‖2
< 1− σ2

(
θj/α

2
j

)
〈
x,D∗

jP (α)Djx
〉

‖x‖2
, x 6= 0.

Thus

σ2
(
θj/α

2
j

)
〈


+∞∫

0

S∗(t) (E∗(α)E(α) + εI)S(t)dt


Djx,Djx

〉
< ‖x‖2 , x 6= 0.
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Consequently, the bounded operator

X :=

+∞∫

0

S∗(t) (E∗(α)E(α) + εI)S(t)dt

is coercive overH and satisfies the Lyapunov equation:

〈XAx, x〉+ 〈Xx,Ax〉+ 〈E(α)x,E(α)x〉+ ε 〈x, x〉 = 0.

Thus,

〈XAx, x〉+ 〈Xx,Ax〉+ 〈E(α)x,E(α)x〉 < 0, x ∈ D(A).

Finally, to obtain the converse propriety, we employ Theorem 1.7 and Proposition 1.1.

2.3 Suboptimality conditions

The following theorem gives necessary conditions for the existence of suboptimal con-

trollers.

Theorem 2.1. Let σ > 0. Given an exponentially stable compensator (2.3) such that

rw
(
A, (Di,Ei)i∈N

)
> σ, then there existα ∈ (0,∞)N , γ, δ > 0, R ∈ H+

n (H) and

S ∈ H+
n (H) coercive operators such that

2 〈x̂, ARx̂〉+ 〈E(α)Rx̂,E(α)Rx̂〉 −
〈
B∗

γ
x̂,
B∗

γ
x̂

〉
< 0, x̂ ∈ H, Rx̂ ∈ D(A), (2.8)

2 〈Sx,Ax〉+ 〈E(α)x,E(α)x〉 −
〈
C

δ
x,
C

δ
x

〉
< 0, x ∈ D(A), (2.9)

R ≻ 0 andS � R−1, (2.10)

I − (σ/αj)
2θjD

∗
jSDj ≻ 0, j ∈ N. (2.11)

Proof. According to Proposition 2.1, there existαi > 0, i ∈ {1 · · ·N} and a coercive

operatorX ∈ L (H×H) satisfying

2 〈Xz,Az〉+ 〈E(α)z, E(α)z〉 < 0, z ∈ D(A), (2.12)

I − (σ/αj)
2θjD

∗
jXDj ≻ 0, j ∈ N. (2.13)
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Assume the partitioning ofX andX−1 is as follows:

X =

[
S T

T ∗ Q

]
, X−1 =

[
R M

M∗ P

]
,

whereR, S, P andQ are self-adjoint operators. We get
[
S T

T ∗ Q

][
R M

M∗ P

]
=

[
IH 0

0 IH

]
.

Or equivalently, 



SR + TM∗ = IH,

SM + TP = 0,

QM∗ + T ∗R = 0,

T ∗M +QP = IH.

By using the fact thatX ≻ 0, and Lemma 1.1 we get

Q ≻ 0, S − TQ−1T ∗ ≻ 0.

We have
{
SR + TM∗ = IH

QM∗ + T ∗R = 0
=⇒

{
SR + TM∗ = IH

M∗ = −Q−1T ∗R

=⇒ SR− TQ−1T ∗R = IH

Using the assumption that(S − TQ−1T ∗)R = IH, we obtain that

R−1 = S − TQ−1T ∗ ≻ 0.

Thus,

R−1 − S = −TQ−1T ∗ � 0.

But, for anyj ∈ N , we have

I − (σ/αj)
2θjD

∗
jXDj = I − (σ/αj)

2θj

[
D∗

j 0
] [ S N

N∗ Q

][
Dj

0

]

= I − (σ/αj)
2θj

[
D∗

jS D∗
jN

] [ Dj

0

]

= I − (σ/αj)
2θjD

∗
jSDj
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So,

I − (σ/αj)
2θjD

∗
jSDj ≻ 0.

Let

J :=

[
I R

0 M∗

]
, z := J

(
x

x̂

)
, x ∈ D(A),

and pickx̂ ∈ H such thatRx̂ ∈ D(A), we have

2 〈Xz,Az〉+ 〈E(α)z,E(α)z〉 < 0, z ∈ D(A).

Alternatively,

2

〈
XJ

(
x

x̂

)
, AJ

(
x

x̂

)〉
+

〈
E(α)J

(
x

x̂

)
, E(α)J

(
x

x̂

)〉
< 0.

Note that since

XJ =

[
S I

T ∗ 0

]
, AJ =

[
A+BKC (A+ BKC)R +BFM∗

GC GCR +HM∗

]
,

and since

E(α)J =

[
E(α) E(α)R

0 0

]
,

we have

2

〈[
S I

T ∗ 0

](
x

x̂

)
,

[
A+ BKC (A+ BKC)R + BFM∗

GC GCR +HM∗

](
x

x̂

)〉

+

〈[
E(α) E(α)R

0 0

](
x

x̂

)
,

[
E(α) E(α)R

0 0

](
x

x̂

)〉
< 0,

Hence

2 〈(A+BKC)x, Sx〉+ 2 〈GCx, T ∗x〉+ 〈E(α)x,E(α)x〉+ 2 〈(A+ BKC)x, x̂〉
+ 〈E(α)x,E(α)Rx̂〉+ 2 〈[(A+ BKC)R +BFM∗]x̂, Sx〉+ 〈E(α)Rx̂,E(α)x〉
+ 2 〈(GCR +HM∗)x̂, T ∗x〉+ 2 〈[(A+ BKC)R +BFM∗]x̂, x̂〉+ 〈E(α)Rx̂,E(α)Rx̂〉 < 0.

For x̂ = 0, we get

2 〈(A+ BKC)x, Sx〉+ 2 〈GCx, T ∗x〉+ 〈E(α)x,E(α)x〉 < 0.
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This gives

2 〈Ax, Sx〉+ 〈E(α)x,E(α)x〉+ 2 〈BKCx, Sx〉+ 2 〈GCx, T ∗x〉 < 0

Also,

2 〈Ax, Sx〉+ 〈E(α)x,E(α)x〉+ 2 〈(SBK + TG)Cx, x〉 < 0.

Thus,

2 〈Ax, Sx〉+ 〈E(α)x,E(α)x〉 −
〈
C

δ
x,
C

δ
x

〉
− δ2 〈(SBK + TG)∗x, (SBK + TG)∗)x〉

+

〈
(
C

δ
+ δ(SBK + TG)∗)x, (

C

δ
+ δ(SBK + TG)∗)x

〉
< 0.

For δ is small enough, we get

2 〈Ax, Sx〉+ 〈E(α)x,E(α)x〉 −
〈
C

δ
x,
C

δ
x

〉
< 0.

Now, forx = 0 we have

2 〈[(A+ BKC)R + BFM∗]x̂, x̂〉+ 〈E(α)Rx̂,E(α)Rx̂〉 < 0,

that means

2 〈ARx̂, x̂〉+ 〈E(α)Rx̂,E(α)Rx̂〉+ 2 〈B(KCR + FM∗)x̂, x̂〉 < 0,

which gives

2 〈x̂, ARx̂〉+ 〈E(α)Rx̂,E(α)Rx̂〉 − γ2 〈(KCR + FM∗)x̂, (KCR + FM∗)x̂〉

−
〈
B∗

γ
x̂,
B∗

γ
x̂

〉
+

〈
(
B∗

γ
+ γ(KCR + FM∗))x̂, (

B∗

γ
+ γ(KCR + FM∗))x̂

〉
< 0.

Forγ is small enough, we receive

2 〈x̂, ARx̂〉+ 〈E(α)Rx̂,E(α)Rx̂〉 −
〈
B∗

γ
x̂,
B∗

γ
x̂

〉
< 0.

Now, we can prove that there is a suboptimal compensator by establishing sufficient

conditions for its existence.
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Chapter 2. Maximization of the stability radius by dynamic output feedback

Theorem 2.2. Assume that (2.8)-(2.11) hold for someα ∈ (0,∞)N , γ > 0, δ > 0,

σ > 0, and for someR, S ∈ H+
n (K) coercive operators, such thatR−1 − S is coercive.

Then there exists a compensator(H,G, F,K) such thatA generates an exponentially

stable semigroup withrw
(
A, (Di,Ei)i∈N

)
> σ.

Proof. We aims to demonstrate the existence of a positive operatorΠ and a compensator

(H,G, F,K) such that

2 〈Xz, Az〉+ 〈E(α)z, E(α)z〉+ 〈Πz, z〉 = 0, (2.14)

for

z := J

(
x

x̂

)
∈ D(A), x ∈ D(A) and x̂ ∈ H such thatRx̂ ∈ D(A).

Equation (2.14) reads as

2 〈(A+BKC)x, Sx〉+ 2 〈GCx, T ∗x〉+ 〈E(α)x,E(α)x〉+ 〈Π11x, x〉
+ 2 〈(A+ BKC)x, x̂〉+ 〈E(α)x,E(α)Rx̂〉+ 〈Π11x,Rx̂〉+ 〈Π12x,M

∗x̂〉
+ 2 〈[(A+BKC)R + BFM∗]x̂, Sx〉+ 〈E(α)Rx̂,E(α)x〉+ 〈E(α)Rx̂,E(α)Rx̂〉
+ 2 〈(GCR +HM∗)x̂, T ∗x〉+ 〈(Π11R +Π12M

∗)x̂, x〉+ 2 〈[(A+ BKC)R + BFM∗]x̂, x̂〉
+ 〈(Π11R +Π12M

∗)x̂, Rx̂〉+ 〈(Π12R +Π22M
∗)x̂,M∗x̂〉 = 0, (2.15)

where

Π :=

[
Π11 Π12

Π12 Π22

]
≻ 0.

Choose

F = − 1

γ2
B∗R−1, G = − 1

δ2
T−1C∗,

K = 0, T = R−1 − S, M = R, Π12 = −Π11,

Π11 = −
(
2SA+ E∗(α)E(α)− 2

δ2
C∗C

)
,

Π22 = Π11 −R−1

(
2AR +RE∗(α)E(α)R− 2

γ2
BB∗

)
R−1,

WhereT is coercive.

30
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We will establish that equality (2.15) holds for this selection. In fact,

2 〈Ax, Sx〉+ 2

〈
(− 1

δ2
T−1C∗)Cx, T ∗x

〉
+ 〈E(α)x,E(α)x〉+ 〈−Π11x,Rx̂〉

+

〈
−
(
2SA+ E∗(α)E(α)− 2

δ2
C∗C

)
x, x

〉
+ 2 〈Ax, x̂〉+ 〈E(α)x,E(α)Rx̂〉

+ 〈Π11x,Rx̂〉+ 2

〈
[AR + B(− 1

γ2
B∗R−1)R]x̂, Sx

〉
+ 〈E(α)Rx̂,E(α)x〉

+ 2

〈
[(− 1

δ2
T−1C∗)CR +HR]x̂, T ∗x

〉
+ 〈(Π11R− Π11R)x̂, x〉

+ 2

〈
[AR + B(− 1

γ2
B∗R−1)R]x̂, x̂

〉
+ 〈(Π11R− Π11R)x̂, Rx̂〉+ 〈E(α)Rx̂,E(α)Rx̂〉

+

〈
[−Π11R + (Π11 −R−1

(
2AR +RE∗(α)E(α)R− 2

γ2
BB∗

)
R−1)R]x̂, Rx̂

〉

= 2 〈Ax̂, x〉+ 〈E∗(α)E(α)Rx̂, x〉+ 2

〈
S[AR− BB∗

γ2
]x̂, x

〉

+ 〈E∗(α)E(α)Rx̂, x〉+ 2

〈[
(−C

∗C

δ2
) + TH

]
Rx̂, x

〉
.

Choice

H = −T−1(SA− C∗C

δ2
+ E∗(α)E(α) + TA)

yields

2

〈
XJ

(
x

x̂

)
, AJ

(
x

x̂

)〉
+

〈
E(α)J

(
x

x̂

)
, E(α)J

(
x

x̂

)〉

+

〈
ΠJ

(
x

x̂

)
, J

(
x

x̂

)〉
= 0, x ∈ D(A), x̂ ∈ H.

Also, pick (
x

x̂

)
=

[
I −I
0 R−1

]
z, z ∈ D(A),

produces

2 〈Xz, Az〉+ 〈E(α)z, E(α)z〉+ 〈Πz, z〉 = 0, z ∈ D(A).

SinceΠ ≻ 0, we may deduce that

2 〈Xz, Az〉+ 〈E(α)z, E(α)z〉 < 0, z ∈ D(A).

Finally, we apply Proposition 2.1 to achieve the required outcome.
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Chapter 2. Maximization of the stability radius by dynamic output feedback

Example 2.1. In this example, let us consider the following heat equation:




∂y
∂t
(x, t) = ∂2y

∂x2 (x, t) +
1
2ǫ
1[x0−ǫ,x0+ǫ](x)u(t) + ∆y(x, t)ξ(t), x ∈ [0, 1],

y(x, 0) = y0(x), x ∈ [0, 1], ∂y
∂x
(0, t) = ∂y

∂x
(1, t) = 0, t ≥ 0,

z(t) = 1
2ν

∫ x1+ν

x1−ν
y(x, t)dx,

(2.16)

where

ξ(t)dt = dw(t), x0, x1 ∈ [0, 1], and ǫ, ν ∈ [0, 1],

with

0 < x0 − ǫ < x0 + ǫ < 1, and 0 < x1 − ν < x1 + ν < 1.

To abstract this problem, we introduce the following operators:

• The self-adjoint operatorAh = d2h
dx2 in the Hilbert spaceH = L2(0, 1) with

D(A) = {h ∈ L2(0, 1),
d2h

dx2
∈ L2(0, 1),

dh

dx
(0) =

dh

dx
(1) = 0}

The operatorA generates an exponentially stable semigroupS(t). Moreover, its

eigenvalues and the corresponeding eigenfunctions are given by (cf. [8])

λn = −n2π2, φn(x) =
√
2 cos(nπx), n ≥ 1, λ0 = 0, φ0 = 1

• B : W → H defined by

Bu(t) =
1

2ǫ
1[x0−ǫ,x0+ǫ](x)u(t);

• C : H → Z defined by

Cf =
1

2ν

∫ x1+ν

x1−ν

f(x)dx;

•
D = I : U → H, ∆ : Y → U , E = I : H → Y , with U = Y = H.

The abstract version of the system (2.16) is as follows:




dY(t) = AY(t)dt+D∆(EY(t))dw(t) + Bu(t)dt, t > 0,

Y(0) = Y0,

z(t) = CY(t), t ≥ 0.

(2.17)
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Chapter 2. Maximization of the stability radius by dynamic output feedback

The compensator is shaped as follows

dŶ(t) = HŶ(t)dt+Gz(t)dt, u(t) = F Ŷ(t) +Kz(t), (2.18)

whereH : H → H is a linear operator, G ∈ L(Z,H), F ∈ L(H,W), K ∈
L(Z,W). Theorem 2.2 is applied to the compensator design. To begin, weidentify the

operatorsR andS that satisfy the requirements (2.8)-(2.11).

Letσ > 0 be given, letY andŶ ∈ H. For f ∈ D(A) we have

Af =
+∞∑

n=1

− (nπ)2 〈f, φn(x)〉φn(x),

.

〈E(α)f, E(α)f〉 = α2 〈Ef,Ef〉 = α2 〈f, f〉 .

Inequality (2.8) reads as

2
〈
Ŷ(t), ARŶ(t)

〉
+ α2

〈
RŶ(t), RŶ(t)

〉
−
〈
B∗

γ
Ŷ(t),

B∗

γ
Ŷ(t)

〉
< 0. (2.19)

Letting

RŶ(t) :=
+∞∑

n=1

rn

〈
Ŷ(t), φn(x)

〉
φn(x), with Ŷ(t) ∈ H, rn :=

2(nπ)2

α2
,

we find

α2r2k − 2(kπ)2rk −
2

(γǫkπ)2
(cos kπǫ sin kπx0)

2 < 0, k ≥ 1.

Through using the knowledge that

Ŷ(t) =
+∞∑

n=1

〈
Ŷ(t), φn(x)

〉
φn(x),

and since

B∗φk(x) =
√
2

(ǫkπ)
cos kπǫ sin kπx0

we derive

B∗
Ŷ(t) =

+∞∑

n=1

〈
Ŷ(t), φn(x)

〉 √
2

(ǫnπ)
cosnπǫ sinnπx0.
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Thus,

2
〈
Ŷ(t), ARŶ(t)

〉
+ α2

〈
RŶ(t), RŶ(t)

〉
−
〈
B∗

γ
Ŷ(t),

B∗

γ
Ŷ(t)

〉

= 2

〈
Ŷ(t),

+∞∑

k=1

− (kπ)2
〈

+∞∑

n=1

rn

〈
Ŷ(t), φn(x)

〉
φn(x), φk(x)

〉
φk(x)

〉

+ α2

〈
+∞∑

k=1

rk

〈
Ŷ(t), φk(x)

〉
φk(x),

+∞∑

n=1

rn

〈
Ŷ(t), φn(x)

〉
φn(x)

〉

− 1

γ2

〈
+∞∑

k=1

〈
Ŷ(t), φk(x)

〉 √
2

(ǫkπ)
cos kπǫ sin kπx0,

+∞∑

n=1

〈
Ŷ(t), φn(x)

〉 √
2

(ǫnπ)
cosnπǫ sinnπx0

〉

= 2

〈
Ŷ(t),

+∞∑

k=1

− (kπ)2rk

〈
Ŷ(t), φk(x)

〉
φk(x)

〉
+ α2

+∞∑

k=1

r2k

〈
Ŷ(t), φk(x)

〉2

− 1

γ2

〈
+∞∑

k=1

〈
Ŷ(t), φk(x)

〉 √
2

(ǫkπ)
cos kπǫ sin kπx0,

+∞∑

n=1

〈
Ŷ(t), φn(x)

〉 √
2

(ǫnπ)
cosnπǫ sinnπx0

〉

Inequality

−2(kπ)2rk + α2r2k −
2

(γǫkπ)2
(cos kπǫ sin kπx0)

2 < 0,

give (2.19).

Now, inequality (2.9) is equivalent to

2 〈SY(t), AY(t)〉+ 〈E(α)Y(t), E(α)Y(t)〉 −
〈
C

δ
Y(t),

C

δ
Y(t)

〉
< 0. (2.20)

Letting

SY(t) :=
+∞∑

k=1

sk 〈Y(t), φk(x)〉φk(x) and Y(t) ∈ H, sk =
α2

(kπ)2
.

We have

−2sk(kπ)
2 + α2 − (

√
2

(δνkπ)
cos kπν sin kπx1)

2 < 0, k ≥ 1.

Using the observation that

Y(t) =
+∞∑

n=1

〈Y(t), φn(x)〉φn(x) and Cφk(x) =

√
2

(νkπ)
cos kπν sin kπx1,
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we get

CY(t) =
+∞∑
n=1

〈Y(t), φn(x)〉
√
2

(νnπ)
cosnπν sinnπx1.

It follows that

2 〈SY(t), AY(t)〉+ 〈E(α)Y(t), E(α)Y(t)〉 −
〈
C

δ
Y(t),

C

δ
Y(t)

〉

= 2

〈
+∞∑

k=1

sk 〈Y(t), φk(x)〉φk(x),
+∞∑

n=1

− (nπ)2 〈Y(t), φn(x)〉φn(x)

〉

+ α2 〈Y(t),Y(t)〉

− 1

δ2

〈 +∞∑
k=1

√
2

(νkπ)
cos kπν sin kπx1 〈Y(t), φk(x)〉 ,

+∞∑
n=1

√
2

(νnπ)
cosnπν sinnπx1 〈Y(t), φn(x)〉

〉

For anyk ≥ 1 we havesk > r−1
k , thenS ≻ R−1.

Thus forσ < π√
θ

we get1−
(
σ
α

)2
θs1 > 0, and henceI − (σ

α
)2θS ≻ 0.

Consequently,

I − (
σ

α
)2θD∗SD ≻ 0.

Inequality (2.20) follows from the fact that

sk(kπ)
2 + α2 − 1

δ2
2

(νkπ)2
(cos kπν sin kπx1)

2 < 0.

Because the conditions of Theorem 2.2 are met, we select the compensator(H,G, F,K)

such that

K = 0, F = − 1

γ2
B∗R−1, M = R,

G = − 1

δ2
N−1C∗, N = R−1 − S,

H = −N−1(SA− C∗C

δ2
+ E∗(α)E(α) +NA).

with

Rz =
+∞∑

n=1

rn 〈z, φn(x)〉φn(x), where rn :=
2(nπ)2

α2
, z ∈ H,

Sz =
+∞∑

n=1

sn 〈z, φn(x)〉φn(x), where sn :=
α2

(nπ)2
, z ∈ H.
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CHAPTER 3

ROBUST STABILITY AND

STABILIZATION OF SYSTEMS WITH

UNBOUNDED

MULTI-PERTURBATIONS

3.1 Introduction

The problems of robust stability and robust stabilization of an infinite dimensional sys-

tem subjected to stochastic bounded structured perturbations have been studied in [41]

using the stability radius approach. In the applications itis important to study these

problems in the case where the perturbations operators structure are unbounded, be-

cause it covers the case of partial differential equations with boundary and pointwise

noise.

Kada and Rebiai [42] considered the problem of robust stability with respect to sin-

gle stochastic perturbations of unbounded structure for a class of infinite dimensional

linear systems described by analytic semigroups. Our first objective in this chapter is

to extend their results to the multiperturbations case. We give sufficient conditions pro-
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Chapter 3. Robust stability and stabilization of systems with unbounded multi-perturbations

viding the stability of the perturbed system. These conditions are used to determine a

computational formula for the stability radius.

