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Abstract

The principal objective of this dissertation is to examine the robustness stability
and robustness stabilization problems for discrete-time systems on real Hilbert
space. First, we consider invariant systems which are subjected to stochastic
multi-perturbations. We research some features of the radius of stability through
Lyapunov equations and the matching inequalities. These properties are utilized
to compute the stability radius.

Afterwards, we treat the optimization of the stability radius based on state feedback.
Necessary and sufficient conditions are proved for stabilizing the perturbed system
by feedback with norm less than a given bound. These are in terms of a discrete-time
Riccati equation. We show how we can acquire the expression of the supremal
stability radii based on this equation.

Ultimately, we study the stability radius of discrete-time varying systems. We
generalize some obtained consequences for invariant systems to the variant one.
We derive bounds of the radius via the corresponding Lyapunov equation. in the
end, we focus to apply the accomplished results to give conditions of the stability

for periodic perturbed systems.

keywords:  Discrete-time Lyapunov equation, Discrete-time Riccati equation,

Robust stabilization, Stability radius, Stochastic perturbations.



Résumé

Le but fondamental de cette thése est d’étudier les problémes de stabilité robuste
et de stabilisation robuste pour les systémes a temps discret dans un espace de
Hilbert réel. Tout d’abord, nous considérons des systémes a temps invariant qui
sont soumis a des multi-perturbations stochastiques. Nous établissons quelques
caractérisations du rayon de stabilité en termes d’équations de Lyapunov et des
inégalités correspondantes. Ces caractérisations sont utilisées pour donner une
formule de calcul pour le rayon.

Ensuite, nous étudions 1'optimisation du rayon de stabilité par retour d’état. Des
conditions nécessaires et suffisantes sont établis pour 'existence d’un contréleur
stabilisateur qui réduit la norme de 'opérateur de perturbation en boucle fermée a
un niveau inférieur & un seuil donné. Ces conditions sont en termes d’une équation
discréte de Riccati. Nous montrons comment le supréme des rayons de stabilité
peut étre donné en fonction de cette équation.

Enfin, nous étudions le rayon de stabilité des systémes discrets a temps variant.
Nous avons montré comment on peut généraliser les résultats obtenus dans le cas
invariant au cas variant. Nous établissons des bornes du rayon de stabilité en
fonction de I’équation de Lyapunov. Les résultats sont appliqués pour obtenir des

conditions de stabilité pour des systémes périodiques.

Mots clés: Equations de Lyapunov a temps discret, Equation de Riccati a

temps discret, Stabilisation robuste, Rayon de stabilité, Perturbations stochastiques.
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List of Symbols and Notations

Z UV Real separable Hilbert spaces. ‘
LU, 2) The space of bounded linear operator from U to Z. ‘
L(Z) The space of bounded operators from Z to Z. |
() The inner product in Z. |
Il The norm in Z. |
P>0 P e L(Z2) is positive ((Pz,z) > 0 for all z € Z). |
P =0 P € L(Z) non negative ((Px,z) >0 for all z € Z. |
P =P P —P, 0. |
B* The adjoint of the operator B. ‘
LT(Z) The set of self-adjoint linear bounded operators ‘

P € L(Z) such that P 3= 0.

L3(Z) = L*(Q. F,, P, Z)

The space of all equivalence classes of Z — valued random variables. ‘

15 =N, L*(Q,Y)

The space of all sequences z(t) = (2(t))en

such that z(t) € L*(Q, Z) is F,_; measurable for all ¢ € N.

The expectation of z.

The set of strongly measurable functions

h:N — L(U, Z) such that

1Al = sup [2(@)]] ,z) < +o0.
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Introduction

Stochastic systems play a huge part in an immense field of applications containing
mechanics, economics and finance, and have been vastly investigated over the last
centuries (see [1], [39], [4]). Stochastic discrete-time systems are one of key themes
in control theory which has enjoyed a considerable amount of scientific interest (see
[5, 9, 33, 37, 40]).

In several cases, real-world events are influenced by random agents that practiced
a crucial impact in the progressive process. Characteristics of discrete-time linear
systems influenced by independent random perturbations and their utilization
have attracted a great attention during the past century (see for e.g. [3], [16] and

the references therein).

Robustness has been a basic topic in control theory. It indicates that a

system must be ever capable to conserve stability and level of effectiveness with
uncertainties in systems dynamics and in conditions of work. Robustness has
extremely importance in control systems because real engineering systems are
always affected by external disturbance and noise measure and there are always
difference between models in mathematics and real models.
Problems of robustness stability and robustness stabilization have received great
attention recently. Omne of the most suitable approach for those problems is
based on the stability radius approach. This method was introduced in [12]
for finite-dimensional systems and extended to other system classes and kinds
of perturbations (see [14, 3, 10, 19, 20, 29]).

Pritchard and El Bouhtouri [6] presented and distinguished the stability radius
for linear systems with respect to Lipschitzian structured stochastic perturbations.
The relevant conclusions for discrete-time systems were treated by El Bouhtouri
[7]. For infinite dimensional systems, Wirth [35] extended the concept of the
stability radius for discrete-time systems discomfited to structured deterministic
perturbations in infinite dimension. The great benefit of this research is that adopt

notions and methods which can be extended to several classes of systems



and several categories of perturbations.

For state space systems of the form @(t) = Axz(t) or z(t + 1) = Txz(t), T €
L(K™), K=R or C, linear perturbations of the form

1. TH+A, Ae L(K™) unstructured perturbations.

2. T+ DAE, A € L(K?, K') simple stuctured perturbations.
N

3. T+ > DiNE;, Ae L£L(K? K') multi-perturbations.
i=1

have been considered, where D, FE, D, E; are given operators defining the
perturbations structure.

In this dissertation, we treat the concepts of robustness stability and stabilization

for discrete-time systems under stochastic structured multi-perturbations in Hilbert
space. We follow the approach used in [17] to investigate these problems.

We consider discrete time invariant systems in infinite dimensions described by
linear difference equation of the form z(t + 1) = Tx(t), t € N, subjected to
N structured stochastic perturbations. Our goal is to define and calculate the

corresponding stability radius, which refers to the minimum complex or real
N

perturbation A; for which the perturbed system z(t+1) = Tz (t)+>_ D;A;(E;(x(t))w;(t)
i=1

is unstable. D;, F; are given linear bounded operators defining the structure of

the perturbations and w;(t), t € N, are real independent random variables.

Our second objective is to discuss the optimization of the radius of stability by
state feedback. We give the characteristics of the supremum of the stability radii

that can be reached by state feedback, via parametrized Riccati equation.

Time-varying systems are one of the most difficult types of systems in mathematics
that can be used to model more realistic systems. In practical applications,
time-varying systems serve as valuable tools for modeling various dynamical systems
that exhibit time-varying characteristics. These systems are capable of describing
a wide range of phenomena, including periodic systems, sampled-data systems,

switched systems, and more.



CONTENTS

Recently, considerable attention has been addressed to time-varying discrete-time
systems ( cf. [2, 25, 28, 40, 41]). Our last objective in this thesis is to extend
the robust stability conclusions to the time-varying case. Based on the results
of time-varying Lyapunov equations, we establish some characterizations of the
stability radius to infinite dimensional discrete-time varying systems with stochastic
perturbations. In addition, we provide bounds for the stability radius of periodic

systems.

This thesis is organized as follows.

Chapter 1: Necessary background and necessary mathematical preliminaries
regarding the most important concepts used in this thesis are given in this chapter.
We collect some conceptions of discrete-time systems in Hilbert space, exponential
stability, stabilizability, random variables, stochastic discrete-time systems, and

exponential stochastic stability.

Chapter 2: First, we introduce the description of the system and the stability
radius definition. Robustness stability requirements for the uncertain system are
examined through a discrete-time Lyapunov equation. The requirements are used
to establish a computing expression for the stability radius. Two examples are

presented to clarify the applicability of the suggested methodology.

Chapter 3: We examin controlled stochastic systems given by

p(t+1) = Ta(t)+ > Dili(Ei(x(t))w(t) + Bu(t), t € N
.Z'(t()) = Xy -

We generate results on suboptimal controllers. Under these results we give characterizations
of the supreme reached stability radius through a Riccati equation in discrete-time.

The chapter is ended with an example and a numerical application.

Chapter 4: This chapter is devoted to the robustness stability problem in

the time variant case. We extend the stability radius definition for time-varying



CONTENTS

systems subjected to stochastic perturbations. We establish new results for the
corresponding stability radii. We develop the obtained results for periodic systems.

We end up with an illustrative example.
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CHAPTER 1. FUNDAMENTAL CONCEPTS

1.1 Introduction

In this chapter, we give some foundation definitions and features, which will
be employed throughout this dissertation. First, we recall some basic notions
concerning discrete-time systems in Hilbert space and the corresponding notions
of stability. Since our goal is to review the stability of stochastic discrete-time
systems we collect some special concepts about stochastic processes and random
variables. We end by recalling important results of stochastic discrete-time systems

and we give the corresponding stability theorems.

1.2 Discrete-time invariant systems in Hilbert space

Let Z be a Hilbert space over the field K = C or R. We consider time-invariant

systems of the form

{ a(t+1) =Tx(t), t €N, (1.1)

JZ(to) = Xog,
where T is a bounded linear operator on Z. System (1.1) is called a discrete-time

invariant system in infinite dimension, its solution is written as
_ qt—to
IE(t) =T Zo, t>t0

Definition 1.1. [27] We say that the system (1.1) is exponentially stable if and
only if there exist c > 1 and 0 < a < 1 such that

T | < ca™™, teN, t >t
For T € L(Z) we define its spectrum by:
o(T)={X € C: A\ — T is not invertible}
and its spectral radius by p(T) = max {|\|,\ € o(T}.

Lemma 1.1. /23]

The next statements are equivalent:
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1. (1.1) is exponentially stable;
2. p(T) < 1;

3. For every positive operator QQ € L1 (Z2), there exists a unique positive operator

X € LT(Z) which solves the Lyapunov equation
T"XT-X+Q=0, (1.2)

and it is provided by
+oo
X =3 ()T

t=to

4. There exist 5 >0 and a € (0,1) such that

[Tt |* < Ba'~", &>ty

Proposition 1.1. [24] Let T € L(Z,K). We have the equivalently of succeeding

assertions:
1. p(T) < 1.
2. |T"|| < Ba™, for everyn >0, for some B> 1 and o € (0,1).

