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Abstract

The aim of this thesis is to establish a foundation for linear codes over a class of finite

rings. This research was conducted following numerous national and international confer-

ences, resulting in the publication of two papers, with one already published and the other

currently under review.

The first paper, titled "Homogeneous Weights over the ring R5,3 = F5 + u1F5 + u2F5 +

u3F5," was published in volume 11 of Advances in Mathematics: Scientific Journal (2022),

no.11. This paper explores homogeneous weights as a generalization of Hamming weights

for finite rings. A significant portion of our work focuses on studying this weight on R5,3,

and to define the homogeneous weight on R5,3, we utilize a homogeneous weight definition

on F5.

The second paper, currently under review, is titled "Homogeneous Weight and its

Applications in Some Linear codes over Rps,θ = Fps + u1Fps + . . . + uθFps" submitted

to The Jordanian Journal of Mathematics and Statistics.

In the first conference, "Simplex and MacDonald codes over R5,3", presented at the

Mini-Congress of Algerian Mathematicians in 2021, we focus on constructing simplex and

MacDonald codes over R5,3 = F5+u1F5+u2F5+u3F5, expressed as the sum of MacDonald

and simplex codes over F5.

The second conference, "Some Construction of Linear codes over R = R1R2," held at

the National Conference of Mathematics and Applications CNMA 2021, introduces a new

type of linear codes defined over the ring R = R1R2. Here, R1 = Z4+uZ4 is a commutative

ring with u2 = 1, and R2 = Z4 + v1Z4 + v2Z4 + v3Z4 is the second commutative ring with
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specified properties v2i = ξivi, ξi ∈ Z∗
4 and vivj = vjvi, for 1 ≤ i ̸= j ≤ 3 . We define

simplex and MacDonald linear codes over R = R1R2.

The third conference, "Simplex and MacDonald LCD Linear Codes over R," presented

at the First National Conference on Mathematics and its Applications CNMA 2021 in

Bordj Bou Arreidj, focuses on determining the construction of simplex and MacDonald

linear codes as LCD codes over R = F9 + w1F9 + w2F9 + w3F9 + w4F9 + w5F9. The codes

are defined with specific properties w2
i = (2 + 2ϱ)wi and wiwj = wjwi = 0, 1 ≤ i ̸= j ≤ 5,

and families of linear codes over the finite field F9 are established, which are Gray images.

In the final conference, "Some Constructions of Linear Codes over a ring R," presented

at the International Conference on Research in Applied Mathematics and Computer Science

ICRAMCS 2022, a new ring is introduced, represented as the Cartesian product of three

finite commutative rings, R = R1R2R3, with R1 = Zq + v1Zq is commutative ring and

v21 = 1,R2 = Zq + v1Zq + v2Zq,R3 = Zq + v1Zq + v2Zq + v3Zq are two other commutatives

rings. The construction of codes on this ring involves the creation of generator matrices in

another way. Notably, the Gray Map is defined [21–23], and examples of this construction

include α-simplex and α-MacDonald codes over the new ring R. Additionally, Multi-Secret

Sharing Schemes are applied to the Gray images of α-MacDonald codes.

Key words: Lee weight, Homogeneous weight, Gray map, Simplex codes, Hamming

weight, The covering radius, MacDonald codes.



Résumé

Cette thèse a pour objectif d’établir les bases des codes linéaires sur une classe d’anneaux

finis. Cette recherche a été menée à la suite de plusieurs conférences nationales et in-

ternationales, aboutissant à la publication de deux articles, l’un déjà publié et l’autre

actuellement en cours de révision.

Le premier est intitulé, " Hommogenous on weights on the ring R5,3 = F5 + u1F5 +

u2F5 + u3F5", Advances in Mathematics: Scientific Journal 11 (2022), no.11. Cet article

explore les poids homogènes en tant que généralisation des poids de Hamming pour les

anneaux finis. Une partie significative de notre travail se concentre sur l’étude de ce poids

sur R5,3, et pour définir le poids homogène sur R5,3, nous utilisons une définition du poids

homogène sur F5.