The second objective is to study the maximization of the stability radius by state feed-

back. First, we establish some technical lemmas. Based on these lemmas, conditions are

derived for the existence of a stabilizing controller ensuring that the norm of the closed

loop operator below a prespecified bound. Such controllers will be called suboptimal

controllers. The suboptimality conditions are obtained interms of a Riccati equation

which satisfies an operator inequality. The supremal achievable stability radius is char-

acterized via the Riccati equation. Tow examples illustrating the results are treated at

the end.

3.2 Robust stability

3.2.1 System description

LetA be the infinitesimal generator of an analytic exponentiallystable semigroup(S(t))t>0

on the real separable Hilbert spaceH.

We will consider the system

dx(t) = Ax(t)dt+
N∑

i=1

Di∆i (Eix(t)) dωi (t) , t > 0 (3.1)

‖ ∆i ‖Lip< σ, i ∈ N = {1, ..., N} ,

x(0) = x0 ∈ H

where, fori ∈ N = {1, ..., N}, we have

• Di is a linear operator fromUi to H, (Di is generally unbounded as an operator

from Ui to H), such that(−A)−γDi ∈ L(Ui,H) for some fixedγ, 0 ≤ γ < 1
2

,

whereUi is a real separable Hilbert space.

• Ei ∈ L(D((−A)−δ),Yi) with δ < min{1
2
− γ, 1

2
}, such that

Ei(−A)−δ ∈ L(H,Yi), whereYi is a real separable Hilbert spaces.

• ∆i ∈ Lip(Yi,Ui).
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• (wi(t))t∈R+
, i ∈ N, are independent real Wiener processes on a probability space

(Ω,F , µ) relative to an increasing family(Ft)t∈R+
of σ− algebras(Ft)t∈R+

⊂
F , such that

{
E (wi(t)) = 0,

E (wi(t)− wi(s)) (wj(t)− wj(s)) = δijθi (t− s) , i, j ∈ N,

whereδij is the Kronecker symbol andθi > 0.

Existence and uniqueness

In this theorem we establish the existence and uniqueness ofthe solution to the problem

(3.1). We proceed as in [42].

Theorem 3.1. For anyT > 0, there exists a unique mild solution of the equation (3.1)

in C ([0, T ] , L2 (Ω,H)), satisfying the initial conditionx(0) = x0

Proof. The approach adopted to prove this theorem is based on the classical fixed point

Theorem for contractions and on the analytic estimates.

Set ∑
= C

(
[0, T ] , L2 (Ω,H)

)

and define the corresponding norm by

‖x‖∑ =

(
sup

t∈[0,T ]

(E ‖x (t)‖2)
) 1

2

< +∞

The solution of the system (3.1) is given by

x (t) = S(t)x0 +
N∑

i=1

∫ t

0

S(t− s)Di∆i (Eix(t)) dωi (s)

We have

x (t) = S(t)x0+
N∑

i=1

∫ t

0

S(t−s) (−A)γ (−A)−γ Di∆i

(
Ei (−A)−δ (−A)δ x(s)

)
dωi (s)

= S(t)x0 +
N∑

i=1

∫ t

0

S(t− s) (−A)γ D̃i∆i

(
Ẽi (−A)δ x(s)

)
dωi (s)
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whereD̃i = (−A)−γ Di ∈ L (Ui,H) andẼi = Ei (−A)−δ ∈ L (H,Yi).

It follows that

(−A)δ x (t) = (−A)δ S(t)x0+
N∑
i=1

∫ t

0
S(t−s) (−A)δ (−A)γ D̃i∆i

(
Ẽi (−A)δ x(s)

)
dωi (s)

By settingz(t) = (−A)δ x (t) andz0 = z(0) , we obtain

z (t) = S(t)z0 +
N∑

i=1

∫ t

0

S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s) (3.2)

whereβ = γ + δ.

In order to establish existence and uniqueness for (3.1), weestablish the existence

and uniqueness for (3.2). We proceed in three steps.

Step 1: Let

Γ :
∑

→
∑

defined by

Γ (z (t)) = S(t)z0 +
N∑

i=1

∫ t

0

S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

Γ is well defined as a mapping from
∑

to
∑

Since(S(t))t≥0 is an analytic exponentially stable semigroup there exist positive

constantsM ,Mβ, β andω such that

‖S(t)‖ ≤Me−ωt , t > 0 , ω > 0 and
∥∥∥(−A)β S(t)

∥∥∥ ≤Mβt
−βe−ωt.

Now sinceD̃i = (−A)−γ Di ∈ L (Ui,H) andẼi = Ei (−A)−δ ∈,L (H,Yi), there

exist constantsMγ andMδ such that
∥∥∥D̃i

∥∥∥
L(Ui,H)

≤Mγ and
∥∥∥Ẽi

∥∥∥
L(H,Yi)

≤Mδ

we have

‖Γ (z (t))‖2 = 〈Γ (z (t)) ,Γ (z (t))〉

= ‖S(t)z0‖2 +
〈
S(t)z0,

N∑

i=1

∫ t

0

S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

〉

+

〈
N∑

i=1

∫ t

0

S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s) , S(t)z0

〉
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+

〈
N∑
i=1

∫ t

0
S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s) ,

N∑
i=1

∫ t

0
S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

〉

We have

E
(
‖S(t)z0‖2

)
= ‖S(t)z0‖2

E
(〈

S(t)z0,
N∑

i=1

∫ t

0

S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

〉)
= 0

LetGi (s) = S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
, then

E



∥∥∥∥∥

N∑

i=1

∫ t

0

Gi (s) dωi (s)

∥∥∥∥∥

2

 = E

(〈
N∑

i=1

∫ t

0

Gi (s) dωi (s) ,
N∑

j=1

∫ t

0

Gj (s) dωj (s)

〉)

Since the Wiener process are independant, we have fori = j :

E



∥∥∥∥∥

N∑

i=1

∫ t

0

Gi (s) dωi (s)

∥∥∥∥∥

2

 = E

(
N∑

i=1

〈∫ t

0

Gi (s) dωi (s) ,

∫ t

0

Gi (s) dωi (s)

〉)

By Burkholder-Davis-Gundy inequality 1.2, there exist positive constantsci such that

E



∥∥∥∥∥

N∑

i=1

∫ t

0

Gi (s) dωi (s)

∥∥∥∥∥

2

 ≤

N∑

i=1

ci

∫ t

0

E ‖Gi (s)‖2 ds

Then

E
(
‖Γ (z (t))‖2

)
≤ ‖S(t)z0‖2 +

N∑

i=1

ci

∫ t

0

E ‖Gi (s)‖2 ds

≤ ‖S(t)z0‖2 +
N∑

i=1

ci

∫ t

0

E
(∥∥∥S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)∥∥∥
2
)
ds

≤ ‖S(t)z0‖2 +
N∑

i=1

ci

∫ t

0

E
∥∥∥S(t− s) (−A)β

∥∥∥
2 ∥∥∥D̃i

∥∥∥
2 ∥∥∥∆i

(
Ẽiz(s)

)∥∥∥
2

ds

≤M2e−2ωt ‖z0‖2 +
N∑

i=1

ci

∫ t

0

M2
β (t− s)−2β e−2ω(t−s)M2

γK
2
i E
∥∥∥Ẽiz(s)

∥∥∥
2

ds

≤M2 ‖z0‖2 +
N∑

i=1

ciM
2
βM

2
γK

2
iM

2
δ

∫ t

0

(t− s)−2β e−2ω(t−s)E ‖z(s)‖2 ds
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≤M2 ‖z0‖2+
N∑

i=1

ciMi

∫ t

0

(t− s)−2β e−2ω(t−s)E ‖z(s)‖2 ds whereMi =M2
βM

2
γK

2
iM

2
δ

≤M2 ‖z0‖2 +
N∑

i=1

M ′
i

∫ t

0

(t− s)−2β e−2ω(t−s)E ‖z(s)‖2 ds whereM ′
i = ciMi

But ∫ t

0

(t− s)−2β e−2ω(t−s)ds ≤ 1

1− 2β
t1−2β ≤ 1

1− 2β
T 1−2β

hence

E
(
‖Γ (z (t))‖2

)
≤M2 ‖z0‖2 +

N∑

i=1

M ′
i

1

1− 2β
T 1−2β sup

s∈[0,T ]

E ‖z(s)‖2

≤M2 ‖z0‖2 +
1

1− 2β
T 1−2β

(
Nmax

i∈N
M ′

i

)
sup

s∈[0,T ]

E ‖z(s)‖2 < +∞

We conclude thatΓ is well defined on
∑

.

Step 2: Now we show thatΓ maps
∑

into
∑
.

Forh ∈ [0, T ] andt ∈ [0, T − h], we have

Γ (z)(t+ h)−Γ (z)(t) = S(t+h)z0+
N∑

i=1

∫ t+h

0

S(t+h−s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

−
(
S(t)z0 +

N∑

i=1

∫ t

0

S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

)

= (S(t+ h)z0 − S(t)z0) +
N∑

i=1

∫ t

0

S(t+ h− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

−
N∑

i=1

∫ t

0

S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

+
N∑

i=1

∫ t+h

t

S(t+ h− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

= (S(t+ h)z0 − S(t)z0)
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+
N∑

i=1

∫ t

0

(S(t+ h− s)− S(t− s)) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

+
N∑

i=1

∫ t+h

t

S(t+ h− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

From a version of Burkholder-Davis-Gundy inequality 1.2, there existci > 0 andc′i > 0

such that

E
(
‖Γ (z)(t+ h)− Γ (z)(t)‖2

)
≤ ‖S(t+ h)z0 − S(t)z0‖2

+
N∑

i=1

ci

∫ t

0

ε
∥∥∥(S(t+ h− s)− S(t− s)) (−A)β D̃i∆i

(
Ẽiz(s)

)∥∥∥
2

ds

+
N∑

i=1

c′i

∫ t+h

t

E
∥∥∥S(t+ h− s) (−A)β D̃i∆i

(
Ẽiz(s)

)∥∥∥
2

ds

Since(S(t))t≥0 is strongly continuous, we have

lim
h→0

‖S(t+ h)z0 − S(t)z0‖ = 0

and we have

S(t+ h− s) = S(t− s)S(h)

then

S(t+ h− s)− S(t− s) = S(t− s)S(h)− S(t− s) = S(t− s) [S(h)− I]

and ∫ t

0

E
∥∥∥(S(t+ h− s)− S(t− s)) (−A)β D̃i∆i

(
Ẽiz(s)

)∥∥∥
2

ds

=

∫ t

0

E
∥∥∥S(t− s) (S(h)− I) (−A)β D̃i∆i

(
Ẽiz(s)

)∥∥∥
2

ds

≤
∫ t

0

E
(
‖S(h)− I‖2

∥∥∥S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)∥∥∥
2
)
ds

≤ ‖S(h)− I‖2
∫ t

0

Mi (t− s)−2β e−2ω(t−s) sup
s∈[0,T ]

E ‖z(s)‖2 ds

But ∫ t

0

(t− s)−2β e−2ω(t−s)ds ≤ 1

1− 2β
T 1−2β
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It follows that
∫ t

0

E
∥∥∥(S(t+ h− s)− S(t− s)) (−A)β D̃i∆i

(
Ẽiz(s)

)∥∥∥
2

ds

≤Mi ‖S(h)− I‖2 sup
s∈[0,T ]

E ‖z(s)‖2 1

1− 2β
T 1−2β

Then

N∑

i=1

ci

∫ t

0

E
∥∥∥(S(t+ h− s)− S(t− s)) (−A)β D̃i∆i

(
Ẽiz(s)

)∥∥∥
2

ds

N

≤
∑

i=1

ciMi ‖S(h)− I‖2 sup
s∈[0,T ]

E ‖z(s)‖2 1

1− 2β
T 1−2β

≤ ‖S(h)− I‖2 1

1− 2β
T 1−2β

N∑

i=1

M ′
i sup
s∈[0,T ]

E ‖z(s)‖2

≤ ‖S(h)− I‖2 1

1− 2β
T 1−2β

(
Nmax

i∈N
M ′

i

)
sup

s∈[0,T ]

E ‖z(s)‖2 whereM ′
i = ciMi

Now for the last term we have

N∑

i=1

c′i

∫ t+h

t

E
∥∥∥S(t+ h− s) (−A)β D̃i∆i

(
Ẽiz(s)

)∥∥∥
2

ds

≤
N∑

i=1

c′iMi

∫ t+h

t

(t+ h− s)−2βe−2ω(t+h−s) sup
s∈[0,T ]

E ‖z(s)‖2 ds

≤
N∑

i=1

M ′′
i sup
s∈[0,T ]

E ‖z(s)‖2
∫ t+h

t

(t+ h− s)−2βe−2ω(t+h−s)ds whereM ′′
i = c′iMi

But ∫ t+h

t

(t+ h− s)−2βe−2ω(t+h−s)ds ≤ h1−2β

1− 2β

N∑

i=1

c′i

∫ t+h

t

E
∥∥∥S(t+ h− s) (−A)β D̃i∆i

(
Ẽiz(s)

)∥∥∥
2

ds

≤
N∑

i=1

M ′′
i sup
s∈[0,T ]

E ‖z(s)‖2 h1−2β

1− 2β
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≤ sup
s∈[0,T ]

E ‖z(s)‖2 h1−2β

1− 2β

(
Nmax

i∈N
M ′′

i

)

Therefore

E
(
‖Γ (z)(t+ h)− Γ (z)(t)‖2

)
≤ ‖S(t+ h)z0 − S(t)z0‖2

+ ‖S(h)− I‖2 1

1− 2β
T 1−2βNmax

i∈N
M ′

i sup
s∈[0,T ]

E ‖z(s)‖2+ sup
s∈[0,T ]

E ‖z(s)‖2 h1−2β

1− 2β

(
Nmax

i∈N
M ′′

i

)

Then

lim
h→0

E
(
‖Γ (z)(t+ h)− Γ (z)(t)‖2

)
= 0

In order to prove the left continuity ofΓ(z) we have, for allh ∈ [0, t], t ∈ [h, T ]

Γ (z)(t− h)−Γ (z)(t) = S(t−h)z0+
N∑

i=1

∫ t−h

0

S(t−h−s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

−S(t)z0 −
N∑

i=1

∫ t

0

S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

= (S(t− h)z0 − S(t)z0) +
N∑

i=1

∫ t−h

0

S(t− h− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

−
N∑

i=1

∫ t

t−h

S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

= (S(t− h)z0 − S(t)z0)+
N∑

i=1

∫ t−h

0

(S(t− h− s)− S(t− s)) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

−
N∑

i=1

∫ t

t−h

S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

(S(t))t≥0 is strongly continuous then

lim
h→0

‖S(t− h)z0 − S(t)z0‖ = 0

and
N∑

i=1

∫ t−h

0

(S(t− h− s)− S(t− s)) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)
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=
N∑

i=1

∫ t−h

0

S(t− h− s) (I − S(h)) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

= −
N∑

i=1

∫ t−h

0

S(t− h− s) (S(h)− I) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

Then

E



∥∥∥∥∥−

N∑

i=1

∫ t−h

0

S(t− h− s) (S(h)− I) (−A)β D̃i∆i

(
Ẽiz(s)

)
dωi (s)

∥∥∥∥∥

2



≤ ‖S(h)− I‖2
N∑

i=1

c′′iMi

∫ t−h

0

(t− h− s)−2βe−2ω(t−h−s) sup
s∈[0,T ]

E ‖z(s)‖2 ds

≤ ‖S(h)− I‖2 sup
s∈[0,T ]

E ‖z(s)‖2 1

1− 2β
T 1−2β

N∑

i=1

c′′iMi

≤ ‖S(h)− I‖2 sup
s∈[0,T ]

E ‖z(s)‖2 1

1− 2β
T 1−2β

(
Nmax

i∈N
c′′iMi

)

For the last term

N∑

i=1

(
E
∥∥∥∥
∫ t

t−h

S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)∥∥∥∥
2

ds

)

≤
N∑

i=1

c̃i

∫ t

t−h

E
(∥∥∥S(t− s) (−A)β D̃i∆i

(
Ẽiz(s)

)∥∥∥
2
)
ds

≤
N∑

i=1

c̃iMi sup
s∈[0,T ]

E ‖z(s)‖2
∣∣∣∣
∫ t

t−h

(t− s)−2β e−2ω(t−s)ds

∣∣∣∣

≤
N∑

i=1

c̃iMi sup
s∈[0,T ]

E ‖z(s)‖2 h1−2β

1− 2β

≤ sup
s∈[0,T ]

E ‖z(s)‖2 h1−2β

1− 2β

(
Nmax

i∈N
c̃iMi

)

Then

lim
h→0

E
(
‖Γ (z)(t− h)− Γ (z)(t)‖2

)
= 0

45



Chapter 3. Robust stability and stabilization of systems with unbounded multi-perturbations

Step 3: It remains to verify thatΓ is a contraction.

Let z1, z2 ∈
∑

, then

Γ (z1(t))− Γ (z2(t)) = S(t)z0 +
N∑

i=1

∫ t

0

S(t− s) (−A)β D̃i∆i

(
Ẽiz1(s)

)
dωi (s)

−S(t)z0 −
N∑

i=1

∫ t

0

S(t− s) (−A)β D̃i∆i

(
Ẽiz2(s)

)
dωi (s)

=
N∑

i=1

∫ t

0

S(t− s) (−A)β D̃i

(
∆i

(
Ẽiz1(s)

)
−∆i

(
Ẽiz2(s)

))
dωi (s)

Then

E
(
‖Γ (z1(t))− Γ (z2(t))‖2

)

N

≤
∑

i=1

qi

∫ t

0

∥∥∥S(t− s) (−A)β
∥∥∥
2

E
∥∥∥D̃i

(
∆i

(
Ẽiz1(s)

)
−∆i

(
Ẽiz2(s)

))∥∥∥
2

ds

≤
N∑

i=1

qiMi

∫ t

0

(t− s)−2β e−2ω(t−s) sup
s∈[0,T ]

(
E ‖z1(s)− z2(s)‖2

)
ds

≤
N∑

i=1

qiMi
1

1− 2β
T 1−2β sup

s∈[0,T ]

(
E ‖z1(s)− z2(s)‖2

)

≤ 1

1− 2β
T 1−2β

(
Nmax

i∈N
(qiMi)

)
sup

s∈[0,T ]

(
E ‖z1(s)− z2(s)‖2

)

≤M (T ) sup
s∈[0,T ]

(
E ‖z1(s)− z2(s)‖2

)

ThereforeΓ is contractive for enough smallT > 0. For largeT we can proceed in a

usual way by considering the equation on intervals[0, T̃ ] , [T̃ , 2T̃ ] , ... with T̃ enough

small.

3.2.2 Characterizations of the stability radius

LetY =
N
⊕
i=1

Yi andU =
N
⊕
i=1

Ui.

The approach used in this work to characterize the stochastic stability radiusrω
(
A; (Di, Ei)

i∈N

)

is based on the following lemma.
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Lemma 3.1. LetE ∈ L(D((−A)δ),Y), and

y (t) = ES(t)x0 + E
N∑
j=1

∫ t

0
S(t− s)Djvj(s)dωj (s)

= ES(t)x0 +
N∑
j=1

E
∫ t

0
S(t− s)Djvj(s)dωj (s)

(3.3)

wherevj ∈ L2
ω (R

+, L2 (Ω,Uj)), j ∈ N , andx0 ∈ H.

Then

E
(
‖y (t)‖2Y

)
= ‖ES(t)x0‖2 +

N∑

j=1

θj

∫ t

0

E
(∥∥∥ẼS(t− s) (−A)β D̃jvj(s)

∥∥∥
2
)
ds

whereD̃j = (−A)−γ Dj , Ẽ = E (−A)−δ andβ = γ + δ

Moreover,y (.) ∈ L2
ω (R

+, L2 (Ω,Y)) and

‖y‖2L2
ω
=

∫ +∞

0

E
(
‖y (t)‖2

)
dt

=

∫ +∞

0

‖ES(t)x0‖2 dt+
N∑

j=1

θj

∫ +∞

0

E (〈Djvj(s), PDjvj(s)〉) ds

whereP ∈ L (H) is a self-adjoint nonnegative operator satisfying

2 〈Px,Ax〉+ 〈Ex,Ex〉 = 0, x ∈ D (A) . (3.4)

Proof. For anyj ∈ N , we have

E
∫ t

0
S(t− s)Djvj(s)dωj (s) = E

∫ t

0
(−A)−δ (−A)δ S(t− s)Djvj(s)dωj (s)

= E (−A)−δ

∫ t

0

(−A)δ S(t− s)Djvj(s)dωj (s)

= Ẽ

∫ t

0

(−A)δ S(t− s)Djvj(s)dωj (s)

= Ẽ

∫ t

0

(−A)δ S(t− s) (−A)γ (−A)−γ Djvj(s)dωj (s)

= Ẽ

∫ t

0

(−A)δ S(t− s) (−A)γ D̃jvj(s)dωj (s)

=

∫ t

0

ẼS(t− s) (−A)β D̃jvj(s)dωj (s)
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and we have

‖y (t)‖2 = 〈y (t) , y (t)〉

= ‖ES(t)x0‖2 +
〈
ES(t)x0,

N∑

j=1

∫ t

0

ẼS(t− s) (−A)β D̃jvj(s)dωj (s)

〉

+

〈
N∑

j=1

∫ t

0

ẼS(t− s) (−A)β D̃jvj(s)dωj (s) , ES(t)x0

〉

+

∥∥∥∥∥

N∑

j=1

∫ t

0

ẼS(t− s) (−A)β D̃jvj(s)dωj (s)

∥∥∥∥∥

2

Hence

E
(
‖y (t)‖2

)
= ‖ES(t)x0‖2 +

N∑

j=1

θj

∫ t

0

E
(∥∥∥ẼS(t− s) (−A)β D̃jvj(s)

∥∥∥
2
)
ds. (3.5)

Thus

‖y‖2L2
ω
=

∫ +∞

0

E
(
‖y (t)‖2

)
dt =

∫ +∞

0

‖ES(t)x0‖2 dt

+

∫ +∞

0

(
N∑

j=1

θj

∫ t

0

E
(∥∥∥ẼS(t− s) (−A)β D̃jvj(s)

∥∥∥
2
)
ds

)
dt

we have

‖ES(t)x0‖2 =
∥∥∥Ẽ (−A)δ S(t)x0

∥∥∥
2

SinceẼ ∈ L (H,Y) there existsMδ andM ′
δ positive constants such that

∫ +∞

0

‖ES(t)x0‖2 dt =
∫ +∞

0

∥∥∥Ẽ (−A)δ S(t)x0
∥∥∥
2

dt

≤M2
δM

′
δ ‖x0‖2

∫ +∞

0

t−2δe−2ωtdt

From the fact thatδ < 1
2

it follows that
∫ +∞
0

t−2δe−2ωtdt < +∞.