3. > | T"||P < o0, Vp>0.
n=0

4. > |IT"x||P < 00, Yz € Z, Vp > 0.
n=0
Consider the discrete-time system with input « and output y given by

Tpy1 = Tx, + Bu,, t € N,
x(0) = xo,

where T, B, C, D belongs to L(Z), L(U, Z), L(Z,Y), L(U,Y), respectively.
The Riccati equation (DARE) related to the system (1.3) is

T*XT — X +CC* = (C*D+T*XB)(S + B*XB) "(D*C + B*XT) (14)

where S =1 + D*D.
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Definition 1.2. [26] The system (1.3) is stabilizable if there exist F € L(Z,U)
so that (T + BF') be exponentially stable.

Theorem 1.1. [26]/ We have the equivalently of the expressions bellow :
1. The system (1.3 )is stabilizable.

2. The DARFE (1.4) has a non-negative self-adjoint solution.

1.3 Discrete-time varying systems in infinite dimension

Let Z be a Hilbert space over the field K = C or R. We consider time varying

systems of the form

t+1)=T{H)z(t), t €N,
ot +1) = Tlt)a(t) s
.T(to) = X,
where T'(.) = (T(t))ien is a sequence of bounded linear operators on Z.
The evolution operator related to this system is defined by
tt) = Iz,
ot:1) = Iz s,teN, t>s (1.6)
o(t,s) =Tt —1)T(t—2)..T(s),
System (1.5) is a discrete-time varying system in infinite dimension, its solution
is given by
I<t) - ¢<t,t0)$0, le N) t = Lo,
see [36].

Definition 1.3. [36] The system (1.5) is called

1. Stable if for every e > 0 and ty € N, there exists 0 = o(e, tg) > 0 such that

|zo|l < 0= ||0(t, to)xo|| < e for all t > t,.

2. Exponentially stable if there exist constants a, 3 > 0 such that

lo(2, k)”g(x) < aeiﬁ(tfk), k.teN, t>k.
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Assume the system designated by
z(l+1)=T(s+1)z(l), z(0) =z € X, (1.7)

whose solution is

z(l) = (s + 1, k)x, VI >0, (1.8)
where ¢(s +1,s), s,l € N, is the evolution operator linked with the sequence of
operators (T'(k) : k € N) in £(Z). Then we have the theorem bellow.

Theorem 1.2. [22] The statements bellow are equivalent.

T) hm sup [|¢(s + 1, k)| = 0.

—0 >0

B) sup||o(s+1,s)|| <1, VI > 1y, for somely > 1

s>0

C) sup [|T(s)|| < oo, and sup ||¢(s + ly, s)|| < 1, for some ly > 1.
>0

s>0

1
D) limsupsup|]¢(s+l,s)Hﬁ < 1.

n—oo s>0

E) There exist real constants f > 1, o € (0,1) such that

lé(s +1, )| < Bal, Vk,1>0

F) For every p > 0, there exists a positive number o, such that
Z|y¢ (s+1,9)|" < op, > 0.

G) For every p > 0, there exists a positive number o, such that

Z lo(s +1,8)z||P < op|lz|lP, Vk >0, Vze Z.

H) For some q > 0, there exists a positive number o, such that

Zqu (s+1,s)]?< 0y, > 0.
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I) For some q > 0, there exists a positive number o, such that

Y (s +1s)a|! < ogllx|?, V>0, Vo € Z.
=0

J) For every p > 0, there exists a positive number p, such that

lo(s +1,8)|]P < (I + 1)y, Vs, 120,

K) For some q > 0, there exists a positive number u, such that

lp(s + 1, 8) P < (I + 1) pp, Yk, 12 0.

L) For every p > 0, there exists a positive number p, such that
!
D lls +Ls+m)|” < pp, ¥s,120.
m=0
M) For some q > 0, there exists a positive number p, such that

l
D llg(s+1s+m)|?< ppy V5,120
m=0

n+v
N) lim supsup| > o(s+1,s)|] =0.
n—>00 >0 v>0 [=n

As a consequence we get the next result.
Corollary 1.1. The statements bellow are equivalent

1. There exist real constants B > 1, a € (0,1) such that

|p(,0)|| < Bat, Vt > 0.
2. For every p > 0, there exists a positive number o, such that
> et 0P < oy
t=0
3. For every p > 0, there exists a positive number o, such that
166, 0)2P < oyllall, Vi € 2.
t=0

10
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1.3.1 Discrete-time periodic systems

An important subclass of time varying linear systems is given by systems that are
periodic with period p € N.
We say that (1.5) is a periodic system with a period p if

T(t+p) =T(t).
Suppose the associated time invariant system
z(t+1)=o¢(p,0)x(t), t € N. (1.9)
Suppose that (1.5) is a periodic system. Then we have the theorem bellow.

Theorem 1.3. (i) (1.5) is exponential stable iff (1.9) is exponential stable.

(i1) (1.5) is asymptotically stable iff (1.9) is asymptotically stable.

1.4 Stochastic discrete-time systems in Hilbert space

1.4.1 Stochastic processes

In this part, let €2 is a nonempty set and X a class of subsets of (2.

Definition 1.4. ( o-algebra)([1], [11]) A class of sets ¥ is named a o-algebra if
it fulfills the following requirements :

e N eY,
o [f A belongs to X3 is then the complement of A belongs to X
o If (A,)nen € X then the countable union of A, belongs to 3 .

Definition 1.5. [11/
Let (Q, ) is a measurable space. A function p from ¥ to R is named a measure

if it satisfies the requirements :
e 1(A) =0, for any A € 3.

o u(¢) =0.

11
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e countable o-additivity.

Definition 1.6. (Measure space)[11]
A triplet (2, X, p) is a measure space if (2, ¥) is a measurable space and p :

¥ — [0,00) is a measure.

o [fu(Q)) =1, then u is a probability measure, which we generally use notation

P, and the measure space is a probability space.
o I[f(Q, X, P) is a probability space, we set
Y={ACQ: 3B, CeX; BCAcCC, P(B)=PQO)}.
Y is a o-filed, named the completion of X.

o IfX =X then the probability space (Q, X, P) is told to be complete.

Definition 1.7. [1] If the map x : Q — Z which is measurable from (Q, F) to
(Z, B(2)), we say that x is an Z-valued random variable.

Definition 1.8. The sequence of Z valued random variables x,, is said to converge

to a random variable x in mean square if

E (||lzn, — z||?) — 0 as n — +o0

1.4.2 Linear discrete-time stochastic systems

This section is mainly based on [31]. Suppose that Z is a real separable Hilbert

space. Assume the following system:

n :Tn n an ns EN?
{ Tl Tp + & Bnn, n (1.10)

rs=ux, s € N.
where T,,, B, € L(Z) are bounded linear operator and ¢, are real independent
random variables such that E(&,) = 0 and E|¢,|? = \, < oo for all n € N.
We symbolize by L2(Z) = L*(Q, F,,,P, Z) the space of all equivalence classes of
Z-valued random variables 1 : (Q2, F},) — (Z,B(Z)) such that E|n|]* < cc.
We symbolize by ¢(n,s), n > s > 0, the random evolution operator given by the
linear system (1.10) i.e ¢(s,s) = I and

o(n,s) = (Th-1 +&n-1Bn-1)...(Ts + £By), forallm > s

12
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If z,, = z,,(k, z) is the solution of the system (1.10) then it is unique and

Tn(s, ) = ¢(n, s)z.

Let H be the subspace of L(Z) includes all self-adjoint operators. If S € H we
design the operators G, T (n, s) : H — H as follows:

Gn(S) = T ST, + A\, B:SB,. (1.11)
{ T(n,8)(S) = Gu(Gos1 (- (Gnr(S)))), forall m—1>s -
T(s,5)(S) = S,

G, and T (n, s) are linear bounded operators.

Definition 1.9. [31] The system (1.10) is uniformly exponential stable if there
exist 3 > 1, a € (0,1) such that we have

Ell¢(n, s)z||* < Ba" 2],

forallz € Z.

1.4.3 Stability and Lyapunov equation
Over the space Z we suppose the Lyapunov equation
Xn =T Xp1Th + \B. X, B + Jp, (1.13)
where J, is a sequence in Z under the feature that there are o, S > 0 such that:
allz)* < (Juz, x) < Bz, (1.14)

for all n € N and # € Z. We remark that if (1.14) holds, then ||.J,|| < 3, for all
n € N.

Theorem 1.4. [31, Theorem16] The two expressions are equivalent

1. The system (1.10) is uniformly exponential stable.

2. The equation (1.18) has an only one solution X = (X,,)nen with the feature
that there exist m, M > 0 such that

mlz|* < (Xuz, 2) < M|zl (1.15)
foralln € N and x € Z.

13
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Proposition 1.2. /3//

a) System (1.10) is uniformly exponential stable if the evolution operator T (n, k)

1s uniformly exponential stable.

b) If the sequence( J,)n=0 C L(Z) is bounded on N and T(n,k) is uniformly

exponential stable, then the Lyapunov equation,
X, =T X1l + \ B, X, B, + Jy, (1.16)

has an only one bounded solution in L(Z) given by

X, =Y T(n s)(W,).
In addition, if there is a p = 1 such that (T),)nen, (Wh)nen are p—periodic,
then the unique solution X = X,, of (1.16) is p—periodic.
In the case of B,, = 0 we get this result.

Corollary 1.2. If the system (1.5) is uniformly exponentially stable, the Lyapunov

equation
X(n) =T"(n)X(n+1)T(n) + Q(n),

has a unique solution given by

Xs = Z ¢(nv S)*Q(S)¢<nv S)'

1.5 Stochastic discrete-time invariant systems

In the time invariant case, satisfactory conditions for the exponential stability of

the system (1.10) are given below

{ Tpt1 = Tz, + gnB«rna ne N7 (117)

rs=x, s € N.

Where T, B are linear bounded operators and ¢ is a real random variable which
satisfies E(£) = 0 and E[¢]? = b < cc.

14
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Consider the Lyapunov algebraic equation
X =T"XT+AB*XB+Q (1.18)

on the space Z where () is a self adjoint and positive operator. In the time-invariant

case Theorem (1.4) yields the following corollary.

Corollary 1.3. [31] If T,, =T, B,, = B and X\, = X then the solution of (1.17) is

uniformly exponential stable if and only if (1.18) has a unique positive solution.

15
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CHAPTER 2. STABILITY RADIUS: DEFINITIONS AND
CHARACTERIZATIONS

2.1 Introduction

In this chapter we investigate stable discrete-time systems subjucted to N perturbations
of stochastic type. We give the definition of their radii of stability at first, and
afterwards, by using the scaling method, we discuss their characterizations. The
acquired characterizations are expressed via discrete time Lyapunov equation. Two

[lustrative examples are given at the end of the chapter.