Le deuxiéme article, actuellement en cours de révision, s’intitule "Homogeneous Weight

and its Applications in Some Linear codes over Rps,θ = Fps + u1Fps + . . .+ uθFps",soumis

à The Jordanian Journal of Mathematics and Statistics.

La premiere conférence intitulé "Simplex and MacDonald codes over R5,3", Mini-Congrès

des Mathématiciens Algériens 2021. Nous sommes intéressés à construire des codes simplex

et MacDonald sur R5,3 = F5 + u1F5 + u2F5 + u3F5, qui sont écrits par la somme des codes

simplex et MacDonald sur F5.

La deuxième conférence intitulé "Some Construction of Linear codes over R = R1R2",

Conférence Nationale de Mathématiques et Applications CNMA 2021. Dans la quelle,

nous introduisons un nouveau type de codes linéaires définis sur l’anneau R = R1R2 ou

R1 = Z4+uZ4 est un anneau commutatif avec u2 = 1 et R2 = Z4+v1Z4+v2Z4+v3Z4, est
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le deuxième anneau commutatif, avec v2i = ξivi, ξi ∈ Z∗
4 et vivj = vjvi, pour 1 ≤ i ̸= j ≤ 3.

Nous donnons les définitions de ces codes, les codes linéaires simplex et MacDonald sur

R = R1R2.

La troisieme conference intitulé "Simplex and MacDonald LCD Linear Codes over R " ,

First National Conference on Mathematics and its Applications. La mise au point a été

placée dans ce travail pour déterminer la construction des linéaires simplex et MacDonald

codes pour etre un code LCD sur R = F9 + w1F9 + w2F9 + w3F9 + w4F9 + w5F9, avec

w2
i = (2 + 2ϱ)wi et wiwj = wjwi = 0, 1 ≤ i ̸= j ≤ 5, et définir des familles de codes

linéaires sur le corps fini F9 qui constituent des images de Gray des codes Simplex et

MacDonald sur R5,3.

Finalement, la conférence intitulé " Some Constructions of Linear Codes over a ring

R", the International Conference on Research in Applied Mathematics and Computer Sci-

ence ICRAMCS 2022, nous avons introduit un nouvel anneau qui est donné par le produit

cartésien de trois anneaux commutatifs finis, R = R1R2R3, avec R1 = Zq + v1Zq est un

anneau commutatif et v21 = 1,R2 = Zq + v1Zq + v2Zq,R3 = Zq + v1Zq + v2Zq + v3Zq

sont deux autres anneaux commutatifs. Notre construction de ce code est donnée par la

création de matrices génératrices d’une autre manière. Un autre aspect intéressant des

codes sur cet anneau est de définir la Gray Map [21–23]. Nous utilisons deux exemples de

cette construction, les codes α-simplex et α-MacDonald sur le nouvel anneau R. Apres

on a utilisé les images Gray des codes α-MacDonald pour definir les schémas de partage

multi-secrets.

Mots clés: Lee weight, Homogeneous weight, Gray map, Simplex codes, Hamming

weight, The covering radius, MacDonald codes.



Notations

Fq =: A finite field of q elements.

r(C) =: The covering radius of a code C over Fq. Ĉ =: The extended code.

R =: A finite ring.

Sk (q) =: The simplex code over finite fiels Fq.

Mk,u (q) =: The Macdonald code over finite fiels Fq.

wtLee =: The Lee weight.

wtHam =: the Hamming weight.

wthom =: The homogeneous weight.

C

7∑
j=1

nj

=: The repetition code en bloc on Fq.

Sα
k (q) =: The simplex code of type α over Fq.

Mα
k,u(q) =: The Macdonald code of type α over Fq.

Sα,θ
k =: The simplex code of type α over Rps,θ.

Mα,θ
k,u =: The Macdonald code of type α over Rps,θ.

