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Abstract

The principal objective of this dissertation is to examine the robustness stability
and robustness stabilization problems for discrete-time systems on real Hilbert
space. First, we consider invariant systems which are subjected to stochastic
multi-perturbations. We research some features of the radius of stability through
Lyapunov equations and the matching inequalities. These properties are utilized
to compute the stability radius.
Afterwards, we treat the optimization of the stability radius based on state feedback.
Necessary and sufficient conditions are proved for stabilizing the perturbed system
by feedback with norm less than a given bound. These are in terms of a discrete-time
Riccati equation. We show how we can acquire the expression of the supremal
stability radii based on this equation.
Ultimately, we study the stability radius of discrete-time varying systems. We
generalize some obtained consequences for invariant systems to the variant one.
We derive bounds of the radius via the corresponding Lyapunov equation. in the
end, we focus to apply the accomplished results to give conditions of the stability
for periodic perturbed systems.

keywords: Discrete-time Lyapunov equation, Discrete-time Riccati equation,
Robust stabilization, Stability radius, Stochastic perturbations.
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Résumé

Le but fondamental de cette thèse est d’étudier les problèmes de stabilité robuste
et de stabilisation robuste pour les systèmes à temps discret dans un espace de
Hilbert réel. Tout d’abord, nous considérons des systèmes à temps invariant qui
sont soumis à des multi-perturbations stochastiques. Nous établissons quelques
caractérisations du rayon de stabilité en termes d’équations de Lyapunov et des
inégalités correspondantes. Ces caractérisations sont utilisées pour donner une
formule de calcul pour le rayon.
Ensuite, nous étudions l’optimisation du rayon de stabilité par retour d’état. Des
conditions nécessaires et suffisantes sont établis pour l’existence d’un contrôleur
stabilisateur qui réduit la norme de l’opérateur de perturbation en boucle fermée à
un niveau inférieur à un seuil donné. Ces conditions sont en termes d’une équation
discrète de Riccati. Nous montrons comment le suprême des rayons de stabilité
peut être donné en fonction de cette équation.
Enfin, nous étudions le rayon de stabilité des systèmes discrets à temps variant.
Nous avons montré comment on peut généraliser les résultats obtenus dans le cas
invariant au cas variant. Nous établissons des bornes du rayon de stabilité en
fonction de l’équation de Lyapunov. Les résultats sont appliqués pour obtenir des
conditions de stabilité pour des systèmes périodiques.

Mots clés: Equations de Lyapunov à temps discret, Equation de Riccati à
temps discret, Stabilisation robuste, Rayon de stabilité, Perturbations stochastiques.

ii



P�lm��
Tm\�± C�rqtF³� T�®}¤ C�rqtF³� TF�C w¡ T�¤rV¯� £@¡ �� ¨sy¶r�� �dh��

.¨qyq� �rbl¡ ºAS� ¨� �Wqtm�� 
�w��
¨t��¤ ��z�A� ry�t§ ¯ Tlm���r�¥� �y� �Wqtm�� 
�w�� ��Ð Tm\�±� rbt`� , ¯¤�
C�rqtF¯� rW� �O� P¶AO� {`� xCd� .­ d`t� Ty¶�wK� �A��rWR¯ �S��
T�y} ºAW�³ P¶AO��� £@¡ �d�ts� ,�w�w�Ay� �A���rt�¤ �¯ A`� �Am`tFA�

.rWq�� �On� Ty�As�
Ty�A�¤ T�E¯ ª¤rJ ¨W`� .C�rqtF³� rW� �O� �y\`� xCd� , ��Ð d`�
��� «wts� Y�� Tql�m�� Tql��� r�¥� �y\� �� �lq� C�rqtF� �k�� ­d�¤  w�w�
�y� �Rw� .T`Wqtm�� ¨�Ak§C T� A`� Yl� dmt`� ª¤rK�� £@¡ .Tny`� Tbt� ��

.T� A`m�� £@h� Aq�¤ ¨m\�±�C�rqtF¯� rW� �O� ºAW�� �km§
.ry�tm�� ��z�� ¤ �Wqtm�� 
�w�� ��Ð Tm\�±� C�rqtF� rW� �O� xCd� , �ry��
Tt�A��� T�A��� ¨� Ahyl� �wO��� �� ¨t�� �¶Atn�� �ym`� Annkm§ �y� A�rhZ� dq�
�w�w�Ay� T� A`� T�¯d� C�rqtF³�rW� �On�  ¤d� �d�ts� .­ry�tm�� T�A��� Y��
ª¤rJ Yl� �wO�l� �¶Atn�� �ybW� �t§ ry�±� ¨�¤ .ry�tm�� 
�w�� ��Ð T`Wqtm��

.T�rWSm�� T§C¤d�� �Wqtm�� 
�w�� Tm\�± C�rqtF³�

¨� ¨�Ak§C �¯ A`� ,�Wqtm�� 
�w�� ¨� �w�w�Ay� �¯ A`� :Ty�Atfm�� �Amlk��
.Ty¶�wK`�� �A��rWR¯� ,C�rqtF¯� rW� �O� ,C�rqtF¯� T�®} ,�Wqtm�� 
�w��

1

iii



Acknowledgments

Before anything else, I express my heartfelt gratitude and appreciation to Allah
for granting me the strength, resilience, and perseverance to complete this thesis.
I am immensely grateful to Allah for His unwavering love and guidance. I am
grateful to Allah for bringing a smile to my face when I needed it the most. I
extend my sincere thanks to Allah for His countless blessings and for making
everything possible.

I wish to express sincere appreciation to my thesis supervisor, Dr. Kada

Maissa, a professor at the Mathematics Department of the University of Batna
2. Her exceptional patience, corrections, guidance, unwavering support, and
encouragement have been invaluable throughout my work on this thesis. I am truly
grateful for the lessons I have learned from her during the different stages of this
research endeavor, particularly in cultivating my independence as a researcher. I
greatly admire her patience and calm demeanor. Without her invaluable assistance,
this thesis would not have come to fruition. I will forever be grateful for her
contributions.

I would also like to extend my deepest gratitude and sincere appreciation to
the esteemed members of the jury: I am immensely grateful to Pr. Rebiai

Sallah Eddine from the University of Batna 2, Pr. Khalfellah Nabil from the
University of Biskra, and Pr. Saoudi Khaled from the University of Khenchela
for their valuable contributions. I express my sincere appreciation to each of them
for graciously accepting the responsibility of reading and evaluating my work.
Their expertise and insights have been instrumental in shaping the quality and
direction of this thesis. I wish to express my thanks to all my teachers at every
level of my education, from primary school to postgraduate studies.

I am deeply grateful to my colleagues and friends for their support throughout
my academic journey. I would like to extend a special thank to Sassia Makhloufi,
whose encouragement has been instrumental in keeping me motivated and focused.
I also want to convey my sincere appreciation to my family members, especially
my husband and children Abdeldjalil, Roeya, and Mohamed Salah, as well

I am immensely grateful to all of you.

iv



Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . i
Résumé . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii
Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
List of Symbols and Notations . . . . . . . . . . . . . . . . . . . . . 1
Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1 Fundamental concepts 5

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.2 Discrete-time invariant systems in Hilbert space . . . . . . . . . . . 6
1.3 Discrete-time varying systems in infinite dimension . . . . . . . . . 8

1.3.1 Discrete-time periodic systems . . . . . . . . . . . . . . . . . 11
1.4 Stochastic discrete-time systems in Hilbert space . . . . . . . . . . . 11

1.4.1 Stochastic processes . . . . . . . . . . . . . . . . . . . . . . 11
1.4.2 Linear discrete-time stochastic systems . . . . . . . . . . . . 12
1.4.3 Stability and Lyapunov equation . . . . . . . . . . . . . . . 13

1.5 Stochastic discrete-time invariant systems . . . . . . . . . . . . . . 14

2 Stability radius: Definitions and characterizations 16

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.2 System representation . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3 Characteristics of the stochastic stability radius . . . . . . . . . . . 18
2.4 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3 Optimization of the stability radius by state feedback 35

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.2 Suboptimality conditions . . . . . . . . . . . . . . . . . . . . . . . . 36

v



3.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4 Stability radii of discete-time varying systems 53

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.2 Bounds of the stability radius . . . . . . . . . . . . . . . . . . . . . 54
4.3 Periodic systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.4 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69



List of Symbols and Notations

Z, U, V Real separable Hilbert spaces.

L(U,Z) The space of bounded linear operator from U to Z.

L(Z) The space of bounded operators from Z to Z.

〈., .〉 The inner product in Z.

‖.‖ The norm in Z.

P � 0 P ∈ L(Z) is positive (〈Px, x〉 > 0 for all x ∈ Z).

P < 0 P ∈ L(Z) non negative (〈Px, x〉 > 0 for all x ∈ Z.

P1 < P2 P1 − P2 < 0.

B∗ The adjoint of the operator B.

L+(Z) The set of self-adjoint linear bounded operators

P ∈ L(Z) such that P < 0.

L2
n(Z) = L2(Ω, Fn, P,Z) The space of all equivalence classes of Z − valued random variables.

l2ω = l2ω(N, L2(Ω, Y ) The space of all sequences z(t) = (z(t))t∈N

such that z(t) ∈ L2(Ω,Z) is Ft−1 measurable for all t ∈ N.

E(x) The expectation of x.

L∞(N, L(U,Z)) The set of strongly measurable functions

h : N −→ L(U,Z) such that

‖h(.)‖∞ = sup
t∈N
‖h(t)‖L(U,Z) < +∞.
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Introduction

Stochastic systems play a huge part in an immense field of applications containing
mechanics, economics and finance, and have been vastly investigated over the last
centuries (see [1], [39], [4]). Stochastic discrete-time systems are one of key themes
in control theory which has enjoyed a considerable amount of scientific interest (see
[5, 9, 33, 37, 40]).
In several cases, real-world events are influenced by random agents that practiced
a crucial impact in the progressive process. Characteristics of discrete-time linear
systems influenced by independent random perturbations and their utilization
have attracted a great attention during the past century (see for e.g. [3], [16] and
the references therein).

Robustness has been a basic topic in control theory. It indicates that a
system must be ever capable to conserve stability and level of effectiveness with
uncertainties in systems dynamics and in conditions of work. Robustness has
extremely importance in control systems because real engineering systems are
always affected by external disturbance and noise measure and there are always
difference between models in mathematics and real models.
Problems of robustness stability and robustness stabilization have received great
attention recently. One of the most suitable approach for those problems is
based on the stability radius approach. This method was introduced in [12]
for finite-dimensional systems and extended to other system classes and kinds
of perturbations (see [14, 3, 10, 19, 20, 29]).

Pritchard and El Bouhtouri [6] presented and distinguished the stability radius
for linear systems with respect to Lipschitzian structured stochastic perturbations.
The relevant conclusions for discrete-time systems were treated by El Bouhtouri
[7]. For infinite dimensional systems, Wirth [35] extended the concept of the
stability radius for discrete-time systems discomfited to structured deterministic
perturbations in infinite dimension. The great benefit of this research is that adopt
notions and methods which can be extended to several classes of systems

1



and several categories of perturbations.

For state space systems of the form ẋ(t) = Ax(t) or x(t + 1) = Tx(t), T ∈
L(Kn), K = R or C, linear perturbations of the form

1. T + Λ, Λ ∈ L(Kn) unstructured perturbations.

2. T +DΛE, Λ ∈ L(Kq, Kl) simple stuctured perturbations.

3. T +
N∑
i=1

DiΛiEi, Λ ∈ L(Kq, Kl) multi-perturbations.

have been considered, where D, E, Di, Ei are given operators defining the
perturbations structure.
In this dissertation, we treat the concepts of robustness stability and stabilization

for discrete-time systems under stochastic structured multi-perturbations in Hilbert
space. We follow the approach used in [17] to investigate these problems.
We consider discrete time invariant systems in infinite dimensions described by
linear difference equation of the form x(t + 1) = Tx(t), t ∈ N, subjected to
N structured stochastic perturbations. Our goal is to define and calculate the
corresponding stability radius, which refers to the minimum complex or real

perturbation Λi for which the perturbed system x(t+1) = Tx(t)+
N∑
i=1

DiΛi(Ei(x(t))wi(t)

is unstable. Di, Ei are given linear bounded operators defining the structure of
the perturbations and wi(t), t ∈ N, are real independent random variables.

Our second objective is to discuss the optimization of the radius of stability by
state feedback. We give the characteristics of the supremum of the stability radii
that can be reached by state feedback, via parametrized Riccati equation.

Time-varying systems are one of the most difficult types of systems in mathematics
that can be used to model more realistic systems. In practical applications,
time-varying systems serve as valuable tools for modeling various dynamical systems
that exhibit time-varying characteristics. These systems are capable of describing
a wide range of phenomena, including periodic systems, sampled-data systems,
switched systems, and more.

2



CONTENTS

Recently, considerable attention has been addressed to time-varying discrete-time
systems ( cf. [2, 25, 28, 40, 41]). Our last objective in this thesis is to extend
the robust stability conclusions to the time-varying case. Based on the results
of time-varying Lyapunov equations, we establish some characterizations of the
stability radius to infinite dimensional discrete-time varying systems with stochastic
perturbations. In addition, we provide bounds for the stability radius of periodic
systems.

This thesis is organized as follows.

Chapter 1: Necessary background and necessary mathematical preliminaries
regarding the most important concepts used in this thesis are given in this chapter.
We collect some conceptions of discrete-time systems in Hilbert space, exponential
stability, stabilizability, random variables, stochastic discrete-time systems, and
exponential stochastic stability.

Chapter 2: First, we introduce the description of the system and the stability
radius definition. Robustness stability requirements for the uncertain system are
examined through a discrete-time Lyapunov equation. The requirements are used
to establish a computing expression for the stability radius. Two examples are
presented to clarify the applicability of the suggested methodology.