Therefore ∫ +∞

0

‖ES(t)x0‖2 dt < +∞.
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Now we have

I =

∫ +∞

0

(
N∑

j=1

θj

∫ t

0

E
(∥∥∥ẼS(t− s) (−A)β D̃jvj(s)

∥∥∥
2
)
ds

)
dt

=
N∑

j=1

θj

∫ +∞

0

(∫ t

0

E
(∥∥∥ẼS(t− s) (−A)β D̃jvj(s)

∥∥∥
2
)
ds

)
dt

=
N∑

j=1

θj

∫ +∞

0

[∫ +∞

s

E
(∥∥∥ẼS(t− s) (−A)β D̃jvj(s)

∥∥∥
2
)
dt

]
ds

=
N∑

j=1

θj

∫ +∞

0

E
(∫ +∞

s

〈
ẼS(t− s) (−A)β D̃jvj(s), ẼS(t− s) (−A)β D̃jvj(s)

〉
dt

)
ds

=
N∑

j=1

θj

∫ +∞

0

E
(〈

D̃jvj(s),

∫ +∞

s

(
ẼS(t− s) (−A)β

)∗
ẼS(t− s) (−A)β D̃j vj(s)

〉
dt

)
ds

=
N∑

j=1

θj

∫ +∞

0

E
(〈

(−A)−γ Djvj(s),
∫ +∞
s

(
S∗(t− s)

(
(−A)β

)∗ (
Ẽ
)∗)

ẼS(t− s) (−A)β D̃j vj(s)

〉
dt

)
ds

=
N∑

j=1

θj

∫ +∞

0

E
(〈

Djvj(s),
∫ +∞
s

(
S∗(t− s)

(
(−A)β

)∗ (
(−A)−γ)∗ (Ẽ

)∗)

ẼS(t− s) (−A)β (−A)−γ Djvj(s)

〉
dt

)
ds

=
N∑

j=1

θj

∫ +∞

0

E
(〈

Djvj(s),

(
∫ +∞
s

S∗(t− s)
(
(−A)δ

)∗ (
Ẽ
)∗
Ẽ (−A)δ S(t− s) dt)Djvj(s)

〉)
ds

=
N∑

j=1

θj

∫ +∞

0

E
(〈

Djvj(s), (

∫ +∞

s

S∗(t− s)
(
Ẽ (−A)δ

)∗
Ẽ (−A)δ S(t− s) dt)Djvj(s)

〉)
ds

=
N∑

j=1

θj

∫ +∞

0

E
(〈

Djvj(s), (

∫ +∞

s

S∗(t− s)E∗ES(t− s) dt)Djvj(s)

〉)
ds
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Therefore

I =
N∑

j=1

θj

∫ +∞

0

E (〈Djvj(s), PDjvj(s)〉) ds

where

Pz =

∫ +∞

0

S∗(r)E∗ES(r)zdr, z ∈ H

We show thatP is a bounded operator.

Let z ∈ H, we have

〈Pz, z〉 =
〈∫ +∞

0

S∗(r)E∗ES(r)zdr, z

〉
=

〈∫ +∞

0

S∗(r)
(
(−A)δ

)∗
Ẽ∗Ẽ (−A)δ S(r)zdr, z

〉

=

∫ +∞

0

〈
Ẽ (−A)δ S(r)z, Ẽ (−A)δ S(r)z

〉
dr (3.6)

=

∫ +∞

0

∥∥∥Ẽ (−A)δ S(r)z
∥∥∥
2

dr ≥ 0

Therefore

〈Pz, z〉 ≤M2
δM

′
δ ‖z‖2

∫ +∞

0

r−2δe−2ωrdr,

Sinceδ < 1
2

the integral
∫ +∞
0

r−2δe−2ωrdr is bounded. We deduce then thatP ∈
L+ (H) .

Then

∫ +∞

0

E
(
‖y (t)‖2Y

)
dt =

∫ +∞

0

∥∥∥Ẽ (−A)δ S(t)x0
∥∥∥
2

dt+
N∑

j=1

θj

∫ +∞

0

E (〈Djvj(s), PDjvj(s)〉) ds

=

∫ +∞

0

‖ES(t)x0‖2 dt+
N∑

j=1

θj

∫ +∞

0

E (〈Djvj(s), PDjvj(s)〉) ds

Now we show that
∫ +∞
0

E (〈Djvj(s), PDjvj(s)〉) ds <∞. From the previous, we have

for z ∈ U , j ∈ N ,

〈Djz, PDjz〉 =
〈
Djz,

∫ +∞

0

S∗(r)E∗ES(r)Djzdr

〉
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=

〈
(−A)γ D̃jz,

∫ +∞

0

S∗(r)
(
(−A)δ

)∗
Ẽ∗Ẽ (−A)δ S(r) (−A)γ D̃jzdr

〉

=

〈
(−A)γ D̃jz,

∫ +∞

0

S∗(r)
(
(−A)−γ)∗ ((−A)β

)∗
Ẽ∗Ẽ (−A)β (−A)−γ S(r) (−A)γ D̃jzdr

〉

=

〈
(−A)γ D̃jz,

∫ +∞

0

(
(−A)−γ)∗ S∗(r)

(
(−A)β

)∗
Ẽ∗Ẽ (−A)β S(r) (−A)−γ (−A)γ D̃jzdr

〉

=

〈
D̃jz,

∫ +∞

0

S∗(r)
(
(−A)β

)∗
Ẽ∗Ẽ (−A)β S(r)D̃jzdr

〉

=

∫ +∞

0

〈
Ẽ (−A)β S(r)D̃jz, Ẽ (−A)β S(r)D̃jz

〉
dr

=

∫ +∞

0

∥∥∥Ẽ (−A)β S(r)D̃jz
∥∥∥
2

dr

whereβ = δ + γ. Therefore

〈Djz, PDjz〉 ≤M2
βM

′
δM

′
γ ‖z‖2

∫ +∞

0

r−2βe−2ωrdr,

Sinceβ < 1
2

the integral
∫ +∞
0

r−2βe−2ωrdr is bounded. We deduce then that∫ +∞
0

E (〈Djvj(s), PDjvj(s)〉) ds <∞

Now consider the input-output linear map

L̃ : L2
ω

(
R

+, L2 (Ω,U)
)
→ L2

ω

(
R

+, L2 (Ω,Y)
)

defined by (
L̃v
)
(t) = E

N∑
i=1

∫ t

0
S(t− s)Divi(s)dωi (s)

=
N∑
i=1

E
∫ t

0
S(t− s)Divi(s)dωi (s)

(3.7)

By Lemma 3.1,̃Lv ∈ L2
ω (R

+, L2 (Ω,Y)) for anyv ∈ L2
ω (R

+, L2 (Ω,U)) .

Lemma 3.2. The linear map̃L defined by (3.7) has the operator norm

∥∥∥L̃
∥∥∥
L2
ω

=

(
max
i∈N

(θi ‖D∗
iPDi‖)

) 1
2

whereP satisfies (3.4).
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Proof. Let v ∈ L2
ω (R

+, L2 (Ω,U)), we have

∥∥∥L̃v
∥∥∥
2

L2
ω

=

∫ +∞

0

E
(∥∥∥
(
L̃v
)
(t)
∥∥∥
2
)
dt

=
N∑

i=1

θi

∫ +∞

0

E (〈Divi(s), PDivi(s)〉) ds

≤
N∑

i=1

θi

∫ +∞

0

E
(
‖D∗

iPDi‖ ‖vi(s)‖2
)
ds

≤ max
i∈N

(θi ‖D∗
iPDi‖) ‖v‖2L2

ω

Thus ∥∥∥L̃
∥∥∥
L2
ω

≤
(
max
i∈N

(θi ‖D∗
iPDi‖)

) 1
2

Now we will show that there existsv0 ∈ L2
ω (R

+, L2 (Ω,U)) such that

∥∥∥L̃v0
∥∥∥
L2
ω

=

(
max
i∈N

(θi ‖D∗
iPDi‖)

) 1
2

Or

N∑

i=1

θi

∫ +∞

0

ε
(〈
Div

0
i (s), PDiv

0
i (s)

〉)
ds =

(
max
i∈N

(θi ‖D∗
iPDi‖)

) 1
2

Now suppose that

max
i∈N

(θi ‖D∗
iPDi‖) = θi0

∥∥D∗
i0
PDi0

∥∥ .

SinceD∗
i0
PDi0 is self-adjoint, then there existsvi0 such that‖vi0‖ = 1 and

∥∥D∗
i0
PDi0

∥∥ = sup
‖v‖=1

〈
v,D∗

i0
PDi0v

〉
=
〈
vi0 , D

∗
i0
PDi0vi0

〉

We definev0 as follows
{
v0i (t) = 0, t ∈ R

+, i 6= i0

v0i0 (t) = β (t) vi0

whereβ (.) ∈ L2 (R+,R) and‖β (.)‖L2(R+,R) = 1.
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Thenv0 (.) = (v0i (.))i∈N ∈ L2
ω (R

+, L2 (Ω,U)). We have

∥∥v0 (.)
∥∥2
L2
ω
=

N∑

i=1

∫ +∞

0

E
∥∥v0i (s)

∥∥2 ds

=
N∑

i=1

∫ +∞

0

∥∥v0i (s)
∥∥2 ds

=

∫ +∞

0

‖β (s) vi0‖2 ds

= ‖vi0‖2
∫ +∞

0

|β (s)|2 ds

= ‖vi0‖2 = 1

and ∥∥∥L̃v0
∥∥∥
2

L2
ω

=
N∑

i=1

θi

∫ +∞

0

E
(〈
Div

0
i (s), PDiv

0
i (s)

〉)
ds

=
N∑

i=1

θi

∫ +∞

0

(〈
Div

0
i (s), PDiv

0
i (s)

〉)
ds

= θi0

∫ +∞

0

(〈
β (s) vi0 , D

∗
i0
PDi0β (s) vi0

〉)
ds

= θi0

∫ +∞

0

|β (s)|2
∥∥D∗

i0
PDi0

∥∥ ds

= θi0
∥∥D∗

i0
PDi0

∥∥
∫ +∞

0

|β (s)|2 ds
∥∥∥L̃v0

∥∥∥
2

L2
ω

= θi0
∥∥D∗

i0
PDi0

∥∥ = max
i∈N

(θi ‖D∗
iPDi‖)

Therefore
∥∥∥L̃
∥∥∥
L2
ω

=

∥∥∥L̃v0
∥∥∥
L2
ω

‖v0‖L2
ω

=

(
max
i∈N

(θi ‖D∗
iPDi‖)

) 1
2
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Let α ∈ (0,∞)N , and

Dαi

i = α−1
i Di , Eαi

i = αiEi , ∆αi

i (.) = αi∆i

(
α−1
i .
)
, i ∈ N. (3.8)

Then every solution of the perturbed system (3.1) is also a solution of the scaled

perturbed system

x (t) = S(t)x0 +
N∑

i=1

∫ t

0

S(t− s)Dαi

i ∆αi

i (Eαi

i x (s)) dωi (s) , t > 0 (3.9)

The input-output operatorLα : L2
ω (R

+, L2 (Ω,U)) → L2
ω (R

+, L2 (Ω,Y)) of the

system(A; (Dαi

i , E
αi

i )) is given by

(Lαv) (t) =


Lα




v1
...

vN





 (t)

=
N∑

i=1




Eα1
1
...

EαN

N



∫ t

0

S(t− s)Dαi

i (vi (s)) dωi (s) , t > 0

In the following theorem we give an important characterisation of the stability radius

rω
(
A; (Di, Ei)

i∈N

)
in terms of the solution of the Lyapunov equation (3.4).

Theorem 3.2.Suppose that there existα = (αi)
i∈N

∈ (0,+∞)N

andP (α) ∈ L+ (H) satisfying

2 〈P (α)x,Ax〉+ 〈E (α) x,E (α) x〉 = 0, x ∈ D (A) (3.10)

I − (σ/αj)
2 θjD

∗
jP (α)Dj � 0, j ∈ N (3.11)

where〈E (α) x,E (α) x〉 =
N∑
i=1

α2
i 〈Eix,Eix〉 .

Thenrω
(
A; (Di, Ei)

i∈N

)
≥ σ.

Proof. Let ∆ =
N
⊕
i=1

∆i such that∆i ∈ Lip (Yi,Ui) , i ∈ N and‖∆‖Lip < σ , and

suppose thatP (α) ∈ L+ (H) is such that (3.10) and (3.11) hold. The unique solution of

(3.1) with initial conditionx (0) = x0 satisfies the scaled equation (3.9).
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Let

E (α) =




Eα1
1
...

EαN

N


 , yα (t) =




yα1
1 (t)

...

yαN

N (t)


 , uα(t) =




uα1
1 (t)

...

uαN

N (t)




where

uαi

i (t) = ∆αi

i (yαi

i (t)) andyαi

i (t) = Eαi

i (x (t)) , t > 0

For anyi ∈ N , we have

Eαi

i = αiEi = αiEi (−A)−δ (−A)δ = αiẼi (−A)δ = Ẽαi

i (−A)δ

Dαi

i = α−1
i Di = α−1

i (−A)γ (−A)−γ Di = α−1
i (−A)γ D̃i = (−A)γ α−1

i D̃i = (−A)γ D̃αi

i

yα (t) =




Eα1
1
...

EαN

N


S(t)x0+

N∑
i=1




Eα1
1
...

EαN

N



∫ t

0
S(t−s) (−A)γ D̃αi

i (uαi

i (s)) dωi (s)

For anyi ∈ N we have

yαi

i (t) = Eαi

i S(t)x0 +
N∑

i=1

Eαi

i

∫ t

0

S(t− s)Dαi

i (uαi

i (s)) dωi(s)

= Eαi

i (−A)−δ (−A)δ S(t)x0 +
N∑

i=1

Eαi

i

∫ t

0

(−A)−δ (−A)δ S(t− s)Dαi

i (uαi

i (s)) dωi(s)

= Ẽαi

i (−A)δ S(t)x0 +
N∑

i=1

Eαi

i (−A)−δ

∫ t

0

(−A)δ S(t− s)Dαi

i (uαi

i (s)) dωi(s)

= Ẽαi

i (−A)δ S(t)x0 +
N∑

i=1

Ẽαi

i

∫ t

0

(−A)δ S(t− s) (−A)γ D̃αi

i (uαi

i (s)) dωi(s)

= Ẽαi

i (−A)δ S(t)x0 +
N∑

i=1

∫ t

0

Ẽαi

i (−A)δ S(t− s) (−A)γ D̃αi

i (uαi

i (s)) dωi (s)

= Ẽαi

i (−A)δ S(t)x0 +
N∑

i=1

∫ t

0

Ẽαi

i (−A)δ+γ S(t− s)D̃αi

i (uαi

i (s)) dωi (s)

yαi

i (t) = Ẽαi

i (−A)δ S(t)x0+
N∑

i=1

∫ t

0

Ẽαi

i (−A)β S(t− s)D̃αi

i (uαi

i (s)) dωi (s) (3.12)
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whereβ = δ + γ.

For everyT > 0, define the truncationsuαi

i,T ∈ L2
ω (R

+, L2 (Ω,Ui)) , i ∈ N , and

uαT ∈ L2
ω (R

+, L2 (Ω,Ui)) by

uαi

i,T =

{
uαi

i (t) = ∆αi

i (yαi

i (t)) if t ∈ [0, T ]

0 if t > T
, uαT (t) =




uα1
1,T (t)

...

uαN

N,T (t)




Then

‖uαT‖2L2
ω
=

∫ +∞

0

E
(
‖uαT (t)‖2

)
dt

=

∫ T

0

E
(
‖uαT (t)‖2

)
dt

=

∫ T

0

E
(

N∑

i=1

∥∥uαi

i,T (t)
∥∥2
)
dt

=

∫ T

0

(
N∑

i=1

∫

Ω

‖∆αi

i (yαi

i (t, ω))‖2 dµ (ω)
)
dt

=

∫ T

0

(
N∑

i=1

‖∆αi

i ‖2Lip
∫

Ω

(yαi

i (t, ω))2 dµ (ω)

)
dt

≤ max
i∈N

‖∆αi

i ‖2Lip
∫ T

0

N∑

i=1

E
(
‖yαi

i (t)‖2
)
dt

≤ ‖∆α‖2Lip
∫ T

0

E
(
‖yα (t)‖2

)
dt

Hence

‖uαT‖2L2
ω
≤ ‖∆α‖2Lip

∫ T

0

E
(
‖yα (t)‖2

)
dt (3.13)

Now defineyαT as the output of the system(A, (Dαi

i , E
αi

i )) generated by the input

uαT with initial conditionx (0) = x0.

Then

yαT (t) = E (α)S(t)x0 + LαuαT (t) , t > 0 (3.14)

and (∫ T

0

E
(
‖yα (t)‖2

)
dt

) 1
2

≤ ‖yαT‖L2
ω

56



Chapter 3. Robust stability and stabilization of systems with unbounded multi-perturbations

≤ ‖E (α)S(t)x0‖+ ‖Lα‖ ‖uαT‖L2
ω

Using (3.13), we obtain

(∫ T

0

E
(
‖yα (t)‖2

)
dt

) 1
2

≤ ‖E (α)S(t)x0‖+‖Lα‖ ‖∆α‖Lip
(∫ T

0

E
(
‖yα (t)‖2

)
dt

) 1
2

(3.15)

The second condition implies that

1−
(
σ

αj

)2

θj
∥∥D∗

jPDj

∥∥ ≥ 0, for any j ∈ N

Thus

max
j∈N

θj
∥∥α−2

j D∗
jPDj

∥∥ ≤ σ−2

hence

max
j∈N

θj
∥∥(α−1

j D∗
j

)
P
(
α−1
j Dj

)∥∥ ≤ σ−2

Therefore

max
j∈N

θj
∥∥(Dαj

j

)∗
PD

αj

j

∥∥ ≤ σ−2

By Lemma 3.2 we obtain

‖Lα‖2 ≤ σ−2

Now since‖∆‖Lip = ‖∆α‖Lip < σ, the operatorLα∆α is a truncation onL2
ω (R

+, L2 (Ω,Y))

with ξ := ‖Lα‖ ‖∆α‖Lip < 1. By the inequality (3.15) for allT > 0, we get that

(∫ T

0

E
(
‖yα (t)‖2

)
dt

) 1
2

≤ (1− ξ)−1 ‖E (α)S(t)x0‖

Thenyαi

i ∈ L2
ω (R

+, L2 (Ω,Yi)) anduαi

i = ∆αi (yαi

i ) ∈ L2
ω (R

+, L2 (Ω,Ui)) .

By Lemma 3.1 the solutionx (.) of (3.9) belongs toL2
ω (R

+, L2 (Ω,H)) .

We conclude then that

rω
(
A; (Di, Ei)

i∈N

)
≥ σ

As a consequence of this theorem we have the following corollary which enables us

to obtain a lower bound for the stability radius
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Corollary 3.1.

rω
(
A; (Di, Ei)

i∈N

)
≥ sup

α∈(0,∞)N
(max

i∈N

(
θi
α2
i

)
‖D∗

iP (α)Di‖)
−1
2

Proof. 1. For i ∈ N , if ‖D∗
iP (α)Di‖ = 0 thenI −

(
σ
αi

)2
θiD

∗
iP (α)Di ≻ 0, for all

σ > 0 andαi ∈ (0,∞), i ∈ N . From Theorem 3.2 we obtain thatrω (A; (Di, Ei))i∈N =

+∞.

2. Asume that‖D∗
iP (α)Di‖ 6= 0, for anyu ∈ Ui, α ∈ (0,∞)N ,i ∈ N , we obtain

that

‖D∗
iP (α)Di‖ ≥ 〈D∗

iP (α)Diu, u〉
‖u‖2

Then we get that

〈D∗
iP (α)Diu, u〉 ‖D∗

iP (α)Di‖−1 ≤ ‖u‖2

and

‖u‖2 −



( θi
α2
i

‖D∗
iP (α)Di‖)

−1
2

αi




2

θi 〈D∗
iP (α)Diu, u〉 ≥ 0

thus

1−



( θi
α2
i

‖D∗
iP (α)Di‖)

−1
2

αi




2

θi ‖D∗
iP (α)Di‖ ≥ 0

Therefore

1−



( θi
α2
i

‖D∗
iP (α)Di‖)

−1
2

αi




2

θi ‖D∗
iP (α)Di‖ ≥ 0

which implies that

rω
(
A; (Di, Ei)

i∈N

)
≥ (

θi
α2
i

‖D∗
iP (α)Di‖)

−1
2 ≥

(
max
i∈N

(
θi
α2
i

‖D∗
iP (α)Di‖)

)−1
2

Hence

rω
(
A; (Di, Ei)

i∈N

)
≥ sup

α∈(0,∞)N
(max

i∈N

θi
α2
i

‖D∗
iP (α)Di‖)

−1
2

A similar result can be obtained if we replace the Lyapunov equation (3.10) by the

corresponding Lyapunov inequality.
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Corollary 3.2. Suppose that there existα ∈ (0,+∞)N , P ∈ L+(H) satisfying

2 〈Px,Ax〉+ 〈E(α)x,E(α)x〉 ≤ 0, x ∈ D(A) (3.16)

I − σ2(θj/α
2
j )D

∗
jPDj � 0 (resp I − σ2(θj/α

2
j )D

∗
jPDj ≻ 0), j ∈ N (3.17)

Thenrw(A; (Di, Ei)i∈N) ≥ σ ( resprw(A; (Di, Ei)i∈N) > σ ).