Sα
k =: The simplex code of type α over Fps .

Mα
k,u =: The Macdonald code of type α over Fps .

Gα
k=: The generator matrix of simplex code of type α over Fps .

Gα,θ
k =: The generator matrix of simplex code of type α over Rps,θ.

Gα
k,t=: The generator matrix of Macdonald code of type α over Fps .

Gα,θ
k,t =: The generator matrix of type α over Rps,θ.

Φ(C)=: Gray imge of C.
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Introduction

The transmission of digital information is pervasive in today’s technology, encompassing

texts, sounds, images, videos flowing through the Internet, satellites, or the playback of

media like DVDs, BluRays, barcodes, or credit card numbers. The flow of information must

adhere to stringent constraints: optimization of message size to prevent channel overload,

mitigation of channel errors, ensuring the secrecy and authentication of transmissions, and

swift calculations for transformations requiring passage through a channel.

The theory of error-correcting codes aims to develop codes that can detect and, if

possible, correct errors occurring during message transmission.

At the conclusion of the Second World War in 1948 [38, 39, 65, 66, 73], Claude Shan-

non laid the foundational principles of information theory by publishing the article "A

Mathematical Theory of Communication." However, this theory merely anticipates the

existence of codes without providing any means of constructing them. Despite substantial

progress in the design of digital communication systems since the 1950s, the challenge of

constructing effective codes remains pertinent. The codes initially explored in this narrative

predominantly focused on binary codes, representing subsets of Zn
2 , which are codeword

spaces of length n. Numerous studies [20,31,32,70] have delved into Z4 rings, with notable

contributions by Sloane, Hammons, Solé, Calderbank, and Kumar in their 1990 publica-

tion [54, 63]. This work highlights the correlation between the family of nonlinear binary

codes and linear codes on Z4. The latter exhibit an algebraic structure known as Z4-linear

codes, while linear codes defined as additive subgroups of Z4 are termed quaternary linear

codes [54]. In recent years, the field of code theory has expanded, bridging mathematics

13
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and engineering, enabling the introduction of codes on various finite fields and even on

rings [12, 13,60,62,69].

The objective of this work is to establish the foundational principles of linear codes over

specific classes of finite rings [48], defined by the following form: Rps,θ = Fps +u1Fps + . . .+

uθFps , where u2
i = ui, uiuj = ujuj = 0 and 1 ≤ i ̸= j ≤ θ, R5,3 = F5 + u1F5 + u2F5 + u3F5,

R = R1R2, where R1 = Z4+uZ4 is a commutative ring with u2 = 1 and R2 = Z4+v1Z4+

v2Z4 + v3Z4, is the second commutative ring, with v2i = ξivi, ξi ∈ Z∗
4 and vivj = vjvi, for

1 ≤ i ̸= j ≤ 3, R = F9 + w1F9 + w2F9 + w3F9 + w4F9 + w5F9, where w2
i = (2 + 2ϱ)wi and

wiwj = wjwi = 0, 1 ≤ i ̸= j ≤ 5 and R = R1R2R3, with R1 = Zq + v1Zq is commutative

ring and v21 = 1,R2 = Zq + v1Zq + v2Zq,R3 = Zq + v1Zq + v2Zq + v3Zq.

The homogeneous weight serves as a generalization of the Hamming weight for finite

rings, holding significant relevance in this study. In the exploration of this weight on Rps,θ

and the determination of the homogeneous weight on Rps,θ, we leverage the definition

of homogeneous weight on Fps . Our focus is on constructing linear codes C comprising

simplex and MacDonald codes over Rps,θ expressed as the sum of simplex and MacDonald

codes over Fps , i.e., C = ⊕θ
i=1ξiCi. We initiate with a straightforward observation that may

characterize the properties of C based on those of Ci, where 0 ≤ i ≤ θ. An alternative

perspective on these linear codes involves constructing their generator matrices, and we

present a new representation for these matrices.