2.2 System representation

Letting us suppose the stochastic discrete-time system defined by the following

equation over the real separable Hilbert space Z

x(t+1)=Taz(t) + i\f: DiN;(Ei(x(t))w;(t) for all t € N (2.1)

z(0) =z9 € Z,
such that T € L(Z) is stable, D; € L(U;, Z) and E; € L(Z,Y;), i € N, where
Z; Ui and Y;, i € N, are real separable Hilbert spaces, N := {1,..., N} and
(w;(t))ien , @ € N, are sequences of real independent random variables on a
complete probability space (2, F, (F,,)nen, P).
Letting

N;:={0,1,...,t}, teN, and F;:=0 ({wi(s); seN, 1€ N}) )

We note that F; is the o— algebra generated by (w;(s))sen,. Moreover, (F})ien is
an increasing sequence of g-algebras F; C F.
We will suppose that
E(w;(t)) =0,
E(wl(s)w](t)) = )\Z-(Sijést, S,t c N, Z7j € N,
where 6,5, 05 are the Kronecker symbols. For i € N, A; :Y; — U, is a measurable

map such that

A
A O) =0, (A = supl B
yro |l

< oQ.

17
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The space [2 (N, (9, Z)) is equipped with the /2-norm defined by

1zl == E (Z (\IZ(t)!\2)> =Y E(l=®IP) .

teN teN

According to these requirements, the system (2.1) has a unique solution z, for

every initial state x(, presented by

xz(t) = x(t,x0)
= T'zo+ Y > T"F'DiNE;(x(k))wi(k), t>0. (2.2)

i=1 k=0

2.3 Characteristics of the stochastic stability radius

During this part, we aim to establish which borders 0 of the disturbance A;
guarantee the preservability of the stability of the nominal system x(t+1) = Tx(¢),

N
with addition stochastic perturbations of the kind Y D;A;(E;(z(t))w;(t), t € N.

=1

For this goal letting us set
N N
Y =PV, v=U.
1 1

N
Let A be the perturbation operator such that A = @ A;. We note that the norm
i=1
of A is given by

N
A= A; and ||A]] = max [|A;]|.
DA and Al = ma A
We recall that the stability radius of (2.1) is the maximum ? > 0 whereby the
system (2.1) is exponentially stable.

Definition 2.1. The stochastic stability radius of (2.1) according the perturbation
structure (D;, E;),cx s defined by

N
Al A=A, h that
(T, (Di, Ei)),_y = inf A E:Bl e

(2.1) is not exponentially stable

18
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For the purpose of characterizing the stochastic stability radius, v, (T, (D;, E"))ze &
of system (2.1), we follow the approach used in [16, 17| for continuous systems
and we use some results established in (23, 32, 31, 35|, for infinite-dimensional
discrete-time systems. We start with this Lemma, which will be an important key

in providing characterizations of the stochastic stability radius.

Lemma 2.1. Let £ € L(Z,Y). Assume that

N t-1

y(t) = ET'zo+ Y Y  ET" "' Dyu(k)w;(k),
i=1 k=0
where v; € 2(N,12(Q,U;)), i € N, andt > 0.
Then

t—1

E (ly@I*) = || ET"wo| +ZA S E|| BT Divi(k)

i=1 k=0

2t>0.

Moreover, y(.) € 2(N,*(Q,Y)) and

Iyl —ZE ly(@)II*) ZHET%H +ZA ZE (Divi(k), PDivi(k)) ,
i=1

(2.3)
where P € L(Z2) is a self-adjoint non negative operator fulfilling
N
T*PT— P+ ) E/E; =0. (2.4)
i=1
Proof. 1In fact,
N t-1
y(t) = ET'zo+ Y Y ET"* ' Du(k)wi(k), t> 0.
i=1 k=0
Thus
2 t S
ly@I = (), y(t)) = { ET"%0 + ZUCZ ET™ Divi(k)w;(k),
i=1k=0

N t—1
ETtXO + Z Z ETt_k_lDlvl(k)wZ(k)>

i=1k=0
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= <ETtZL‘[), ETtl’())

N t—1 N t—1
+ <ET O ETTM Doy (kwi(k > + () ETF Dy (k)wi(k), ET"z0)

i=1 k=0 =1 k=0
N t-—1 N t—1
+ <ZZETt D (kywi(k), Y 0 BT Dy (k) 1(k‘)>
i=1 k=0 i=1 k=0
N t—1
= ||ET wo|* + (ET'20, Y S BT 1Dy (k)wi(k))
=1 k=0

2

N t—1
> > ET"F Davi(k)w; (k)
=1

=1 k=to

N t—1
+ O ET™*'Du(k)wi(k), ET'xo) +
=1 k=0

and then

E(y(t),y(t)) = (ET'zo, ET"xo)

2

+ E

as in the proof of [31, Theorem 5|, we obtain for i = j

t—1 t—1 t—1
<Z ET"* ' Dyv;(k)wi(k), > ET"*'D; Ul(k)wz(k:)> =X Y E| BT Dy (k)|

k=0 k=0 k=0
and
t—1 t—1
<<ZETt D (k)wi(k), Y BT Djv;(k)w (k)>> =0, for i#j.
k=0 k=0
Then

2

N t—1
Z Z ETtikilDz’UZ(k)U)Z(k)
i=1 k=0

Note that since T is stable it follows that

Z)\ ZEHETt DR
1=1

3>1: ae(0,1), || < 8d,
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which leads to
S ET @l < BIEN faolP S ot
=0 =0

1
< BIEN lol® T—a

Hence -
ST BT |” < o, (2.5)
t=0
and hence
t—1 ) t—1
STNET D (R)||” < (D IIENP Bat = i)
k=0 k=0

Set M; = || D;||?||E||?, then we get

oo 00 t—1
k— 2 1
ZZM kZ:OE |ET* " Dyvi(k)||” < <1 — a) ie%?%\f}()\iMi)Hsz'

t=0 =1

This implies that y(.) € I2(N,[*(2,Y)). Moreover, for ¢t > 0, we have

N t—1

E (ly®))°) = | BT x| + Y XY E| BT Dyvi(k)]

i=1 k=0

‘2
So,
o) o) ) N 00
ZE ”?/(t)HZ = Z HETton + Z)\i ZE <Divi(k)7 PDiUi(k)> )
t=0 t=0

=1 k=0
where P denotes the solution of (2.4) and it is provided by

P .= Z (Tt_k_l)*E*ETt_k_l.

t=k+1

Let us consider the input-output operator

L : B(NPQU)) — E(N*Q,Y)),
(Lo)t) = |L| - (t):Z ET'" 1 Dy, (k)w; (k).

According to Lemma 2.1 it follows that Lv € I2 (N, [*(Q,Y)) for every v € I2(N, [>(Q, U)).
The following Lemma will be used to classify the norm of the above-mentioned

linear map L.
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Lemma 2.2. We have

11 = (e, (V122D ))
{1, ,N}

where P satisfies (2.4).

N

Proof. Given v € [2(N, L*(Q,U)), we can deduce from Lemma 2.1 that

N +oo o)
Lol = ZMZE<DN¢(%)’ > (Tt_k_l)*E*ETt_k_lDivi(k‘)>
i=1 k=0 t=k-+1
N o)
i=1 k=0
Hence
[Lv[lz < max }(Ai 1D; PDi|) [lll7
and hence

.....

Assume that

max (A (1D PDi| ) = Ay (vig, Dy PDiguiy) i | = 1.

ie{1,...,.N}

Choose v° such that
U?(t) = 0, 7 7£ io,
v (t) = B(t)vyy, t €N,

10

where 5(.) € I?(N,R) is such that [|5(.)]|,: = 1. We get

)% = ST B0 17 = o> 1802 = 1.
t=0 t=0
So,

IO = X S (B(k)vig, Di PDiyS(k)vs,)
k=0

= N | D5, PDy|| -

0

We conclude that

|20 = _max O [ID;PDI),
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and finally that
1
* 5
12 = (e, O 10:PDID)
ie{1,...,.N}
O
Let a € (0,+00)Y, a = (ay, Qg .....a) such that
D?i == Oé;lDi, EZO% = OéiEZ',A?i = aiAia;I, 1€ N (26)

If we rewrite the perturbed system with D7, E* A", instead of D;, E;, A;, both
of the systems (2.1) and the scaled perturbed system
N t-1
w(t) =T'ao+ Y Y T DUAS (Efa(k))wi(k), t €N (2.7)
i=1 k=0
have the same solution. The input-output operator: L% : I2(N,?(Q,U)) —
I2(N,2(,Y)) of the system (T, (D, E)) is presented by :

U1 Eftl

(o)) = || H=>

i=1 k=0
UN Eg”

t—1

Tt_k_lD?iUi(k?)wi(k?), t Z 0.

We note that the solution of the scaled system does not depend on a but
the input-output operator does change with . We use this fact to examine a

computing expression for the stability radius.

Theorem 2.1. Assume there are a := (;);ey € (0,+00)" and P(a) € LT(Z)
fulfilling

T*P(a)T — P(a) + Y a}E[E; =0, (2.8)
iEN
and
0\’ —
I— (E) N\ DiP(a)D; =0, j€N. (2.9)
J

Then tw(T, (DZ, Ei))iEN > 0.

N

Proof. Set A = @ A; such A; € L(Y;,U;), ||A|| < 0 and assume that o € (0, +00)",
i=1

P(a) € LT(Z) , are such that conditions (2.8) and (2.9) hold. The unique solution
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of (2.1) satisfies the scaled system (2.7).
Let vj*(t) = A" (4" (1)), yi" (1) = E"(x(t)), t € N*.