In this case the Lyapunov equation

2 〈Px,Ax〉+ 〈E(α)x,E(α)x〉 = 0, x ∈ D(A) (3.18)

has a solutionP0 ∈ L+(H) such thatP � P0.

Proof. Suppose that there existα ∈ (0,+∞)N , P ∈ L+(H) satisfying

2 〈Px,Ax〉+ 〈E(α)x,E(α)x〉 ≤ 0, x ∈ D(A)

or

2 〈Px,Ax〉+
n∑

i=1

αi 〈Eix,Eix〉 ≤ 0, x ∈ D(A)

since

Ei = Ei(−A)−δ(−A)δ = Ẽi(−A)δ

then

2 〈Px,Ax〉+
n∑

i=1

αi

〈
Ẽi(−A)δx, Ẽi(−A)δx

〉
≤ 0, x ∈ D(A)

Now, becauseA is the infinitesimal generator of an analytic exponentiallystable semi-

groupS(t), there existsP0 ∈ L+(H) such that

2 〈P0x,Ax〉+ 〈E(α)x,E(α)x〉 = 0

Or

2 〈P0x,Ax〉+
n∑

i=1

αi 〈Eix,Eix〉 = 0

Then forx ∈ D(A), we have

2 〈P0x,Ax〉+
n∑

i=1

αi

〈
Ẽi(−A)δx, Ẽi(−A)δx

〉
= 0,
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SettingX = P − P0, we get

2 〈Xx,Ax〉 ≤ 0, x ∈ D(A)

Applying the Lyapunov Theorem we obtain thatX � 0, thusP � P0.

Hence conditions (3.10) and (3.11) are satisfied. By applyingTheorem 3.2 we deduce

thatrw(A; (Di, Ei)i∈N) ≥ σ.

ForJ ⊂ N andαJ ∈ (0,∞)J , we defineP
(
αJ
)
=
∫ +∞
0

S∗(t)

(∑
i∈J
α2
iE

∗
iEi

)
S(t)dt

the solution of the inequality (3.16).

Then

θj/α
2
jD

∗
jP (α

J)Dj =
∑

i∈J

(
α2
i /α

2
j

)
θj

∫ +∞

0

D∗
jS

∗(t)E∗
iEi S(t)Djdt

=
∑

i∈J

(
α2
i /α

2
j

)
Hij , j ∈ J

whereHij = θj
∫ +∞
0

D∗
jS

∗(t)E∗
iEi S(t)Djdt , i, j ∈ N.

We will show thatHij ∈ L+ (H) .

Let uj ∈ H, we have

〈Hijuj, uj〉 =
〈
θj

∫ +∞

0

D∗
jS

∗(t)E∗
iEi S(t)Djujdt, uj

〉

= θj

∫ +∞

0

〈
D∗

jS
∗(t)E∗

iEi S(t)Djuj, uj
〉
dt

= θj

∫ +∞

0

〈Ei S(t)Djuj , Ei S(t)Djuj〉 dt

= θj

∫ +∞

0

‖Ei S(t)Djuj‖2 dt ≥ 0

But
∫ +∞

0

‖Ei S(t)Djuj‖2 dt =
∫ +∞

0

∥∥∥Ẽi (−A)δ S(t) (−A)γ D̃juj

∥∥∥
2

dt

=

∫ +∞

0

∥∥∥ẼiS(t) (−A)β D̃juj

∥∥∥
2

dt, where β = δ + γ
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hence

〈Hijuj, uj〉 ≤ θj

∫ +∞

0

∥∥∥Ẽi

∥∥∥
2 ∥∥∥S(t) (−A)β

∥∥∥
2 ∥∥∥D̃j

∥∥∥
2

‖uj‖2 dt

≤ θj

∥∥∥Ẽi

∥∥∥
2 ∥∥∥D̃j

∥∥∥
2

‖uj‖2
∫ +∞

0

e−2ωt

t2β
dt

≤ θjM
2
iδM

2
jγ

(∫ +∞

0

e−2ωt

t2β
dt

)
‖uj‖2

Sinceβ < 1
2
, the integral

(∫ +∞
0

e−2ωt

t2β
dt
)

is bounded. We deduce thatHij ∈
L+ (H) .

Lemma 3.3. [40] Let µ̂ = inf
α∈(0,+∞)N

max
j∈N

∥∥∥∥∥
∑
i∈N

(αi/αj)
2Hij

∥∥∥∥∥ . There exist a subset

J ⊂ N and for everyδ > 0, a vectorα ∈ (0,+∞)N , such that
∥∥∥∥∥∥

∑

i∈N

(αi/αj)
2Hij

∥∥∥∥∥∥
≤ µ̂+ δ , j ∈ N

∥∥∥∥∥
∑

i∈J
(αi/αj)

2Hij

∥∥∥∥∥ = µ̂, j ∈ J

Now we establish a computational formula for the stability radius

Theorem 3.3. Let
(
A; (Di, Ei)i∈N

)
and (ωi (t))i∈N be as above. Then the associated

stability radius is given by

rω
(
A; (Di, Ei)i∈N

)
= sup

α∈(0,∞)N
(max

j∈N

∥∥(θj/α2
j

)
D∗

jP (α)Dj

∥∥)−1
2 (3.19)

whereP (α) is the unique solution of (3.10). Ifrω
(
A; (Di, Ei)

i∈N

)
< +∞, there

exists a minimum norm destabilizing perturbation∆ =
N
⊕
i=1

∆i,

‖∆‖Lip = rω
(
A; (Di, Ei)

i∈N

)
.

Moreover there exist a subsetJ ⊂ N and a scaling vectorαJ ∈ (0,+∞)J such that

rω
(
A; (Di, Ei)i∈N

)
= rω

(
A; (Di, Ei)i∈J

)

= (max
j∈J

∥∥(θj/α2
j

)
D∗

jP (α
J)Dj

∥∥)−1
2 (3.20)

whereP (αJ) ∈ L+ (H) is the unique solution of (3.16).
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Proof. We haveµ̂ = inf
α∈(0,∞)N

(max
j∈N

∥∥∥
(

θj
α2
j

)
D∗

jP (α)Dj

∥∥∥)

1. If µ̂ = 0, it follows from Theorem 3.2 thatrω
(
A; (Di, Ei)

i∈N

)
= +∞ and the

equality (3.19) is satisfied. Moreover

Ej S(t)Dj = 0, t > 0, j ∈ N

so (3.20) is satisfied for every singletonJ = {j} ⊂ N and allαJ ∈ (0,+∞)J .

2. If µ̂ > 0, we show thatrω
(
A; (Di, Ei)i∈N

)
≤ µ̂

−1
2 by constructing a destabilizing

perturbation∆.

For everyα ∈ (0,+∞)N , let σ (α) be the largestσ for which (3.16) has a solution

P (α) ∈ L+ (H) satisfying (3.17).

For allσ ≤ σ (α), we have

I −
(
σ

αj

)2

θjD
∗
jP (α)Dj � 0, j ∈ N

this implies that

σ ≤ (max
j∈N

(
θj/α

2
j

) ∥∥D∗
jP (α)Dj

∥∥)−1
2 , ∀j ∈ N

Let σ (α) = (max
j∈N

(
θj
α2
j

)∥∥D∗
jP (α)Dj

∥∥)−1
2

then sup
α∈(0,∞)N

σ2 (α) = µ̂−1.

By Lemma 3.3, there existJ ⊂ N and a vectorαJ ∈ (0,+∞)J such that

µ̂ =

∥∥∥∥∥
∑

i∈J
(αi/αj)

2Hij

∥∥∥∥∥ =
∥∥(θj/α2

j

)
D∗

jP (α
J)Dj

∥∥ , j ∈ J

whereP (αJ) ∈ L+ (H) is the unique solution of (3.16).

Let v0j ∈ Uj,
∥∥v0j
∥∥ = 1, j ∈ J , such that
∥∥∥∥∥
∑

i∈J
(αi/αj)

2Hij

∥∥∥∥∥ =

〈
v0j ,
∑

i∈J
(αi/αj)

2Hijv
0
j

〉

=
〈
v0j ,
(
θj/α

2
j

)
D∗

jP (α
J)Djv

0
j

〉
= µ̂

It follows that

〈
v0j ,
(
θj/α

2
j

)
µ̂−1D∗

jP (α
J)Djv

0
j

〉
= 1, ∀j ∈ J,
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Settingσ̂ = µ̂− 1
2 , we obtain

〈
v0j ,
(
θj/α

2
j

)
σ̂2D∗

jP (α
J)Djv

0
j

〉
= 1, ∀j ∈ J, (3.21)

Define forj ∈ N the perturbation∆j ∈ Lip (Yj,Uj) by

{
∆j (yj) = σ̂ ‖yj‖ v0j , j ∈ J , yj ∈ Yj

∆j (yj) = 0 , j ∈ N\J.

Then‖∆j‖Lip = σ̂, j ∈ J , it follows that‖∆‖Lip = σ̂ where∆ =
N
⊕
i=1

∆i. We will

show that for this∆ the system (3.1) cannot be stable.

Assume that this is not the case. Letx0 ∈ H , the solutionx (.) of (3.1) satisfies

x (t) = S(t)x0 +
∑

j∈J

∫ t

0

S(t− s)D
αj

j ∆αj
j

(
E

αj

j x (s)
)
dωj (s) , t > 0, (3.22)

whereDαj

j , Eαj

j , and∆
αj

j are defined in (3.8). Setyαj

j = E
αj

j x, then yαj

j ∈
L2
ω (R

+, L2 (Ω,Yj)), j ∈ J.

We have for anyj ∈ J

E
αj

j = αjEj = αjEj (−A)−δ (−A)δ = αjẼj (−A)δ = Ẽ
αj

j (−A)δ

∆
αj

j (yj) = αj∆j

(
α−1
j yj

)
= σ̂ ‖yj‖ v0j , j ∈ J , yj ∈ Yj.

defineyαJ andEαJ by

yαJ =
(
y
αj

j

)
j∈J , EαJx =

(
E

αj

j x
)
j∈J ,

Then

yαJ (t) = EαJS(t)x0 +
∑

j∈J
EαJ

∫ t

0

S(t− s)D
αj

j ∆αj
j

(
y
αj

j (s)
)
dωj (s) , t > 0

= EαJS(t)x0+
∑

j∈J
EαJ

∫ t

0

(−A)−δ (−A)δ S(t− s)Dαj

j ∆αj
j

(
y
αj

j (s)
)
dωj (s) , t > 0

= EαJS(t)x0+
∑

j∈J
EαJ (−A)−δ

∫ t

0

(−A)δ S(t− s)Dαj

j ∆αj
j

(
y
αj

j (s)
)
dωj (s) , t > 0

= EαJS(t)x0 +
∑

j∈J
ẼαJ

∫ t

0

(−A)δ S(t− s)D
αj

j ∆αj
j

(
y
αj

j (s)
)
dωj (s) , t > 0
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= EαJS(t)x0 +
∑

j∈J

∫ t

0

ẼαJ (−A)δ S(t− s)D
αj

j ∆αj
j

(
y
αj

j (s)
)
dωj (s) , t > 0

= EαJS(t)x0 + σ̂
∑

j∈J

∫ t

0

ẼαJ (−A)δ S(t− s)D
αj

j v
0
j

∥∥yαj

j (s)
∥∥ dωj (s) , t > 0

= EαJS(t)x0 + σ̂
∑

j∈J

∫ t

0

EαJS(t− s)D
αj

j v
0
j

∥∥yαj

j (s)
∥∥ dωj (s) , t > 0

By applying Lemma 3.1, we obtain

∫ +∞

0

E
(
‖yαJ (t)‖2Y

)
dt =

∫ +∞

0

‖EαJS(t)x0‖2 dt

+σ̂2
∑

i∈J
θj

∫ +∞

0

E
〈
D

αj

j v
0
j

∥∥yαj

j (s)
∥∥ , P

(
αJ
)
D

αj

j v
0
j

∥∥yαj

j (s)
∥∥〉 ds

=

∫ +∞

0

‖EαJS(t)x0‖2 dt

+σ̂2
∑

i∈J
θj/α

2
j

〈
v0j , D

∗
jP
(
αJ
)
Djv

0
j

〉 ∫ +∞

0

E
(∥∥yαj

j (s)
∥∥2
Y

)
ds

By (3.21) we get

∫ +∞

0

E
(
‖yαJ (t)‖2Y

)
dt =

∫ +∞

0

‖EαJS(t)x0‖2 dt+
∫ +∞

0

E
(
‖yαJ (s)‖2Y

)
ds

for all x0 ∈ H, this identity implies thatEj = 0 for everyj ∈ J henceP
(
αJ
)
= 0

thusµ̂ = 0.

Therefore neither of the stochastic system (3.1) nor (3.22)is L2-stable. It follows

that

rω
(
A; (Di, Ei)i∈N

)
≤ rω

(
A; (Di, Ei)i∈J

)

≤ sup
α∈(0,∞)N

(max
j∈J

(
θj/α

2
j

) ∥∥D∗
jP (α)Dj

∥∥)−1
2

= µ̂− 1
2

By Corollary 3.1 we obtain the desired result.
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Corollary 3.3. Letσ > 0 such thatrω
(
A; (Di, Ei)i∈N

)
> σ.

Then there existαi > 0, i ∈ N , andP (α) ∈ L+ (H) such that

2 〈P (α)x,Ax〉+ 〈E (α) x,E (α) x〉 = 0, x ∈ D (A)

I − (σ/αj)
2 θjD

∗
jP (α)Dj ≻ 0, j ∈ N (3.23)

Proof. Let σ
′ ∈
]
σ, rω

(
A; (Di, Ei)i∈N

)[
.

It follows from Theorem 3.3, that there existα ∈ (0,+∞)N such that

σ
′
< (max

j∈N

(
θj/α

2
j

) ∥∥D∗
jP (α)Dj

∥∥)−1
2 whereP (α) is the solution of the equation (3.10).

This implies that

σ < σ
′ ≤ (max

j∈N

(
θj/α

2
j

) ∥∥D∗
jP (α)Dj

∥∥)−1
2

=⇒
σ−2 > max

j∈N

(
θj/α

2
j

) ∥∥D∗
jP (α)Dj

∥∥

=⇒
σ−2 >

(
θj/α

2
j

) ∥∥D∗
jP (α)Dj

∥∥ ∀j ∈ N

=⇒
θj(σ/αj)

2D∗
jP (α)Dj < I, j ∈ N

ThenP (α) satisfies the equation (3.10) and the condition (3.23).

3.2.3 Example

In this section, we present a practical example to illustrate the above theoretical results.

Denoting byδ the Dirac Delta function at zero and byδξ the Dirac Delta function atξ.

Example 3.1.Consider the stochastic parabolic equation with Newman boundary con-

dition




∂y
∂t
(x, t) = ∂2y

∂x2 (x, t) + c1δξ(x) 〈f, y(x, t)〉
.
w1(t); 0 ≤ x, ξ ≤ 1, t ≥ 0.

y(x, 0) = y0(x),
∂y
∂x
(0, t) = −c2 〈g, y(0, t)〉

.
w2(t),

∂y
∂x
(1, t) = 0,

(3.24)

where(c1, c2) ∈ R
2, f ∈ L2(0, 1), g ∈ L2(0, 1).

To put the problem (3.24) into the abstract setting we introduce the self adjoint operator
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Ah = d2h
dx2 in the Hilbert spaceH = L2(0, 1) with

D(A) = {z ∈ L2(0, 1),
d2z

dx2
∈ L2(0, 1),

dz

dx
(0) =

dz

dx
(1) = 0}

The operatorA generates an analytic semigroupS(t), the eigenvalues ofA are λn =

−n2π2 and the corresponding eigenfunction areφn(x) =
√
2 cosnπx, n ≥ 1 and

φ0(x) = 1

In this example we haveD1u = δξu such thatD1 ∈ L(R, H− 1
2
−β(0, 1)), β > 0, and

E1z = 〈f, z〉 withE1 ∈ L(H,R),∆1 = c1 ∈ R andD2 ∈ L(R, H− 1
2
−β(0, 1)), β > 0

is defined byD2u = −δu. SetE2z = 〈g, z〉 withE2 ∈ L(H,R), ∆2 = c2 ∈ R.

In the abstract form the problem (3.24) can be formulated as follows
{
dz(t) = Az(t)dt+

∑2
i=1Di∆iEi(z(t))dwi(t),

z(0) = z0
(3.25)

For this system we haveγ = 1
4
+ β

2
, andδ = 0 such that0 < β < 1

2
. then there exists a

unique solution of (3.24). In order to get an explicit formula for the stability radius we

need at first to solve the following Lyapunov equation

2 〈Pz,Az〉+ 〈E(α)z, E(α)z〉 = 0, z ∈ D(A) (3.26)

where

〈E(α)z, E(α)z〉 =
2∑

i=1

α2
i 〈Eiz, Eiz〉 = α2

1 〈E1z, E1z〉+ α2
2 〈E2z, E2z〉

Suppose that we can express the solutionP of (3.26) by

Pz =
+∞∑

n,j=1

Pnj 〈z, φn〉φj, z ∈ H

Then sinceAz =
∑+∞

n=1 λn 〈z, φn〉φn, z ∈ D(A), it follows that

〈Pz,Az〉 =
〈

+∞∑

n=1

λn 〈z, φn〉φn,

+∞∑

n,j=1

Pnj 〈z, φn〉φj

〉
=

+∞∑

n=1

λnPnn(〈z, φn〉)2

Now sinceE1z = 〈f, z〉 andE2z = 〈g, z〉, and because

〈f, z〉 =
〈
f,

+∞∑

n=1

〈z, φn〉φn

〉
=

+∞∑

n=1

〈z, φn〉 〈f, φn〉
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〈g, z〉 =
〈
g,

+∞∑

n=1

〈z, φn〉φn

〉
=

+∞∑

n=1

〈z, φn〉 〈g, φn〉

It follows that

〈E(α)z, E(α)z〉 = α2
1 〈E1z, E1z〉+ α2

2 〈E2z, E2z〉

= α2
1(

+∞∑

n=1

〈z, φn〉 〈f, φn〉)2 + α2
2(

+∞∑

n=1

〈z, φn〉 〈g, φn〉)2

Equation (3.26) becomes

2
+∞∑

n=1

λnPnn(〈z, φn〉)2 + α2
1(

+∞∑

n=1

〈z, φn〉 〈f, φn〉)2 + α2
2(

+∞∑

n=1

〈z, φn〉 〈g, φn〉)2 = 0

For z = φk, k ∈ N
∗, we get

2λkPkk + α2
1(〈f, φk〉)2 + α2

2(〈g, φk〉)2 = 0

Therefore

Pkk =
−α2

1(〈f, φk〉)2 − α2
2(〈g, φk〉)2

2λk
=
α2
1(〈f, φk〉)2 + α2

2(〈g, φk〉)2
2k2π2

we deduce that the solution of (3.26) is given by

Pz =
+∞∑

k=1

Pk 〈z, φk〉φk, z ∈ H where Pk =
α2
1(〈f, φk〉)2 + α2

2(〈g, φk〉)2
2k2π2

.

For all u ∈ U , we have

PD1u =
+∞∑

k=1

Pk 〈D1u, φk〉φk

=
+∞∑

k=1

Pk 〈u,D∗
1φk〉φk

=
+∞∑

k=1

Pk 〈u, φk(ξ)〉φk

Or

〈PD1u,D1u〉 =
〈

+∞∑

k=1

Pk 〈u, φk(ξ)〉φk, D1u

〉

67



Chapter 3. Robust stability and stabilization of systems with unbounded multi-perturbations

=
+∞∑

k=1

Pk 〈u, φk(ξ)〉 〈φk, D1u〉

=
+∞∑

k=1

Pk 〈u, φk(ξ)〉 〈D∗
1φk, u〉

=
+∞∑

k=1

Pk 〈u, φk(ξ)〉2

Then

‖D∗
1P (α)D1‖ = 2

+∞∑

k=0

Pk

(
cos2(kπξ)

)

≤ 2
+∞∑

k=1

Pk = 2
+∞∑

k=1

α2
1(〈f, φk〉)2 + α2

2(〈g, φk〉)2
2k2π2

If we assume that〈f, φk〉 = 1 and〈g, φk〉 = 1, for k ≥ 0, we get

‖D∗
1P (α)D1‖ ≤ 2

+∞∑

k=1

α2
1 + α2

2

2k2π2
= (α2

1 + α2
2)

+∞∑

k=1

1

k2π2
=
α2
1 + α2

2

6

For all u ∈ U , we have

PD2u =
+∞∑

k=1

Pk 〈D2u, φk〉φk

=
+∞∑

k=1

Pk 〈u,D∗
2φk〉φk

= −
+∞∑

k=1

Pk 〈u, φk(0)〉φk

Or

〈PD2u,D2u〉 =
〈
−

+∞∑

k=1

Pk 〈u, φk(0)〉φk, D2u

〉

= −
+∞∑

k=1

Pk 〈u, φk(0)〉 〈φk, D2u〉

= −
+∞∑

k=1

Pk 〈u, φk(0)〉 〈D∗
2φk, u〉
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=
+∞∑

k=1

Pk 〈u, φk(0)〉2

Then

‖D∗
2P (α)D2‖ = 2

+∞∑

k=1

Pk = 2
+∞∑

k=1

α2
1(〈f, φk〉)2 + α2

2(〈g, φk〉)2
2k2π2

If we assume that〈f, φk〉 = 1 and〈g, φk〉 = 1 for k ≥ 0

Then

‖D∗
2P (α)D2‖ = 2

+∞∑

k=1

α2
1 + α2

2

2k2π2
= (α2

1 + α2
2)

+∞∑

k=1

1

k2π2
=
α2
1 + α2

2

6

Therefore

rw (A, (Di, Ei)i∈N) = sup
α∈(0,+∞)2

(
max
j∈{1,2}

∥∥∥∥
θj
α2
j

D∗
jP (α)Dj

∥∥∥∥
)− 1

2

= sup
α∈(0,+∞)2

(
max
j∈{1,2}

θj
α2
j

∥∥D∗
jP (α)Dj

∥∥
)− 1

2

= sup
α∈(0,+∞)2

(
min

j∈{1,2}

αj√
θj
(

√
6√

α2
1 + α2

2

)

)

= sup
α∈(0,+∞)2

(
min

j∈{1,2}

αj√
α2
1 + α2

2

(

√
6√
θj
)

)

= min
j∈{1,2}

(

√
6√
θj
)

Or

rw
(
A, (Di, Ei)i∈{1,2}

)
= min(

√
6√
θ1
,

√
6√
θ2
)

3.3 Robust stabilization

3.3.1 System description

We consider controlled stochastic systems described by Itôequation of the form:




dx(t) = Ax(t)dt+
N∑
i=1

Di∆i(Ei(x(t))dwi(t) +Bu(t)dt, t ∈ R
+

x(0) = x0, x0 ∈ H
‖∆i‖Lip < σ

(3.27)
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whereu takes its values in the real separable Hilbert spaceZ , B ∈ L(Z,H) and

the other operators are as in the previous part. In addition we assume that(A,B) is

stabilizable.