Another intriguing facet of codes over the rings is defining a Gray map from Rps,θ to

Fps and subsequently obtaining the Gray images of these codes. One of the most challeng-

ing problems in coding theory revolves around determining the covering radius of linear

codes over a finite ring. Given that the covering radius is a fundamental parameter of

the code, we strive to establish bounds on the covering radius for certain classes of linear

codes with repeated coordinates and their Gray images. For a specific case, we delve into

previous points studied on the ring R5,3. Finally, we apply multi-secret sharing schemes

to MacDonald and Simplex linear codes on R = R1R2R3.

The structure of this thesis is as follows:
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Chapter 1: will be dedicated to providing a general introduction to codes over finite fields. The

discussion will commence with the definition of the concept of finite fields codes,

followed by the presentation of examples of well-known linear codes.

Chapater 2: This chapter introduces a novel class of rings, Rps,θ, forming the foundation for

the entirety of this work [21], [23], [25]. The initial step involves defining the ring

Rps,θ. Subsequently, we present the generator matrices of these codes in a novel

manner, along with exploring Gray maps within the ring Rps,θ towards the Fn
ps and

their resulting Gray images. Additionally, we delve into the homogeneous weight, a

significant component of this chapter.

Chapter 3: Here, we present some properties and definitions of linear codes over R5,3 = F5 +

u1F5 + u2F5 + u3F5 [49]. In particular, generator matrix of these codes, the Gray

map and the Gray images. Also, We present some homogenous weight results on

R5,3 = F5 + u1F5 + u2F5 + u3F5, we complete this chapter by some useful examples.

Chapter 4: In Chapter 4, we undertake the computation of the homogeneous weight within this

ring. Additionally, we explore a new structure for linear codes and their Gray images

over Rps,θ [50], providing potential utility in subsequent applications. The chapter

also encompasses the presentation of bounds on the covering radius for these codes.

Furthermore, we introduce specific properties of LCD codes within the context of

simplex and MacDonald codes over Rps,θ [51, 53].

Chapter 5: We conclude our work by applying Multi-Secret Sharing Schemes to MacDonald and

simplex linear codes over Zq, [48].

Thus, we have concluded this thesis with a comprehensive summary and provided

avenues for future perspectives.



Chapter 1

LINEAR CODES OVER FINITE

FIELDS

In this chapter, we will review some definitions and examine linear codes whose alphabet

is an Fq-field with q elements. The statements provided here are largely inspired by [6, 9,

20, 27,42, 60,61], works to which we refer the reader for the complete proofs of the results

presented below.

1.1 Some properties of finite fields

Definition 1.1.1 [61] Let Fq be the finite field of order q. A vector space (or linear

vector space) over Fq is a nonempty set V. Moreover, some vector addition (+) and scalar

multiplication (.) by elements of Fq it satisfies all of the following conditions. For every

s, t, f ∈ V and for all λ, µ ∈ Fq:

1. s+ t ∈ V;

2. (s+ t) + f = s+ (t+ f);

3. For all 0 ∈ V, there is an element 0 with property 0 + t = t = t+ 0;

16
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4. There is an element of V named −s for every variable s ∈ V, such that s + (−s) =

0 = (−s) + s;

5. λs ∈ V;

6. λ · (s+ t) = λ · · ·+ λ · t, (λ+ µ) · t = λ · t+ µ · t;

7. (λµ) · s = λ(µ · s);

8. If 1 represents the multiplicative identity of Fq, than 1 · s = s.

Theorem 1.1.2 Let p is a prime number, the ring Z/pZ is a finite field.

Definition 1.1.3 Let K be a subfield of the field K0 and k the dimension of K0 as a

K-vector space. We say that K0 is an extension of degree k of K.

Theorem 1.1.4 1. Let Fq be a finite field of cardinal q, q > 1. So q = pξ, for ξ > 1

where p is a prime number.

2. The field of cardinal q = pξ, note Fq is an extension of degree m of the prime field

Fp.