LY yr(t) vt (t) N
E@)=1] : |,y = ; L0 (t) = : LA =PAY teN
Eg Yo (t) V3 (t)
We have
N t—1
v (t) = B()T'zo + Y > E(a)T" ' Do (k)w; (k)
=1 k=0

For i € N, define v; y,(.) € I2(N,2(Q, U;)) by

, o vTly, (1)
() = { ARG SN
R 0, t> N, PN o
O, (F)
then
2 o 2
loiollz; = DBl )]
=0
tNO N
= ZE(ZHA?(@/?"@))HQ)
< ,_max A Z(Z ))||2)>
Hence

o5l < A7 ZE (I @)l) (2.10)

Now suppose that y§, is the output of the system (7', (D;", E;")),;c engendred
by the input vy, (t) with the initially state x(0) = zo. Then

Y, (0) = y*(t) = E(a)T"xo + L%, (1), t €N (2.11)

which yields
1
NO 2
(ZE (H<ya<t>>u2>) < lwallz < BT o} + 125 [0
t=0
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hence
No %
(ZMH(Z/“@))\F)) < || B(o)T x| + (2.12)
t=0

2

LA (ZE(H(?JO‘@))Hz)) (2.13)
Condition (2.9) implies that

ey 1(D57)" P(e) Dy || <27

Using Lemma 2.2, we deduce that
122" < 07
hence
s = [ [IA%] <1

(2.12) implies that

<Ze (H(ya(t))Hz)) < (1—s)""||E(a)T"x||, for any Ny € N,

=0
which require that y* € I2(N,[*(2,Y)) and v® = A*(y®) € I2(N,?(Q,U)). Using
Lemma 2.1, we conclude that the solution of (2.7) belongs to i2(N, 1?(£2, Z)), hence
tw(T7 <D27 Ei))ieﬁ > 0. u

);

2. If the condition is satisfied using > instead of = in (2.9), we get v, (T, (D;, E;));enw >
0.

Remark 2.1. 1. From the foregoing it comes that

Ao
Q—;DjP(oz)Dj

(T, (D By > sup (mx
J

a€(0,4+00)N \ jEN

If we change the Lyapunov equation (2.8) with the matching inequality, we

achieve the same result.

Corollary 2.1. Suppose that there exist o € (0,+00)N and P € LT(Z) holding

T*PT — P+ olE/E; <0, (2.14)

iEN
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and
2\’ 2\’ —
I- (a—]) \D:PD; = 0, <resp.]— (@—j) \;DiPD; >o), jeN. (2.15)
Then

tw(T7 (D“ Ei))iEN >0, (7’68]). tw(Tv (D27 Ei))iEN > 0) :
In this situation, the Lyapunov equation (2.8) admits a solution Py € LT(Z) with
P~ P

Proof. Due to T is stable, there is a solution Py to the Lyapunov equation (2.8).
For X := P — F,, we obtain

T°XT—-X <0.

This implies that X > 0. Alternatively, P > P,. Thus, the requirements (2.8) and
(2.15) are accomplished. Theorem 2.1 shows that

to(T, (Di, E;))jen > 0.

For i,j € N , define the operator ¢; ; € L(U;) as follows

+o0
pigu; =N Y _ Dy (T') EfET' Dju
=0
Assume that J C N, a € (0, +00)7, such that (0, +00)’ ={(a;)es, o; € (0, +00)} .

Thus the operator

P’y =Y (1) (Z afE;‘E,) Tt

t=0 icJ
is the only solution of the Lyapunov equation

T*PT— P+ olE/E; =0 (2.16)
ieJ
We have
by AR
S D;P(a’)Dyu; = D3y (1) (Z afE;‘Ei) T'D;u

(8% (0% -
J t=0 ieJ

N 2
B

iceJ

Sl
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Hence
A * J a; 2 .
D;P(a’)Dju; = <a—> Pijuj, J€J

2
2
O{A
J ieJ J

In order to examine a computing expression for the stability radius, the next

N [ 2
;(;ﬂ) Pi,j

J C N and for § > 0, a vector a € (0, 4+00)" so that

Lemma established in [6] is needed.

Lemma 2.3. [6]/ Set i = inf max

AX , there exist a sub-set
a€(0,+00)V jeN

N /) —
Z(—) pijl| <H+9, JEN

2
0% _ .

> (—> vijll=m j€J

An important characterization of the stability radius is established in the next

Theorem.

Theorem 2.2. Let (T, (D;, E;));en and (w;(t)),cx be as previously. Then the

corresponding stability radius is represented by

N

N
5 D;P(a)D,
J

tw(T7 (Di7 Ei))ieﬁ - sup (max
a€c(0,400)N \ JEN

) e
such that P(«) is the only solution of (2.8).

)\.
~5 D35 P(a)D;
a;

Proof. Let 1= inf max then

a€(0,+00)N jeN

1. If m = 0, from Theorem 2.1 we get that v, (7T, (D;, E;)) = +o0.

2. Assume that 7 > 0. Let 0(«) be the greatest 0 for which (2.8) admits a
solution P(a) € LT(Z) holding the condition (2.9). Let ? < d(«a), for
j € N, we have

_ \;
I~ (2)2\,D7P(a)D; > 0, ¥j € N = max || "2 DI P(a)D;|| < 02
Oéj jEN Oéj
-
Thus 0 < (max 2 Dt P(a)D; ) . Set
jenN 1%
\ -4
() = [ max || 22 D*P(a) D,
(@)= (max| 2 ;P )
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Hence
Aj -
sup 0*(a)= sup <max —éD;P(a)Dj) =nu!
a€(0,+00)N a€(0,4+00)N \ JEN || O

J

From Lemma 2.3, there exist J C N and a vector o’/ =(ay)jcs, a; €

(0, +00)”, such that

N Q; Aj o .
p= > ()i = ‘ ~D;P(a’)D;|, jeJ
; % Qs
icJ J
where P(a) € L¥(Z) is the only solution of (2.16). Letting v} € U, U?HU =
1, j € J such that
Q; o\’
1\2 _ 0 v 0
Siare| = (03 () wet)
ieJ icJ
0 A e oy 0 N
= i, 3 DiP(a’) Dy ) = fi
J
Then \
<v§, a—;ﬂ—lD;P(aJ)Djv0> =1
j
for 0 = /f% we get
0, DiP(a’)Dj? ) =1 (2.18)
Jo Oz? J VAV )
For j € J, we define A; by
Ajy) =0llyllvf . e,y €Y
Aj(y;) =0, jeN/J
R N
hence ||[A|| = 0 where A = @ A;,. We will provide that for this A the

J=1
perturbed system can not be exponentially stable. Suppose that the system

(2.1) is exponentially stable. Let xzy € Z, the solution of the system (2.1)
fulfills

o(t) = Theg + Y 2 T DTN (B (k) yw; (k) (2.19)

j€J k=0
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where D, E® and A" are defined by (2.6) and set y;” = E;’x. Then
y;? € P(N,1*(Q,Y)), j € J. For j € J, we have

AP (05) = ashyas s =l gy €Y, e
We define y*’and £’ by

v = jes . E¥z = (Ej"x)

JjeJ
Then
t—1
YU (t) = EYT'm+ Y > EVTTF DAYy, (k)w;(k)

jeJ k=0

t—1

= E™T'ag+0Y Y EVTF DY ||y (k)] vdw; (k)
jeJ k=0

Using Lemma 2.1 we obtain

+oo +00 +0o0
S Ely () = Z||EC”T%OH2+6QZ . (W0, DrP(a”) D) ST E ||y (k) ||
t=0 t=0 k=0

jeJ &

From (2.18) we obtain

+oo +oo +o0
SCEN @ =Y [ EVT |+ D E [y (k)]
t=0 t=0 k=0

From this equation we deduce that

+0o0
D[t =
t=0

which require that P(a”’) = 0. This is a contradictory with the fact that
i # 0. Consequently the perturbed system (2.1) and the system (2.19) can
not be exponentially stable. It infer that

tw(Tv(Di’Ei»' v < tw<T’(Dj7Ej))j€J

iEN
< max
jeJ

From Remark 2.1, we obtain that v,(T, (D;, E;)) e > fi"2. Hence

Ao,
—DrP(a”)D;
a;

tw(Tv(DhEi))- v =< tw(T7(Dj7Ej)>j€J

iEN
max
jeJ

< (T (DL E)),y

Y prp(a’)D,

2
a2
Q;

IN
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Remark 2.2. Using Lemma 2.2, we infer from (2.17) that
tw(T7 (Dza Ei))iej_\/ = sSup ||La||_1 = tw(T7 (D?ia Ezaz))zeﬁ
a€(0,+00)N

Theorem 2.2 yields the next result.

Corollary 2.2. Let d > 0 such that v,(T, (D;, Ey)),_5 > 0, then there exist o; > 0,
i € N, and P € LT(Z) such that
T*PT — P+ olE;E; =0,
ieEN
and

2
0 _
I— (—) NDiPD; =0, jeN. (2.20)

Q;
Proof. Since v, (T, (D;, Ei))ieN > 0, there exists ¥’ € ]D, (T, (D;, Ei))iGN )
Following Theorem 2.2, we infer that there exists o € (0 + oo)Y such that

_1
)2
)

where P is the solution of the equation (2.8). Thus,

A
~3D;PD,

< (max
J

JjEN

N
22D FD;

2> , forall j€N.

Therefore

2
0 —
by (—) NDIPD; <1, forall jeN.
&)
Consequently, P fulfills both the equation (2.8) and the requirement (2.20). O

The corollary bellow offers a characteristics of the stability radius via the strict
Lyapunov inequality:
T*PT — P+ olE;E; < 0. (2.21)
ieN
Corollary 2.3. Let 0 > 0 such that v,(T, (D;, E;));cy > 0. Then the inequality
(2.21) has a solution P € LT(Z), with P = 0, for some o € (0,+00)", which

satisfies

2
I — (1) NjD;PD; » 0, forall je N.

a;
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Proof. Let 0 > 0 such that ¢, (7T, (D;, E;)) ey > 0 According to the previous proof,

i

there exists a € (0 + o0)?, in order that

2
A (1) DiP(a)D; < I, forall j €N,

Q;

where P(«) is the solution of the equation (2.8). Thus,

2 +o00
Aj (3) D> (T | Y oalE[E; | T'D; < I, forall j€N.
% =0 ieN

This means that there exist € > 0 so as to

2 400
A (1) D;‘Z (Tt)* (Zasz*El +5]) T'D; < I, forall j&N.

a .
J t=0 ieJ

+oo
By setting P := > (T%)" (Z Q?EfE; + 5[) T*, we obtain the desired result. [
=0 il

2.4 Examples

We end this chapter with two interesting examples.