Our aim is to characterize the supremum of the stability radii which can be achieved by

linear state feedbacku = Fx, whereF ∈ L(H,Z).

Let

F =

{
F ∈ L(H,Z);A+ BF is the infinitesimal generator of an

exponentially stable analytic semigroup

}
.

and define

rw(A; (Di, Ei)i∈N) = sup
{
rw(A+ BF, (Di, Ei)i∈N); F ∈ F

}
.

For allF ∈ F , α ∈ (0,+∞)N , andε > 0, consider the Lyapunov inequality

2 〈P (A+ BF )x, x〉+
N∑

i=1

α2
i 〈Eix,Eix〉+ ε2 〈Fx, Fx〉 ≤ 0, x ∈ D(A) (3.28)

with

I − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N (3.29)

3.3.2 Suboptimality Conditions

In order to establish conditions for the existence of suboptimal controllersu(t) = Fx(t)

such thatF ∈ F andσ ≤ rw(A+BF ; (Di, Ei)i∈N) , for σ > 0, we need the following

lemmas.

This lemma is of technical interest.

Lemma 3.4. Letα ∈ (0,+∞)N andε > 0. If there existsP ∈ L+(H), such that

2
〈
Px, (A− ε−2BB∗P )x

〉
+ ε−2 〈PBB∗Px, x〉+ 〈E(α)x,E(α)x〉 ≤ 0, x ∈ D(A)

(3.30)

I − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N (3.31)

thenAε = A − ε−2BB∗P generates an exponentially stable analytic semigroup and

σ ≤ rw(Aε; (Di, Ei)i∈N).
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Proof. Consider the initial value problem
{

d
dt
x(t) = Aεx(t) t ∈ R

+

x(0) = x0, x0 ∈ H
(3.32)

The solutionx(t) of the system (3.32) is given by

x(t) = S(t)x0 − ε−2

∫ t

0

S(t− s)BB∗Px(s)ds

We have

‖x(t)‖ ≤ ‖S(t)x0‖+ ε−2

∥∥∥∥
∫ t

0

S(t− s)BB∗Px(s)ds

∥∥∥∥

≤Me−wt ‖x0‖+ ε−2M ‖B‖
∫ t

0

e−w(t−s) ‖B∗Px(s)‖ ds

From which we get

‖x(t)‖2 ≤ 2M2 ‖x0‖2 e−2wt + 2ε−4M2 ‖B‖2 [
∫ t

0

e−w(t−s) ‖B∗Px(s)‖ ds]2

≤ K1e
−2wt +K2

∫ t

0

e−2w(t−s) ‖B∗Px(s)‖2 ds

WhereK1 = 2M2 ‖x0‖2 andK2 = 2ε−4M2 ‖B‖2.
It follows then that
∫ +∞

0

‖x(t)‖2 dt ≤ K1

∫ +∞

0

e−2wtdt+K2

∫ +∞

0

(∫ t

0

e−2w(t−s) ‖B∗Px(s)‖2 ds
)
dt

Thus
∫ +∞

0

‖x(t)‖2 dt ≤ K1

2w
+K2

∫ +∞

0

(∫ +∞

s

e−2w(t−s) ‖B∗Px(s)‖2 dt
)
ds

≤ K1

2w
+K2

∫ +∞

0

‖B∗Px(s)‖2 e2ws

(∫ +∞

s

e−2wtdt

)
ds

which implies that

∫ +∞

0

‖x(t)‖2 dt ≤ K1

2w
+
K2

2w

∫ +∞

0

‖B∗Px(s)‖2 ds

Now we show thatB∗Px(t) ∈ L2(R+,Z).
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We have forx0 ∈ D(Aε), V (x) = 〈x, Px〉 is differentiable and

d

dt
V (x(t)) = 2 〈PAεx, x〉

From the inequality (3.30) we obtain

d

dt
V (x(t)) ≤ −ε−2 〈PBB∗Px, x〉 − 〈E(α)x,E(α)x〉

≤ −ε−2 〈PBB∗Px, x〉

Thus ∫ T

0

d

dt
V (x(t))dt ≤ −ε−2

∫ T

0

〈PBB∗Px(t), x(t)〉 dt

Hence

V (x(T ))− V (x(0)) ≤ −ε−2

∫ T

0

‖B∗Px(t)‖2 dt

Using the fact thatP ≥ 0 we get

ε−2

∫ T

0

‖B∗Px(t)‖2 dt ≤ V (x0), for all T > 0

Therefore

ε−2

∫ T

0

‖B∗Px(t)‖2 dt ≤ K ‖x0‖2

which implies thatB∗Px(t) ∈ L2(R+,Z), andx(t) ∈ L2(R+,H).

Now inequality (3.30) implies that

2 〈PAεx, x〉+ 〈E(α)x,E(α)x〉 ≤ −ε−2 ‖B∗Px(t)‖2

Thus

2 〈PAεx, x〉+ 〈E(α)x,E(α)x〉 ≤ 0,

I − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N

BecauseA is the infinitesimal generator of an exponentially stable analytic semi-

group andB is a bounded operator, thenFε = −ε−2B∗P ∈ F ( see [46]). Applying

Corollary 3.2 we get thatσ ≤ rw(Aε; (Di, Ei)i∈N) and if the inequality (3.31) is strict,

we obtainσ < rw(Aε; (Di, Ei)i∈N).

The following lemma is of basic importance for the approach used to investigate the

maximisation problem.
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Lemma 3.5. Let α ∈ (0,+∞)N , ε > 0 and F ∈ F . If the inequality (3.30) has

a solutionP0 ∈ L+(H) satisfying condition (3.31) thenF0 = −ε−2B∗P0 ∈ F and

σ ≤ rw(A+ BF0; (Di, Ei)i∈N).

Moreover, there existsP1 ∈ L+(H) such that

2 〈P1(A+ BF0)x, x〉+ 〈E(α)x,E(α)x〉+ ε−2 〈P0BB
∗P0x, x〉 = 0, x ∈ D(A)

I − σ2(θj/α
2
j )D

∗
jP1Dj � 0, j ∈ N

P1 � P0.

Proof. For anyx ∈ D(A) , we have

2 〈P0(A+ BF )x, x〉+ 〈E(α)x,E(α)x〉+ ε2 〈Fx, Fx〉

= 2 〈P0Ax, x〉+ 〈E(α)x,E(α)x〉+ 2 〈P0BFx, x〉+ ε2 〈Fx, Fx〉

SetF
′
= εF + ε−1B∗P0, then

〈
F

′

x, F
′

x
〉
=
〈
(εF + ε−1B∗P0)x, (εF + ε−1B∗P0)x

〉

= ε2 〈Fx, Fx〉+ 〈Fx,B∗P0x〉+ 〈B∗P0x, Fx〉+ ε−2 〈B∗P0x,B
∗P0x〉

= ε2 〈Fx, Fx〉+ 2 〈B∗P0x, Fx〉+ ε−2 〈B∗P0x,B
∗P0x〉

hence
〈
F

′

x, F
′

x
〉
− ε−2 〈B∗P0x,B

∗P0x〉 = ε2 〈Fx, Fx〉+ 2 〈B∗P0x, Fx〉

SinceP0 is a solution of the inequality (3.28) it follows that

2 〈P0Ax, x〉+ 〈E(α)x,E(α)x〉+ 2 〈P0BFx, x〉+ ε2 〈Fx, Fx〉 ≤ 0

with

〈P0BFx, x〉 = 〈Fx,B∗P0x〉 = 〈B∗P0x, Fx〉

Then

2 〈P0Ax, x〉+ 〈E(α)x,E(α)x〉 − ε−2 〈B∗P0x,B
∗P0x〉+

〈
F

′

x, F
′

x
〉
≤ 0 (3.33)

SetA0 = A+ BF0 whereF0 = −ε−2B∗P0 then

2 〈P0A0x, x〉 = 2 〈P0Ax, x〉 − 2ε−2 〈P0BB
∗P0x, x〉
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The inequality (3.33) implies that

2 〈P0A0x, x〉+ 〈E(α)x,E(α)x〉+ ε−2 〈P0BB
∗P0x, x〉 ≤ −

〈
F

′

x, F
′

x
〉

Thus

2 〈P0A0x, x〉+ 〈E(α)x,E(α)x〉+ ε−2 〈P0BB
∗P0x, x〉 ≤ 0 (3.34)

Applying Lemma 3.4 we conclude thatF0 ∈ F andσ ≤ rw(A0; (Di, Ei)i∈N).

Now sinceP0 is a solution of the inequality (3.34), then it satisfies the following

inequality

2 〈P0A0x, x〉+
〈
Ê(α)x, Ê(α)x

〉
≤ 0

where

Ê(α) =

(
E(α)

ε−1B∗P0

)

By Corollary 3.2 there existsP1 ∈ L+(H) such that

2 〈P1A0x, x〉+
〈
Ê(α)x, Ê(α)x

〉
≤ 0

with P1 � P0.

Therefore

2 〈P1A0x, x〉+ ε−2 〈x, P0BB
∗P0x〉+ 〈E(α)x,E(α)x〉 ≤ 0

and

I − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N.

Applying this lemma iteratively we show in the following theorem that there exists

P ∈ L+(H) such that

2 〈Ax, Px〉+ 〈E(α)x,E(α)x〉 − ε−2 〈x, PBB∗Px〉 = 0, x ∈ D(A) (3.35)

I − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N

Theorem 3.4.LetF ∈ F . Suppose that there existα ∈ (0,+∞)N andε > 0 such that

the Lyapunov inequality (3.30) has a solutionP0 ∈ L+(H) which satisfies condition

(3.31) then the Riccati equation (3.35) has a solutionP ∈ L+(H) satisfying

I − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N
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Fε = −ε−2B∗P ∈ F

σ ≤ rw(A− ε−2BB∗P ; (Di, Ei)i∈N)

Proof. Applying the above lemma iteratively we construct a sequence of linear opera-

tors(Pk)k∈N ∈ L+(H) which satisfies

2 〈Pk+1Akx, x〉+ 〈E(α)x,E(α)x〉+ ε−2 〈x, PkBB
∗Pkx〉 ≤ 0, x ∈ D(A)

I − σ2(θj/α
2
j )D

∗
jPk+1Dj � 0, j ∈ N

Pk+1 � Pk

whereP0 solves the inequality (3.30) andAk = A− ε−2BB∗Pk.

Since(Pk)k∈N is a decreasing sequence and it is bounded from below

by 0, the limit ask → +∞ exists. LetP = limk→+∞ Pk. Then

2 〈PAεx, x〉+ 〈E(α)x,E(α)x〉+ ε−2 〈x, PBB∗Px〉 = 0, x ∈ D(A)

I − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N

whereAε = A− ε−2BB∗P .

Using Lemma 3.5 we deduce thatFε = −ε−2B∗P ∈ F and

σ ≤ rw(A− ε−2BB∗P ; (Di, Ei)i∈N).

Finally since

2 〈PAεx, x〉+ 〈E(α)x,E(α)x〉+ ε−2 〈x, PBB∗Px〉

= 2 〈PAx, x〉+ 〈E(α)x,E(α)x〉 − ε−2 〈x, PBB∗Px〉

ThenP satisfies the Riccati equation (3.35)

Now we will use the above result to establish conditions for the existence of subop-

timal controllers.

Proposition 3.1. Let σ, ε > 0, Suppose that the Riccati equation (3.35) has a solution

P ∈ L+(H) such thatI − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N , for someα ∈ (0,+∞)N

thenFε = −ε−2B∗P ∈ F andσ ≤ rw(A+ BFε; (Di, Ei)i∈N).
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Proof. SinceP is a solution of the Riccati equation (3.35) then

2
〈
P (A− ε−2BB∗P )x, x

〉
) + 〈E(α)x,E(α)x〉+ ε−2 〈x, PBB∗Px〉 = 0, x ∈ D(A)

I − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N

From Lemma 3.5 we obtainFε = −ε−2B∗P ∈ F andσ ≤ rw(A + BFε; (Di, Ei)i∈N)

As in [40], we can obtain

Proposition 3.2. Let σ > 0. Suppose that there existsF ∈ F such thatσ ≤ rw(A +

BF ; (Di, Ei)i∈N). Then there existα ∈ (0,∞)N , ε > 0 such that the Riccati equation

(3.35) has a solutionP ∈ L+(H) satisfying

I − σ2(θj/α
2
j )D

∗
jPDj � 0; j ∈ N

Fε = −ε−2B∗P ∈ F

Using Proposition 3.1 and Proposition 3.2 we get the following result

Corollary 3.4. We have

rw(A; (Di, Ei)i∈N) = sup





σ > 0; there exist α ∈ (0,+∞)N and ε > 0

such that (3.35) has a solution P ∈ L+(H)

with I − σ2(θj/α
2
j )D

∗
jPDj � 0 for all j ∈ N




.

3.3.3 Examples

Example 3.2.Consider the parabolic equation with Newman boundary condition





∂y
∂t
(x, t) = ∂2y

∂x2 (x, t)− y(x, t) + u(t), 0 ≤ x ≤ 1, 0 ≤ t ≤ T

y(x, 0) = y0(x)
∂y
∂x
(0, t) = −c 〈f, y(0, t)〉 .

w(t), c ∈ R, f ∈ L2(0, 1)
∂y
∂x
(1, t) = 0

(3.36)

To put the problem (3.36) into the abstract setting we introduce the self-adjoint operator

Ah = d2h
dx2 − h in the Hilbert spaceH = L2(0, 1) with

D(A) = {z ∈ L2(0, 1),
d2z

dx2
∈ L2(0, 1),

dz

dx
(0) =

dz

dx
(1) = 0}
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The operatorA generates an analytic semigroupS(t), the eigenvalues ofA are λn =

−(1 + n2π2) and the corresponding eigenfunction areφn(x) =
√
2 cosnπx, n ≥

1, φ0(x) = 1(see[8]). We defineDy = −δy such thatD ∈ L(R, H− 1
2
−β(0, 1)).

SettingEz = 〈f, z〉 ,B = I and∆ = c ∈ R, we can present (3.36) as follows
{
dz(t) = Az(t)dt+D∆E(z(t))dw(t) + Bu(t)dt

z(0) = z0
(3.37)

For this system we haveγ = 1
4
+ β

2
andδ = 0 such that0 < β < 1

2
.

We solve the following Riccati equation

2 〈Az, Pz〉+ 〈Ez,Ez〉 − ε−2 〈B∗Pz,B∗Pz〉 = 0, z ∈ D(A) (3.38)

Suppose that we can express the solutionP of (3.38) by

Pz =
+∞∑

n,j=0

Pnj 〈z, φn〉φj, z ∈ H

Then sinceAz =
∑+∞

n=0 λn 〈z, φn〉φn, z ∈ D(A), it follows that

〈Az, Pz〉 =
+∞∑

n=0

λnPnn(〈z, φn〉)2

We have

〈f, z〉 =
〈
f,

+∞∑

n=0

〈z, φn〉φn

〉
=

+∞∑

n=0

〈z, φn〉 〈f, φn〉

and

〈Pz, Pz〉 =
+∞∑

n=0

P 2
nn(〈z, φn〉)2

Equation (3.38) becomes

2
+∞∑

n=0

λnPnn(〈z, φn〉)2 + (
+∞∑

n=0

〈z, φn〉 〈f, φn〉)2 − ε−2

+∞∑

n=0

P 2
nn(〈z, φn〉)2 = 0

Setz = φk, k ∈ N, then

2λkPkk + (〈f, φk〉)2 − ε−2P 2
kk = 0

Or

−ε−2P 2
kk + 2λkPkk + (〈f, φk〉)2 = 0
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ThereforePkk =
λk+

√
∆

ε−2 where∆ = λ2k + (〈f, φk〉)2ε−2 > 0.

Or

Pz =
+∞∑

k=0

Pk 〈z, φk〉φk, z ∈ H

Where

Pk =
λk +

√
∆

ε−2

∆ = λ2k + (〈f, φk〉)2ε−2

Now we chooseσ such that

〈z, z〉 − σ2θ 〈PDz,Dz〉 ≥ 0 (3.39)

Let z ∈ H, we have

PDz =
+∞∑

k=0

Pk 〈Dz, φk〉φk

=
+∞∑

k=0

Pk 〈z,D∗φk〉φk

= −
+∞∑

k=0

Pk 〈z, φk(0)〉φk

Or

〈PDz,Dz〉 =
〈
−

+∞∑

k=0

Pk 〈z, φk(0)〉φk, Dz

〉

= −
+∞∑

k=0

Pk 〈z, φk(0)〉 〈φk, Dz〉

= −
+∞∑

k=0

Pk 〈z, φk(0)〉 〈D∗φk, z〉

=
+∞∑

k=0

Pk 〈z, φk(0)〉2

Hence (3.39) will be

〈z, z〉 − σ2θ
+∞∑

k=0

Pk 〈z, φk(0)〉2 ≥ 0
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For z = φk we obtain

1− σ2θ
+∞∑

k=0

Pkφ
2
k(0) ≥ 0

1− 2σ2θ
+∞∑

k=0

Pk ≥ 0

+∞∑

k=0

Pk ≤
1

2σ2θ

Or
+∞∑

k=0

λk +
√
λ2k + (〈f, φk〉)2ε−2

ε−2
≤ 1

2σ2θ

+∞∑

k=0

λk +
√
λ2k + (〈f, φk〉)2ε−2 ≤ ε−2

2σ2θ
(3.40)

Since

λk +
√
∆ =

λ2k −∆

λk −
√
∆

=
λ2k − (λ2k + ε−2 〈f, φk〉)2

λk −
√
∆

=
ε−2 〈f, φk〉)2√

λ2k + (〈f, φk〉)2ε−2 − λk

Then (3.40) will be

+∞∑

k=0

ε−2(〈f, φk〉)2√
λ2k + (〈f, φk〉)2ε−2 − λk

≤ ε−2

2σ2θ

Or
1

2θσ2
≥

+∞∑

k=0

(〈f, φk〉)2√
λ2k + (〈f, φk〉)2ε−2 − λk

(3.41)

We have √
λ2k + (〈f, φk〉)2ε−2 ≥

√
λ2k = |λk| = −λk, ∀k ∈ N

Then √
λ2k + (〈f, φk〉)2ε−2 − λk ≥ −2λk, ∀k ∈ N
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Or
+∞∑

k=0

(〈f, φk〉)2√
λ2k + (〈f, φk〉)2ε−2 − λk

≤
+∞∑

k=0

(〈f, φk〉)2
−2λk

(3.42)

Assumef(x) is such thatf(x) > 0 for all 0 ≤ x ≤ 1, we obtain

f(x)φn(x) ≤
√
2f(x)φ0. Then

∫ 1

0

f(x)φn(x)dx ≤
√
2

∫ 1

0

f(x)φ0dx

Or

〈f, φn〉 ≤
√
2 〈f, φ0〉

Therefore

〈f, φn〉2 ≤ 2 〈f, φ0〉2

Then (3.42) becomes

+∞∑

k=0

(〈f, φk〉)2√
λ2k + (〈f, φk〉)2ε−2 − λk

≤
+∞∑

k=0

2(〈f, φ0〉)2
−2λk

+∞∑

k=0

(〈f, φk〉)2√
λ2k + (〈f, φk〉)2ε−2 − λk

≤
+∞∑

k=0

(〈f, φ0〉)2
−λk

We have
+∞∑

k=0

(〈f, φ0〉)2
−λk

=
+∞∑

k=0

(〈f, φ0〉)2
1 + n2π2

= 1.1565(〈f, φ0〉)2

Then (3.41) will be

1.1565(〈f, φ0〉)2 ≤
1

2σ2θ

Letσ such that

σ ≤ 1

1.5208
√
θ(〈f, φ0〉)

Or

σ2 ≤ 1

2.313θ(〈f, φ0〉)2
Then

1

σ2
≥ 2.313θ(〈f, φ0〉)2

hence
1

2θσ2
≥ 1.1565(〈f, φ0〉)2
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Or
1

2θσ2
≥

+∞∑

k=0

(〈f, φk〉)2√
λ2k + (〈f, φk〉)2ε−2 − λk

Thus for
1

1.5208
√
θ 〈f, φ0〉

≥ σ

the Riccati equation (3.38) has a solutionP ∈ L+(H) with

I − θσ2D∗PD � 0.

By Corollary 3.4, we get

rw(A; (D,E)) ≥ 1

1.5208
√
θ 〈f, φ0〉

.