Proposition 1.1.5 Fpξ is an extension of degree m of Fp, for any integer ξ > 1,.

Theorem 1.1.6 Let F∗
q the multiplicative group of Fq provided with the multiplication is

a cyclic group.

1.2 Linear codes over Fq

We are now ready to present some properties of linear codes over finite fields see [33], [32].

Let A be an alphabet, k, n and m positive integers [63, 76] .

Definition 1.2.1 Corrector code is the image of an injective map defined from Ak and

with value in An, the term codeword designates an element of this set.
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Proposition 1.2.2 Linear codes C of length n over Fq are a subspace of Fn
q . The code-

words are vectors in C.

Definition 1.2.3 The generator matrix G of C is the matrix whose rows form a base of

C. As C of length n and dimension k, then G has types k × n. The matrix G completely

defines the C codes because

C = {xG | x ∈ Fk
q}.

Definition 1.2.4 The information set is a set of coordinates corresponding to the k columns

independent of the generator matrix of C.

Remark 1.2.5 1. For [n, k] code C, there is many generator matrices.

2. [20] The code has a unique generator matrix of the form [Ik | A], we called G is in

form standar or systematic form, with the identity matrix Ik of type k×k, If the first

k coordinates form an information set.

Example 1.2.6 The [5, 2] linear code over F3 has many genertor matrices,

G1 =

 2 1 0 1 2

0 2 1 1 1

 ,

also

G2 =

 1 0 2 1 0

0 1 2 2 2

 .

Example 1.2.7 Generator matrix of the [4, 2] linear over F7 is,

G2 =

 1 0 6 3

0 1 2 6

 .

Example 1.2.8 1. The sets {0},Fk
q are trivial linear codes.

2. Let C is [6, 3] linear code over F2, whith | C |= 23. Then,

C = {000000, 010101, 110011, 001111, 100110, 011010, 111100, 101001} is generated

by the set S = {010101, 110011, 001111}

and the standard generator matrix G of C is
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G =


1 0 0 1 1 0

0 1 0 1 0 1

0 0 1 1 1 1

 .

Definition 1.2.9 [75] Given a linear [n, k] code over Fq.

(i) The dual code of C denoted by C⊥, or the orthogonal complement of the subspace C

of Fn
q for the usual scalar product defined in Fn

q × Fn
q by,

< x, y >=
∑n

i=1 xiyi, (x, y) ∈ Fn
q × Fn

q

This code is definded by,

C⊥ = {x ∈ Fn
q , < x, y >= 0,∀y ∈ C}.

Then C⊥ is an [n, n− k]-linear code.

(ii) The matrix H for C⊥ is called the parity-check matrix of C, because

C = {x ∈ Fn
q | Hx⊥ = 0}.

Lemma 1.2.10 If G is a generator matrix in systematic form [Ik | A] then parity-check

matrix of C is, [In−k | −A⊤].

Example 1.2.11 The parity-check matrix of C for the example 1.2.6 is

H =


1 0 0 2 1

0 1 0 0 1

0 0 1 1 1

 .

Example 1.2.12 Let C be [11, 2] linear code over F5 with generator matrix

G =

 1 0 3 1 0 0 4 2 2 1 0

0 1 4 1 2 3 4 1 2 3 4

 .

then parity-check matrix of C is,
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H =



1 0 0 0 0 0 0 0 0 4 2

0 1 0 0 0 0 0 0 0 0 1

0 0 1 0 0 0 0 0 0 2 0

0 0 0 1 0 0 0 0 0 4 3

0 0 0 0 1 0 0 0 0 0 2

0 0 0 0 0 1 0 0 0 0 3

0 0 0 0 0 0 1 0 0 1 2

0 0 0 0 0 0 0 1 0 3 0

0 0 0 0 0 0 0 0 1 3 1



.

Definition 1.2.13 Assume that C is a linear code over Fq and let C⊥ be the duel of C.