Example 2.1. We will apply our results on the following system considered in

[27]
z(t+1)=Tz(t), teN,

on the space of square summable sequences lo, where the operator T : lo — o is

defined by the infinite matric (Qnm)n men With

{anmzou Zf n%m7

1
Note that T € L(ly) and 9(A) = {2—n,n € N*} where 0(A) is the spectrum of
T. Thus, the system is Schur stable. Now, let us consider the following perturbed

system

w(t+1) =Ta(t)+ Y _GiAw(t)wi(t), NeN, (2.22)
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where (6;);cx s a sequence of unknown scalar perturbations such that sup |d;] <
ieN
00, and (w;(t));cy s a sequence of real independent random variables such that

e(w?) = \;, i € N. Furthermore, A; = (a’,,) with

nm

1 if n=m=1,

o 0 otherwise,
So,

1

- 0 0

2 1

0 - 0

4
T = : 7-Di:Ai7 Ei:-[7l:17 JN

0 0 0 L

2n

The appropriate Lyapunov equation for this problem is

N

T*PT —P+> ol =0. (2.23)
i=1
Letting
P11 P12 .- DPin

P12 D22 ... Dn2

Pin Pn2 -+ Pnn

The solution of the Lyapunov equation (2.23) is given by

ot +ad+..a%

(3) -

pij =0, forall v #j and p; = forall i > 1.

Theorem 2.2 demonstrates that

J

2 2 2 )\
tw<T, (Di,Ei)> . (max (a1+a22+...aN>) .
€N a€(0,400)N jEN o ( > J _q
2
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For example, for N =2 , A\ =1 and Ay = 0.5, we get

1
4 a3, 8 af D)
T,(Di, E)), - = 4.,y 8 af |
tw( 7( ) Z))iEN ae(%}lfoo)z (max (3( + a%)’ 15(@3 + )))
Therefore
1
4 8\\ 2_+3
tw(T7 (D27 Ei)>i€f\l = (max (5’ 1—5)) = E
- V3
Thus, the system (2.22) is stable for 6 = (01,02) such that sup(]d1], |ds]) < 7

Example 2.2. Letting the stochastic heat equation of heat of one-dimensional

represented by:

0:0) _ pPEel) | oo(t, x)w(t), c€R, 0<z <1, t>0,
2(0,t) =0, 2(1,t) =0, ¢t >0, (2.24)

2(2,0) = 2o(z), 0<z <1,

where z(x,t) represents the temperature at time t and position x, zo(x) is the initial
temperature profile, w(t) is a scalar white noise with mean zero and variance A,
and n s the thermal diffusivity. Now, we will use the finite difference method to
get a discrete-time approximation of the system (2.24). To accomplish this, define

x; and tgyq as indicated bellow:

xTr; = $0+iA.T, i:1,2,,,,N, Afﬂ:l/N, %:0, xN:L
tk+1 - tk—|—At, k:O,...Nt, tO :O

Hence

2(xi, by + AL) — 2(x5,t5)  2(x + Az, ty) — 22(x4, 1) + 2(2; — Az, L) L ‘
At =1 A[EQ +CZ<I“t])U)(t]),

such that 0 < 5 < N, and hence

2(zi, t; + At) = rz(z; + Az, t) + (1 — 2r)2(x, t5) + rz(z; — Az, t;) + cAtz(z,, t)w(t;),

. _ nAt
with r = )

Letting y(t) = (2(x1,1), 2(wa,t), ..., 2(xn, 1)T, we get
y(tje1) = Ty(t;) + cAty(t;)w(t;), j =0,
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where ) )
1—2r r 0 0 0
r 1—2r r 0
T .=
0 0 r 1-—2r r
T 1—2r

Assume that 2r < 1, and thus T is stable. The stability radius is obtained using

the formula
w.(T, (D, E)) = (|[A\D"PD||) 2, (2.25)

where P solves the following Lyapunov equation
T"PT — P+ E*E =0. (2.26)
with
Ey(t)) = y(t), Ay(t)) = cAty(t) and D(z(t)) = =(t).

Forn =0.0001, »=0.1, N =120, A = 10, we solve the Lyapunov equation
(2.26) and use the formula (2.25) to calculate the stability radius. We obtain
t,(T, (D, E;) = 0.3672. Thus, the equation (2.24) is stable for ¢ such that cAt <
0.3672, and thus ¢ < 5,3756.
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3.1 Introduction

Througout this part, we look on the problem of optimizing the radius of the
stability with linear state feedback. First, we investigate some useful lemmas.
Then we derive suboptimality conditions. We demonstrate that we can classify the
supreme attainable stability radius by discrete-time infinite dimensional Riccati

equations. Finally, we clarify the outcomes with two examples.

3.2 Suboptimality conditions

Suppose the controlled stochastic system

p(t+1) = Ta(t)+ > Dih(Ei(x(t))wi(t) + Bu(t), teN, t>0,
z(0) = xo, -

where u € [2(N,[%(2, 7)), Z is a separable Hilbert space, and B € £(Z, Z) and the
other operators are described as in the preceding section. By assuming that (7', B)
is stabilizable. The goal is to obtain characteristics of the supremum of the stability
radii that can be attained by state feedback v = Fx such that F' € L(Z,7).

Letting
S :{F € L(Z,7), T+BF is stable},

and determine
£, (T, (Di, E:)ic N) — sup {tw(T + BF,(Di, E)iex), F S}.

To investigate the maximization problem, we adopt the approach established in
[16].
For FF € 8, a € (0, —|—oo)N and € > 0, suppose the following Lyapunov inequality

(T + BF)*R(T + BF) — R+ E*(a)E(a) + 2F*F < 0, (3.1)
under the condition \
I— o2a—;D;RDj =0, j€N, (3.2)

J
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N
where E*(a)E(a) = Y. a?E}E;
=1
To investigate conditions for the existence of sub-optimal controllers u(t) = Fz(t)

such that FF € S and 0 < v,(T + BF, (D;, E;);c 5), for 0 > 0, the Lemma bellow

is required.

Lemma 3.1. Let a € (0, +00)" and ¢ > 0. Assume that there exists R € L(Z)
such that

(7-B(BRB+eD)" B*RT)* (T~ B(BRB+=21) ' B'RT)
"R+ E*(a)E(a) + & ((B*RB eyt B*RT>* (3.3)
<(B*RB +ern)! B*RT) <0
and

2
o\’ . ,
I— ) ( ) DiRD; =0, j € N. (3.4)

@
Then
T.:=T — B(B*RB + )" B*RT

18 stable. Moreover,
0 < tw(Té‘? (Dlu El)ZGN)

Proof. Let

{ z(s+1)=T.x(s), s€N,
z(0) = xo.

Set V(x) := (x, Rx), where x is the solution of (3.5). For s € N, we have

AV(z(s)) = V(z(s+1)—V(x(s))
(s+1),Re(s+ 1)) — (x(s), Rz(s))

(x
(TZRT. — R) x(s), x(s))
From inequality (3.3), we get

AV(z(s)) < —<E(04)9€(8)7E(OZ)90(’€)>
e < (B*RB + &%) B*RTx(s), (B*RB + 1)~ B*RTa;(s)>

—2((B"RB + &) "' B'RTx(s), (B*'RB + 1) " B*RTm(s)> .
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Thus,

V(e(s + 1)) — V(2(0)) < —? Z H (B*RB + &)~ B*RTx(j)H2 .

j:
Since R = 0, we get

2

23 H(B*RB +e2) 7 B RT2(j)|| < V(2(0)), for s3>0,
7=0

which implies that
00 L 9
>||(BRB +221) ! BRTa()| < +oo.
=0
Also, we have
z(s+1) = T.x(s)
— Tx(k)— B(B*RB+ )" B*RTx(s).

So, the solution x(k) of system (3.5) is given by

s—1

o(s) = T"0(0) = 3_T*/'B(B'RB +<I) " B'RT(j),

j=0

and therefore
s—1

lz(s)| < 1T°2(0)]| + || Y T*77'B (B*RB + %) ' B*RTx(j)|, .

j=0

Moreover, we get
s—1 2

le(s)I> < 2 T°x(O)|* + 2| T*7'B (B*RB +€*I) ' B*RTx(j)

j=0

s—1 ' B 2
< 28a° [2(0)| + 28] BIPS > || (B*RB + 1) 1B*RTx(j)H .

J=0

Set K := 26 ||z(0)||*, K, := 28| B|*>. Hence

s—1
lz(s)]* < Kya* + Ky Y ab '
j=0

2

J

(B'RB + 1) B'RTx(j)
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and hence
e’} 00 oo s—1 ) ' 9
STlle? < K.Y a* + Ky Y > a7 |(B*RB +€%I) ' B*RTx(j)
k=0 s=0 s=0 j=0
Accordingly
. 2 K < —1—j * 27\ o N i+1
;Hx(s)ﬂ <1_a+K2jZOa il(B*RB + <21) BRTx(j)H —art,

which implies that

- 2 1 1 - * 271\~ o . 2
z;nx(k)n <K11_a+K21_aZ;H(B RB + £21) BRTI(])H .
s= Jj=

Therefore x(.) € £?(N, Z), and as a consequence T is stable.
According to the inequality (3.3), we obtain

TRT.~R+E"(a)E(a) < —* ((B'RB + 1) B'RT) ((B"RB+<*1)" B'RT).

Consequently,
T'RT. — R+ E*(a)E(a) < 0,
and )
I—) (o%) DIRD; =0, j € N.
Also,

F.=—(B*RB+¢)" B*RT € S.

By the applicability of the Corollary 2.1 we obtain that d < v, (7%, (D;, E:)ien),
and if inequality (3.4) is strict, we get

0 <t (T, (Di, Ei)ier)-
]

The following Lemma plays an essential role in investigating the maximization

problem.

Lemma 3.2. Let o € (0,+00)" , ¢ > 0 and F € S. If the inequality (3.1) has a
solution Ry € L1(Z) holding requirement (3.2), then

Fy=—(B'RB+¢I) ' B'RT €S8 and v <t,(T + BFy, (D;, E)icx)-
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In addition, there exists Ry € LT(Z) such that

( (T + BF,)" R, (T + BF,) — R, + E*(a)E(a)
+e? ((B*ROB e B*R0T> ((B*ROB e B*ROT) —0,

2
2
I—) (a—) DiR\D; =0, j€N,

J

| R < Ro.
Proof. We have
(T+ BF) Ry(T+ BF) - Ry + E*(a)E(a)+&’F*F =T"RyT — Ry + E*(a)E(a)
+ T*RoBF + F*B*RyT + F*(*I + B*R,B)F.
Set F':= (B*RyB + €2I) F + B*R,T, we get
F*(B'RyB+ %) F = F*(B*RyB+ %) F + F*B*R,T
+ T*RyBF + T*RyB (BRyB* + £2I) " B*RT.

Hence

T*ReT — Ry + E*(0)E(a) + T*RoBF + F*B*RyT + F*(cI + B*RyB)F = T*RyT — Ry
+ E*(Q)E(a) + T*RyBF + F*B*R,T + I* (B*RyB + *) ' I
— F*B*RyT — T*RoBF — T*RoB (BRyB* + )" B*RT.