Example 3.3.Consider the following stochastic parabolic equation with Newman bound-

ary condition




∂y
∂t
(x, t) = ∂2y

∂x2 (x, t) + c1δξ(x) 〈f, y(x, t)〉
.
w1(t) + u(t), 0 ≤ x, ξ ≤ 1, t ≥ 0.

y(x, 0) = y0(x)
∂y
∂x
(0, t) = −c2 〈g, y(0, t)〉

.
w2(t),

∂y
∂x
(1, t) = 0

(3.43)

where(c1, c2) ∈ R
2, f ∈ L2(0, 1), g ∈ L2(0, 1).

To put the problem (3.43) into the abstract setting we introduce the self adjoint operator

Ah = d2h
dx2 in the Hilbert spaceH = L2(0, 1) with

D(A) = {z ∈ L2(0, 1),
d2z

dx2
∈ L2(0, 1),

dz

dx
(0) =

dz

dx
(1) = 0}

The operatorA generates an analytic semigroupS(t), the eigenvalues ofA are λn =

−n2π2 and the corresponding eigenfunction areφn(x) =
√
2 cosnπx, n ≥ 1, and

φ0(x) = 1.

In this example we haveB = I, andD1u = δξu such thatD1 ∈ L(R, H− 1
2
−β(0, 1)), β >

0, andE1z = 〈f, z〉 with E1 ∈ L(H,R), ∆1 = c1 ∈ R andD2 ∈ L(R, H− 1
2
−β(0, 1)),

β > 0 is defined byD2u = −δu. SetE2z = 〈g, z〉 withE2 ∈ L(H,R), ∆2 = c2 ∈ R.

In the abstract form the problem (3.43) can be formulated as follows
{
dz(t) = Az(t)dt+ Bu(t)dt+

∑2
i=1Di∆iEi(z(t))dwi(t)

z(0) = z0
(3.44)
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For this system we haveγ = 1
4
+ β

2
, andδ = 0 such that0 < β < 1

2
.

The corresponding Riccati equation reads

2 〈Az, Pz〉+ 〈E(α)z, E(α)z〉 − ε−2 〈B∗Pz,B∗Pz〉 = 0 (3.45)

Suppose that we can express the solutionP of (3.45) by

Pz =
+∞∑

n,j=0

Pnj 〈z, φn〉φj, z ∈ H

Then sinceAz =
∑+∞

n=0 λn 〈z, φn〉φn, z ∈ D(A), it follows that

〈Az, Pz〉 =
〈

+∞∑

n=0

λn 〈z, φn〉φn,

+∞∑

n,j=0

Pnj 〈z, φn〉φj

〉
=

+∞∑

n=0

λnPnn(〈z, φn〉)2

Now sinceE1z = 〈f, z〉 andE2z = 〈g, z〉, and because

〈f, z〉 =
〈
f,

+∞∑

n=0

〈z, φn〉φn

〉
=

+∞∑

n=0

〈z, φn〉 〈f, φn〉

〈g, z〉 =
〈
g,

+∞∑

n=0

〈z, φn〉φn

〉
=

+∞∑

n=0

〈z, φn〉 〈g, φn〉

It follows that

〈E(α)z, E(α)z〉 = α2
1 〈E1z, E1z〉+ α2

2 〈E2z, E2z〉

= α2
1(

+∞∑

n=0

〈z, φn〉 〈f, φn〉)2 + α2
2(

+∞∑

n=0

〈z, φn〉 〈g, φn〉)2

and

〈Pz, Pz〉 =
+∞∑

n=0

P 2
nn(〈z, φn〉)2

Equation (3.45) becomes

2
+∞∑

n=0

λnPnn(〈z, φn〉)2 − ε−2

+∞∑

n=0

P 2
nn(〈z, φn〉)2

+α2
1(

+∞∑

n=0

〈z, φn〉 〈f, φn〉)2 + α2
2(

+∞∑

n=0

〈z, φn〉 〈g, φn〉)2 = 0
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Setz = φk, k ∈ N, then

2λkPkk + α2
1(〈f, φk〉)2 + α2

2(〈g, φk〉)2 − ε−2P 2
kk = 0

Or

−ε−2P 2
kk + 2λkPkk + α2

1(〈f, φk〉)2 + α2
2(〈g, φk〉)2 = 0

ThereforePkk =
λk+

√
∆

ε−2 where∆ = λ2k + ε−2(α2
1(〈f, φk〉)2 + α2

2(〈g, φk〉)2) > 0.

Or

Pz =
+∞∑

k=0

Pk 〈z, φk〉φk, z ∈ H

Where

Pk =
λk +

√
∆

ε−2

∆ = λ2k + ε−2(α2
1(〈f, φk〉)2 + α2

2(〈g, φk〉)2)

For j ∈ {1, 2}, we have

I − σ2(θj/α
2
j )D

∗
jPDj � 0

is equivalent to

‖z‖2 − σ2(θj/α
2
j )
〈
D∗

jPDjz, z
〉
≥ 0, ∀z ∈ U

and we have

D∗
jPDjz = D∗

j

(
+∞∑

n=0

Pn 〈Djz, φn〉φn

)

=
+∞∑

n=0

Pn 〈Djz, φn〉D∗
jφn

=
+∞∑

n=0

Pn

〈
z,D∗

jφn

〉
D∗

jφn

Or
〈
D∗

jPDjz, z
〉
=

+∞∑

n=0

Pn

〈
z,D∗

jφn

〉 〈
D∗

jφn, z
〉

=
+∞∑

n=0

Pn

〈
z,D∗

jφn

〉2

So

‖z‖2 − σ2(θj/α
2
j )
〈
D∗

jPDjz, z
〉
≥ 0, ∀z ∈ H

83



Chapter 3. Robust stability and stabilization of systems with unbounded multi-perturbations

is equivalent to

‖z‖2 − σ2(θj/α
2
j )

+∞∑

n=0

Pn

〈
z,D∗

jφn

〉2 ≥ 0, ∀z ∈ H

Then

‖z‖2 ≥ σ2(θj/α
2
j )

+∞∑

n=0

Pn

〈
z,D∗

jφn

〉2
, ∀z ∈ H

Or ∑+∞
n=0 Pn

〈
z,D∗

jφn

〉2

‖z‖2
≤

α2
j

σ2θj
, ∀z 6= 0

is equivalent to
+∞∑

n=0

Pn(D
∗
jφn)

2 ≤
α2
j

σ2θj

For j = 1, we have

+∞∑

n=0

Pn(D
∗
1φn(x))

2 ≤ α2
1

σ2θ1
such that D1 = δξ

+∞∑

n=0

Pn(φn(ξ))
2 ≤ α2

1

σ2θ1

Then
+∞∑

n=0

λn +
√
∆

ε−2
(φn(ξ))

2 ≤ α2
1

σ2θ1
(3.46)

Since

λn +
√
∆ =

λ2n −∆

λn −
√
∆

=
λ2n − (λ2n + ε−2(α2

1(〈f, φn〉)2 + α2
2(〈g, φn〉)2))

λn −
√
∆

=
−ε−2(α2

1(〈f, φn〉)2 + α2
2(〈g, φn〉)2)

λn −
√
∆

=
ε−2(α2

1(〈f, φn〉)2 + α2
2(〈g, φn〉)2)√

∆− λn
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Then (3.46) will be

+∞∑

n=0

(α2(〈f, φn〉)2 + α2
2(〈g, φn〉)2)(φn(ξ))

2

√
∆− λn

≤ α2
1

σ2θ1

Sinceφn(ξ) =
√
2 cos(nπξ), thenφ2

n(ξ) = 2 cos2(nπξ). Or

+∞∑

n=0

2(α2(〈f, φn〉)2 + α2
2(〈g, φn〉)2) cos2(nπξ)√
∆− λn

≤ α2
1

σ2θ1

But

+∞∑

n=0

2(α2(〈f, φn〉)2 + α2
2(〈g, φn〉)2) cos2(nπξ)√
∆− λn

≤
+∞∑

n=0

2(α2(〈f, φn〉)2 + α2
2(〈g, φn〉)2) cos2(nπξ)
−2λn

(3.47)

and we haveφ0 = 1, φn(x) =
√
2 cos(nπx), sincecos(nπx) ≤ 1, ∀n ≥ 1, and

0 ≤ x ≤ 1, thenφn(x) ≤
√
2φ0.

Assumef(x) is such thatf(x) > 0 for all 0 ≤ x ≤ 1, we obtain

f(x)φn(x) ≤
√
2f(x)φ0. Then

∫ 1

0

f(x)φn(x)dx ≤
√
2

∫ 1

0

f(x)φ0dx

Or

〈f, φn〉 ≤
√
2 〈f, φ0〉

Therefore

〈f, φn〉2 ≤ 2 〈f, φ0〉2

Assumeg(x) is such thatg(x) > 0 for all 0 ≤ x ≤ 1, we obtain

g(x)φn(x) ≤
√
2g(x)φ0. Then

∫ 1

0

g(x)φn(x)dx ≤
√
2

∫ 1

0

g(x)φ0dx

Or

〈g, φn〉 ≤
√
2 〈g, φ0〉

Therefore

〈g, φn〉2 ≤ 2 〈g, φ0〉2

Then (3.47) becomes
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+∞∑

n=0

2(α2
1(〈f, φn〉)2 + α2

2(〈g, φn〉)2) cos2(nπξ)√
∆− λn

≤
+∞∑

n=0

4(α2
1(〈f, φ0〉)2 + α2

2(〈g, φ0〉)2)
−2λn

+∞∑

n=0

2(α2
1(〈f, φn〉)2 + α2

2(〈g, φn〉)2) cos2(nπξ)√
∆− λn

≤ 2
+∞∑

n=0

(α2
1(〈f, φ0〉)2 + α2

2(〈g, φ0〉)2)
−λn

We have

2
+∞∑

n=0

α2
1(〈f, φ0〉)2 + α2

2(〈g, φ0〉)2
−λn

= 2
+∞∑

n=0

α2
1(〈f, φ0〉)2 + α2

2(〈g, φ0〉)2
n2π2

= 2(α2
1(〈f, φ0〉)2 + α2

2(〈g, φ0〉)2)
+∞∑

n=0

1

n2π2
=

(α2
1(〈f, φ0〉)2 + α2

2(〈g, φ0〉)2)
3

Letσ such that

(α2
1(〈f, φ0〉)2 + α2

2(〈g, φ0〉)2)
3

≤ α2
1

σ2θ1

θ1(α
2
1(〈f, φ0〉)2 + α2

2(〈g, φ0〉)2)
3α2

1

≤ 1

σ2

σ2 ≤ 3α2
1

θ1(α2
1(〈f, φ0〉)2 + α2

2(〈g, φ0〉)2)

σ ≤
√

3α2
1

θ1(α2
1(〈f, φ0〉)2 + α2

2(〈g, φ0〉)2)
For j = 2 and using the same steps, we obtain

σ ≤
√

3α2
2

θ2(α2
1(〈f, φ0〉)2 + α2

2(〈g, φ0〉)2)
Therefore, forα1 = α2

rw(A; (Di, Ei)i∈{1,2}) ≥ max

(√
3

θ1((〈f, φ0〉)2 + (〈g, φ0〉)2)
,

√
3

θ2((〈f, φ0〉)2 + (〈g, φ0〉)2)

)
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CHAPTER 4

MAXIMIZATION OF THE STABILITY

RADIUS OF SYSTEMS WITH

UNBOUNDED INPUT OPERATOR

4.1 Introduction

For deterministic infinite dimensional systems, subjectedto stochastic perturbations, the

problems of robust stability and robust stabilization havebeen studied in [41], using the

stability radius approach. These problems have been studied in the case where the op-

erators structure perturbations are bounded and the input operator is bounded.

In this chapter, we consider infinite dimensional systems subjected to stochastic per-

turbations with unbounded input operator. These systems may represent perturbations

of partial differential equations with stochastic uncertainties and boundary or point con-

trol. Our objective is to investigate the maximization of the stability radius by state

feedback. We consider two cases, the bounded and unbounded structured perturbations.

In both cases, we proceed with similar arguments but with different asymptions.

First we give the system description and some characterizations of the stability radius.
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Next, we establish some technical lemmas. Based on these lemmas, conditions are

derived for the existence of a stabilizing controller ensuring that the norm of the closed

loop operator below a prespecified bound. Such controllers will be called suboptimal

controllers. The suboptimality conditions are obtained interms of a Riccati equation

which satisfies an operator inequality. Then, we give a lowerbound for the supremal

achievable stability radius via a Riccati equation. Finally, two illustrative examples of

the theoretical results are given for both cases.

4.2 Systems subjected to stochastic bounded multi-perturbations

4.2.1 System description

Let H,Z,Ui,Yi, i ∈ N, real separable Hilbert spaces. Consider the controlled stochas-

tic system
{
dx(t) = Ax(t)dt+

∑N
i=1Di∆i (Eix(t)) dwi(t) + Bu(t)dt, t ∈ R

+,

x(0) = x0 ∈ H,
(4.1)

where

H1 A is the infinitesimal generator of an exponentially stable analytic semigroup(S(t))t≥0

onH.

H2 B is a linear operator fromZ toH, (B is generally unbounded as an operator from

Z to H), such that(−A)−ηB ∈ L(Z,H) for some fixedη , 0 ≤ η < 1
2
.

For i ∈ N :

H3 Di is a linear operator fromUi to H.

H4 Ei is a linear operator fromH toYi.

H5 ∆i ∈ Lip(Yi,Ui).

H6 (wi(t))t∈R+
, i ∈ N, are independent real Wiener processes on a probability space

(Ω,F , µ) relative to an increasing family(Ft)t∈R+
of σ-algebras(Ft)t∈R+

⊂ F ,

such that
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{
E (wi(t)) = 0

E (wi(t)− wi(s)) (wj(t)− wj(s)) = δijθi (t− s) , i, j ∈ N,

whereδij is the Kronecker symbol,θi > 0. u takes its values in the real separable

Hilbert spaceZ.

We assume that(A,B) is stabilizable. Our aim is to characterize the supremum

of the stability radii which can be achieved by linear state feedbacku = Fx.

Let

F =

{
F ∈ L(H,Z);A+BF is the infinitesimal generator

of an exponentially stable semigroup

}

and define

rw(A; (D,E)) = sup
{
rw(A+ BF ; (D,E)); F ∈ F

}
.

4.2.2 Suboptimality Conditions

In order to establish conditions for the existence of suboptimal controllersu(t) =

Fx(t) such thatF ∈ F andσ ≤ rw(A + BF ; (D,E)) , for σ > 0, we need the

following lemmas.

In this lemma, we establish some elementary results.

Lemma 4.1. Letσ > 0 andε > 0. If there existsP ∈ L+(H), such that

2 〈Px, (A− ε−2BB∗P )x〉+ ε−2 〈B∗Px,B∗Px〉+ 〈E(α)x,E(α)x〉 ≤ 0, x ∈ D(A)

(4.2)

and

I − σ2(θj/α
2
j )D

∗
jPDj � 0; j ∈ N, (4.3)

thenAε := A− ε−2BB∗P generates an exponentially stable analytic semigroup.

Moreover,

σ ≤ rw
(
Aε; (Di, Ei)i∈N

)
.

Proof. By asymptionsH1 andH2, it follows, thatAε = A − ε−2BB∗P is the

infinitesimal generator of an analytic semigroup onD(Aε) (see[44])
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Let us consider inH the initial value problem

{
d
dt
x(t) = Aεx(t), t > 0,

x(0) = x0, x0 ∈ H.
(4.4)

We recall that the solutionx(.) of the system (4.4) is given by

x(t) = S(t)x0 − ε−2

∫ t

0

S(t− s)BB∗Px(s)ds.

This implies that

‖x(t)‖ ≤ ‖S(t)x0‖+ ε−2

∥∥∥∥
∫ t

0

S(t− s)BB∗Px(s)ds

∥∥∥∥

≤ ‖S(t)x0‖+ ε−2

∫ t

0

‖S(t− s)BB∗Px(s)‖ ds

≤ ‖S(t)x0‖+ ε−2

∫ t

0

∥∥∥S(t− s)(−A)ηB̂B∗Px(s)
∥∥∥ ds

≤ ‖S(t)x0‖+ ε−2

∫ t

0

‖S(t− s)(−A)η‖
∥∥∥B̂
∥∥∥ ‖B∗Px(s)‖ ds

≤ Me−wt ‖x0‖+ ε−2
∥∥∥B̂
∥∥∥Mη

∫ t

0

e−w(t−s)

(t− s)η
‖B∗Px(s)‖ ds,

whereB̂ = (−A)−ηB, and hence

‖x(t)‖2 ≤ 2M2e−2wt ‖x0‖2 + 2ε−4
∥∥∥B̂
∥∥∥
2

M2
η

∫ t

0

e−2w(t−s)

(t− s)2η
‖B∗Px(s)‖2 ds.

It follows that ∫ +∞

0

‖x(t)‖2 dt ≤ 2M2 ‖x0‖2
∫ +∞

0

e−2wtdt

+2ε−4
∥∥∥B̂
∥∥∥
2

M2
η

∫ +∞

0

∫ t

0

e−2w(t−s)

(t− s)2η
‖B∗Px(s)‖2 dsdt

and the Fubbini Theorem gives
∫ +∞

0

‖x(t)‖2 dt ≤ 2M2 ‖x0‖2
∫ +∞

0

e−2wtdt

+ 2ε−4
∥∥∥B̂
∥∥∥
2

M2
η

∫ +∞

0

∫ +∞

s

‖B∗Px(s)‖2 e
−2w(t−s)

(t− s)2η
dtds

≤ 2M2 ‖x0‖2
2w

+ 2ε−4
∥∥∥B̂
∥∥∥
2

M2
η

∫ +∞

0

‖B∗Px(s)‖2
(∫ +∞

s

e−2w(t−s)

(t− s)2η
dt

)
ds.
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On other hand, sinceη < 1
2
, there existsK such that

∫ +∞

0

‖x(t)‖2 dt ≤ M2 ‖x0‖2
w

+ 2ε−4
∥∥∥B̂
∥∥∥
2

M2
ηK

∫ +∞

0

‖B∗Px(s)‖2 ds.

We shall now prove thatB∗Px(t) ∈ L2(R+, Z). For this purpose, we setV (x) :=

〈x, Px〉, wherex solves the system (4.4). From (4.2) we obtain,

d

dt
V (x(t)) ≤ −ε−2 〈PBB∗Px, x〉 − 〈E(α)x,E(α)x〉

≤ −ε−2 〈PBB∗Px, x〉 .

This implies that
∫ T

0

d

dt
V (x(t))dt ≤ −ε−2

∫ T

0

〈PBB∗Px(t), x(t)〉 dt,

and therefore

V (x(T ))− V (x(0)) ≤ −ε−2

∫ T

0

‖B∗Px(t)‖2 dt.

SinceP � 0, we have

ε−2

∫ T

0

‖B∗Px(t)‖2 dt ≤ V (x0), for all T > 0.

Hence

ε−2

∫ T

0

‖B∗Px(t)‖2 dt ≤ K ′ ‖x0‖2 ,

and henceB∗Px(t) ∈ L2(R+,Z). Therefore,x ∈ L2(R+,H) andFε := −ε−2B∗P ∈
F .
It follows from (4.2) that

2 〈PAεx, x〉+ 〈E(α)x,E(α)x〉 ≤ −ε−2 ‖B∗Px(t)‖2

Thus,

2 〈PAεx, x〉+ 〈E(α)x,E(α)x〉 ≤ 0,

I − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N

Applying Proposition 1.1 we get thatσ ≤ rw
(
Aε; (Di, Ei)i∈N

)
and if the inequal-

ity (4.3) is strict, we obtainσ < rw
(
Aε; (Di, Ei)i∈N

)
.
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The following lemma is of basic importance for the approach used to investigate

the maximization problem.

Lemma 4.2. Letσ > 0, ε > 0 andF ∈ F . If the inequality

2 〈P (A+ BF )x, x〉+ ε−2 〈B∗Px,B∗Px〉+ 〈E(α)x,E(α)x〉 ≤ 0, x ∈ D(A+ BF )

(4.5)

has a solutionP0 ∈ L+(H) satisfying the condition

I − σ2(θj/α
2
j )D

∗
jP0Dj � 0, j ∈ N (4.6)

then

F0 = −ε−2B∗P0 ∈ F andσ ≤ rw
(
A+ BF0; (Di, Ei)i∈N

)
.

Moreover, there existsP1 ∈ L+(H) such that for allx ∈ D(A+ BF0), we have

2 〈P1(A+BF0)x, x〉+ 〈E(α)x,E(α)x〉+ ε−2 〈B∗P0x,B
∗P0x〉 = 0,

also,

I − σ2(θj/α
2
j )D

∗
jP1Dj � 0, j ∈ N and P1 � P0.

Proof. Forx ∈ D(A+ BF ), we have

2 〈P0(A+BF )x, x〉+ 〈E(α)x,E(α)x〉+ ε2 〈Fx, Fx〉 = 2 〈P0Ax, x〉+ 〈E(α)x,E(α)x〉
+ 2 〈P0BFx, x〉+ ε2 〈Fx, Fx〉 .

SettingF
′
:= εF + ε−1B∗P0, we get

〈
F

′

x, F
′

x
〉

=
〈
(εF + ε−1B∗P0)x, (εF + ε−1B∗P0)x

〉

= ε2 〈Fx, Fx〉+ 2 〈B∗P0x, Fx〉+ ε−2 〈B∗P0x,B
∗P0x〉 .

Hence
〈
F

′

x, F
′

x
〉
− ε−2 〈B∗P0x,B

∗P0x〉 = ε2 〈Fx, Fx〉+ 2 〈B∗P0x, Fx〉 .

SinceP0 solves (4.5), it follows that

2 〈P0Ax, x〉+ 〈E(α)x,E(α)x〉+ 2 〈P0BFx, x〉+ ε2 〈Fx, Fx〉 ≤ 0,
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so that

2 〈P0Ax, x〉+ 〈E(α)x,E(α)x〉 − ε−2 〈B∗P0x,B
∗P0x〉+

〈
F

′
x, F

′
x
〉
≤ 0.