Chapter 3: We examin controlled stochastic systems given by

x(t+ 1) = Tx(t) +
N∑
i=1

DiΛi(Ei(x(t))wi(t) +Bu(t), t ∈ N

x(t0) = x0

We generate results on suboptimal controllers. Under these results we give characterizations
of the supreme reached stability radius through a Riccati equation in discrete-time.
The chapter is ended with an example and a numerical application.

Chapter 4: This chapter is devoted to the robustness stability problem in
the time variant case. We extend the stability radius definition for time-varying

3



CONTENTS

systems subjected to stochastic perturbations. We establish new results for the
corresponding stability radii. We develop the obtained results for periodic systems.
We end up with an illustrative example.
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CHAPTER 1. FUNDAMENTAL CONCEPTS

1.1 Introduction

In this chapter, we give some foundation definitions and features, which will
be employed throughout this dissertation. First, we recall some basic notions
concerning discrete-time systems in Hilbert space and the corresponding notions
of stability. Since our goal is to review the stability of stochastic discrete-time
systems we collect some special concepts about stochastic processes and random
variables. We end by recalling important results of stochastic discrete-time systems
and we give the corresponding stability theorems.

1.2 Discrete-time invariant systems in Hilbert space

Let Z be a Hilbert space over the field K = C or R. We consider time-invariant
systems of the form {

x(t+ 1) = Tx(t), t ∈ N,
x(t0) = x0,

(1.1)

where T is a bounded linear operator on Z. System (1.1) is called a discrete-time
invariant system in infinite dimension, its solution is written as

x(t) = T t−t0x0, t > t0.

Definition 1.1. [27] We say that the system (1.1) is exponentially stable if and
only if there exist c > 1 and 0 < a < 1 such that

‖T t−t0‖ 6 cat−t0 , t ∈ N, t > t0.

For T ∈ L(Z) we define its spectrum by:

σ(T ) = {λ ∈ C : λI − T is not invertible}

and its spectral radius by ρ(T ) = max {|λ| , λ ∈ σ(T} .

Lemma 1.1. [23]
The next statements are equivalent:

6



CHAPTER 1. FUNDAMENTAL CONCEPTS

1. (1.1) is exponentially stable;

2. ρ(T ) < 1;

3. For every positive operator Q ∈ L+(Z), there exists a unique positive operator
X ∈ L+(Z) which solves the Lyapunov equation

T ∗XT −X +Q = 0, (1.2)

and it is provided by

X =
+∞∑
t=t0

(T ∗)t−t0 QT t−t0 ;

4. There exist β > 0 and a ∈ (0, 1) such that∥∥T t−t0∥∥2 6 βat−t0 , t > t0.

Proposition 1.1. [24] Let T ∈ L(Z,K). We have the equivalently of succeeding
assertions:

1. ρ(T ) < 1.

2. ‖T n‖ 6 βan, for every n > 0, for some β > 1 and α ∈ (0, 1).

3.
∞∑
n=0

‖T n‖p <∞, ∀p > 0.

4.
∞∑
n=0

‖T nx‖p <∞, ∀x ∈ Z, ∀p > 0.

Consider the discrete-time system with input u and output y given by
xn+1 = Txn +Bun, t ∈ N,
yn = Cxn +Dun,

x(0) = x0,

(1.3)

where T,B, C, D belongs to L(Z), L(U,Z), L(Z, Y ), L(U, Y ), respectively.
The Riccati equation (DARE) related to the system (1.3) is

T ∗XT −X + CC∗ = (C∗D + T ∗XB)(S +B∗XB)−1(D∗C +B∗XT ) (1.4)

where S = I +D∗D.

7



CHAPTER 1. FUNDAMENTAL CONCEPTS

Definition 1.2. [26] The system (1.3) is stabilizable if there exist F ∈ L(Z, U)

so that (T +BF ) be exponentially stable.

Theorem 1.1. [26] We have the equivalently of the expressions bellow :

1. The system (1.3 )is stabilizable.

2. The DARE (1.4) has a non-negative self-adjoint solution.

1.3 Discrete-time varying systems in infinite dimension

Let Z be a Hilbert space over the field K = C or R. We consider time varying
systems of the form {

x(t+ 1) = T (t)x(t), t ∈ N,
x(t0) = x0,

(1.5)

where T (.) = (T (t))t∈N is a sequence of bounded linear operators on Z.
The evolution operator related to this system is defined by{

φ(t, t) = IZ ,

φ(t, s) = T (t− 1)T (t− 2)...T (s),
s, t ∈ N, t > s (1.6)

System (1.5) is a discrete-time varying system in infinite dimension, its solution
is given by

x(t) = φ(t, t0)x0, t ∈ N, t > t0,

see [36].

Definition 1.3. [36] The system (1.5) is called

1. Stable if for every ε > 0 and t0 ∈ N, there exists σ = σ(ε, t0) > 0 such that

‖x0‖ < σ =⇒ ‖φ(t, t0)x0‖ < ε for all t > t0.

2. Exponentially stable if there exist constants a, β > 0 such that

‖φ(t, k)‖L(X) 6 ae−β(t−k), k, t ∈ N, t > k.

8



CHAPTER 1. FUNDAMENTAL CONCEPTS

Assume the system designated by

x(l + 1) = T (s+ l)x(l), x(0) = x ∈ X, (1.7)

whose solution is
x(l) = φ(s+ l, k)x, ∀l > 0, (1.8)

where φ(s + l, s), s, l ∈ N, is the evolution operator linked with the sequence of
operators (T (k) : k ∈ N) in L(Z). Then we have the theorem bellow.

Theorem 1.2. [22] The statements bellow are equivalent.

T) lim
l−→∞

sup
s>0
‖φ(s+ l, k)‖ = 0.

B) sup
s>0
‖φ(s+ l, s)‖ < 1, ∀l > l1, for some l1 > 1.

C) sup
s>0
‖T (s)‖ <∞, and sup

s>0
‖φ(s+ l0, s)‖ < 1, for some l0 > 1.

D) lim sup
n−→∞

sup
s>0
‖φ(s+ l, s)‖

1

n < 1.

E) There exist real constants β > 1, α ∈ (0, 1) such that

‖φ(s+ l, s)‖ 6 βαl, ∀k, l > 0.

F) For every p > 0, there exists a positive number σp such that

∞∑
l=0

‖φ(s+ l, s)‖p 6 σp, ∀k > 0.

G) For every p > 0, there exists a positive number σp such that

∞∑
l=0

‖φ(s+ l, s)x‖p 6 σp‖x‖p, ∀k > 0, ∀x ∈ Z.

H) For some q > 0, there exists a positive number σq such that

∞∑
l=0

‖φ(s+ l, s)‖q 6 σq, ∀k > 0.

9



CHAPTER 1. FUNDAMENTAL CONCEPTS

I) For some q > 0, there exists a positive number σq such that
∞∑
l=0

‖φ(s+ l, s)x‖q 6 σq‖x‖q, ∀k > 0, ∀x ∈ Z.

J) For every p > 0, there exists a positive number µp such that

‖φ(s+ l, s)‖p 6 (l + 1)−1µp, ∀s, l > 0.

K) For some q > 0, there exists a positive number µp such that

‖φ(s+ l, s)‖p 6 (l + 1)−1µp, ∀k, l > 0.

L) For every p > 0, there exists a positive number ρp such that

l∑
m=0

‖φ(s+ l, s+m)‖p 6 ρp, ∀s, l > 0.

M) For some q > 0, there exists a positive number ρp such that

l∑
m=0

‖φ(s+ l, s+m)‖q 6 ρp, ∀s, l > 0

N) lim
n−→∞

sup
s>0

sup
v>0
‖
n+v∑
l=n

φ(s+ l, s)‖ = 0.

As a consequence we get the next result.

Corollary 1.1. The statements bellow are equivalent

1. There exist real constants β > 1, α ∈ (0, 1) such that

‖φ(t, 0)‖ 6 βαt, ∀t > 0.

2. For every p > 0, there exists a positive number σp such that
∞∑
t=0

‖φ(t, 0)‖p 6 σp.

3. For every p > 0, there exists a positive number σp such that
∞∑
t=0

‖φ(t, 0)x‖p 6 σp‖x‖p, ∀x ∈ Z.

10



CHAPTER 1. FUNDAMENTAL CONCEPTS

1.3.1 Discrete-time periodic systems

An important subclass of time varying linear systems is given by systems that are
periodic with period p ∈ N.
We say that (1.5) is a periodic system with a period p if

T (t+ p) = T (t).

Suppose the associated time invariant system

x(t+ 1) = φ(p, 0)x(t), t ∈ N. (1.9)

Suppose that (1.5) is a periodic system. Then we have the theorem bellow.

Theorem 1.3. (i) (1.5) is exponential stable iff (1.9) is exponential stable.

(ii) (1.5) is asymptotically stable iff (1.9) is asymptotically stable.

1.4 Stochastic discrete-time systems in Hilbert space

1.4.1 Stochastic processes

In this part, let Ω is a nonempty set and Σ a class of subsets of Ω.

Definition 1.4. ( σ-algebra)([1], [11]) A class of sets Σ is named a σ-algebra if
it fulfills the following requirements :

• Ω ∈ Σ,

• If A belongs to Σ is then the complement of A belongs to Σ

• If (An)n∈N ∈ Σ then the countable union of An belongs to Σ .

Definition 1.5. [11]
Let (Ω, Σ) is a measurable space. A function µ from Σ to R is named a measure
if it satisfies the requirements :

• µ(A) > 0, for any A ∈ Σ.

• µ(φ) = 0.

11
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• countable σ-additivity.

Definition 1.6. (Measure space)[11]
A triplet (Ω, Σ, µ) is a measure space if (Ω, Σ) is a measurable space and µ :

Σ −→ [0,∞) is a measure.

• If µ(Ω) = 1, then µ is a probability measure, which we generally use notation
P, and the measure space is a probability space.

• If (Ω, Σ, P) is a probability space, we set

Σ = {A ⊂ Ω : ∃B, C ∈ Σ; B ⊂ A ⊂ C, P(B) = P(C)}.

Σ is a σ-filed, named the completion of Σ.

• If Σ = Σ then the probability space (Ω, Σ, P) is told to be complete.

Definition 1.7. [1] If the map x : Ω −→ Z which is measurable from (Ω, F ) to
(Z, B(Z)), we say that x is an Z-valued random variable.

Definition 1.8. The sequence of Z valued random variables xn is said to converge
to a random variable x in mean square if

E
(
‖xn − x‖2

)
−→ 0 as n −→ +∞

1.4.2 Linear discrete-time stochastic systems

This section is mainly based on [31]. Suppose that Z is a real separable Hilbert
space. Assume the following system:{

xn+1 = Tnxn + ξnBnxn, n ∈ N,
xs = x, s ∈ N.

(1.10)

where Tn, Bn ∈ L(Z) are bounded linear operator and ξn are real independent
random variables such that E(ξn) = 0 and E|ξn|2 = λn <∞ for all n ∈ N.
We symbolize by L2

n(Z) = L2(Ω, Fn,P,Z) the space of all equivalence classes of
Z-valued random variables η : (Ω, Fn) −→ (Z,B(Z)) such that E‖η‖2 <∞.
We symbolize by φ(n, s), n > s > 0, the random evolution operator given by the
linear system (1.10) i.e φ(s, s) = I and

φ(n, s) = (Tn−1 + ξn−1Bn−1)...(Ts + ξsBk), for all n > s

12
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If xn = xn(k, x) is the solution of the system (1.10) then it is unique and

xn(s, x) = φ(n, s)x.

Let H be the subspace of L(Z) includes all self-adjoint operators. If S ∈ H we
design the operators Gn, T (n, s) : H → H as follows:

Gn(S) = T ∗nSTn + λnB
∗
nSBn. (1.11){

T (n, s)(S) = Gs(Gs+1(...(Gn−1(S)))), for all n− 1 > s

T (s, s)(S) = S,
(1.12)

Gn and T (n, s) are linear bounded operators.

Definition 1.9. [31] The system (1.10) is uniformly exponential stable if there
exist β > 1, a ∈ (0, 1) such that we have

E‖φ(n, s)x‖2 6 βan−k‖x‖2,

for all x ∈ Z.

1.4.3 Stability and Lyapunov equation

Over the space Z we suppose the Lyapunov equation

Xn = T ∗nXn+1Tn + λnB
∗
nXnBn + Jn, (1.13)

where Jn is a sequence in Z under the feature that there are α, β > 0 such that:

α‖x‖2 6 〈Jnx, x〉 6 β‖x‖2, (1.14)

for all n ∈ N and x ∈ Z. We remark that if (1.14) holds, then ‖Jn‖ 6 β, for all
n ∈ N.

Theorem 1.4. [31, Theorem16] The two expressions are equivalent

1. The system (1.10) is uniformly exponential stable.

2. The equation (1.13) has an only one solution X = (Xn)n∈N with the feature
that there exist m, M > 0 such that

m‖x‖2 6 〈Xnx, x〉 6M‖x‖2, (1.15)

for all n ∈ N and x ∈ Z.

13
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Proposition 1.2. [34]

a) System (1.10) is uniformly exponential stable if the evolution operator T (n, k)

is uniformly exponential stable.

b) If the sequence( Jn)n>0 ⊂ L(Z) is bounded on N and T (n, k) is uniformly
exponential stable, then the Lyapunov equation,

Xn = T ∗nXn+1Tn + λnB
∗
nXnBn + Jn, (1.16)

has an only one bounded solution in L(Z) given by

Xs =
∞∑
n=s

T (n, s)(Wn).

In addition, if there is a p > 1 such that (Tn)n∈N, (Wn)n∈N are p−periodic,
then the unique solution X = Xn of (1.16) is p−periodic.

In the case of Bn = 0 we get this result.

Corollary 1.2. If the system (1.5) is uniformly exponentially stable, the Lyapunov
equation

X(n) = T ∗(n)X(n+ 1)T (n) +Q(n),

has a unique solution given by

Xs =
∞∑
n=s

φ(n, s)∗Q(s)φ(n, s).

.