Since Ry solves (3.1), it follows that

T*RyT — Ry + E*(a)E(t) — T*RoB (B*RoB + 1)~ B*RyT

[ * 2\~ 1 1 <36)
+F* (B*RoB + €)' F 5 0.

So,
T*RyT—Ro+E* () E(a)=T*RoB (BRyB* +¢*I) "' B*"RyT < —F"* (B*RyB + £°I)' F.
Since Ry = 0 then (BRoB* +£2I)~" = 0, so inequality (3.6) implies that
T*RyT — Ry + E*(0)E(a) — T*RyB (BRyB* + £2I) ' B*RyT < 0.
Letting

S = (T =B (B RB+21)" B'RT) Ro (T - B (B RoB+2*1) " B'RT) |

40



CHAPTER 3. OPTIMIZATION OF THE STABILITY RADIUS BY STATE
FEEDBACK

we obtain
S = T*RyT —T*RyB (B*RyB + £2I) " B*RyT — T*RoB (B*RyB + £2I) ' B*R,T
+ T*RoB(B*RoB+ )" B*RoB (B*RyB +¢%I) "' B*R,T.
Also, for S := T*RoT — T*RoB (B*RoB + ¢2I) " B*R,T, we get
S = S+T"RyB(B*RoB+¢%) " B*R,T
— T*RoB(B*RoB + )" B'RyB (B*RoB + %)™ B*R,T
— S+ T*RyB(B*RoB + €)' [B*RoB + I — B'RyB] (B*RoB + )" B*R,T.

Thus,

T*RyT — T*RyBG.B*RyT = (T — BG.B*RyT)" Ry (T — BG.B*R,T)
+ 2T*RyBG. (B*RyB + 1) B'R,T

where G, := (B*RyB + €2I) "' . Setting Fy := — (B*RoB + £2I) ' B*RyT and T :=
T — B(B*RyB + €2I) ' B*RyT, we get

Ty RoTy — Ry + E*(a)E(a) + 2 Ff Fy < 0. (3.7)

Applying Lemma 3.1, we infer that Fy € F and ? < v,(Ty, (Ds, Ey)jen)-
E()

Now, set E(a) :=
€F()

) , we obtain

Ty RyTy — Ry + E*(a)E(a) < 0.
According to Corollary 2.1, there exists Ry € L7(Z) such that
TiR\Ty — R, + E*(a)E(a) = 0, where Ry < Ry.

Consequently,
ToR\Ty — Ry + E*()E(a) + e*Ff Fy = 0,

and

2
0
I—) (—> DiR\D; =0, jeN.

a;
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By the repetitively application of the lemma, we demonstrate in the next

theorem that there exists R € £L1(Z) such that
T*RT — R+ E*(a)E(a) — T*RB (B*RB + £2I) ' B'RT =0,  (3.8)

and

2

I— ) (1) DiRD; =0, je€N.
Q;

Theorem 3.1. Let F € S. Consider that there exist 0 > 0, o € (0,400)" and

e > 0 such that the Lyapunov inequality (3.1) admits a solution Ry € LT(Z2)

which holds the requirement (3.2). Then the Riccati equation (3.8) has a solution

R e L1(2) fulfilling

2
0
-\ (—) DiRD; =0, jeN,

@;
F.=—(B*RB+¢*) " B*RT € S.
Moreover, < t,(T' + BF., (D;, E;)icn)-

Proof. Applying Lemma 3.2 iteratively, we construct a sequence of linear operators

(Ri)gen € £7(Z) which fulfills

T;Rk-ﬂTk — Rk+l + E*(Oé)E(Oé)
+oe? ((B*RkB y eyt B*RkT> ((B*RkB e B*R;J) —0,
0\’ _
I =) <a_> DiRy1Dj =0, j €N, Riyi < Ry,
J
where Ry solves the inequality (3.1) and T, = T — B (B*Ry,B + ¢2I)”" B*R,T. For
R:= lim Ry, we get

k—+4o0
T*RT. — R+ E*(a)E(a)
+e ((B*RB + 1) B*RT)* ((B*RB +221) "' BRT) =0,
and

2
? _
-\ (—) D*RD; =0, jeN,
a.

J
where T, := T — B(B*RB +¢I)" ' B*RT.
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Lemma 3.1 gives

F.=—(B*RB+)" B'RT €8,
0 <v(T'+ BF., (Ds, Ei)icn)-

Finally, from

T*RT. — R + E*(a)E(a)+ 2 <(B*RB +err) ! B*RT) ' ((B*RB +err)”! B*RT)
— T*RT — R+ E*(a)E(a) — T*RB (B*RB + £2I) ' B'RT,

we confirm that R satisfies the Riccati equation (3.8). O

We provide requirements for the existence of sub-optimal controllers based on

the above results.

Proposition 3.1. Let 0 > 0. Suppose that there exists F' € F such that 9 <
t,(T + BF,(D;, E;);cx)- Then there exist o € (0,400)" , ¢ > 0, such that the
Riccati equation (3.8) has a solution R € LT(Z) fulfilling

2
2
-\ (—) DiRD; =0, jeN,

R
F.=—(B*RB+¢) " B*RT € S.

Proof. Since d < t,,(T + BF, (D;, E;);cx), there exists 0 such that 9 < 0 < v, (T +
BF,(D;, E;);cx). Furthermore, there exists a € (0,400)" such that

_1
)2
)

(T'+ BF)"R(T + BF) — R+ E*(a)E(a) = 0.

)

A _
I— DQQ—;D;R(Q)DJ- -0, jEN.

J

. Aj
0 < <maX —5 D R() D,
jJEN O[j

where R(«a) solves the equation

Thus,
Ao,
—;Dj R(a)D;

of

2> (max
J

JEN

which leads to
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Hence
2 2 +oo o

Aj (a_) D; | > (T) E*(a)E(e)Ty| D; <1, j€N, where Tr =T + BF.
J t=0

2
Let 3; := A, (C%) . Assume that Ry solves the Lyapunov equation
(T'+ BF)"R(T+ BF)— R+ F*F =0.
Let € > 0, such that 8;Mpe? <1 — 3;M , with
M :=max || D;R(a)D;||, Mo := max || D;RoD;|| .
jeN jEN
Set R, := R(a) + 2Ry, then

[ —B;DiR.D; = 0, for all u# 0.

We infer that there exists ¢ > 0 such that R, = 0 and
(T'+ BF)"R.(T + BF) — R. + E*(a)E(a) + ?F*F = 0,

2
0 —
I—); <—> DiR.D; ~0, j€N.

Q@

Applying Theorem 3.1 we infer that there exists X € £7(Z) holding
T*XT — X + E*(0)E(a) — T*XB (B*XB + £2) ' B*XT =0,

and

2
1=\ (—) D:XD; =0, jeN,

Qj
and for which
F.=—(B*XB+¢) " B*XT €.
O

Proposition 3.2. Let 0, ¢ > 0. Suppose that the Riccati equation (3.8) has a
solution R in LT (Z) such that

2
2 _
I— ) (a_> DiR.D; =0, j€N, forsome «c¢€ (0,+oo)N.

J
Then F. = — (B*RB + %) B*RT € 8. Morcover, 0 < t,(T+BF., (D;, E:)icx).

44



CHAPTER 3. OPTIMIZATION OF THE STABILITY RADIUS BY STATE
FEEDBACK

Proof. Note that since R is a solution of the Riccati equation (3.8), we have
(T — B(B*RB + 1) B*RT>* R <T — B(B*RB + 1) B*RT) “R
FE*()E(a) + ((B*RB ey B*RT> <(B*RB te2)! B*RT) _0,

and

2
0 _
I— ) (—) DiRD; =0, jeN.

Q@

Lemma 3.1 shows that
F.=—(B*RB+¢*I)" B*'RT € S and 0 < t,(T + BF., (D;, E)icx).
O

As a consequence of propositions 3.1 and 3.2, the supreme attainable stability

radius is characterized via the Riccati equation (3.8) as indicated bellow.

Corollary 3.1. We have

0> 0; there exist a € (0,+00)" and >0
- -
(T, (Di, E)se ) = sup such that (3.8)Dha; a solution R e LT(Z)
with I — \; (—) D;RD; =0 for all j € N
a

J

3.3 Examples

Example 3.1. We examine the controlled system corresponding to the system of

Ezxample 2.1
N
p(t+1) = Tx(t) + Y _6Ta(t)wi(t) + Bult), te, NeN,
=1

where Bu = u for all u € 1.
Suppose that R solves the Riccati equation (3.8) and that it takes the form bellow:
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Then the corresponding Riccati equation is equivalent to

(

3
ph + | € —u> pi1—e2u =0

4
P3o + gg—u P2 — =0 ~
27\ 16 Sh=)Y o
. =1

[ P2+ (— (122 = 1) 2 — p) s — 2 =0

Then the corresponding Riccati equation reads as

1\% -
p?+<_(<5> _1)52‘“>pf—€2u=07 p= 0l izl
=1

which tmplies that

((%>2j—1> 4+ /D

. 2
1\%
pj = 5 AV <— ((5) —1> 82_#) +4e’p, j > 1.

stnce we have

——2+ u+ ALy,
0 .. 0
2
0 0 .. 0 ..
DiR(a’)D, = , .
0 00 0
0 0 0
15 ,
—— -+ Dy
0 —16 " 0
DiR(a’)Dy = 2
0 0 0 0
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So,

D;RD; = 1\ 2% , 0> 1
(—) —1|e+p+VA;
00 0 .

2
0 _
The condition I — N, <—) DIRD; =0, 1 € N, gives

%

2
2 ] .
0% < : L, 1<i<N, e>0.

N 12i 2
)T
11\ 2
T, (T, (Di,Ei)i€N> = (Z{IlnmN} {A_z}> .

Inspired from [15], we consider the following example.

Example 3.2. Suppose a one-dimensional rod with a length of 1 that can be heated

along its length according to

Oel) — P | py (2)ult) + ch(w)z(t, 2)w(t), 0 <z <1, t>0,
2(0,t) =0, 2(1,t)=0, t>0, (3.9)

2(x,0) = 2zp(x), 0< <1,

where z(z,t) denotes the temperature of the rod at time t and position x, however,
20(z) is the initial temperature profile, and u(.) € £L2((0,00),R)) is the addition of
heat along the bar,

b(a) = 1 ifx € [x1, 2], and by(x) = 1 ifx € [x3,14],

0 otherwise, 0 otherwise.