So

1. The code C is self-duel if C = C⊥.

2. The code C is self-orthogonl if C ⊂ C⊥.

Remark 1.2.14 To describe linear codes, three main parameters are used. The first is

the length (n) of the code. The following parameter to consider is k, which indicates the

dimension. The third parameter estimates the distance between codeword pairs. To thor-

oughly comprehend, it must be known:

We note C is [n, k, d] linear code of length n with k dimension and minimal distance d.

Definition 1.2.15 Given C be a linear code over Fq, then

1. In Fn
q , the Hamming distance d(x, y) between two vectors x = (x1, x2, . . . , xn) and

y = (y1, y2, . . . , yn) is defined as the number of coordinates in which x ̸= y .

d(x, y) = {σ, xσ ̸= yσ},

2. The minimum distance of a code C is given by,

d(C) = min{d(x, y) | x, y ∈ C, x ̸= y}.
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Definition 1.2.16 The amount of nonzero coordinates in a codeword is its Hamming

weight i.e.,

wt(x) = d(x, 0)

where x ∈ Fn
q and 0 is the zero codeword.

Definition 1.2.17 If x, y ∈ Fn
q , then d(x, y) = wt(x− y).

Theorem 1.2.18 The Hamming distance is a metric over Fn
q .

Example 1.2.19 1. The Hamming weight (0120) is 2.

2. The Hamming distance of (11233), (01223) is wt((11233)− (01223)) = 2.

Definition 1.2.20 We say that C possesses a fixed weight if all the codewords have the

same weight.

1.2.1 Some examples of linear codes

By providing some classical linear codes and modifying or combining existing codes, many

interesting and important codes emerge. [10,11] .

1.2.2 Hamming codes

Let Fp = GF (p) signify a finite field of order p. If p is a prime number, the field GF (p)

coincides with Zp the ring of integer residues modulo p.

Definition 1.2.21 [72] For an integer ς > 1, let n =
pς − 1

p− 1
. The [n, n− ς, 3] Hamming

code over Fp is defined by an ς×n parity-check matrix Hς(p) whose columns range over all

nonzero of Fς
p, whose leading nonzero entry again, every two columns in Hς(p) are linearly

independent.

Proposition 1.2.22 [20,60] A Hamming code has a minimal distance equal to 3.



22

Proof 1.2.23 Parity-check matrix of any code has non-zero columns ( definition), so d ≥ 2

and has no two identical columns, d ≥ 3, by adding two columns containing only one 1, we

obtain a vector which contains exactly two 1, so d = 3.

Example 1.2.24 [72] If ς > 1. The [2ς , 2ς − 1 − ς, 3]-Hamming code over F2 is defined

by an ς × (2ς − 1) parity-check matrix H whose columns range over all nonzero of Fς
2.

1.2.3 Simplex linear code

In the context of coding theory, a simplex code is a type of linear error-correcting code that

has a particularly simple structure. It is a subset of a larger class of linear codes known as

Hamming codes, see [38], [39], and [44].

Definition 1.2.25 [45] Let Fq = {α0, α2, ..., αq−1}. The code Sk(q) generated by the

matrix Gk(q) of size k× qk − 1

q − 1
over Fq whose columns are two by two linearly independent

is called simplex code and Gk(q) can be determined by

Gk (q) =

 00 · · · 0 1 11 · · · 1 α3 · · ·α3 · · · αq · · ·αq

Gk−1 (q) 0 Gk−1 (q) Gk−1 (q) · · · Gk−1 (q)

 , (1.1)

with

G2 (q) =

 0 1 1 α3 · · · αq−1 αq

1 0 1 1 · · · 1 1

 .

.

Theorem 1.2.26 The [
qk − 1

q − 1
, k, qk−1]-simplexe code over Fq, have weight qk−1 for all

nonzero codewords.