1.5 Stochastic discrete-time invariant systems

In the time invariant case, satisfactory conditions for the exponential stability of
the system (1.10) are given below{

xn+1 = Txn + ξnBxn, n ∈ N,
xs = x, s ∈ N.

(1.17)

Where T, B are linear bounded operators and ξ is a real random variable which
satisfies E(ξ) = 0 and E|ξ|2 = b <∞.

14
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Consider the Lyapunov algebraic equation

X = T ∗XT + λB∗XB +Q (1.18)

on the space Z whereQ is a self adjoint and positive operator. In the time-invariant
case Theorem (1.4) yields the following corollary.

Corollary 1.3. [31] If Tn = T, Bn = B and λn = λ then the solution of (1.17) is
uniformly exponential stable if and only if (1.18) has a unique positive solution.

15
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CHAPTER 2. STABILITY RADIUS: DEFINITIONS AND
CHARACTERIZATIONS

2.1 Introduction

In this chapter we investigate stable discrete-time systems subjucted toN perturbations
of stochastic type. We give the definition of their radii of stability at first, and
afterwards, by using the scaling method, we discuss their characterizations. The
acquired characterizations are expressed via discrete time Lyapunov equation. Two
Illustrative examples are given at the end of the chapter.

2.2 System representation

Letting us suppose the stochastic discrete-time system defined by the following
equation over the real separable Hilbert space Z x(t+ 1) = Tx(t) +

N∑
i=1

DiΛi(Ei(x(t))wi(t) for all t ∈ N

x(0) = x0 ∈ Z,
(2.1)

such that T ∈ L(Z) is stable, Di ∈ L(Ui,Z) and Ei ∈ L(Z, Yi), i ∈ N, where
Z; Ui and Yi, i ∈ N, are real separable Hilbert spaces, N := {1, ..., N} and
(wi(t))t∈N , i ∈ N, are sequences of real independent random variables on a
complete probability space (Ω, F, (Fn)n∈N,P).

Letting

Nt := {0, 1, ..., t} , t ∈ N, and Ft := σ
({
wi(s); s ∈ Nt, i ∈ N

})
.

We note that Ft is the σ− algebra generated by (wi(s))s∈Nt . Moreover, (Ft)t∈N is
an increasing sequence of σ-algebras Ft ⊂ F .

We will suppose that{
E(wi(t)) = 0,

E(wi(s)wj(t)) = λiδijδst, s, t ∈ N, i, j ∈ N,

where δij, δst are the Kronecker symbols. For i ∈ N , Λi : Yi −→ Ui is a measurable
map such that

Λi (0) = 0, ‖Λi‖ := sup
y 6=0

‖Λi(y)‖
‖y‖ <∞.

17
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The space l2ω
(
N, l2(Ω,Z)

)
is equipped with the l2-norm defined by

‖z(.)‖2
l2ω

:= E

(∑
t∈N

(
‖z(t)‖2)) =

∑
t∈N
E
(
‖z(t)‖2) .

According to these requirements, the system (2.1) has a unique solution x, for
every initial state x0, presented by

x(t) = x(t, x0)

= T tx0 +
N∑
i=1

t−1∑
k=0

T t−k−1DiΛiEi(x(k))wi(k), t ≥ 0. (2.2)

2.3 Characteristics of the stochastic stability radius

During this part, we aim to establish which borders d of the disturbance Λi

guarantee the preservability of the stability of the nominal system x(t+1) = Tx(t),

with addition stochastic perturbations of the kind
N∑
i=1

DiΛi(Ei(x(t))wi(t), t ∈ N.
For this goal letting us set

Y :=
N⊕
1

Yi, U :=
N⊕
1

Ui.

Let Λ be the perturbation operator such that Λ =
N⊕
i=1

Λi. We note that the norm

of Λ is given by

Λ =
N⊕
i=1

Λi and ‖Λ‖ = max
i∈N
‖Λi‖ .

We recall that the stability radius of (2.1) is the maximum d > 0 whereby the
system (2.1) is exponentially stable.

Definition 2.1. The stochastic stability radius of (2.1) according the perturbation
structure (Di, Ei)i∈N is defined by

rω
(
T, (Di, Ei)

)
i∈

_
N

:= inf

 ‖Λ‖ : Λ =
N⊕
i=1

Λi, such that

(2.1) is not exponentially stable

 .
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For the purpose of characterizing the stochastic stability radius, rω(T, (Di, Ei))i∈
_
N

of system (2.1), we follow the approach used in [16, 17] for continuous systems
and we use some results established in [23, 32, 31, 35], for infinite-dimensional
discrete-time systems. We start with this Lemma, which will be an important key
in providing characterizations of the stochastic stability radius.

Lemma 2.1. Let E ∈ L(Z, Y ). Assume that

y(t) = ET tx0 +
N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k),

where vi ∈ l2ω(N, l2(Ω, Ui)), i ∈ N, and t ≥ 0.

Then

E
(
‖y(t)‖2) =

∥∥ET tx0

∥∥2
+

N∑
i=1

λi

t−1∑
k=0

E
∥∥ET t−k−1Divi(k)

∥∥2
, t ≥ 0.

Moreover, y(.) ∈ l2ω(N, l2(Ω, Y )) and

‖y‖2
l2ω

=
∞∑
t=0

E
(
‖y(t)‖2) =

∞∑
t=0

∥∥ET tx0

∥∥2
+

N∑
i=1

λi

∞∑
k=0

E 〈Divi(k), PDivi(k)〉 ,

(2.3)
where P ∈ L(Z) is a self-adjoint non negative operator fulfilling

T ∗PT − P +
N∑
i=1

E∗iEi = 0. (2.4)

Proof. In fact,

y(t) = ET tx0 +
N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k), t ≥ 0.

Thus

‖y(t)‖2 = 〈y(t), y(t)〉 =

〈
ET tx0 +

N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k),

ET tx0 +
N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k)

〉
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= 〈ET tx0, ET
tx0〉

+

〈
ET tx0,

N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k)

〉
+ 〈

N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k), ET tx0〉

+

〈
N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k),
N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k)

〉

=
∥∥ET tx0

∥∥2
+ 〈ET tx0,

N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k)〉

+ 〈
N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k), ET tx0〉+

∥∥∥∥∥
N∑
i=1

t−1∑
k=t0

ET t−k−1Divi(k)wi(k)

∥∥∥∥∥
2

and then

E〈y(t), y(t)〉 =
〈
ET tx0, ET

tx0

〉
+ E

〈
ET tx0,

N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k)

〉

+ E

(〈
N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k), ET tx0

〉)

+ E

∥∥∥∥∥
N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k)

∥∥∥∥∥
2

as in the proof of [31, Theorem 5], we obtain for i = j

E

〈
t−1∑
k=0

ET t−k−1Divi(k)wi(k),
t−1∑
k=0

ET t−k−1Divi(k)wi(k)

〉
= λi

t−1∑
k=0

E
∥∥ET t−k−1Divi(k)

∥∥2
;

and

E

(〈
t−1∑
k=0

ET t−k−1Divi(k)wi(k),
t−1∑
k=0

ET t−k−1Djvj(k)wj(k)

〉)
= 0, for i 6= j.

Then

E

∥∥∥∥∥
N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k)

∥∥∥∥∥
2
 =

N∑
i=1

λi

t−1∑
k=0

E
∥∥ET t−k−1Divi(k)

∥∥2
.

Note that since T is stable it follows that

∃ β ≥ 1 : a ∈ (0, 1),
∥∥T t∥∥2 ≤ βat,

20



CHAPTER 2. STABILITY RADIUS: DEFINITIONS AND
CHARACTERIZATIONS

which leads to
∞∑
t=0

∥∥ET tx0

∥∥2 ≤ β ‖E‖2 ‖x0‖2
∞∑
t=0

at

≤ β ‖E‖2 ‖x0‖2 1

1− a.

Hence ∞∑
t=0

∥∥ET tx0

∥∥2
<∞, (2.5)

and hence
t−1∑
k=0

∥∥ET t−k−1Divi(k)
∥∥2 ≤ ‖Di‖2 ‖E‖2

t−1∑
k=0

βat−k−1 ‖vi(k)‖2 .

Set Mi = β‖Di‖2‖E‖2, then we get
∞∑
t=0

∞∑
i=1

λi

t−1∑
k=0

E
∥∥ET t−k−1Divi(k)

∥∥2 6
(

1

1− a

)
max

i∈{1,...N}
(λiMi)‖v‖2.

This implies that y(.) ∈ l2ω(N, l2(Ω, Y )). Moreover, for t > 0, we have

E
(
‖y(t)‖2) =

∥∥ET tx0

∥∥2
+

N∑
i=1

λi

t−1∑
k=0

E
∥∥ET t−k−1Divi(k)

∥∥2
.

So,
∞∑
t=0

E ‖y(t)‖2 =
∞∑
t=0

∥∥ET tx0

∥∥2
+

N∑
i=1

λi

∞∑
k=0

E 〈Divi(k), PDivi(k)〉 ,

where P denotes the solution of (2.4) and it is provided by

P :=
∞∑

t=k+1

(T t−k−1)∗E∗ET t−k−1.

Let us consider the input-output operator

L : l2ω(N, l2(Ω, U)) −→ l2ω(N, l2(Ω, Y )),

(Lv)(t) :=

L


v1

...
vN


 (t) =

N∑
i=1

t−1∑
k=0

ET t−k−1Divi(k)wi(k).

According to Lemma 2.1 it follows that Lv ∈ l2ω(N, l2(Ω, Y )) for every v ∈ l2ω(N, l2(Ω, U)).

The following Lemma will be used to classify the norm of the above-mentioned
linear map L.
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Lemma 2.2. We have

‖L‖ =

(
max

i∈{1,··· ,N}

(
λi ‖D∗iPDi‖

)) 1
2

,

where P satisfies (2.4).

Proof. Given v ∈ l2ω(N,L2(Ω, U)), we can deduce from Lemma 2.1 that

‖Lv‖2
l2ω

=
N∑
i=1

λi

+∞∑
k=0

E

〈
Divi(k),

∞∑
t=k+1

(
T t−k−1

)∗
E∗ET t−k−1Divi(k)

〉

=
N∑
i=1

λi

∞∑
k=0

E 〈vi(k), D∗iPDivi(k)〉 .

Hence
‖Lv‖2

l2ω
6 max

i∈{1,··· ,N}
(λi ‖D∗iPDi‖) ‖v‖2

L2
ω
,

and hence

‖L‖ 6
(

max
i∈{1,...,N}

λi ‖D∗iPDi‖
) 1

2

.

Assume that

max
i∈{1,...,N}

(
λi ‖D∗iPDi‖

)
= λi0

〈
vi0 , D

∗
i0
PDi0vi0

〉
, ‖vi0‖ = 1.

Choose v0 such that {
v0
i (t) = 0, i 6= i0,

v0
i0

(t) = β(t)vi0 , t ∈ N,
where β(.) ∈ l2(N,R) is such that ‖β(.)‖l2 = 1. We get

∥∥v0
∥∥2

l2
=
∞∑
t=0

‖β(t)vi0‖2 = ‖vi0‖2
∞∑
t=0

‖β(t)‖2 = 1.

So,

∥∥Lv0
∥∥2

l2
= λi0

∞∑
k=0

〈
β(k)vi0 , D

∗
i0
PDi0β(k)vi0

〉
= λi0

∥∥D∗i0PDi0

∥∥ .
We conclude that ∥∥Lv0

∥∥2
= max

i∈{1,...,N}
(λi ‖D∗iPDi‖) ,
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and finally that

‖L‖ =

(
max

i∈{1,...,N}
(λi ‖D∗iPDi‖)

)1

2
.

Let α ∈ (0,+∞)N , α = (α1, α2, .....αN) such that

Dαi
i = α−1

i Di, E
αi
i = αiEi,Λ

αi
i = αiΛiα

−1
i , i ∈ N (2.6)

If we rewrite the perturbed system with Dαi
i , E

αi
i , Λαi

i , instead of Di, Ei, Λi, both
of the systems (2.1) and the scaled perturbed system

x(t) = T tx0 +
N∑
i=1

t−1∑
k=0

T t−k−1Dαi
i Λαi

i (Eαi
i x(k))wi(k), t ∈ N (2.7)

have the same solution. The input-output operator: La : l2ω(N, l2(Ω, U)) −→
l2ω(N, l2(Ω, Y )) of the system (T, (Dαi

i , E
αi
i )) is presented by :

(Lαv)(t) =

L


v1

...
vN


 (t) =

N∑
i=1

t−1∑
k=0


Eα1

1
...

Eαn
n

T t−k−1Dαi
i vi(k)wi(k), t ≥ 0.

We note that the solution of the scaled system does not depend on α but
the input-output operator does change with α. We use this fact to examine a
computing expression for the stability radius.

Theorem 2.1. Assume there are α := (αi)i∈N ∈ (0,+∞)N and P (α) ∈ L+(Z)

fulfilling
T ∗P (α)T − P (α) +

∑
i∈N

α2
iE
∗
iEi = 0, (2.8)

and

I −
(

d

αj

)2

λjD
∗
jP (α)Dj � 0, j ∈ N. (2.9)

Then rω(T, (Di, Ei))i∈N ≥ d.

Proof. Set Λ =
N⊕
i=1

Λi such Λi ∈ L(Yi, Ui), ‖Λ‖ < d and assume that α ∈ (0,+∞)N ,

P (α) ∈ L+(Z) , are such that conditions (2.8) and (2.9) hold. The unique solution
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of (2.1) satisfies the scaled system (2.7).
Let vαi

i (t) = Λαi
i (yαi

i (t)), yαi
i (t) = Eαi

i (x(t)), t ∈ N∗.

E(α) =


Eα1

1
...