In this case, (w(t)) is the scalar white noise with mean zero and variance A\, and
n represents the thermal diffusivity. In addition, [z1, xs], [x3,24] are the intervals

where the input and noise are present and ¢ € R.
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In the space Z = L£2(0,1), the system (3.9) can be described in the following

abstract form:

{ y(t) = (Ty(t) + Biu(t)) + DAE(y(t))w(t), t >0, (3.10)
y(0) = o,
where 22 "

e

with domain

D(T) = {yGZ, dy—(;) €z, d?;f) €z, y<0):y(1)=o},

and

E(y®) = yt), Ay)=cyt), D(z(t)) = By2(1),
Biu(t) = bi(x)u(t), and Byy(t) = ba(x)y(t).

The operator By € L(R, Z) describes the input of the system and By € L(R, Z)
characterizes the noise on the system.
Furthermore, we will utilize the finite difference method to approrimate the

system in discrete time. To this goal, define

r, = xo+ilAzx, 1=1,2,--- N, Azx=1/N, zg=0, oy =1,
thor = L+ At k=0, , N, to=0.

This shows that

z(xiytj-kAAti—z(xi,tj) _ 77Z(xi—i-Ax,tj)—Qz(Ax;;tj)-ﬁ-Z(xi—Ax,tj) + Bﬂl(t])
—I—BgZ(ZEi,tj)U)(tj), 0< ] < Nta
and therefore
2z, t; +A) = rz(z, + Az, ty) + (1 — 2r)2(zy, t;) + rz(z; — Az, t))
+ AtBu(t;) + AtBoz(zy, tj)w(t;),

%. Letting y(t) = (2(x1,t), 2(12,t), ..., (N, 1)L, we obtain

with r =
Y(tjv1) = Ty(t;) + AtBru(t;) + cAtBoy(t;)w(t;), j >0,
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where
0
(1-2r 0 ] 0
r 1—-2r r 0 0 1:
T = , Bi=11 11, B=]1
r 1—2r r 1
i 0 r 1—2r |
0

Note that the non-zero elements of By are located where the mesh points lie in
(21, 23], however, the non-zero elements of By are positioned where the mesh points
lie in [x3,24].

Assume that 2r < 1, and thus T is stable. To investigate the mazimization

problem, we must first solve the following Riccati equation:
T"XT - X+ E"E—-T"XB, (B XB; + 521)*1 BIXT =0, e>0. (3.11)
In this case, we take n = 0.001, A =10 and ¢ = 0.01. In fact,
[—X?D"XD > 0 <= < (|AD"XD]|) "2

Thus,
1
YT, D, E) = sup (| A\(At)’D"XD||) 2.
e>0
The values of ©(T, D, E) according to the length of the interval [x3, x4] are shown
in table (3.1).
We observe that *(T, D, E) decreases according to the length of the interval [x3, z4].

The larger stability margin is obtained for the smallest interval of noise.

The stabilizing feedback is obtained by the formula

F. = —(At)" (B;XB, + )" By.

The following figures show F_ for different intervals [z1,xs) .

We see that the largest gain is obtained in the smallest interval [xq, xs).
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Length ([3,24)) | ©(T, D, E).
0.05 1.8719
0.15 1.0875
0.25 0.8435
0.35 0.7133
0.45 0.6293
0.55 0.5693
0.65 0.5238
0.75 0.4877
0.85 0.4581
0.95 0.4334

Table 3.1: Values of ©(T, D, E)

0.8

SN

0.6

0.4 . . . .
0 0.2 0.4 0.6 0.8 1

Length([x3,x4])

Figure 3.1: rmax the value of #(T', D, E)
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CHAPTER 4. STABILITY RADII OF DISCETE-TIME VARYING SYSTEMS

4.1 Introduction

The aim of this chapter is to investigate the robust stability problem for discrete
time-varying systems perturbed by stochastic perturbations. Following the approach
developed in Chapter 3, we yield characteristics of the corresponding stability

radius. Then, we examine the case of periodic systems.

4.2 Bounds of the stability radius

Let Z be a separable Hilbert space over K (K=C or R). Consider the linear

time-varying system giving by

r(t+1)=TH)z(t) + DOA(E(z(t)w(t), t €N,
z(0) =z € Z, (4.1)

2 e <0,
where
e T(.) = (T(t))en is a sequence of bounded linear operators on Z.
e D(.)e LN, L(U,2)),E(.) € L2(N,L(Z,Y)) and A(.) € L2(N, L(Y,U))).

o (w(t))ien is a real random variable on a complete probability space (X2, F, P)
satisfying that E(w(t)) = 0 and E(|w(¢)]?) = \(¢), t > 0.

Using [32, Lemma7| and according to these hypothesis, the system (4.1) accepts

a unique solution given by

2() = 6t 0)zo + 3 6(t, k + 1) DRAE (k) w(k), t > 0.

k=0

where (¢(t, s)) is the evolution operator related to (T'(t))en and it is defined as

¢<t’t) =1z,
o(t,s) =Tt —1)T({t—2)...T(s),s,t € Nt > s,
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such that Iz is the identity operator on Z.

Throughout this chapter we assume that the deterministic system

x(t+1)=T@{)x(t), t €N,
x(0) = o,

(4.2)

is uniformly exponentially stable. Therefore the Lyapunov equation
T*()R(t+ 1)T(t) — R(t) + E(t)E*(t) = 0,
has a unique solution R = (R(t));en such that
m|zl* < (R(t)z, ) < M ]

for all t € N and = € Z, where m, M > 0.

Definition 4.1. The stochastic system (4.1) is uniformly exponentially stable iff
there exist § > 1, a € (0,1) such that

E||(z(t)|]* < Ba||zo||?, for allt >0 and z, € Z.
We are now in position to introduce the stability radius of (4.1).

Definition 4.2. The stochastic stability radius of (4.1) according to the perturbation
structure (D(.), E(.)) and (w(t))ien is defined by

Al : A() € L2(N, L(Y,U))), such that }

(4.1) is not uniformly exponentially stable

w(T(), (D(.), E(.))) := inf {
Lemma 4.1. Assume that E(.) € L2((N, £(Z,Y)) and
y(t) = E(t)é(t,0)x, +ZE o(t, k + 1)D(k)v(k)w(k), t >0, (4.3)
where v € 12(N,12(Q,U)). Then

E (ly@)II*) = [I1E(t)é( 0)1” +ZA JEIE@)e(t,k +1)D(k)o(k)], t > 0.
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Moreover y(.) € 2(N,2(Q,Y)) and
lylliz = ZE (IIy @)l ) Z 1E(t) x(O)\2+I§A(’€)E (D(k)v(k), R(k + 1)D(k)v(k)) .
where (R(t))e is a sequence in Z satisfying

T*()R(t+ 1)T(t) — R(t) + E()E*() =0, t > 0. (4.4)

Proof. We have for t > 0,
y(t) = tOmo+ZE o(t, k+ 1)D(k)v(k)w(k), t > 0.

and

lyI* = (y(6), y(1)) = <E(t)¢(t, 0)zo + til E0)o(t, k+ 1) D(k)v(k)w(k)),

k=0

Et)o(t,0)zo + § Et)o(t, k + 1)D(k:)v(k)w(k:)>

k=0

So

ly@)I* = (B@)s(t,0)zo, (t ¢(t, 0)zo)

t*
,_.

t—1

E(t)o(t, k + 1)D(k:)v(k)w(k)>

k=0

= [[E(®)¢(t,0)zo]l” + (E(1)o(t, 0)z0, Y E(t)o(t,k + 1) D(k)v(k)w(k))

il

1

E(6)¢(t, k+ 1) D(k)v(k)w(k), E()¢(t, 0)zo)

t_
+
k=
t_

[e=]

2

—_

Et)o(t, k+ 1)D(k)v(k)w(k)

k

56



CHAPTER 4. STABILITY RADII OF DISCETE-TIME VARYING SYSTEMS

Then

Ey(t),y(t)) = E(E@)o(t,0)x0, EG(t, 0)x0))

+ E <i Et)o(t, k+ 1)D(k)v(k)w(k), E(t)o(t, O)$0>
+ E 5 E(t)o(t,k+ 1)D(k)v(k)w(k)
We have
<< Z E(t)o(t, k+ 1)D(k)v(k)w(k), 5 E(t)o(t, k + 1)D(k)v(k:)w(k)>) =0,fori # j
Fori=j

( <§ E(t)o(t, k + 1)D(k)v(k)w(k), ) -1
E| =0 AE)E (|E@®)¢(t, k + 1) D(k)v(k)||) -

Z:: E(t)o(t, k + 1)D(k)v(k)w(k)> k=0

Then

E( Z E@)o(t, k + 1) (k)o(k)w(k) ) => ; AK)E || E()p(t, k + 1) D(k)o(k)|*.
=1 k=0 i=1 k=0

Since the nominal system (4.2) is uniformly exponentially stable it follows that

38 >1,a€(0,1): |o(t,0)]* < Bat, t>0.

It yields

> IIE®)e(t, 0)o|? ZIIE ) ol Ba’
t=0

< Psup||EQ®)]| ||$0||Zat
20 =0
1
< Bsup B ol —
120

< OQ.
a
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It Holds that

ZHE o(t,0)z0 < o0 (4.5)
and
y IE®)o(t, k + 1) D(k)o(k)||* < y IE@* 16tk + DI D) lo(k)|?

N

=

Set M = Bsup | D(k)||” sup | E(t)]|*, then we get
k>0 120

S S ARENB@Sk+ VDRI < spO0) M Y aE ulh)
< MsupO) 3 3 B fu(h)
< Msup(A(k) Y_EJo(k)[*(D_ a
< Msup(A() Y (E o))
< (12,) s S E ol
= (12 ) SO el

Hence .

ZZ)\ )E [ E()¢(t,0)Dv(k)|* < M |[v]| 2 . M > 0.

From this inequality and the inequality (4.5) it can be deduced that y(.) €
(N, (Q,Y)).

E (ly(0I°) = IE®)s( 0)]1” +ZA JEIE®)(t, k+ 1) D(k)o(k)]”.

o8

t—1
sup | D(k)||* sup | E(®)]* ) Ba"* Jlu(k)]*.
k t=0 —0



CHAPTER 4. STABILITY RADII OF DISCETE-TIME VARYING SYSTEMS

Then

STE(w®IP) = S IE®$(,0)2(0)]

o

+ i A(k)E <D(k)v(/<;), 3" @tk + 1) E* (O EW@)$(t, k+ 1) D(k)u(k)

t=k+1
o)

= S IEW®)(t,0)x(0)]?