(4.7)

SetA0 := A+BF0 whereF0 := −ε−2B∗P0, we obtain

2 〈P0A0x, x〉 = 2 〈P0Ax, x〉 − 2ε−2 〈B∗P0x,B
∗P0x〉 .

From (4.7) it follows that

2 〈P0A0x, x〉+ 〈E(α)x,E(α)x〉+ ε−2 〈B∗P0x,B
∗P0x〉 ≤ −

〈
F

′

x, F
′

x
〉
.

Therefore

2 〈P0A0x, x〉+ 〈E(α)x,E(α)x〉+ ε−2 〈B∗P0x,B
∗P0x〉 ≤ 0. (4.8)

Lemma 4.1 shows thatF0 ∈ F andσ ≤ rw
(
A0; (Di, Ei)i∈N

)
.

Now, sinceP0 solves (4.8), it follows that

2 〈P0A0x, x〉+
〈
Ê(α)x, Ê(α)x

〉
≤ 0,

where

Ê(α) :=

(
E(α)

ε−1B∗P0

)
.

By Proposition 1.1, there existsP1 ∈ L+(H) such that

2 〈P1A0x, x〉+
〈
Ê(α)x, Ê(α)x

〉
= 0, with P1 � P0.

Consequently,

2 〈P1A0x, x〉+ ε−2 〈B∗P0x,B
∗P0x〉+ 〈E(α)x,E(α)x〉 = 0,

and

I − σ2(θj/α
2
j )D

∗
jP1Dj � 0, j ∈ N.

Applying this lemma iteratively we get the following important result.
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Theorem 4.1. Let F ∈ F . Assume that there existσ > 0 and ε > 0 such that

the Lyapunov inequality (4.5) has a solutionP0 ∈ L+(H) which satisfies the

condition (4.6). Then the Riccati equation

2 〈Ax, Px〉+ 〈E(α)x,E(α)x〉 − ε−2 〈B∗Px,B∗Px〉 = 0, x ∈ D(A) (4.9)

has a solutionP ∈ L+(H) satisfying

I − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N, Fε = −ε−2B∗P ∈ F

and

rw
(
A− ε−2BB∗P ; (Di, Ei)i∈N

)
≥ σ.

Proof. Applying Lemma 4.2 iteratively we construct a sequence of linear opera-

tors(Pk)k∈N ∈ L+(H) which satisfies

2 〈Pk+1Akx, x〉+ 〈E(α)x,E(α)x〉+ ε−2 〈B∗Pkx,B
∗Pkx〉 = 0, x ∈ D(Ak),

I − σ2(θj/α
2
j )D

∗
jPk+1Dj � 0, j ∈ N, and Pk � Pk+1,

whereP0 is a solution of (4.5) andAk := A− ε−2BB∗Pk.

LettingP := lim
k→+∞

Pk. Hence, for allx ∈ D(Aε) we have

2 〈PAεx, x〉+〈E(α)x,E(α)x〉+ε−2 〈B∗Px,B∗Px〉 = 0, where Aε := A−ε−2BB∗P,

and

I − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N.

Lemma 4.2 shows that

Fε = −ε−2B∗P ∈ F and σ ≤ rw
(
A− ε−2BB∗P ; (Di, Ei)i∈N

)
.

Since

2 〈PAεx, x〉+ 〈E(α)x,E(α)x〉+ ε−2 〈x, PBB∗Px〉

= 2 〈PAx, x〉+ 〈E(α)x,E(α)x〉 − ε−2 〈B∗Px,B∗Px〉 ,

it follows thatP satisfies the Riccati equation (4.9). This ends the proof.
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The following result is another consequence of the above Theorem. Here, we

establish some conditions for the existence of suboptimal controllers.

Proposition 4.1. Let σ, ε > 0. Assume that the Riccati equation (4.9) has a

solutionP ∈ L+(H) such thatI − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N. Then

Fε ∈ F and σ ≤ rw
(
A+ BFε; (Di, Ei)i∈N

)
.

Proof. SinceP solves the Riccati equation (4.9), we see that

2 〈P (A− ε−2BB∗P )x, x〉+ 〈E(α)x,E(α)x〉+ ε−2 〈B∗Px,B∗Px〉 = 0, x ∈ D(A).

I − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N.

By Lemma 4.2, we obtain the desired result.

As a consequence of the proposition 4.1 we characterize the supremal achievable

stability radius via the Riccati equation (4.9). We set

S
′

:=

{
σ > 0; there existε > 0 such that(4.9) has a solution

P ∈ L+(H) with I − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N

}
.

Corollary 4.1. The following inequality holds

rw
(
A; (Di, Ei)i∈N

)
≥ supS

′

.

Proof. Let σ ∈ S ′
. Then there existε > 0 such that the Riccati equation (4.9) has

a solutionP ∈ L+(H) with

I − σ2(θj/α
2
j )D

∗
jPDj � 0, j ∈ N.

By Proposition 4.1,

σ ≤ rw
(
A+ BFε; (Di, Ei)i∈N

)
with Fε ∈ F .

Therefore, we have the desired result.
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4.2.3 Examples

In this section, we present two practical examples to illustrate the above theoret-

ical results. Denoting byδ the Dirac Delta function at zero and byδξ the Dirac

Delta function atξ.

Example 4.1.Consider the stochastic heat equation




dz(t, x) = (∂
2z(t,x)
∂x2 )dt+

∑N
i=1 ∆i(z(t, x))dwi(t) + δξ(x)u(t)dt, 0 ≤ x ≤ 1, t ≥ 0

z(0, x) = z0(x)

z(t, 0) = z(t, 1) = 0
(4.10)

To put the problem (4.10) into the abstract setting, we introduce the self-adjoint

operatorA = d2

dx2 defined on the Hilbert spaceH = L2(0, 1) with D(A) =

H1
0 (0, 1) ∩H2(0, 1).

The operatorA generates an exponentially stable semigroupS(t). According to

[8], the eigenvalues ofA are

λn = −n2π2, n ≥ 0

However, the corresponding eigenfunctions are

φn(x) =
√
2 sinnπx, n ≥ 1, φ0(x) = 1

Define the following operators:

Di = Ei = IH for all i ∈ {1, ..., N} = N,

∆i ∈ Lip(H,H),

Bu = δξu, withB ∈ L(Re , H− 1
2
−β(0, 1)) .

The problem (4.10) can be formulated in the abstract form as follows
{
dZ(t) = AZ(t)dt+

∑N
i=1Di∆i(EiZ(t))dwi(t) + Bu(t)dt

Z(0) = Z0

(4.11)

Letα ∈ (0; +∞)N andε > 0. The Riccati equation corresponding to this system

is

2 〈AZ,PZ〉+〈E(α)Z,E(α)Z〉−ε−2 〈B∗PZ,B∗PZ〉 = 0, Z ∈ D(A) (4.12)
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Expressing the solutionP of (4.12) as follows:

PZ =
+∞∑

n,j=1

Pnj 〈Z, φn〉φj, Z ∈ H

and using

AZ =
+∞∑

n=1

λn 〈Z, φn〉φn, Z ∈ D(A),

we get

〈AZ,PZ〉 =
+∞∑

n=1

λnPnn(〈Z, φn〉)2

and

〈E(α)Z,E(α)Z〉 =
N∑

i=1

α2
i 〈EiZ,EiZ〉 =

N∑

i=1

α2
i 〈Z,Z〉

Also, we have

B∗PZ = B∗

(
+∞∑

n,j=1

Pnj 〈Z, φn〉φj

)
=

(
+∞∑

n,j=1

Pnj 〈Z, φn〉B∗φj

)

=

(
+∞∑

n,j=1

Pnj 〈Z, φn〉φj(ξ)

)
=

√
2

(
+∞∑

n,j=1

Pnj sin(jπξ) 〈Z, φn〉
)

So,

〈B∗PZ,B∗PZ〉 = 2
+∞∑

n,j=1

+∞∑

m,k=1

PnjPmk sin(jπξ) sin(kπξ) 〈Z, φn〉 〈Z, φm〉

Equation (4.12) becomes

2
∑+∞

n=1 Pnnλn 〈Z, φn〉2 +
∑N

i=1 α
2
i 〈Z,Z〉

− 2ε−2
∑+∞

n,j=1

∑+∞
m,k=1 PnjPmk sin(jπξ) sin(kπξ) 〈Z, φn〉 〈Z, φm〉 = 0

For Z = φk, k ∈ N
∗, we get

2λkPkk +
N∑

i=1

α2
i − 2ε−2P 2

kk sin
2 kπξ = 0
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Hence

−2ε−2P 2
kk sin

2 kπξ + 2λkPkk + a = 0, where a =
N∑

i=1

α2
i

we have

∆′ = λ2k + 2aε−2 sin2 kπξ > 0

Then

Pkk =
λk +

√
∆′

2ε−2 sin2 kπξ
> 0

Or

Pz =
+∞∑

k=1

Pk 〈z, φk〉φk, z ∈ H

Where

Pk =
λk +

√
∆′

2ε−2 sin2 kπξ

∆′ = λ2k + 2aε−2 sin2 kπξ

Now we show that

I − σ2(
θj
α2
j

)D∗
jPDj � 0, for allj ∈ N (4.13)

For someσ > 0. LetZ ∈ H, we have
〈
(I − σ2(

θj
α2
j

)P )Z,Z

〉
=

+∞∑

n=1

(1− σ2(
θj
α2
j

)Pn) 〈Z, φn〉2

HenceI − σ2(
θj
α2
j

)P � 0 if and only if1− σ2(
θj
α2
j

)Pn ≥ 0, for all n ≥ 1.

Let j ∈ N . For n ∈ N
∗, we have

1− σ2(
θj
α2
j

)Pn ≥ 0,

⇐⇒
α2
j

θjσ2
≥ λn +

√
∆′

2ε−2 sin2 nπξ
,

⇐⇒
α2
j

θjaσ2
≥ 1√

λ2n + 2aε−2 sin2 nπξ − λn
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Letσ such that

σ ≤ παj

√
2√

θja
with a =

N∑

i=1

α2
i .

then
α2
j

θjaσ2
≥ 1

2π2
.

hence
α2
j

θjaσ2
≥ 1

−2λn
for all n ∈ N

∗ (4.14)

and because we have
√
λ2n + 2aε−2 sin2 nπξ − λn ≥ −2λn

Then
1√

λ2n + 2aε−2 sin2 nπξ − λn
≤ 1

−2λn

Or (4.14) implies that

α2
j

θjaσ2
≥ 1√

λ2n + 2ε−2 sin2 nπξa− λn
for all n ∈ N

∗ (4.15)

Thus forσ ≤ παj

√
2√

θja
, the Riccati equation has a solutionP ∈ L+(H) with

I − σ2(
θj
α2
j

)D∗
jPDj � 0, ∀j ∈ N

.

Recalling Corollary 4.1 we get

rw(A; (Di, Ei)i∈N) ≥
π
√
2

minj∈N(
√
θj)

Example 4.2.Consider the stochastic parabolic equation




dy(x, t) = π−2(∂
2y(x,t)
∂x2 )dt− y(x, t)dt+

∑N
i=1 ∆i(y(x, t))dwi(t), 0 ≤ x ≤ 1, t ≥ 0,

y(x, 0) = y0(x),
∂y
∂x
(0, t) = u(t), ∂y

∂x
(1, t) = 0.

(4.16)
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Consider the operatorAh = π−2 d2h
dx2 − h defined on the Hilbert spaceH =

L2(0, 1) with

D(A) = {ψ ∈ H2(0, 1),
.

ψ(0) =
.

ψ(1) = 0}.

The operatorA generates an exponentially stable semigroupS(t), the eigenvalues

ofA are

λn = −n2 − 1, n ≥ 0.

In addition, the corresponding eigenfunctions are

φ0 = 1 and φn(x) =
√
2 cosnπx, for all n ≥ 1.

Define the following operators:

Di = Ei = IH for all i ∈ {1, ..., N} = N, with

∆i ∈ Lip(H,H),

B∗ψ(x) = − 1

π2
ψ(0), with ψ ∈ D(B∗).

The problem (4.16) takes the following abstract form
{
dY(t) = AY(t)dt+

∑N
i=1Di∆i(EiY(t))dwi(t) + Bu(t)dt

Y(0) = Y0

(4.17)

Letα ∈ (0; +∞)N andε > 0. Note that the corresponding Riccati equation is

2 〈AY , PY〉+ 〈E(α)Y , E(α)Y〉 − ε−2 〈B∗PY , B∗PY〉 = 0, Y ∈ D(A)

(4.18)

Assume that we can express the solutionP of (4.18) as

PY =
+∞∑

n,j=0

Pnj 〈Y , φn〉φj, Y ∈ H.

we have

AY =
+∞∑

n=0

λn 〈Y , φn〉φn, for Y ∈ D(A),

Hence

〈AY , PY〉 =
+∞∑

n=0

λnPnn(〈Y , φn〉)2
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We have

〈E(α)Y , E(α)Y〉 =
N∑

i=1

α2
i 〈EiY , EiY〉 =

N∑

i=1

α2
i 〈Y ,Y〉

Since

B∗PY = B∗

(
+∞∑

n,j=0

Pnj 〈Y , φn〉φj

)
=

(
+∞∑

n,j=0

Pnj 〈Y , φn〉B∗φj

)

= − 1

π2

(
+∞∑

n,j=0

Pnj 〈Y , φn〉φj(0)

)
= −

√
2

π2

(
+∞∑

n,j=0

Pnj 〈Y , φn〉
)
,

We get

〈B∗PY , B∗PY〉 = 2

π4

+∞∑

n,j=0

+∞∑

m,k=0

PnjPmk 〈Y , φn〉 〈Y , φm〉

Equation (4.18) takes the form

2
+∞∑

n=0

Pnnλn 〈Y , φn〉2+
N∑

i=1

α2
i 〈Y ,Y〉−2ε−2

π4

+∞∑

n,j=0

+∞∑

m,k=0

PnjPmk 〈Y , φn〉 〈Y , φm〉 = 0.

For Y = φk, k ∈ N, we obtain

2λkPkk +
N∑

i=1

α2
i −

2ε−2

π4
P 2
kk = 0.

Or

−2ε−2

π4
P 2
kk + 2λkPkk + a = 0, where a =

N∑

i=1

α2
i

we have

∆′ = λ2k +
2ε−2a

π4
> 0

Then

Pkk =
π4(λk +

√
∆′)

2ε−2
> 0
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hence

PY =
+∞∑

n=0

Pn 〈Y , φn〉φn, Y ∈ H

wherePn = π4(λn+
√
∆′)

2ε−2 . Now we show that

I − σ2(
θj
α2
j

)D∗
jPDj � 0, for all j ∈ N, (4.19)

for someσ > 0. LetZ ∈ H, we have

〈
(I − σ2(

θj
α2
j

)P )Y ,Y
〉

=
+∞∑

n=1

(1− σ2(
θj
α2
j

Pn) 〈Y , φn〉2

HenceI − σ2(
θj
α2
j

)P � 0 if and only if1− σ2(
θj
α2
j

)Pn ≥ 0, for all n ≥ 0.

Let j ∈ N . For n ∈ N, we have

1− σ2(
θj
α2
j

)Pn ≥ 0,

⇐⇒
α2
j

θjσ2
≥ π4(λn +

√
∆′)

2ε−2
,

⇐⇒
α2
j

θjaσ2
≥ 1√

λ2n +
2ε−2a
π4 − λn

.

Letσ such that

σ ≤ αj

√
2√

θja
with a =

N∑

i=1

α2
i .

hence
α2
j

θjaσ2
≥ 1

2
≥ 1

−2(−n2 − 1)

Then
α2
j

θjaσ2
≥ 1

−2λn
(4.20)

and because we have
√
λ2n +

2ε−2a

π4
− λn ≥ −2λn
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Then
1√

λ2n +
2ε−2a
π4 − λn

≤ 1

−2λn

Or (4.20) implies that

α2
j

θjaσ2
≥ 1√

λ2n +
2ε−2a
π4 − λn

, (4.21)

Thus forσ ≤ αj

√
2√

θja
, the Riccati equation has a solutionP ∈ L+(H) with

I − σ2(
θj
α2
j

)D∗
jPDj � 0, for all j ∈ N

Recalling Corollary 4.1 we get

rw(A; (Di, Ei)i∈N) ≥
√
2

mini∈N(
√
θj)

4.3 Systems subjected to stochastic unbounded per-

turbations

4.3.1 System description

Let us consider the controlled stochastic system represented by the equation




dx(t) = Ax(t)dt+D∆(E(x(t))dw(t) + Bu(t)dt, t ≥ 0,

x(0) = x0, x0 ∈ H,
‖∆‖Lip < σ.

(4.22)

We introduce the following assumptions

H1. A is the infinitesimal generator of an exponentially stable analytic semigroup

(S(t))t≥0 onH;

H2. B is a linear operator fromZ toH, such that

(−A)−ηB ∈ L(Z,H) for some fixedη, with 0 ≤ η <
1

2
;

103



Chapter 4. Maximization of the stability radius of systems with unbounded input operator

H3. D is generally an unbounded linear operator, in order that,

(−A)−γD ∈ L(U ,H) for some fixedγ, with 0 ≤ γ <
1

2
;

H4. E is a linear operator fromH to Y, such thatE(−A)−δ ∈ L(H,Y), with

δ < min{1
2
− γ, 1

2
− η};

H5. (w(t))t∈R+
is a real Wiener process on the probability space(Ω,F , µ) with

varianceθ;

u takes its values in the real separable Hilbert spaceZ and∆ ∈ Lip (Y ,U).

The goal of this work is to characterize the supremum of the stability radii which

can be achieved by linear state feedbacku = Fx. For this purpose, we set

F :=

{
F : H −→ Z;A+ BF is the infinitesimal generator

of an exponentially stable analytic semigroup

}
.

Define

rw(A, (D,E)) = sup
{
rw(A+ BF, (D,E)), F ∈ F

}
.

4.3.2 Suboptimality Conditions

The aim of this section is to establish conditions for the existence of suboptimal

controllersu(t) = Fx(t), with

F ∈ F and 0 < σ ≤ rw(A+ BF ; (D,E)).

To do this, we need the following Lemmas.

Lemma 4.3. Letσ > 0 andε > 0. If there existsP ∈ L+(H), such that

2 〈Px, (A− ε−2BB∗P )x〉+ ε−2 〈B∗Px,B∗Px〉+ 〈Ex,Ex〉 ≤ 0, x ∈ D((−A)δ)
(4.23)

and

I − θσ2D∗PD � 0, (4.24)

thenAε := A− ε−2BB∗P generates an exponentially stable analytic semigroup.

Moreover,

σ ≤ rw
(
Aε; (D,E)

)
.
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Proof. According to [46, Theorem 2.5.1], it follows from assumptions (H1), (H2)

and (H4) thatAε is the infinitesimal generator of an analytic semigroup onD((−A)δ).
Let us consider inH the initial value problem

{
d
dt
x(t) = Aεx(t), t ∈ R

+,

x(0) = x0, x0 ∈ H.
(4.25)

We recall that the solutionx(.) of the system (4.25) is given by

x(t) = S(t)x0 − ε−2

∫ t

0

S(t− s)BB∗Px(s)ds.

This implies that

‖x(t)‖ ≤ ‖S(t)x0‖+ ε−2

∥∥∥∥
∫ t

0

S(t− s)BB∗Px(s)ds

∥∥∥∥

≤ ‖S(t)x0‖+ ε−2

∫ t

0

‖S(t− s)BB∗Px(s)‖ ds

≤ ‖S(t)x0‖+ ε−2

∫ t

0

∥∥∥S(t− s)(−A)ηB̂B∗Px(s)
∥∥∥ ds

≤ ‖S(t)x0‖+ ε−2

∫ t

0

‖S(t− s)(−A)η‖
∥∥∥B̂
∥∥∥ ‖B∗Px(s)‖ ds

≤ Me−wt ‖x0‖+ ε−2
∥∥∥B̂
∥∥∥Mη

∫ t

0

e−w(t−s)

(t− s)η
‖B∗Px(s)‖ ds,

whereB̂ = (−A)−ηB, and hence

‖x(t)‖2 ≤ 2M2e−2wt ‖x0‖2 + 2ε−4
∥∥∥B̂
∥∥∥
2

M2
η

∫ t

0

e−2w(t−s)

(t− s)2η
‖B∗Px(s)‖2 ds.

It follows that ∫ +∞

0

‖x(t)‖2 dt ≤ 2M2 ‖x0‖2
∫ +∞

0

e−2wtdt

+2ε−4
∥∥∥B̂
∥∥∥
2

M2
η

∫ +∞

0

∫ t

0

e−2w(t−s)

(t− s)2η
‖B∗Px(s)‖2 dsdt

and the Fubbini Theorem gives
∫ +∞

0

‖x(t)‖2 dt ≤ 2M2 ‖x0‖2
∫ +∞

0

e−2wtdt

+ 2ε−4
∥∥∥B̂
∥∥∥
2

M2
η

∫ +∞

0

∫ +∞

s

‖B∗Px(s)‖2 e
−2w(t−s)

(t− s)2η
dtds

≤ 2M2 ‖x0‖2
2w

+ 2ε−4
∥∥∥B̂
∥∥∥
2

M2
η

∫ +∞

0

‖B∗Px(s)‖2
(∫ +∞

s

e−2w(t−s)

(t− s)2η
dt

)
ds.
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On other hand, sinceη < 1
2
, there existsK such that

∫ +∞

0

‖x(t)‖2 dt ≤ M2 ‖x0‖2
w

+ 2ε−4
∥∥∥B̂
∥∥∥
2

M2
ηK

∫ +∞

0

‖B∗Px(s)‖2 ds.