Eαn
n

 , ya(t) =


yα1

1 (t)
...

yαn
n (t)

 , vα(t) =


vα1

1 (t)
...

vαn
n (t)

 , Λα =
N⊕
i=1

Λαi
i , t ∈ N∗

We have

yα(t) = E(α)T tx0 +
N∑
i=1

t−1∑
k=0

E(α)T t−k−1Dαi
i v

αi
i (k)wi(k)

For i ∈ N, define vi,N0(.) ∈ l2ω(N, l2(Ω, Ui)) by

vi,N0(t) =

{
vαii = Λαi

i (yαi
i (t)), t ≤ N0

0, t > N0

, vαN0
(t) =


vα1

1,N0
(t)

...
vαn
n,N0

(t)


then

∥∥vαN0

∥∥2

L2
ω

=

N0∑
t=0

E(
∥∥vαN0

(t)
∥∥2

)

=

N0∑
t=0

E

(
N∑
i=1

‖Λαi
i (yαi

i (t))‖2

)

≤ max
i={1,...,N}

‖Λαi
i ‖2

N0∑
t=0

(
N∑
i=1

E
(
‖(yαi

i (t))‖2))

Hence ∥∥vαN0

∥∥2

l2ω
≤ ‖Λα‖2

+∞∑
t=0

E
(
‖(yα(t))‖2) (2.10)

Now suppose that yαN0
is the output of the system (T, (Dαi

i , E
αi
i ))i∈N engendred

by the input vαN0
(t) with the initially state x(0) = x0. Then

yαN0
(t) = yα(t) = E(α)T tx0 + LαvαN0

(t), t ∈ N (2.11)

which yields(
N0∑
t=0

E
(
‖(yα(t))‖2)) 1

2

≤
∥∥yαN0

∥∥
L2
ω
≤
∥∥E(α)T tx0

∥∥+ ‖Lα‖
∥∥vαN0

∥∥
24



CHAPTER 2. STABILITY RADIUS: DEFINITIONS AND
CHARACTERIZATIONS

hence (
N0∑
t=0

E
(
‖(yα(t))‖2)) 1

2

≤
∥∥E(α)T tx0

∥∥+ (2.12)

‖Lα‖ ‖Λα‖
(

N0∑
t=0

E
(
‖(yα(t))‖2)) 1

2

(2.13)

Condition (2.9) implies that

max
j∈{1,...,N}

λj
∥∥(Dαj

j

)∗
P (α)D

αj

j

∥∥ ≤ d−2

Using Lemma 2.2, we deduce that

‖Lα‖2 ≤ d−2

hence
s = ‖Lα‖ ‖Λα‖ < 1

(2.12) implies that(
N0∑
t=0

ε
(
‖(yα(t))‖2)) 1

2

≤ (1− s)−1
∥∥E(α)T tx0

∥∥ , for any N0 ∈ N,

which require that yα ∈ l2ω(N, l2(Ω, Y )) and vα = Λα(yα) ∈ l2ω(N, l2(Ω, U)). Using
Lemma 2.1, we conclude that the solution of (2.7) belongs to l2ω(N, l2(Ω,Z)), hence
rω(T, (Di, Ei))i∈N ≥ d.

Remark 2.1. 1. From the foregoing it comes that

rω(T, (Di, Ei))i∈N ≥ sup
α∈(0,+∞)N

(
max
j∈N

∥∥∥∥λjα2
j

D∗jP (α)Dj

∥∥∥∥)− 1
2

2. If the condition is satisfied using � instead of � in (2.9), we get rω(T, (Di, Ei))i∈N >

d.

If we change the Lyapunov equation (2.8) with the matching inequality, we
achieve the same result.

Corollary 2.1. Suppose that there exist α ∈ (0,+∞)N and P ∈ L+(Z) holding

T ∗PT − P +
∑
i∈N

α2
iE
∗
iEi � 0, (2.14)
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and

I −
(

d

αj

)2

λjD
∗
jPDj � 0,

(
resp. I −

(
d

αj

)2

λjD
∗
jPDj � 0

)
, j ∈ N. (2.15)

Then
rω(T, (Di, Ei))i∈N̄ ≥ d,

(
resp. rω(T, (Di, Ei))i∈N̄ > d

)
.

In this situation, the Lyapunov equation (2.8) admits a solution P0 ∈ L+(Z) with
P � P0.

Proof. Due to T is stable, there is a solution P0 to the Lyapunov equation (2.8).
For X := P − P0, we obtain

T ∗XT −X � 0.

This implies that X � 0. Alternatively, P � P0. Thus, the requirements (2.8) and
(2.15) are accomplished. Theorem 2.1 shows that

rω(T, (Di, Ei))i∈N̄ ≥ d.

For i, j ∈ N , define the operator ϕi,j ∈ L(Uj) as follows

ϕi,juj = λj

+∞∑
t=0

D∗j
(
T t
)∗
E∗iEiT

tDjuj

Assume that J ⊂ N, α ∈ (0,+∞)J , such that (0,+∞)J ={(αj)j∈J , αj ∈ (0,+∞)} .
Thus the operator

P (αJ) =
+∞∑
t=0

(
T t
)∗(∑

i∈J
α2
iE
∗
iEi

)
T t

is the only solution of the Lyapunov equation

T ∗PT − P +
∑
i∈J

α2
iE
∗
iEi = 0 (2.16)

We have

λj
α2
j

D∗jP (αJ)Djuj =
λj
α2
j

D∗j

+∞∑
t=0

(
T t
)∗(∑

i∈J
α2
iE
∗
iEi

)
T tDju

=
∑
i∈J

(
αi
αj

)2

ϕi,juj
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Hence
λj
α2
j

D∗jP (αJ)Djuj =
∑
i∈J

(
αi
αj

)2

ϕi,juj, j ∈ J

In order to examine a computing expression for the stability radius, the next
Lemma established in [6] is needed.

Lemma 2.3. [6] Set µ = inf
α∈(0,+∞)N

max
j∈N

∥∥∥∥∥ N∑
i=1

(
αi
αj

)2

ϕi,j

∥∥∥∥∥ , there exist a sub-set

J ⊂ N and for δ > 0, a vector α ∈ (0,+∞)N so that

∥∥∥∥∥ N∑
i=1

(
αi
αj

)2

ϕi,j

∥∥∥∥∥ ≤ µ+ δ, j ∈ N∥∥∥∥∥∑i∈J
(
αi
αj

)2

ϕi,j

∥∥∥∥∥ = µ, j ∈ J

An important characterization of the stability radius is established in the next
Theorem.

Theorem 2.2. Let (T, (Di, Ei))i∈N and (wi(t))i∈N be as previously. Then the
corresponding stability radius is represented by

rω(T, (Di, Ei))i∈N = sup
α∈(0,+∞)N

(
max
j∈N

∥∥∥∥λjα2
j

D∗jP (α)Dj

∥∥∥∥)− 1
2

, (2.17)

such that P (α) is the only solution of (2.8).

Proof. Let µ = inf
α∈(0,+∞)N

max
j∈N

∥∥∥∥λjα2
j

D∗jP (α)Dj

∥∥∥∥ then

1. If µ = 0, from Theorem 2.1 we get that rω(T, (Di, Ei)) = +∞.

2. Assume that µ > 0. Let d(α) be the greatest d for which (2.8) admits a
solution P (α) ∈ L+(Z) holding the condition (2.9). Let d < d(α), for
j ∈ N, we have

I − (
d

αj
)2λjD

∗
jP (α)Dj ≥ 0, ∀j ∈ N =⇒ max

j∈N

∥∥∥∥λjα2
j

D∗jP (α)Dj

∥∥∥∥ ≤ d−2

Thus d ≤
(

max
j∈N

∥∥∥ λjα2
j
D∗jP (α)Dj

∥∥∥)− 1
2

. Set

d(α) =

(
max
j∈N

∥∥∥∥λjα2
j

D∗jP (α)Dj

∥∥∥∥)− 1
2
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Hence

sup
α∈(0,+∞)N

d2(α) = sup
α∈(0,+∞)N

(
max
j∈N

∥∥∥∥λjα2
j

D∗jP (α)Dj

∥∥∥∥)−1

= µ−1

From Lemma 2.3, there exist J ⊂ N and a vector αJ =(αj)j∈J , αj ∈
(0,+∞)J , such that

µ̂ =

∥∥∥∥∥∑
i∈J

(
αi
αj

)2ϕi,j

∥∥∥∥∥ =

∥∥∥∥λjα2
j

D∗jP (αJ)Dj

∥∥∥∥ , j ∈ J
where P (α) ∈ L+(Z) is the only solution of (2.16). Letting v0

j ∈ U,
∥∥v0

j

∥∥
U

=

1, j ∈ J such that∥∥∥∥∥∑
i∈J

(
αi
αj

)2ϕi,j

∥∥∥∥∥ =

〈
v0
j ,
∑
i∈J

(
αi
αj

)2

ϕi,jv
0
j

〉

=

〈
v0
j ,
λj
α2
j

D∗jP (αJ)Djv
0
j

〉
= µ̂

Then 〈
v0
j ,
λj
α2
j

µ̂−1D∗jP (αJ)Djv
0
j

〉
= 1

for d̂ = µ̂−
1
2 we get 〈

v0
j ,
λj
α2
j

d̂2D∗jP (αJ)Djv
0
j

〉
= 1 (2.18)

For j ∈ J, we define Λj by Λj(yj) = d̂ ‖yj‖ v0
j , j ∈ J, yj ∈ Yj

Λj(yj) = 0, j ∈
−
N�J

hence ‖Λ‖ = d̂ where Λ =
N⊕
j=1

Λi. We will provide that for this Λ the

perturbed system can not be exponentially stable. Suppose that the system
(2.1) is exponentially stable. Let x0 ∈ Z, the solution of the system (2.1)
fulfills

x(t) = T tx0 +
∑
j∈J

t−1∑
k=0

T t−k−1Dαj
j Λ

αj

j (E
αj

j x(k))wj(k) (2.19)
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where Dαi
i , E

αi
i and Λαi

i are defined by (2.6) and set yαj

j = E
αj

j x. Then
y
αj

j ∈ l2(N, l2(Ω, Yj)), j ∈ J. For j ∈ J, we have

Λ
αj

j (yj) = αjΛjα
−1
j yj = d̂ ‖yj‖ v0

j , yj ∈ Yj, j ∈ J

We define yαJand EαJ by

yαJ = (y
αj

j )j∈J , Eαjx =
(
E
αj

j x
)
j∈J

Then

yαJ (t) = EαJT tx0 +
∑
j∈J

t−1∑
k=0

EαJT t−k−1D
αj

j Λ
αj

j yj(k)wj(k)

= EαJT tx0 + d̂
∑
j∈J

t−1∑
k=0

EαJT t−k−1D
αj

j

∥∥yajj (k)
∥∥ v0

jwj(k)

Using Lemma 2.1 we obtain
+∞∑
t=0

E ‖yαj(t)‖2 =
+∞∑
t=0

∥∥EαJT tx0

∥∥2
+d̂2

∑
j∈J

λj
α2
j

〈
v0
j , D

∗
jP (αJ)Djv

0
j

〉 +∞∑
k=0

E
∥∥yαj

j (k)
∥∥2

From (2.18) we obtain
+∞∑
t=0

E ‖yαj(t)‖2 =
+∞∑
t=0

∥∥EαJT tx0

∥∥2
+

+∞∑
k=0

E ‖yαj(k)‖2

From this equation we deduce that
+∞∑
t=0

∥∥EαJT tx0

∥∥2
= 0

which require that P (αJ) = 0. This is a contradictory with the fact that
µ̂ 6= 0. Consequently the perturbed system (2.1) and the system (2.19) can
not be exponentially stable. It infer that

rω(T, (Di, Ei))i∈
_
N
≤ rω(T, (Dj, Ej))j∈J

≤
(

max
j∈J

∥∥∥∥λjα2
j

D∗jP (αJ)Dj

∥∥∥∥)− 1
2

= µ̂−
1
2

From Remark 2.1, we obtain that rω(T, (Dj, Ej))j∈J ≥ µ̂−
1
2 . Hence

rω(T, (Di, Ei))i∈
_
N
≤ rω(T, (Dj, Ej))j∈J

≤
(

max
j∈J

∥∥∥∥λjα2
j

D∗jP (aJ)Dj

∥∥∥∥)−
1

2 = µ̂−
1
2

≤ rω(T, (Di, Ei))i∈
_
N
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Remark 2.2. Using Lemma 2.2, we infer from (2.17) that

rω(T, (Di, Ei))i∈
_
N

= sup
α∈(0,+∞)N

‖Lα‖−1 = rω(T, (Dαi
i , E

αi
i ))i∈N

Theorem 2.2 yields the next result.

Corollary 2.2. Let d > 0 such that rω(T, (Di, Ei))i∈
_
N
> d, then there exist αi > 0,

i ∈ N , and P ∈ L+(Z) such that

T ∗PT − P +
∑
i∈N

α2
iE
∗
iEi = 0,

and

I −
(

d

αj

)2

λjD
∗
jPDj � 0, j ∈ N. (2.20)

Proof. Since rω(T, (Di, Ei))i∈
_
N
> d, there exists d′ ∈

]
d, rω(T, (Di, Ei))i∈

_
N

[
.

Following Theorem 2.2, we infer that there exists α ∈ (0 +∞)N such that

d′ <

(
max
j∈N

∥∥∥∥λjα2
j

D∗jPDj

∥∥∥∥)− 1
2

,

where P is the solution of the equation (2.8). Thus,

d−2 >

∥∥∥∥λjα2
j

D∗jPDj

∥∥∥∥ , for all j ∈ N.

Therefore

λj

(
d

αj

)2

λjD
∗
jPDj ≺ I, for all j ∈ N.

Consequently, P fulfills both the equation (2.8) and the requirement (2.20).

The corollary bellow offers a characteristics of the stability radius via the strict
Lyapunov inequality:

T ∗PT − P +
∑
i∈N

α2
iE
∗
iEi ≺ 0. (2.21)

Corollary 2.3. Let d > 0 such that rω(T, (Di, Ei))i∈N > d. Then the inequality
(2.21) has a solution P ∈ L+(Z), with P � 0, for some α ∈ (0,+∞)N , which
satisfies

I −
(

d

αj

)2

λjD
∗
jPDj � 0, for all j ∈ N.
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Proof. Let d > 0 such that rω(T, (Di, Ei))i∈
_
N
> d. According to the previous proof,

there exists α ∈ (0 +∞)N , in order that

λj

(
d

αj

)2

D∗jP (α)Dj ≺ I, for all j ∈ N,

where P (α) is the solution of the equation (2.8). Thus,

λj

(
d

αj

)2

D∗j

+∞∑
t=0

(
T t
)∗∑

i∈N

α2
iE
∗
iEi

T tDj ≺ I, for all j ∈ N.