[e.e]

+ D AMR)E (D(k)v(k), R(k + 1)D(k)v(k)) .

where R(t) is the solution of (4.4) and it is given by

R(t) =) (6(t, k) E* (1) E(1)(t. k).

t=k

Let the input-output operator

L:2(N,2(Q,U)) — 2(N, 2(Q,Y))

(Lo)(t) = [ L | ¢ (t) = ti E)o(t, k+ 1) D(F)v(k)w(k).

k=0

From Lemma 4.1 we get that Lv € [2(N, £3(Q,Y")) for every v € I2(N, £2(Q,U)).

Lemma 4.2. We have

=

2

121 < (sup A 1" WGk + DGR )

where R(.) satisfies (4.4).
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Proof. Let v € I2(N,?(Q,U)). From Lemma 4.1 we have

N,
Lol = ZE< ) E(t)o(t, k+ 1) D(k)v(k)w(k),

we get that

IZollz, < Sup ZEIIU )II* 10" (k) R(k + 1) D (k)|

< (supwo 1D (k) Rk + 1>D<k>||) SCE Ju(k)

k>0

Then it holds that

Iz < (sup A 10" (9RGE-+ DO ) o

We deduce that

ILv17, .
2 < (sup\) 10" WR(k-+ DD )

||"U||Lg

Thus
121 < (sup A0 1" () G-+ DD )

which concludes the proof.

Theorem 4.1. Assume that R(.) € L*(N, L(Z)) is such that

T*(O)R(t + 1)T(t) — R(t) + E*(t)E(t) = 0, t € N,

I —0*At)D*(t)R(t+ 1)D(t) = 0, t > 0.
Then v, (T(.), (D(.), E(.))) > 0.
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Proof. Let A(.) € L>®(N,L(Y,U)), ||A(.)]
conditions (4.6)and (4.7) hold. We have

< 0. Let R(.) € L*(Z) such that

| o0

2(t) = (t, 0)z0 + i (¢, k + 1) D(R)AE(k)z(k))w(k), t > 0.

Set y(t) = E(t)x(t) and v(t) = A(y(t)), then
y(t) = E(t)o(t,0)z + Z_: Et)o(t,k+ 1)D(k)v(k)w(k), t > 0.
k=0

Let Ny € N*. Choose vy, (t) € L2(N, £L%(Q,U)) such that

oo (1) = { A
s t > N().

Then

loxolze = > Edllon (8)]*)
= D E(lv®)l?)

= XO:E (IA@)I7)

N\

S E (JAIZ I(y0)I)

No

> (A E (1))

t=0

N\

No

IAIZ S (E (1)) . for all N > 0.

t=0

N\

Hence
lowollZe < IAIZ D (B (Iw@)I*)) . (4.8)

t=0

Now suppose that yy, is the output of the system (7°(.), (D(.), E(.))) engendered
by the input vy, (t) with the initial 2(0) = (. Then
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yn, (t) = E(t)p(t,0)x + Lo, (t), t € N, (4.9)

Thus

(ST

(%(WH(@/@))IW)) < llymollzs

t=0
< E@)@(, 0)zoll + LI ol

This inequality and inequality (4.8) yields to

N[

(Z (E (H(y(t))H2))> < [[E@)e(, 0)zoll + 1L [|A]l (Z (E (H(y(t))Hz))>
. . (4.10)
Condition (4.7) gives

I = AXt)D*()R(t+1)D(t) =0 = 1—0*X(#)||D®)*R((t+1))D(t)]| =0
= °A(t)|D*()R(t+1)D(t)|| < 1
= A | D*®)R(Et+1)D@)| <02

for t € N. We conclude that

supA(t) | D*(#)R(t+ 1)D()|| <072

t=0

Using Lemma (4.2), we deduce that

IZ]* <072

and because the operator LA is a truncation on [2(N, [*(Q,Y)) and

c= [ILI[IAll, < 1.

(4.10) implies that

SIS

(i ® <||<y<t>>u2>)) < B0 00l + (i (® <||<y<t>>||2>))

t=0 t=0
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Thus
(I—¢) (Z (E (H(y(t))IIQ))> < E@)o(t, 0)zo| -
Therefore

(Z (E (||<y<t>>||2))) < (1= o) E()é(t,0)oll, for Ny € N,

t=0

Then we infer that y € [2(N,1?(Q,Y)) and v = A(y) € 2(N,?(Q,U)). Using
Lemma 4.1 we conclude that the solution of (4.1) belongs to [2(N, [2(€, Z£)) which
implies that v, (7'(.), (D(.), E(.)) > 0. O

As a result we get the following bound for the stability radius.

Corollary 4.1. Assume that there exist (R(t)) € L2(N,L(Z)) a sequence in Z,

solution of the Lyapunov equation (4.6) so
!
. (T(.), (D), E(.)) > (sup A(t) || D*(t)R(t + 1)D(t)||) 2 (4.11)

t=>0

Proof. 1. Let t > 0. If |[D*(t)R(t + 1)D(¢)|| = 0 then
I —0°X(t)D*(t)R(t + 1)D(t) > 0.

for all 0 > 0. According to Theorem 4.1, it comes that

Then we derive that

2. Assume that sup||D*(t)R(t + 1)D(t)|| # 0. Let t > 0. We have

t=0

|D*(t)R(t + 1)D(t)|| = sup (D*(t) R(t”—ZHlQ)D(t)v,m
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So
[0l = | D*(t)R(t + 1) D(®)[|~(D*(#) R(t + 1) D(t)v,v) > 0.
hence
—1\ 2
o= | (sup @)D" @R -+ DDON) 2| sup(he) (0" OR( + DD, ) >0

By Theorem 4.1, we conclude that

W (T(). (D). E()) > ((supu(t))uD*(t)R(t n 1>D<t>u)) EN

120

]
4.3 Periodic systems
Consider the following periodic system
z(t+1)=T()x(t) + DO)AE(x(t)))w(t), t=>0, (4.12)

such that 7'(.), D(.), E(.) are p periodic bounded operators.
The solution of the Lyapunov equation (4.6) satisfies R(t + p) = R(t). We get in

this case
At +p)D*(t +p)R(t+p+ 1)D(t + p)|| = M) D) R({E+1)D@)||, (4.13)

which implies that

sup [A(H)D*(O)R(t + 1)D(t)|| = sup [|A@)D*(t)R(t + 1)D(¢)]]

>0 te{0..p—1}

Lemma 4.3. The linear map L defined in Lemma 4.2 has the operator norm

=

IL]

(supw) |D (R)R(k + 1>D<k>||) :

k>0

N[

— ( sup )\(k)||D*(k)R(k+1)D(/f)||)

where R(.) satisfies (4.4).

64



CHAPTER 4. STABILITY RADII OF DISCETE-TIME VARYING SYSTEMS

Proof. According to the poof of Lemma 4.2 we can obtain the inequality

12 < (sup AR 1D ()G + DD
Now assume that

sup A(K)[|D*(k)R(k +1)D(K)[| = sup  A(K)||D"(k)R(k + 1) D(k)||

k>0 ke{0,...p—1}

= A(ko)||D(ko)R(ko + 1) D(ko)|
= (ko) (@, D" (ko) R(ko + 1) D ko)),

for ko € {0,...p — 1} and [|9]| = 1.
Choose vy such that

{ v(t) =0,  ift#k,
where 3(.) € £2(N,R) and

{/3@:0, t # ko,
1

B(t) =1, t=k.
Then
loollZ = > Ellvo(t)]?
= Y lIseya)
= [[oI*M18(ko)II?
= [[oI*=1
We have
Lol = 37 AGIE (wulk). D" ()Rk + 1) D (k) k)
= Y AK) (B(K)T, D" (k) R(k + 1) D(k)B(k)0)
= A(ko)|B(ko|*(0, D* (ko) R(ko + 1) D (ko)D)
— A(ko)l| D" (ko) R(ko + 1) D (ko) |
Which concludes the proof. O
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Thus for periodic systems, we get the following bound for the stability radius.
-1

w(T(), (D(), E()) = (( sup A(lt)||D*(1t)1"?(lt+1)D(1t)|l>> i

te{0,..p—1}

4.4 Example

Set

1, t even aal, t even
T(t)z{ - , D(t)Z{ :

agai, t odd

E(t)—{ all, t even '

ap, todd

such that ag,a; € R\ {0}, |apa,| < 1. See [36]
T(.),D(.) and D(.) are operators of period tow. We solve the Lyapunov equation

R(t)=T@)"R(t+ 1)T(t) + E*(t)E(t).
Since the system is periodic of period tow we just calculate R(1), R(2). We have

R(1) = aoalR( )a%a% + a%
R(2)=R(1)+1

Hence
R(1) = agaiR(1) + agay + af
then » )
ana; + a
Rl — 01 1
( ) 1 —aéa‘f
and )
ai+1
R(2) = L
2) 1 —ajat
Now we have
* CL CL +CL
ID*MRE) DD = | - 0\
12
* CL (I +a
|D*(2)R(3)D ()II—I : Oaal
149
Thus
-1
aga? + ag ajag+at \\ 2
w(T(), (D(), E()) = /\(1)|1_—| M) 5 _
0 199
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Conclusion

This dissertation concerns the robustness of stability and stabilization of linear
discrete-time systems under stochastic perturbations. The stability radii approach
is adopted. The research on this subject is uncomplished by this work and there

are many open questions.

Summary of the obtained results

First, we considered discrete-time invariant systems with stochastic bounded structured
perturbations. We proved new characterizations of the corresponding radius of
stability extending the results of the continuous case. We design a computing
expression for this radius by the use of the discrete Lyapunov equations and the
corresponding inequalities.

The stability radius optimization according to state feedback was also studied.
We discussed the existence of stabilizing feedback with a norm less than a given
bound.

Since periodic systems have attracted important attention in the last decades, we
have addressed in the last chapter robustness of stability of discrete-time variant
systems with bounded stochastic perturbations. Some of the Chapter 3 results
have been extended to the variant case. We expressed the stability radius via
Lyapunov equation. But we have just established a lower bound for the stability
radius.

All the results of the thesis were illustrated by theoretical or numerical examples.

67



Open problems

e [t is important to note that the results reported in the time variant case
provides only a lower bound for the stability radius. Our ongoing efforts
focus on deriving necessary robustness conditions and hence upper bounds

for the stability radius.

e Further research is required to study the maximization of the stability radius

in the time variant case.

e In recent years, the class of jump linear systems has attracted the attention
of a lot of researchers. Extention of our results to this class of systems is

still an open problem.

e Another open problem is whether our results can be extended to bilinear

discrete-time systems.
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