We shall now prove thatB∗Px(.) ∈ L2(R+,Z). For this purpose, we setV (x) :=

〈x, Px〉, wherex solves the system (4.25). From (4.23) we obtain,

d

dt
V (x(t)) ≤ −ε−2 〈PBB∗Px, x〉 − 〈Ex,Ex〉

≤ −ε−2 〈PBB∗Px, x〉 .

This implies that
∫ T

0

d

dt
V (x(t))dt ≤ −ε−2

∫ T

0

〈PBB∗Px(t), x(t)〉 dt,

and therefore

V (x(T ))− V (x(0)) ≤ −ε−2

∫ T

0

‖B∗Px(t)‖2 dt.

SinceP � 0, we have

ε−2

∫ T

0

‖B∗Px(t)‖2 dt ≤ V (x0), for all T > 0.

Hence

ε−2

∫ T

0

‖B∗Px(t)‖2 dt ≤ K ′ ‖x0‖2 ,

and henceB∗Px(.) ∈ L2(R+,Z). Therefore,x(.) ∈ L2(R+,H) andFε :=

−ε−2B∗P ∈ F .
It follows from (4.23) that

2 〈PAεx, x〉+ 〈Ex,Ex〉 ≤ −ε−2 ‖B∗Px(t)‖2 .

Thus,

2 〈PAεx, x〉+ 〈Ex,Ex〉 ≤ 0,

I − θσ2D∗PD � 0,

and soσ ≤ rw(Aε; (D,E)). If the inequality (4.24) is strict, we getσ < rw
(
Aε; (D,E)

)
.
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Now, we prove the following necessary Lemma which is the mainingredient in

the proof of next Theorem.

Lemma 4.4. Letσ > 0, ε > 0 andF ∈ F . If the inequality

2 〈P (A+ BF )x, x〉+ ε−2 〈B∗Px,B∗Px〉+ 〈Ex,Ex〉 ≤ 0, x ∈ D(A+ BF )

(4.26)

has a solutionP0 ∈ L+(H) satisfying the condition

I − θσ2D∗P0D � 0, (4.27)

then

F0 = −ε−2B∗P0 ∈ F andσ ≤ rw(A+ BF0; (D,E)).

Moreover, there existsP1 ∈ L+(H) such that for allx ∈ D(A+ BF0), we have

2 〈P1(A+ BF0)x, x〉+ 〈Ex,Ex〉+ ε−2 〈B∗P0x,B
∗P0x〉 = 0,

also,

I − θσ2D∗P1D � 0 and P1 � P0.

Proof. Forx ∈ D(A+ BF ), we have

2 〈P0(A+BF )x, x〉+ 〈Ex,Ex〉+ ε2 〈Fx, Fx〉 = 2 〈P0Ax, x〉+ 〈Ex,Ex〉
+ 2 〈P0BFx, x〉+ ε2 〈Fx, Fx〉 .

LettingF
′
:= εF + ε−1B∗P0, we get

〈
F

′

x, F
′

x
〉

=
〈
(εF + ε−1B∗P0)x, (εF + ε−1B∗P0)x

〉

= ε2 〈Fx, Fx〉+ 2 〈B∗P0x, Fx〉+ ε−2 〈B∗P0x,B
∗P0x〉 .

Hence
〈
F

′

x, F
′

x
〉
− ε−2 〈B∗P0x,B

∗P0x〉 = ε2 〈Fx, Fx〉+ 2 〈B∗P0x, Fx〉 .

SinceP0 solves (4.26), it follows that

2 〈P0Ax, x〉+ 〈Ex,Ex〉+ 2 〈P0BFx, x〉+ ε2 〈Fx, Fx〉 ≤ 0,
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so that

2 〈P0Ax, x〉+ 〈Ex,Ex〉 − ε−2 〈B∗P0x,B
∗P0x〉+

〈
F

′
x, F

′
x
〉
≤ 0. (4.28)

SetA0 := A+BF0 whereF0 := −ε−2B∗P0, we obtain

2 〈P0A0x, x〉 = 2 〈P0Ax, x〉 − 2ε−2 〈B∗P0x,B
∗P0x〉 .

From (4.28) it follows that

2 〈P0A0x, x〉+ 〈Ex,Ex〉+ ε−2 〈B∗P0x,B
∗P0x〉 ≤ −

〈
F

′

x, F
′

x
〉
.

Therefore

2 〈P0A0x, x〉+ 〈Ex,Ex〉+ ε−2 〈B∗P0x,B
∗P0x〉 ≤ 0. (4.29)

Lemma 4.3 shows thatF0 ∈ F andσ ≤ rw(A0; (D,E)).

Now, sinceP0 solves (4.29), it follows that

2 〈P0A0x, x〉+
〈
Êx, Êx

〉
≤ 0,

where

Ê :=

(
E

ε−1B∗P0

)
.

By Proposition 3.2, there existsP1 ∈ L+(H) such that

2 〈P1A0x, x〉+
〈
Êx, Êx

〉
= 0, with P1 � P0.

Consequently,

2 〈P1A0x, x〉+ ε−2 〈B∗P0x,B
∗P0x〉+ 〈Ex,Ex〉 = 0,

and

I − θσ2D∗P1D � 0.

Theorem 4.2. Let F ∈ F . Assume that there existσ > 0 and ε > 0 such that

the Lyapunov inequality (4.26) has a solutionP0 ∈ L+(H) which satisfies the

condition (4.27). Then the Riccati equation

2 〈Ax, Px〉+ 〈Ex,Ex〉 − ε−2 〈B∗Px,B∗Px〉 = 0, x ∈ D((−A)δ) (4.30)

has a solutionP satisfying

I− θσ2D∗PD � 0, Fε = −ε2B∗P ∈ F and rw(A− ε−2BB∗P ; (D,E)) ≥ σ.
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Proof. The main basic idea of the proof is to iteratively apply the Lemma 4.4. To

this end, we construct a sequence of linear operators(Pk)k∈N ∈ L+(H) such that

2 〈Pk+1Akx, x〉+ 〈Ex,Ex〉+ ε−2 〈B∗Pkx,B
∗Pkx〉 = 0, x ∈ D((−A)δ),

I − θσ2D∗Pk+1D � 0, and Pk � Pk+1,

whereP0 is a solution of (4.26) andAk := A− ε−2BB∗Pk.

LettingP := lim
k→+∞

Pk. Hence, for allx ∈ D((−A)δ) we have

2 〈PAεx, x〉+〈Ex,Ex〉+ε−2 〈B∗Px,B∗Px〉 = 0, where Aε := A−ε−2BB∗P,

and

I − θσ2D∗PD � 0.

Lemma 4.4 shows that

Fε ∈ F and σ ≤ rw(A− ε−2BB∗P ; (D,E)).

Since

2 〈PAεx, x〉+〈Ex,Ex〉+ε−2 〈x, PBB∗Px〉 = 2 〈PAx, x〉+〈Ex,Ex〉−ε−2 〈B∗Px,B∗Px〉 ,

it follows thatP satisfies the Riccati equation (4.30). This ends the proof.

The following result is another consequence of the above Theorem. Here, we

establish some conditions for the existence of suboptimal controllers.

Proposition 4.2. Let σ, ε > 0. Assume that the Riccati equation (4.30) has a

solutionP ∈ L+(H) such thatI − θσ2D∗PD � 0, then

Fε ∈ F and σ ≤ rw(A+ BFε; (D,E)).

Proof. SinceP solves the Riccati equation (4.30), we see that

2 〈P (A− ε−2BB∗P )x, x〉+ 〈Ex,Ex〉+ ε−2 〈B∗Px,B∗Px〉 = 0, x ∈ D((−A)δ).

I − θσ2D∗PD � 0.

By Lemma 4.4, we obtain the desired result.
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Let us now state a corollary of Proposition 4.2 for characterizing the supremal

achievable stability radius via the Riccati equation (4.30). For this purpose, we

set

S ′

:=

{
σ > 0; there existε > 0 such that(4.30) has a solution

P ∈ L+(H) with I − θσ2D∗PD � 0

}
.

Corollary 4.2. The following inequality holds

rw(A; (D,E)) ≥ supS ′

.

Proof. Let σ ∈ S ′
. Then there existε > 0 such that the Riccati equation (4.30)

has a solutionP ∈ L+(H) with

I − θσ2D∗PD � 0.

By proposition 4.2,

σ ≤ rw(A+ BFε; (D,E)) with Fε ∈ F .

Therefore, we have the desired result.

4.3.3 Examples

In this section, we present two practical examples to illustrate the above theoret-

ical results. Denoting byδ the Dirac Delta function at zero and byδξ the Dirac

Delta function atξ.

Example 4.3.Consider the following stochastic parabolic equation with Newman

boundary conditions





∂y
∂t
(x, t) = ∂2y

∂x2 (x, t)− y(x, t) + δξ(x)u(t), 0 ≤ x, ξ ≤ 1, 0 ≤ t ≤ T,

y(x, 0) = y0(x),
∂y
∂x
(0, t) = −c 〈f, y(0, t)〉 .

w(t), c ∈ R, f ∈ L2(0, 1),
∂y
∂x
(1, t) = 0.

(4.31)
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To put the problem (4.31) into the abstract setting, we introduce the self-adjoint

operatorAh = d2h
dx2 − h defined on the Hilbert spaceH = L2(0, 1) with

D(A) = {z ∈ L2(0, 1),
d2z

dx2
∈ L2(0, 1),

dz

dx
(0) =

dz

dx
(1) = 0}.

The operatorA generates an analytic semigroupS(t). According to [8], the

eigenvalues ofA are

λn = −(1 + n2π2).

However, the corresponding eigenfunctions are

φ0 = 1 and φn(x) =
√
2 cosnπx for all n ≥ 1.

Define the following operators:

Dy = −δy, with D ∈ L(R, H− 1
2
−β(0, 1)),

Ez = 〈f, z〉 , with E ∈ L(H,R),
∆ = c ∈ R,

Bu = δξu, with B ∈ L(R, H− 1
2
−β(0, 1)),

The problem (4.31) can be formulated in the abstract form as follows
{

Y(t) = AY(t)dt+D∆E(Y(t))dw(t) + Bu(t)dt,

Y(0) = Y0.
(4.32)

In this case, we have

η = γ =
1

4
+
β

2
such that 0 < β <

1

2
and δ = 0.

The corresponding Riccati equation reads

2 〈AY , PY〉+ 〈EY , EY〉 − ε−2 〈B∗PY , B∗PY〉 = 0. (4.33)

Expressing the solutionP of (4.33) as follows:

PY =
+∞∑

n,j=0

Pnj 〈Y , φn〉φj, Y ∈ H,
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and using

AY =
+∞∑

n=0

λn 〈Y , φn〉φn, Y ∈ D(A),

we get

〈AY , PY〉 =
+∞∑

n=0

λnPnn(〈Y , φn〉)2,

and

〈EY , EY〉 = |〈f,Y〉|2 = (
+∞∑

n=0

〈Y , φn〉 〈f, φn〉)2.

Also, we have

B∗PY = B∗

(
+∞∑

n,j=0

Pnj 〈Y , φn〉φj

)
=

√
2

+∞∑

n,j=0

Pnj cos jπξ 〈Y , φn〉 .

So,

〈B∗PY , B∗PY〉 = 2
+∞∑

n,j=0

+∞∑

m,k=0

PnjPmk cos jπξ cos kπξ 〈Y , φn〉 〈Y , φm〉 .

Equation (4.33) becomes

2
+∞∑

n=0

λnPnn(〈Y , φn〉)2 + (
+∞∑

n=0

〈Y , φn〉 〈f, φn〉)2

− 2ε−2

+∞∑

n,j=0

+∞∑

m,k=0

PnjPmk cos jπξ cos kπξ 〈Y , φn〉 〈Y , φm〉 = 0.

For Y = φk, k ∈ N, we get

2λkPkk + (〈f, φk〉)2 − 2ε−2P 2
kk cos

2 kπξ = 0.

Hence

Pkk =
λk +

√
∆′

2ε−2 cos2 kπξ
, where ∆

′

:= λ2k + 2ε−2 〈f, φk〉2 cos2 kπξ > 0,

and hence

PY =
+∞∑

n=0

Pn 〈Y , φn〉φn, where Pn :=
λn +

√
∆′

2ε−2 cos2 nπξ
.
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Now, we show thatI − σ2(θ)D∗PD � 0 for someσ > 0. In fact,

I − σ2(θ)D∗PD � 0

is equivalent to

1− 2σ2θ
+∞∑

k=0

Pk ≥ 0, ,

or
+∞∑

k=0

λk +
√
∆′

ε−2 cos2 kπξ
≤ 1

θσ2
.

which is equivalent to

+∞∑

k=0

2 〈f, φk〉2√
λ2k + 2 〈f, φk〉2 ε−2 cos2 kπξ − λk

≤ 1

θσ2
,

But
+∞∑

k=0

2 〈f, φk〉2√
λ2k + 2 〈f, φk〉2 ε−2 cos2 kπξ − λk

≤
+∞∑

k=0

2 〈f, φk〉2
−2λk

,

Assumef(x) is such thatf(x) > 0 for all 0 ≤ x ≤ 1. Then

+∞∑

k=0

2 〈f, φk〉2
−2λk

≤
+∞∑

k=0

4 〈f, φ0〉2
−2λk

We have

2
+∞∑

k=0

〈f, φ0〉2
−λk

= 2 〈f, φ0〉2
+∞∑

k=0

1

(1 + n2π2)
= 2.313 〈f, φ0〉2

Letσ such that

σ2 ≤ 1

2.313θ 〈f, φ0〉2
.

then
+∞∑

k=0

2 〈f, φk〉2
−2λk

≤ 1

θσ2
,

therefore
+∞∑

k=0

λk +
√
∆′

ε−2 cos2 kπξ
≤ 1

θσ2
.
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Thus, for 1
1.5209

√
θ〈f,φ0〉

≥ σ the Riccati equation (4.33) has a solutionP ∈ L+(H)

with I − θσ2D∗PD � 0.

According to Corollary 4.2, we get

rw(A; (D,E)) ≥ 1

1.5209
√
θ 〈f, φ0〉

.

Example 4.4. Consider the following boundary controlled heat equation on the

interval (0, L), L > 0





∂tz(x, t) = ∂xxz(x, t)− z(x, t) + kδξ(x) 〈g, z(x, t)〉
.
w(t), 0 ≤ x, ξ ≤ L, t > 0,

g ∈ L2(0, L),

z(x, 0) = z0(x), 0 ≤ x ≤ L,

∂xz(0, t) = u(t), ∂xz(L, t) = 0, t > 0.
(4.34)

In this case, we consider the operatorAh = d2h
dx2 − h defined on the Hilbert space

H = L2(0, L) with

D(A) = {z ∈ H2(0, L),
dz

dx
(0) =

dz

dx
(L) = 0}.

The operatorA generates an analytic semigroupS(t), the eigenvalues ofA are

λn =
−n2π2

L2
− 1, n ≥ 0.

In addition, the corresponding eigenfunctions are

φ0 =
1√
L

and φn(x) =

√
2

L
cos

nπx

L
, for all n ≥ 1.

Define the following operators:

Dz = δξz, with D ∈ L(R, H− 1
2
−β(0, L)),

Ez = 〈g, z〉 , with E ∈ L(H,R),
∆ = k ∈ R,

B∗ψ(x) = −ψ(0), with ψ ∈ D(B∗).

The problem (4.34) takes the following abstract form
{
dZ(t) = AZ(t)dt+D∆E(Z(t))dw(t) + Bu(t)dt,

Z(0) = Z0.
(4.35)
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For this system we have

η = γ =
1

4
+
β

2
, 0 < β <

1

2
and δ = 0.

Note that the corresponding Riccati equation is

2 〈AZ, PZ〉+ 〈EZ, EZ〉 − ε−2 〈B∗PZ, B∗PZ〉 = 0, Z ∈ D(A) (4.36)

Assume that we can express the solutionP of (4.36) as

PZ =
+∞∑

n,j=0

Pnj 〈Z, φn〉φj, Z ∈ H.

Hence

AZ =
+∞∑

n=0

λn 〈Z, φn〉φn, for Z ∈ D(A),

and hence

〈AZ, PZ〉 =
+∞∑

n=0

λnPnn(〈Z, φn〉)2.

Since

〈EZ, EZ〉 = 〈g,Z〉2 ,

B∗PZ = B∗

(
+∞∑

n,j=0

Pnj 〈Z, φn〉φj

)

= −
√

2

L

(
+∞∑

n,j=0

Pnj 〈Z, φn〉
)
,

Equation (4.36) takes the form

2
+∞∑

n=0

λnPnn(〈Z, φn〉)2+〈g,Z〉2− 2ε−2

L

+∞∑

n,k=0

+∞∑

m,j=0

PnkPmj 〈Z, φn〉 〈Z, φm〉 = 0.

For Z = φk, k ∈ N, we obtain

2λkPkk + (〈g, φk〉)2 −
2ε−2

L
P 2
kk = 0.

So,

Pkk =
L(λk +

√
∆′)

2ε−2
, where ∆

′

= λ2k +
2ε−2 〈g, φk〉2

L
> 0,
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and so

PZ =
+∞∑

n=0

Pn 〈Z, φn〉φn,

where

Pn =
L(λn +

√
∆′)

2ε−2
and ∆

′

= λ2n +
2ε−2 〈g, φn〉2

L
.

Now, we show thatI − σ2(θ)D∗PD � 0 for someσ > 0.

We have

I − σ2(θ)D∗PD � 0

is equivalent to,

1− 2

L
σ2θ

+∞∑

n=0

cos2(
nπξ

L
)Pn ≥ 0,

or,

L

2θσ2
≥

+∞∑

n=0

L(λn +
√
∆′) cos2(nπξ

L
)

2ε−2
,

We have

2ε−2 〈g, φn〉2

L(

√
λ2n +

2ε−2〈g,φn〉2
L

− λn)
= λn +

√

λ2n +
2ε−2 〈g, φn〉2

L
, for all n ∈ N,

Since
〈g, φn〉2√

λ2n +
2ε−2〈g,φn〉2

L
− λn

≤ 〈g, φn〉2
−2λn

, for all n ∈ N,

it follows that

λn +

√

λ2n +
2ε−2 〈g, φn〉2

L
≤ 2ε−2 〈g, φn〉2

−2Lλn
,

thus
+∞∑

n=0

L(λn +
√
∆′) cos2(nπξ

L
)

2ε−2
≤

+∞∑

n=0

〈g, φn〉2 cos2(nπξL
)

−2λn

Set

S =
+∞∑

n=0

1

−λn
=

+∞∑

n=0

L2

n2π2 + L2
=

1

2
+
L coth(L)

2
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Chapter 4. Maximization of the stability radius of systems with unbounded input operator

Letσ such that

σ ≤
√

L

2 〈g, φ0〉2 θS
,

Assumeg(x) is such thatg(x) > 0 for all 0 ≤ x ≤ L. We have

+∞∑

n=0

〈g, φn〉2 θ cos2(nπξL
)

−2λnL
≤

+∞∑

n=0

2 〈g, φ0〉2 θ
−2λnL

≤ 1

2σ2
,

and hence
1

2σ2
≥

+∞∑

n=0

〈g, φn〉2 θ cos2(nπξL
)

−2λnL
,

Or equivalently,
L

2σ2θ
≥

+∞∑

n=0

〈g, φn〉2 cos2(nπξL
)

−2λn
,

hence that
1

2σ2θ
≥ 1

2ε−2

+∞∑

n=0

cos2(
nπξ

L
)(λn +

√
∆′),

and finally that

1− 2

L
σ2θ

+∞∑

n=0

cos2(
nπξ

L
)Pn ≥ 0, .

Consequently, if

σ ≤
√

L

2 〈g, φ0〉2 θS
,

then the Riccati equation (4.36) has a solutionP ∈ L+(H). Moreover,

I − θσ2D∗PD � 0.

According to Corollary 4.2, we get

rw(A; (D,E)) ≥
√

L

2 〈g, φ0〉2 θS
.
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CONCLUSION

In this thesis, we have addressed the problem of robust stabilization for a class of

continuous-time infinite dimentional linear systems subjected to stochastic per-

turbations. As a robustness metric, we used the concept of stability radius.

At first, an infinite-dimensional system subjected to stochastic structured bounded

perturbations is explored with the goal of maximizing the stability radius using a

dynamic compensator. Operator inequalities are used to express the necessary

and sufficient conditions for the existence of a suboptimal compensator.

The second objetive of the thesis is to study the robustness stabilization problem

for systems with unbounded structured stochastic multi-perturbations. This case

is more important in the applications because it covers the case of partial differen-

tial equations with boundary and pointwise noise. Under additional assumptions,

we have extended the results of [41] to the unbounded case. Wecharacterized

the stability radius in terms of a Lyapunov equation and the supremal achievable

stability radius in terms of a Riccati equation.

Finally, we have investigated the problem of maximizing thestability radius when

the system is subjected to bounded or unbounded structured perturbations, with

unbounded input operator. We established some conditions for the existence of

suboptimal controllers. These conditions are obtained in terms of a Riccati equa-

tion which satisfies an operator inequality. The supremal achievable stability ra-

dius is characterized via the Riccati equation.
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PERSPECTIVES

We recall here some possible directions for future investigation.

Most of the results in this thesis as well as in other papers onstabilization of

stochastic equations have been proved for parabolic equations. Hence, it is quite

restrictive for many applications.

Our future work will be focused on investigating robust stability problems for the

class of stochastic well posed systems introduced in [48].

We are interested by the generalization of our results to a more general setting.

More specifically, for partial differential equations withdeterministic uncertain-

ties and boundary noise.

Another possible direction for future work is to provide simulations to illustrate

the effectiveness of the designed controllers.

While for time invariant systems, most of the robustness problems are well under-

stood, many problems for time-varying systems are still open. These are interest-

ing and challenging topics for future work.

Some real world problems in science and engineering can be modeled by stochas-

tic differentiel equations driven by fractional Brownian motion and it will be in-

tersting to investigate the stability radius problem for such systems.
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