This means that there exist ε > 0 so as to

λj

(
d

αj

)2

D∗j

+∞∑
t=0

(
T t
)∗(∑

i∈J
α2
iE
∗
iEi + εI

)
T tDj ≺ I, for all j ∈ N.

By setting P :=
+∞∑
t=0

(T t)
∗
(∑
i∈J

α2
iE
∗
iEi + εI

)
T t, we obtain the desired result.

2.4 Examples

We end this chapter with two interesting examples.

Example 2.1. We will apply our results on the following system considered in
[27]

x(t+ 1) = Tx(t), t ∈ N,

on the space of square summable sequences l2, where the operator T : l2 −→ l2 is
defined by the infinite matrix (anm)n,m∈N∗ with{

anm = 0, if n 6= m,

ann = (1
2
)n.

Note that T ∈ L(l2) and d(A) =

{
1

2n
, n ∈ N∗

}
where d(A) is the spectrum of

T . Thus, the system is Schur stable. Now, let us consider the following perturbed
system

x(t+ 1) = Tx(t) +
N∑
i=1

δiAix(t)wi(t), N ∈ N, (2.22)
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where (δi)i∈N is a sequence of unknown scalar perturbations such that sup
i∈N
|δi| <

∞, and (wi(t))i∈N is a sequence of real independent random variables such that
ε(w2

i ) = λi, i ∈ N. Furthermore, Ai = (ainm) with

ainm =

1 if n = m = i,

0 otherwise,

So,

T =



1

2
0 ... 0 ...

0
1

4
... 0 ...

...
...

...
...

...

0 0 0
1

2n
...

...
...

...
...

...


, Di = Ai, Ei = I, i = 1, ..., N.

The appropriate Lyapunov equation for this problem is

T ∗PT − P +
N∑
i=1

α2
i I = 0. (2.23)

Letting

P :=



p11 p12 ... p1n ...

p12 p22 ... pn2 ...
...

...
...

...
...

p1n pn2 ... pnn ...
...

...
...

...
...


.

The solution of the Lyapunov equation (2.23) is given by

pij = 0, for all i 6= j and pii =
α2

1 + α2
2 + ...α2

N(1

2

)2i

− 1
for all i ≥ 1.

Theorem 2.2 demonstrates that

rω

(
T, (Di, Ei)

)
i∈

_
N

= sup
α∈(0,+∞)N

(max
j∈N

(
α2

1 + α2
2 + ...α2

N

α2
j

))
∣∣∣∣∣∣∣

λj(1

2

)2j

− 1

∣∣∣∣∣∣∣


−1

2

.
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For example, for N = 2 , λ1 = 1 and λ2 = 0.5, we get

rω(T, (Di, Ei))i∈
_
N

= sup
α∈(0,+∞)2

(
max

(
4

3
(1 +

α2
2

α2
1

),
8

15
(
α2

1

α2
2

+ 1)

))−1

2
.

Therefore

rω(T, (Di, Ei))i∈
_
N

=

(
max

(
4

3
,

8

15

))−1

2 =

√
3√
2

Thus, the system (2.22) is stable for δ = (δ1, δ2) such that sup(|δ1| , |δ2|) <
√

3√
2
.

Example 2.2. Letting the stochastic heat equation of heat of one-dimensional
represented by:

∂z(x,t)
∂t

= η ∂
2z(x,t)
∂x2 + cz(t, x)w(t), c ∈ R, 0 ≤ x ≤ 1, t ≥ 0,

z(0, t) = 0, z(1, t) = 0, t ≥ 0,

z(x, 0) = z0(x), 0 ≤ x ≤ 1,

(2.24)

where z(x, t) represents the temperature at time t and position x, z0(x) is the initial
temperature profile, w(t) is a scalar white noise with mean zero and variance λ,
and η is the thermal diffusivity. Now, we will use the finite difference method to
get a discrete-time approximation of the system (2.24). To accomplish this, define
xi and tk+1 as indicated bellow:

xi = x0 + i∆x, i = 1, 2, , , , N, ∆x = 1/N, x0 = 0, xN = 1,

tk+1 = tk + ∆t, k = 0, ...Nt, t0 = 0.

Hence

z(xi, tj + ∆t)− z(xi, tj)

∆t
= η

z(xi + ∆x, tj)− 2z(xi, tj) + z(xi −∆x, tj)

∆x2
+cz(xi, tj)w(tj),

such that 0 ≤ j ≤ Nt, and hence

z(xi, tj + ∆t) = rz(xi + ∆x, tj) + (1− 2r)z(xi, tj) + rz(xi −∆x, tj) + c∆tz(xi, tj)w(tj),

with r = η∆t

(∆x)2
.

Letting y(t) = (z(x1, t), z(x2, t), ..., z(xN , t))
T , we get

y(tj+1) = Ty(tj) + c∆ty(tj)w(tj), j ≥ 0,
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where

T :=



1− 2r r 0 0 0

r 1− 2r r 0 0
...

...
...

...
...

0 0 r 1− 2r r

0 0 . . . r 1− 2r


.

Assume that 2r < 1, and thus T is stable. The stability radius is obtained using
the formula

rω(T, (D,E)) =
(∥∥λDTPD

∥∥)− 1
2 , (2.25)

where P solves the following Lyapunov equation

T TPT − P + E∗E = 0. (2.26)

with
E(y(t)) = y(t), Λ(y(t)) = c∆ty(t) and D(z(t)) = z(t).

For η = 0.0001, r = 0.1, N = 120, λ = 10, we solve the Lyapunov equation
(2.26) and use the formula (2.25) to calculate the stability radius. We obtain
rω(T, (Di, Ei) = 0.3672. Thus, the equation (2.24) is stable for c such that c∆t <
0.3672, and thus c < 5, 3756.
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CHAPTER 3. OPTIMIZATION OF THE STABILITY RADIUS BY STATE
FEEDBACK

3.1 Introduction

Througout this part, we look on the problem of optimizing the radius of the
stability with linear state feedback. First, we investigate some useful lemmas.
Then we derive suboptimality conditions. We demonstrate that we can classify the
supreme attainable stability radius by discrete-time infinite dimensional Riccati
equations. Finally, we clarify the outcomes with two examples.

3.2 Suboptimality conditions

Suppose the controlled stochastic system

x(t+ 1) = Tx(t) +
N∑
i=1

DiΛi(Ei(x(t))wi(t) +Bu(t), t ∈ N, t ≥ 0,

x(0) = x0,

where u ∈ l2ω(N, l2(Ω, Z)), Z is a separable Hilbert space, and B ∈ L(Z,Z) and the
other operators are described as in the preceding section. By assuming that (T,B)

is stabilizable. The goal is to obtain characteristics of the supremum of the stability
radii that can be attained by state feedback u = Fx such that F ∈ L(Z, Z).
Letting

S̄ =
{
F ∈ L(Z, Z), T +BF is stable

}
,

and determine

r̄ω

(
T, (Di, Ei)i∈ N̄

)
= sup

{
rω(T +BF, (Di, Ei)i∈N̄), F ∈ S̄

}
.

To investigate the maximization problem, we adopt the approach established in
[16].
For F ∈ S̄, α ∈ (0,+∞)N and ε > 0, suppose the following Lyapunov inequality

(T +BF )∗R(T +BF )−R + E∗(α)E(α) + ε2F ∗F 4 0, (3.1)

under the condition
I − d2 λj

α2
j

D∗jRDj < 0, j ∈ N, (3.2)
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where E∗(α)E(α) =
N∑
i=1

α2
iE
∗
iEi.

To investigate conditions for the existence of sub-optimal controllers u(t) = Fx(t)

such that F ∈ S̄ and d 6 rω(T + BF, (Di, Ei)i∈ N̄), for d > 0, the Lemma bellow
is required.

Lemma 3.1. Let α ∈ (0,+∞)N and ε > 0. Assume that there exists R ∈ L+(Z)

such that

(
T −B (B∗RB + ε2I)

−1
B∗RT

)∗
R
(
T −B (B∗RB + ε2I)

−1
B∗RT

)
−R + E∗(α)E(α) + ε2

(
(B∗RB + ε2I)

−1
B∗RT

)∗(
(B∗RB + ε2I)

−1
B∗RT

)
4 0

(3.3)

and

I − λj
(

d

αj

)2

D∗jRDj < 0, j ∈ N. (3.4)

Then
Tε := T −B

(
B∗RB + ε2I

)−1
B∗RT

is stable. Moreover,
d 6 rω(Tε, (Di, Ei)i∈N̄).

Proof. Let {
x(s+ 1) = Tεx(s), s ∈ N,
x(0) = x0.

(3.5)

Set V (x) := 〈x,Rx〉, where x is the solution of (3.5). For s ∈ N, we have

∆V (x(s)) = V (x(s+ 1)− V (x(s))

= 〈x(s+ 1), Rx(s+ 1)〉 − 〈x(s), Rx(s)〉
= 〈(T ∗εRTε −R)x(s), x(s)〉 .

From inequality (3.3), we get

∆V (x(s)) 6 −〈E(α)x(s), E(α)x(k)〉
−ε2

〈(
B∗RB + ε2I

)−1
B∗RTx(s),

(
B∗RB + ε2I

)−1
B∗RTx(s)

〉
6 −ε2

〈(
B∗RB + ε2I

)−1
B∗RTx(s),

(
B∗RB + ε2I

)−1
B∗RTx(s)

〉
.
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Thus,

V (x(s+ 1))− V (x(0)) 6 −ε2

s∑
j=0

∥∥∥(B∗RB + ε2I
)−1

B∗RTx(j)
∥∥∥2

.

Since R < 0, we get

ε2

s∑
j=0

∥∥∥(B∗RB + ε2I
)−1

B∗RTx(j)
∥∥∥2

6 V (x(0)), for s ≥ 0,

which implies that

+∞∑
j=0

∥∥∥(B∗RB + ε2I
)−1

B∗RTx(j)
∥∥∥2

< +∞.

Also, we have

x(s+ 1) = Tεx(s)

= Tx(k)−B
(
B∗RB + ε2I

)−1
B∗RTx(s).

So, the solution x(k) of system (3.5) is given by

x(s) = T sx(0)−
s−1∑
j=0

T s−j−1B
(
B∗RB + ε2I

)−1
B∗RTx(j),

and therefore

‖x(s)‖ 6 ‖T sx(0)‖+

∥∥∥∥∥
s−1∑
j=0

T s−j−1B
(
B∗RB + ε2I

)−1
B∗RTx(j)

∥∥∥∥∥ .
Moreover, we get

‖x(s)‖2 6 2 ‖T sx(0)‖2 + 2

∥∥∥∥∥
s−1∑
j=0

T k−j−1B
(
B∗RB + ε2I

)−1
B∗RTx(j)

∥∥∥∥∥
2

6 2βas ‖x(0)‖2 + 2β‖B‖2

s−1∑
j=0

as−1−j
∥∥∥(B∗RB + ε2I

)−1
B∗RTx(j)

∥∥∥2

.

Set K1 := 2β ‖x(0)‖2 , K2 := 2β‖B‖2. Hence

‖x(s)‖2 6 K1a
k +K2

s−1∑
j=0

ak−1−j
∥∥∥(B∗RB + ε2I

)−1
B∗RTx(j)

∥∥∥2

,

38



CHAPTER 3. OPTIMIZATION OF THE STABILITY RADIUS BY STATE
FEEDBACK

and hence
∞∑
k=0

‖x(k)‖2 6 K1

∞∑
s=0

as +K2

∞∑
s=0

s−1∑
j=0

a
′s−1−j

∥∥∥(B∗RB + ε2I
)−1

B∗RTx(j)
∥∥∥2

.

Accordingly
∞∑
s=0

‖x(s)‖2 6 K1

1− a +K2

∞∑
j=0

a−1−j
∥∥∥(B∗RB + ε2I

)−1
B∗RTx(j)

∥∥∥2 1

1− aa
j+1,

which implies that
∞∑
s=0

‖x(k)‖2 6 K1
1

1− a +K2
1

1− a
∞∑
j=0

∥∥∥(B∗RB + ε2I
)−1

B∗RTx(j)
∥∥∥2

.

Therefore x(.) ∈ L2(N,Z), and as a consequence Tε is stable.
According to the inequality (3.3), we obtain

T ∗εRTε−R+E∗(α)E(α) 4 −ε2
((
B∗RB + ε2I

)−1
B∗RT

)∗ ((
B∗RB + ε2I

)−1
B∗RT

)
.

Consequently,
T ∗εRTε −R + E∗(α)E(α) 4 0,

and

I − λj
(

d

αj

)2

D∗jRDj < 0, j ∈ N.

Also,
Fε = −

(
B∗RB + ε2I

)−1
B∗RT ∈ S̄.

By the applicability of the Corollary 2.1 we obtain that d 6 rω(Tε, (Di, Ei)i∈N̄),

and if inequality (3.4) is strict, we get

d < rω(Tε, (Di, Ei)i∈N̄).

The following Lemma plays an essential role in investigating the maximization
problem.

Lemma 3.2. Let α ∈ (0,+∞)N , ε > 0 and F ∈ S̄. If the inequality (3.1) has a
solution R0 ∈ L+(Z) holding requirement (3.2), then

F0 = −
(
B∗R0B + ε2I

)−1
B∗R0T ∈ S̄ and d 6 rω(T +BF0, (Di, Ei)i∈N̄).
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In addition, there exists R1 ∈ L+(Z) such that

(T +BF0)∗R1 (T +BF0)−R1 + E∗(α)E(α)

+ε2
(

(B∗R0B + ε2I)
−1
B∗R0T

)∗ (
(B∗R0B + ε2I)

−1
B∗R0T

)
= 0,

I − λj
(

d

αj

)2

D∗jR1Dj < 0, j ∈ N,

R1 4 R0.

Proof. We have

(T +BF )∗R0 (T +BF )−R0 + E∗(α)E(α) + ε2F ∗F = T ∗R0T −R0 + E∗(α)E(α)

+ T ∗R0BF + F ∗B∗R0T + F ∗(ε2I +B∗R0B)F.

Set F̀ := (B∗R0B + ε2I)F +B∗R0T, we get

F̀ ∗
(
B∗R0B + ε2I

)−1
F̀ = F ∗

(
B∗R0B + ε2I

)
F + F ∗B∗R0T

+ T ∗R0BF + T ∗R0B
(
BR0B

∗ + ε2I
)−1

B∗R0T.

Hence

T ∗R0T −R0 + E∗(α)E(α) + T ∗R0BF + F ∗B∗R0T + F ∗(ε2I +B∗R0B)F = T ∗R0T −R0

+ E∗(α)E(α) + T ∗R0BF + F ∗B∗R0T + F̀ ∗
(
B∗R0B + ε2I

)−1
F̀

− F ∗B∗R0T − T ∗R0BF − T ∗R0B
(
BR0B

∗ + ε2I
)−1

B∗R0T.

Since R0 solves (3.1), it follows that

T ∗R0T −R0 + E∗(α)E(α)− T ∗R0B (B∗R0B + ε2I)
−1
B∗R0T

+F̀ ∗ (B∗R0B + ε2I)
−1
F̀ 4 0.

(3.6)

So,

T ∗R0T−R0+E∗(α)E(α)−T ∗R0B
(
BR0B

∗ + ε2I
)−1

B∗R0T 4 −F̀ ∗
(
B∗R0B + ε2I

)−1
F̀ .

Since R0 < 0 then (BR0B
∗ + ε2I)

−1 < 0, so inequality (3.6) implies that

T ∗R0T −R0 + E∗(α)E(α)− T ∗R0B
(
BR0B

∗ + ε2I
)−1

B∗R0T 4 0.

Letting

S :=
(
T −B

(
B∗R0B + ε2I

)−1
B∗R0T

)∗
R0

(
T −B

(
B∗R0B + ε2I

)−1
B∗R0T

)
,
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we obtain

S = T ∗R0T − T ∗R0B
(
B∗R0B + ε2I

)−1
B∗R0T − T ∗R0B

(
B∗R0B + ε2I

)−1
B∗R0T

+ T ∗R0B
(
B∗R0B + ε2I

)−1
B∗R0B

(
B∗R0B + ε2I

)−1
B∗R0T.

Also, for S̀ := T ∗R0T − T ∗R0B (B∗R0B + ε2I)
−1
B∗R0T , we get

S̀ = S + T ∗R0B
(
B∗R0B + ε2I

)−1
B∗R0T

− T ∗R0B
(
B∗R0B + ε2I

)−1
B∗R0B

(
B∗R0B + ε2I

)−1
B∗R0T

= S + T ∗R0B
(
B∗R0B + ε2I

)−1 [
B∗R0B + ε2I −B∗R0B

] (
B∗R0B + ε2I

)−1
B∗R0T.

Thus,

T ∗R0T − T ∗R0BGεB
∗R0T = (T −BGεB

∗R0T )∗R0 (T −BGεB
∗R0T )

+ ε2T ∗R0BGε

(
B∗R0B + ε2I

)−1
B∗R0T

whereGε := (B∗R0B + ε2I)
−1
. Setting F0 := − (B∗R0B + ε2I)

−1
B∗R0T and T0 :=

T −B (B∗R0B + ε2I)
−1
B∗R0T, we get

T ∗0R0T0 −R0 + E∗(α)E(α) + ε2F ∗0F0 4 0. (3.7)

Applying Lemma 3.1, we infer that F0 ∈ F̄ and d 6 rω(T0, (Di, Ei)i∈N̄).

Now, set Ẽ(α) :=

(
E(α)

εF0

)
, we obtain

T ∗0R0T0 −R0 + Ẽ∗(α)Ẽ(α) 4 0.

According to Corollary 2.1, there exists R1 ∈ L+(Z) such that

T ∗0R1T0 −R1 + Ẽ∗(α)Ẽ(α) = 0, where R1 4 R0.

Consequently,
T ∗0R1T0 −R1 + E∗(α)E(α) + ε2F ∗0F0 = 0,

and

I − λj
(

d

αj

)2

D∗jR1Dj < 0, j ∈ N.
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By the repetitively application of the lemma, we demonstrate in the next
theorem that there exists R ∈ L+(Z) such that

T ∗RT −R + E∗(α)E(α)− T ∗RB
(
B∗RB + ε2I

)−1
B∗RT = 0, (3.8)

and

I − λj
(

d

αj

)2

D∗jRDj < 0, j ∈ N.

Theorem 3.1. Let F ∈ S̄. Consider that there exist d > 0, α ∈ (0,+∞)N and
ε > 0 such that the Lyapunov inequality (3.1) admits a solution R0 ∈ L+(Z)

which holds the requirement (3.2). Then the Riccati equation (3.8) has a solution
R ∈ L+(Z) fulfilling

I − λj
(

d

αj

)2

D∗jRDj < 0, j ∈ N,

Fε = −
(
B∗RB + ε2I

)−1
B∗RT ∈ S̄.

Moreover, d 6 rω(T +BFε, (Di, Ei)i∈N̄).

Proof. Applying Lemma 3.2 iteratively, we construct a sequence of linear operators
(Rk)k∈N ∈ L+(Z) which fulfills

T ∗kRk+1Tk −Rk+1 + E∗(α)E(α)

+ ε2
(

(B∗RkB + ε2I)
−1
B∗RkT

)∗ (
(B∗RkB + ε2I)

−1
B∗RkT

)
= 0,

I − λj
(

d

αj

)2

D∗jRk+1Dj < 0, j ∈ N, Rk+1 4 Rk,

where R0 solves the inequality (3.1) and Tk = T −B (B∗RkB + ε2I)
−1
B∗RkT. For

R := lim
k→+∞

Rk, we get

T ∗εRTε −R + E∗(α)E(α)

+ε2
(

(B∗RB + ε2I)
−1
B∗RT

)∗ (
(B∗RB + ε2I)

−1
B∗RT

)
= 0,

and

I − λj
(

d

αj

)2

D∗jRDj < 0, j ∈ N,

where Tε := T −B (B∗RB + ε2I)
−1
B∗RT.
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Lemma 3.1 gives {
Fε = − (B∗RB + ε2I)

−1
B∗RT ∈ S̄,

d ≤ rω(T +BFε, (Di, Ei)i∈N̄).

Finally, from

T ∗εRTε −R + E∗(α)E(α) + ε2
((
B∗RB + ε2I

)−1
B∗RT

)∗ ((
B∗RB + ε2I

)−1
B∗RT

)
= T ∗RT −R + E∗(α)E(α)− T ∗RB

(
B∗RB + ε2I

)−1
B∗RT,

we confirm that R satisfies the Riccati equation (3.8).

We provide requirements for the existence of sub-optimal controllers based on
the above results.

Proposition 3.1. Let d > 0. Suppose that there exists F ∈ F̄ such that d <

rω(T + BF, (Di, Ei)i∈N̄). Then there exist α ∈ (0,+∞)N , ε > 0, such that the
Riccati equation (3.8) has a solution R ∈ L+(Z) fulfilling

I − λj
(

d

αj

)2

D∗jRDj < 0, j ∈ N,

Fε = −
(
B∗RB + ε2I

)−1
B∗RT ∈ S̄.

Proof. Since d < rω(T +BF, (Di, Ei)i∈N̄), there exists d̀ such that d < d̀ < rω(T +

BF, (Di, Ei)i∈N̄). Furthermore, there exists α ∈ (0,+∞)N such that

d̀ 6
(

max
j∈N

∥∥∥∥λjα2
j

D∗jR(α)Dj

∥∥∥∥)− 1
2

,

where R(α) solves the equation

(T +BF )∗R (T +BF )−R + E∗(α)E(α) = 0.

Thus,

d−2 >

(
max
j∈N

∥∥∥∥λjα2
j

D∗jR(α)Dj

∥∥∥∥) ,
which leads to

I − d2 λj
α2
j

D∗jR(α)Dj � 0, j ∈ N.
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Hence

λj

(
d

αj

)2

D∗j

[
+∞∑
t=0

(
T tF
)
E∗(α)E(α)T tF

]
Dj ≺ I, j ∈ N, where TF = T +BF.

Let βj := λj

(
d
αj

)2

. Assume that R0 solves the Lyapunov equation

(T +BF )∗R (T +BF )−R + F ∗F = 0.

Let ε > 0, such that βjM0ε
2 < 1− βjM , with

M := max
j∈N

∥∥D∗jR(α)Dj

∥∥ , M0 := max
j∈N

∥∥D∗jR0Dj

∥∥ .
Set Rε := R(α) + ε2R0, then

I − βjD∗jRεDj � 0, for all u 6= 0.

We infer that there exists ε > 0 such that Rε < 0 and

(T +BF )∗Rε (T +BF )−Rε + E∗(α)E(α) + ε2F ∗F = 0,

I − λj
(

d

αj

)2

D∗jRεDj � 0, j ∈ N.

Applying Theorem 3.1 we infer that there exists X ∈ L+(Z) holding

T ∗XT −X + E∗(α)E(α)− T ∗XB
(
B∗XB + ε2I

)−1
B∗XT = 0,

and

I − λj
(

d

αj

)2

D∗jXDj � 0, j ∈ N,

and for which
Fε = −

(
B∗XB + ε2I

)−1
B∗XT ∈ S̄.

Proposition 3.2. Let d, ε > 0. Suppose that the Riccati equation (3.8) has a
solution R in L+(Z) such that

I − λj
(

d

αj

)2

D∗jRεDj < 0, j ∈ N̄ , for some α ∈ (0,+∞)N .

Then Fε = − (B∗RB + ε2I)
−1
B∗RT ∈ S̄.Moreover, d 6 rω(T+BFε, (Di, Ei)i∈N̄).
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Proof. Note that since R is a solution of the Riccati equation (3.8), we have(
T −B (B∗RB + ε2I)

−1
B∗RT

)∗
R
(
T −B (B∗RB + ε2I)

−1
B∗RT

)
−R

+E∗(α)E(α) + ε2
(

(B∗RB + ε2I)
−1
B∗RT

)∗ (
(B∗RB + ε2I)

−1
B∗RT

)
= 0,

and

I − λj
(

d

αj

)2

D∗jRDj < 0, j ∈ N.

Lemma 3.1 shows that

Fε = −
(
B∗RB + ε2I

)−1
B∗RT ∈ S̄ and d 6 rω(T +BFε, (Di, Ei)i∈N̄).

As a consequence of propositions 3.1 and 3.2, the supreme attainable stability
radius is characterized via the Riccati equation (3.8) as indicated bellow.

Corollary 3.1. We have

r̄ω(T, (Di, Ei)i∈N̄) = sup


d > 0; there exist α ∈ (0,+∞)N and ε > 0

such that (3.8) has a solution R ∈ L+(Z)

with I − λj
(

d

αj

)2

D∗jRDj < 0 for all j ∈ N

 .

3.3 Examples

Example 3.1. We examine the controlled system corresponding to the system of
Example 2.1

x(t+ 1) = Tx(t) +
N∑
i=1

δiTix(t)wi(t) +Bu(t), t ∈ , N ∈ N,

where Bu = u for all u ∈ l2.
Suppose that R solves the Riccati equation (3.8) and that it takes the form bellow:

R =



p1 0 ... 0 ...

0 p2 ... 0 ...
...

...
...

...
...

0 0 ... pi ...
...

...
...

...
...


.
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Then the corresponding Riccati equation is equivalent to

p2
11 +

(
3

4
ε2 − µ

)
p11 − ε2µ = 0

p2
22 +

(
15

16
ε2 − µ

)
p22 − ε2µ = 0

...
p2
nn + (− (122n − 1) ε2 − µ) pnn − ε2µ = 0

, µ =
n∑
i=1

α2
i

Then the corresponding Riccati equation reads as

p2
j +

(
−
((

1

2

)2j

− 1

)
ε2 − µ

)
pj − ε2µ = 0, µ =

N∑
i=1

α2
i , j ≥ 1,

which implies that

pj =

((
1

2

)2j

− 1

)
ε2 + µ+

√
4j

2
, 4j =

(
−
((

1

2

)2j

− 1

)
ε2 − µ

)2

+4ε2µ, j ≥ 1.

since we have

D∗1R(αJ)D1 =



−3

4
ε2 + µ+

√41,

2
0 ... 0 ...

0 0 ... 0 ...
...

...
...

...
...

0 0 0 0 ...
...

...
...

...
...


,

D∗2R(αJ)D2 =



0 0 ... 0 ...

0
−15

16
ε2 + µ+

√42

2
... 0 ...

...
...

...
...

...
0 0 0 0 ...
...

...
...

...
...


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So,

D∗iRDi =



0 0 ... 0 ...

0 0 ... 0 ...
...

...
...

...
...

0 0 0

((
1

2

)2i

− 1

)
ε2 + µ+

√4i

2
...

...
...

...
...

...


, i ≥ 1.

The condition I − λi
(

d

αi

)2

D∗iRDi � 0, i ∈ N, gives

d2 6 2α2
i((1

2

)2i

− 1

)
ε2 + µ+

√(
−
(

1

2

2i

− 1

)
ε2 − µ

)2

+ 4ε2µ

λi

, 1 ≤ i ≤ N, ε > 0.

Thus,

r̄ω

(
T, (Di, Ei)i∈N̄

)
=

(
min

i={1,··· ,N}

{
1

λi

}) 1
2

.

Inspired from [15], we consider the following example.

Example 3.2. Suppose a one-dimensional rod with a length of 1 that can be heated
along its length according to

∂z(x,t)
∂t

= η ∂
2z(x,t)
∂x2

+ b1(x)u(t) + cb2(x)z(t, x)w(t), 0 ≤ x ≤ 1, t ≥ 0,

z(0, t) = 0, z(1, t) = 0, t ≥ 0,

z(x, 0) = z0(x), 0 ≤ x ≤ 1,

(3.9)

where z(x, t) denotes the temperature of the rod at time t and position x, however,
z0(x) is the initial temperature profile, and u(.) ∈ L2((0,∞),R)) is the addition of
heat along the bar,

b1(x) =

1 if x ∈ [x1, x2] ,

0 otherwise,
and b2(x) =

1 if x ∈ [x3, x4] ,

0 otherwise.

In this case, (w(t)) is the scalar white noise with mean zero and variance λ, and
η represents the thermal diffusivity. In addition, [x1, x2], [x3, x4] are the intervals
where the input and noise are present and c ∈ R.
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In the space Z = L2(0, 1), the system (3.9) can be described in the following
abstract form:{

.
y(t) = (Ty(t) +B1u(t)) +DΛE(y(t))w(t), t ≥ 0,

y(0) = y0,
(3.10)

where
T = η

d2z(x, t)

dx2
,

with domain

D(T ) =

{
y ∈ Z, dy(x)

dx
∈ Z, d2y(x)

dx2
∈ Z, y(0) = y(1) = 0

}
,

and

E(y(t)) = y(t), Λ(y(t)) = cy(t), D(z(t)) = B2z(t),

B1u(t) = b1(x)u(t), and B2y(t) = b2(x)y(t).

The operator B1 ∈ L(R, Z) describes the input of the system and B2 ∈ L(R, Z)

characterizes the noise on the system.

Furthermore, we will utilize the finite difference method to approximate the
system in discrete time. To this goal, define

xi = x0 + i∆x, i = 1, 2, · · · , N, ∆x = 1/N, x0 = 0, xN = 1,

tk+1 = tk + ∆t, k = 0, · · · , Nt, t0 = 0.

This shows that

z(xi,tj+∆t)−z(xi,tj)

∆t
= η

z(xi+∆x,tj)−2z(xi,tj)+z(xi−∆x,tj)

∆x2
+B1u(tj)

+B2z(xi, tj)w(tj), 0 ≤ j ≤ Nt,

and therefore

z(xi, tj + ∆) = rz(xi + ∆x, tj) + (1− 2r)z(xi, tj) + rz(xi −∆x, tj)

+ ∆tB1u(tj) + ∆tB2z(xi, tj)w(tj),

with r = η∆t

(∆x)2
. Letting y(t) = (z(x1, t), z(x2, t), ..., z(xN , t))

T , we obtain

y(tj+1) = Ty(tj) + ∆tB1u(tj) + c∆tB2y(tj)w(tj), j ≥ 0,
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where

T =



1− 2r r 0 0 0

r 1− 2r r 0 0
...

...
...

...
...

0 0 r 1− 2r r

0 0 . . . r 1− 2r


, B1 =



0

0

1
...

1
...
0

0


, B2 =



0

0
...
1

1
...
0


.

Note that the non-zero elements of B1 are located where the mesh points lie in
[x1, x2], however, the non-zero elements of B2 are positioned where the mesh points
lie in [x3, x4].

Assume that 2r < 1, and thus T is stable. To investigate the maximization
problem, we must first solve the following Riccati equation:

T TXT −X + ETE − T TXB1

(
BT

1 XB1 + ε2I
)−1

BT
1 XT = 0, ε > 0. (3.11)

In this case, we take η = 0.001, λ = 10 and ε = 0.01. In fact,

I − λd2DTXD � 0⇐⇒ d <
(∥∥λDTXD

∥∥)− 1
2

Thus,
r(T,D,E) = sup

ε>0

(∥∥λ(∆t)2DTXD
∥∥)− 1

2 .

The values of r(T,D,E) according to the length of the interval [x3, x4] are shown
in table (3.1).
We observe that r(T,D,E) decreases according to the length of the interval [x3, x4].
The larger stability margin is obtained for the smallest interval of noise.

The stabilizing feedback is obtained by the formula

Fε = −(∆t)−1
(
B∗1XB1 + ε2I

)−1
B1.

The following figures show Fε for different intervals [x1, x2] .

We see that the largest gain is obtained in the smallest interval [x1, x2].
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Length ([x3, x4)) r(T,D,E).

0.05 1.8719
0.15 1.0875
0.25 0.8435
0.35 0.7133
0.45 0.6293
0.55 0.5693
0.65 0.5238
0.75 0.4877
0.85 0.4581
0.95 0.4334

Table 3.1: Values of r(T,D,E)

Figure 3.1: rmax the value of r̄(T,D,E)
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Figure 3.2: B1 for x ∈ [x1, x2] and B2 for x ∈ [x3, x4]

Figure 3.3: max |Fε| for differentS intervales [x1, x2]
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Figure 3.4: Fε for different intervals [x1, x2]
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CHAPTER 4. STABILITY RADII OF DISCETE-TIME VARYING SYSTEMS

4.1 Introduction

The aim of this chapter is to investigate the robust stability problem for discrete
time-varying systems perturbed by stochastic perturbations. Following the approach
developed in Chapter 3, we yield characteristics of the corresponding stability
radius. Then, we examine the case of periodic systems.

4.2 Bounds of the stability radius

Let Z be a separable Hilbert space over K (K=C or R). Consider the linear
time-varying system giving by

x(t+ 1) = T (t)x(t) +D(t)Λ(E(x(t))w(t), t ∈ N,
x(0) = x0 ∈ Z,
‖ M ‖∞ < d,

(4.1)

where

• T (.) = (T (t))t∈N is a sequence of bounded linear operators on Z.

• D(.) ∈ L∞(N,L(U,Z)), E(.) ∈ L∞((N,L(Z, Y )) and Λ(.) ∈ L∞(N,L(Y, U))).

• (w(t))t∈N is a real random variable on a complete probability space (Ω, F, P )

satisfying that E(w(t)) = 0 and E(|w(t)|2) = λ(t), t > 0.

Using [32, Lemma7] and according to these hypothesis, the system (4.1) accepts
a unique solution given by

x(t) = φ(t, 0)x0 +
t−1∑
k=0

φ(t, k + 1)D(k)Λ(E(x(k))w(k), t > 0.

where (φ(t, s)) is the evolution operator related to (T (t))t∈N and it is defined as

φ(t, t) = IZ ,

φ(t, s) = T (t− 1)T (t− 2) . . . T (s), s, t ∈ N, t > s,
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such that IZ is the identity operator on Z.
Throughout this chapter we assume that the deterministic systemx(t+ 1) = T (t)x(t), t ∈ N,

x(0) = x0,
(4.2)

is uniformly exponentially stable. Therefore the Lyapunov equation

T ∗(t)R(t+ 1)T (t)−R(t) + E(t)E∗(t) = 0,

has a unique solution R = (R(t))t∈N such that

m ‖x‖2 ≤ 〈R(t)x, x〉 ≤M ‖x‖2

for all t ∈ N and x ∈ Z, where m, M > 0.

Definition 4.1. The stochastic system (4.1) is uniformly exponentially stable iff
there exist β > 1, a ∈ (0, 1) such that

E‖(x(t)‖2 6 βat‖x0‖2, for all t > 0 and x0 ∈ Z.

We are now in position to introduce the stability radius of (4.1).

Definition 4.2. The stochastic stability radius of (4.1) according to the perturbation
structure (D(.), E(.)) and (w(t))t∈N is defined by

rω
(
T (.), (D(.), E(.))

)
:= inf

{
‖Λ‖∞ : Λ(.) ∈ L∞(N,L(Y, U))), such that
(4.1) is not uniformly exponentially stable

}
.

Lemma 4.1. Assume that E(.) ∈ L∞((N,L(Z, Y )) and

y(t) = E(t)φ(t, 0)x0 +
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k), t > 0, (4.3)

where v ∈ l2ω(N, l2(Ω, U)). Then

E
(
‖y(t)‖2) = ‖E(t)φ(t, 0)x(0)‖2 +

t−1∑
k=0

λ(k)E ‖E(t)φ(t, k + 1)D(k)v(k)‖2 , t > 0.
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Moreover y(.) ∈ l2ω(N, l2(Ω, Y )) and

‖y‖2l2ω =
∞∑
t=0

E
(
‖y(t)‖2

)
=
∞∑
t=0

‖E(t)φ(t, 0)x(0)‖2+
∞∑
k=0

λ(k)E 〈D(k)v(k), R(k + 1)D(k)v(k)〉 .

where (R(t))t∈N is a sequence in Z satisfying

T ∗(t)R(t+ 1)T (t)−R(t) + E(t)E∗(t) = 0, t > 0. (4.4)

Proof. We have for t > 0,

y(t) = E(t)φ(t, 0)x0 +
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k), t > 0.

and

‖y(t)‖2 = 〈y(t), y(t)〉 =

〈
E(t)φ(t, 0)x0 +

t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k)),

E(t)φ(t, 0)x0 +
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k)

〉
So

‖y(t)‖2 = 〈E(t)φ(t, 0)x0, E(t)φ(t, 0)x0〉

+

〈
E(t)φ(t, 0)x0,

t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k)

〉

+

〈
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k), E(t)φ(t, 0)x0

〉

+

〈
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k),

t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k)

〉

= ‖E(t)φ(t, 0)x0‖2 + 〈E(t)φ(t, 0)x0,
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k)〉

+ 〈
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k), E(t)φ(t, 0)x0〉

+

∥∥∥∥∥
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k)

∥∥∥∥∥
2

,
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Then

E〈y(t), y(t)〉 = E (〈E(t)φ(t, 0)x0, Eφ(t, 0)x0〉)

+ E

〈
〈E(t)φ(t, 0)x0,

t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k)

〉

+ E

〈
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k), E(t)φ(t, 0)x0

〉

+ E

∥∥∥∥∥
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k)

∥∥∥∥∥
2

.

We have

E

(〈
〈
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k),
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k)

〉)
= 0, for i 6= j

For i = j

E


〈
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k),

t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k)

〉
 =

t−1∑
k=0

λ(k)E
(
‖E(t)φ(t, k + 1)D(k)v(k)‖2) .

Then

E

∥∥∥∥∥
N∑
i=1

t−1∑
k=0

E(t)φ(t, k + 1)(k)v(k)w(k)

∥∥∥∥∥
2
 =

N∑
i=1

t−1∑
k=0

λ(k)E ‖E(t)φ(t, k + 1)D(k)v(k)‖2 .

Since the nominal system (4.2) is uniformly exponentially stable it follows that

∃β > 1, a ∈ (0, 1) : ‖φ(t, 0)‖2 6 βat, t ≥ 0.

It yields

∞∑
t=0

‖E(t)φ(t, 0)x0‖2 6
∞∑
t=0

‖E(t)‖ ‖x0‖ βat

6 βsup
t>0
‖E(t)‖ ‖x0‖

∞∑
t=0

at

6 βsup
t>0
‖E(t)‖ ‖x0‖

1

1− a <∞.
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It Holds that ∞∑
t=0

‖E(t)φ(t, 0)x0‖2 <∞ (4.5)

and

t−1∑
k=0

‖E(t)φ(t, k + 1)D(k)v(k)‖2 6
t−1∑
k=0

‖E(t)‖2 ‖φ(t, k + 1)‖2 ‖D(k)‖2 ‖v(k)‖2

6 sup
k>0
‖D(k)‖2 sup

t>0
‖E(t)‖2

t−1∑
k=0

βat−k−1 ‖v(k)‖2 .

Set M = βsup
k>0
‖D(k)‖2 sup

t>0
‖E(t)‖2, then we get

∞∑
t=0

t−1∑
k=0

λ(k)E ‖E(t)φ(t, k + 1)D(k)v(k)‖2 6 sup
k>0

(λ(k))
∞∑
t=0

M
t−1∑
k=t0

at−k−1E ‖v(k)‖2

6 M sup
k>0

(λ(k))
∞∑
t=0

t−1∑
k=0

at−k−1E ‖v(k)‖2

6 M sup
k>0

(λ(k))
∞∑
k=0

E ‖v(k)‖2 (
∞∑

t=k+1

at)a−k−1

6 M sup
k>0

(λ(k))
∞∑
k=0

(E ‖v(k)‖2)
1

1− aa
k+1a−k−1

6
(

M

1− a

)
sup
k>0

(λ(k))
∞∑
k=0

(E ‖v(k)‖2)

=

(
M

1− a

)
sup
k>0

(λ(k)) ‖v‖L2
ω
.

Hence
∞∑
t=0

t−1∑
k=0

λ(k)E ‖E(t)φ(t, 0)Dv(k)‖2 6 M̂ ‖v‖L2
ω
, M̂ > 0.

From this inequality and the inequality (4.5) it can be deduced that y(.) ∈
l2ω(N, l2(Ω, Y )).

E
(
‖y(t)‖2) = ‖E(t)φ(t, 0)x(0)‖2 +

t−1∑
k=0

λ(k)E ‖E(t)φ(t, k + 1)D(k)v(k)‖2 .
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Then
∞∑
t=0

E
(
‖y(t)‖2) =

∞∑
t=0

‖E(t)φ(t, 0)x(0)‖2

+
∞∑
k=0

λ(k)E

〈
D(k)v(k),

∞∑
t=k+1

(φ(t, k + 1))∗E∗(t)E(t)φ(t, k + 1)D(k)v(k)

〉
.

=
∞∑
t=0

‖E(t)φ(t, 0)x(0)‖2

+
∞∑
k=0

λ(k)E 〈D(k)v(k), R(k + 1)D(k)v(k)〉 .

where R(t) is the solution of (4.4) and it is given by

R(t) =
∞∑
t=k

(φ(t, k))∗E∗(t)E(t)φ(t, k).

Let the input-output operator

L : l2ω(N, l2(Ω, U)) −→ l2ω(N, l2(Ω, Y ))

(Lv)(t) =

L


v1

...
vn


 (t) =

t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k).

From Lemma 4.1 we get that Lv ∈ l2ω(N,L2(Ω, Y )) for every v ∈ l2ω(N,L2(Ω, U)).

Lemma 4.2. We have

‖L‖ 6
(

sup
k>0

λ(k) ‖D∗(k)R(k + 1)D(k)‖
) 1

2

,

where R(.) satisfies (4.4).
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Proof. Let v ∈ l2ω(N, l2(Ω, U)). From Lemma 4.1 we have

‖Lv‖2
l2ω

=
∞∑
t=0

E

〈
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k),

t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k)

〉
.

=
+∞∑
k=0

λ(k)E

〈
D(k)v(k),

∞∑
t=k+1

(φ(t, k + 1))∗E∗(t)E(t)φ(t, k + 1)D(k)v(k)

〉

=
∞∑
k=0

λ(k)E 〈D(k)v(k), R(k + 1)D(k)v(k)〉

=
∞∑
k=0

λ(k)E 〈v(k), D∗(k)R(k + 1)D(k)v(k)〉 .

we get that

‖Lv‖2
L2
ω

6 sup
k>0

(λ(k))
∞∑
k=0

E ‖v(k)‖2 ‖D∗(k)R(k + 1)D(k)‖

6
(

sup
k>0

λ(k) ‖D∗(k)R(k + 1)D(k)‖
) ∞∑

k=0

E ‖v(k)‖2 .

Then it holds that

‖Lv‖2
L2
ω
6
(

sup
k>0

λ(k) ‖D∗(k)R(k + 1)D(k)‖
)
‖v‖2

L2
ω
.

We deduce that

‖Lv‖2
L2
ω

‖v‖2
L2
ω

6
(

sup
k>0

(λ(k)) ‖D∗(k)R(k + 1)D(k)‖
)
.

Thus

‖L‖ 6
(

sup
k>0

λ(k) ‖D∗(k)R(k + 1)D(k)‖
) 1

2

.

which concludes the proof.

Theorem 4.1. Assume that R(.) ∈ L∞(N,L(Z)) is such that

T ∗(t)R(t+ 1)T (t)−R(t) + E∗(t)E(t) = 0, t ∈ N, (4.6)

I − d2λ(t)D∗(t)R(t+ 1)D(t) � 0, t > 0. (4.7)

Then rω(T (.), (D(.), E(.))) > d.
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Proof. Let Λ(.) ∈ L∞(N,L(Y, U)), ‖Λ(.)‖∞ < d. Let R(.) ∈ L+(Z) such that
conditions (4.6)and (4.7) hold. We have

x(t) = φ(t, 0)x0 +
t−1∑
k=0

φ(t, k + 1)D(k)Λ(E(k)x(k))w(k), t > 0.

Set y(t) = E(t)x(t) and v(t) = Λ(y(t)), then

y(t) = E(t)φ(t, 0)x0 +
t−1∑
k=0

E(t)φ(t, k + 1)D(k)v(k)w(k), t > 0.

Let N0 ∈ N∗. Choose vN0(t) ∈ L2
ω(N,L2(Ω, U)) such that

vN0(t) =

{
v(t) = Λ(y(t)) if t < N0,

0, t > N0.

Then

‖vN0‖2
L2
ω

=
+∞∑
t=0

E(‖vN0(t)‖2)

=

N0∑
t=0

E(‖v(t)‖2)

=

N0∑
t=0

E
(
‖Λ(y(t))‖2)

6
N0∑
t=0

E
(
‖Λ‖2

∞ ‖(y(t))‖2)
6

N0∑
t=0

(
‖Λ‖2

∞ E
(
‖(y(t))‖2))

6 ‖Λ‖2
∞

N0∑
t=0

(
E
(
‖(y(t))‖2)) , for all N0 > 0.

Hence

‖vN0‖2
L2
ω

6 ‖Λ‖2
∞

+∞∑
t=0

(
E
(
‖(y(t))‖2)) . (4.8)

Now suppose that yN0 is the output of the system (T (.), (D(.), E(.))) engendered
by the input vN0(t) with the initial x(0) = x0. Then
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yN0(t) = E(t)φ(t, 0)x0 + LvN0(t), t ∈ N. (4.9)

Thus

(
N0∑
t=0

(
E
(
‖(y(t))‖2))) 1

2

6 ‖yN0‖L2
ω

6 ‖E(t)φ(t, 0)x0‖+ ‖L‖ ‖vN0‖ .

This inequality and inequality (4.8) yields to(
N0∑
t=0

(
E
(
‖(y(t))‖2))) 1

2

6 ‖E(t)φ(t, 0)x0‖+ ‖L‖ ‖Λ‖∞

(
N0∑
t=0

(
E
(
‖(y(t))‖2))) 1

2

.

(4.10)
Condition (4.7) gives

I − d2λ(t)D∗(t)R(t+ 1)D(t) � 0 ⇒ 1− d2λ(t) ‖D(t)∗R((t+ 1))D(t)‖ > 0

⇒ d2λ(t) ‖D∗(t)R(t+ 1)D(t)‖ 6 1

⇒ λ(t) ‖D∗(t)R(t+ 1)D(t)‖ 6 d−2.

for t ∈ N. We conclude that

sup
t>0

λ(t) ‖D∗(t)R(t+ 1)D(t)‖ 6 d−2.

Using Lemma (4.2), we deduce that

‖L‖2 6 d−2.

and because the operator LΛ is a truncation on l2ω(N, l2(Ω, Y )) and

c = ‖L‖ ‖Λ‖∞ < 1.

(4.10) implies that

(
N0∑
t=0

(
E
(
‖(y(t))‖2))) 1

2

6 ‖E(t)φ(t, 0)x0‖+ c

(
N0∑
t=0

(
E
(
‖(y(t))‖2))) 1

2

.
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Thus

(1− c)
(

N0∑
t=0

(
E
(
‖(y(t))‖2))) 1

2

6 ‖E(t)φ(t, 0)x0‖ .

Therefore(
N0∑
t=0

(
E
(
‖(y(t))‖2))) 1

2

6 (1− c)−1 ‖E(t)φ(t, 0)x0‖ , forN0 ∈ N.

Then we infer that y ∈ l2ω(N, l2(Ω, Y )) and v = Λ(y) ∈ l2ω(N, l2(Ω, U)). Using
Lemma 4.1 we conclude that the solution of (4.1) belongs to l2ω(N, l2(Ω,Z)) which
implies that rω(T (.), (D(.), E(.)) > d.

As a result we get the following bound for the stability radius.

Corollary 4.1. Assume that there exist (R(t)) ∈ L∞(N,L(Z)) a sequence in Z,
solution of the Lyapunov equation (4.6) so

rω(T (.), (D(.), E(.)) >
(

sup
t>0

λ(t) ‖D∗(t)R(t+ 1)D(t)‖
)−1

2
. (4.11)

Proof. 1. Let t ≥ 0. If ‖D∗(t)R(t+ 1)D(t)‖ = 0 then

I − d2λ(t)D∗(t)R(t+ 1)D(t) > 0.

for all d > 0. According to Theorem 4.1, it comes that

rω(T (.), (D(.), E(.)) > d.

Then we derive that

rω(T (.), (D(.), E(.)) = +∞.

2. Assume that sup
t>0
‖D∗(t)R(t+ 1)D(t)‖ 6= 0. Let t ≥ 0. We have

‖D∗(t)R(t+ 1)D(t)‖ = sup
v 6=0

〈D∗(t)R(t+ 1)D(t)v, v〉
‖v‖2

.
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So
‖v‖2 − ‖D∗(t)R(t+ 1)D(t)‖−1〈D∗(t)R(t+ 1)D(t)v, v〉 > 0.

hence

‖v‖2−

(sup
t>0

(λ(t))‖D∗(t)R(t+ 1)D(t)‖
)−1

2


2

sup
t>0

(λ(t)) 〈D∗(t)R(t+ 1)D(t)v, v〉 > 0.

By Theorem 4.1, we conclude that

rω(T (.), (D(.), E(.)) >
((

sup
t>0

(λ(t))‖D∗(t)R(t+ 1)D(t)‖
))−1

2
.

4.3 Periodic systems

Consider the following periodic system

x(t+ 1) = T (t)x(t) +D(t)Λ(E(x(t)))w(t), t ≥ 0, (4.12)

such that T (.), D(.), E(.) are p periodic bounded operators.
The solution of the Lyapunov equation (4.6) satisfies R(t + p) = R(t). We get in
this case

‖λ(t+ p)D∗(t+ p)R(t+ p+ 1)D(t+ p)‖ = ‖λ(t)D∗(t)R(t+ 1)D(t)‖, (4.13)

which implies that

sup
t>0
‖λ(t)D∗(t)R(t+ 1)D(t)‖ = sup

t∈{0...p−1}
‖λ(t)D∗(t)R(t+ 1)D(t)‖

Lemma 4.3. The linear map L defined in Lemma 4.2 has the operator norm

‖L‖ =

(
sup
k>0

λ(k) ‖D∗(k)R(k + 1)D(k)‖
) 1

2

=

(
sup

k∈{0,...,p−1}
λ(k) ‖D∗(k)R(k + 1)D(k)‖

) 1
2

where R(.) satisfies (4.4).
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Proof. According to the poof of Lemma 4.2 we can obtain the inequality

‖L‖ 6
(

sup
k>0

λ(k) ‖D∗(k)R(k + 1)D(k)‖
) 1

2

Now assume that

sup
k>0

λ(k)‖D∗(k)R(k + 1)D(k)‖ = sup
k∈{0,...,p−1}

λ(k)‖D∗(k)R(k + 1)D(k)‖

= λ(k0)‖D(k0)R(k0 + 1)D(k0)‖
= λ(k0)〈v̂, D∗(k0)R(k0 + 1)D(k0)v̂〉,

for k0 ∈ {0, ...p− 1} and ‖v̂‖ = 1.

Choose v0 such that {
v0(t) = 0, if t 6= k0,

v0(t) = β(k0)v̂, if t = k0.

where β(.) ∈ L2(N,R) and {
β(t) = 0, t 6= k0,

β(t) = 1, t = k0.

Then

‖v0‖2
L2 =

∑
t>0

E‖v0(t)‖2

=
∑
t>0

‖β(t)v̂‖2

= ‖v̂‖2‖β(k0)‖2

= ‖v̂‖2 = 1

We have

‖Lv0‖2 =
k−1∑
k=0

λ(k)E 〈v0(k), D∗(k)R(k + 1)D(k)v0(k)〉

=
∞∑
k=0

λ(k) 〈β(k)v̂, D∗(k)R(k + 1)D(k)β(k)v̂〉

= λ(k0)|β(k0|2〈v̂, D∗(k0)R(k0 + 1)D(k0)v̂〉
= λ(k0)‖D∗(k0)R(k0 + 1)D(k0)‖.

Which concludes the proof.
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Thus for periodic systems, we get the following bound for the stability radius.

rω(T (.), (D(.), E(.)) >
((

sup
t∈{0,...p−1}

λ(t)‖D∗(t)R(t+ 1)D(t)‖
))−1

2
.

4.4 Example

Set

T (t) =

{
1, t even
a2

0a
2
1, t odd

, D(t) =

{
a−1

0 , t even
a0, t odd

,

E(t) =

{
a−1

1 , t even
a1, t odd

.

such that a0, a1 ∈ R \ {0}, |a0a1 | < 1. See [36]
T (.), D(.) and D(.) are operators of period tow. We solve the Lyapunov equation

R(t) = T (t)∗R(t+ 1)T (t) + E∗(t)E(t).

Since the system is periodic of period tow we just calculate R(1), R(2). We have{
R(1) = a2

0a
2
1R(2)a2

0a
2
1 + a2

1

R(2) = R(1) + 1

Hence
R(1) = a4

0a
4
1R(1) + a4

0a
4
1 + a2

1

then
R(1) =

a4
0a

4
1 + a2

1

1− a4
0a

4
1

and
R(2) =

a2
1 + 1

1− a4
0a

4
1

Now we have 
‖D∗(1)R(2)D(1)‖ = |a

2
0a

2
1 + a2

0

1− a4
0a

4
1

|

‖D∗(2)R(3)D(2)‖ = |a
4
1a

4
0 + a2

1

a2
0 − a4

1a
6
0

|
.

Thus

rω(T (.), (D(.), E(.)) >
((

λ(1)|a
2
0a

2
1 + a2

0

1− a4
0a

4
1

|, λ(2)|a
4
1a

4
0 + a2

1

a2
0 − a4

1a
6
0

|
))−1

2
.
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Conclusion

This dissertation concerns the robustness of stability and stabilization of linear
discrete-time systems under stochastic perturbations. The stability radii approach
is adopted. The research on this subject is uncomplished by this work and there
are many open questions.

Summary of the obtained results

First, we considered discrete-time invariant systems with stochastic bounded structured
perturbations. We proved new characterizations of the corresponding radius of
stability extending the results of the continuous case. We design a computing
expression for this radius by the use of the discrete Lyapunov equations and the
corresponding inequalities.
The stability radius optimization according to state feedback was also studied.
We discussed the existence of stabilizing feedback with a norm less than a given
bound.
Since periodic systems have attracted important attention in the last decades, we
have addressed in the last chapter robustness of stability of discrete-time variant
systems with bounded stochastic perturbations. Some of the Chapter 3 results
have been extended to the variant case. We expressed the stability radius via
Lyapunov equation. But we have just established a lower bound for the stability
radius.
All the results of the thesis were illustrated by theoretical or numerical examples.
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Open problems

• It is important to note that the results reported in the time variant case
provides only a lower bound for the stability radius. Our ongoing efforts
focus on deriving necessary robustness conditions and hence upper bounds
for the stability radius.

• Further research is required to study the maximization of the stability radius
in the time variant case.

• In recent years, the class of jump linear systems has attracted the attention
of a lot of researchers. Extention of our results to this class of systems is
still an open problem.

• Another open problem is whether our results can be extended to bilinear
discrete-time systems.
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