Definition 1.2.27 Any [
qk − 1

q − 1
,
qk − 1

q − 1
− k, 3] simplex code monomial equivalent of Ham-

ming code.
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Example 1.2.28 Let F3 = {0, 1, 2}. The simplex code over F3 is given by the generator

matrix

G3 (3) =

 0000 1 1111 2222

G2 (3) 0 G2 (3) G2 (3)

 , (1.2)

where

G2 (3) =

 0 1 12

1 0 11

 . (1.3)

1.2.4 Punctured codes

Definition 1.2.29 [20]

Let C represent a [n, k, d] code over Fq. By eliminating the same coordinate i in each

codeword, we can puncture C. The generator matrix for C∗ is created from the generator

matrix of C by eliminating column i

Theorem 1.2.30 Let C∗ the code punctured on the ith coordinate of the code C [n, k, d]

linear over Fq.

(a) When d = 1, C∗ is an [n − 1, k, 1] code if C has no codewords of weight 1 whose

nonzero entry is in coordinate i. Otherwise, if k > 1, C∗ is an [n− 1, k, d∗] code with

d∗ ⩾ 1.

(b) If distance d > 1, then C∗ is an [n− 1, k, d∗]-linear code where

 d∗ = d− 1 w(C) = min d(x, y) = i, x, y ∈ Fn
q

d∗ = d otherwise.

Example 1.2.31 Let C be a ternary Hamming code with

G =

 1 0 1 1

0 1 1 2

.

The C-punctured code at positions 4 and 1, respectively, is denoted by the codes C∗
4 and

C∗
1 , respectively. They have following generator matrices
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G∗
4 =

 1 0 1

0 1 1

 . and G∗
1 =

 0 1 1

1 1 2


So, C∗

4 is a [3, 2, 2]-code and C∗
1 is a [3, 2, 2]-code .

Definition 1.2.32 (The shortened code) Let C an [n, k]-linear code systematic over Fq

and C
′ be the set of words of C whose first j components are zero (j < k+1). C

′′ is sebset

of C ′ obtained by eliminated the first j composants for each words.

C
′′ an [n− t, k − t] linear code called shortened code of C code.

Proposition 1.2.33 If C an [n, k, d] linear code over Fq and C
′′ is [n−t, k−t, d

′′
] shortened

code, then d
′′
⩾ d− 1.

Example 1.2.34 Let the linear code C of length 5 and dimension 2 over F3 with the

generator matrix,

G1 =

 2 1 0 1 2

0 2 1 1 1

 ,

C = {(00000), (02111), (01222), (21012), (20120), (22201), (12021), (11102), (10210)}

The minimal distance of C is d = 3, using the definition 1.2.32, we have

C
′
= {(00000), (02111), (01222)},

so,

C
′′
= {(0000), (2111), (1222)},

is a linear code with lenght 4 = 5− 1, dimension 1 = 2− 1 and minimal distance 4.

Proposition 1.2.35 The dual of a punctured code is the shortened code of the dual.

1.2.5 Macdonald linear codes

We can generate new codes by either removing or adding one or more coordinates to a

known code.
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Definition 1.2.36 Macdonald linear code Mk,τ (p) is the punctured code of the simplex

code Sk(p) with the parameters [
pk − pτ

p− 1
, k, pk−1 − pτ−1], and nonzero codeword has weight

either pk−1 or pk−1 − pτ−1 for any k and 1 ≤ τ ≤ k − 1.

Definition 1.2.37 [62] Let 1 ≤ τ ≤ k − 1 and Gk,τ (p) be the matrix obtained from

generator matrix of simplex code Gk(p) by eliminating the columns corresponding to the

columns of the matrix Gτ (p). So

Gk,τ (p) =

[
Gk (p)

∖
0

Gτ (p)

]
, (1.4)

where 0 is the null matrix of size (k − τ)× pτ − 1

p− 1
.

1.2.6 Extended codes

There are numerous methods for extending a code or creating a larger code by adding

coordinates, see [56].

Definition 1.2.38 The extended code Ĉ of an C [n, k, d]-code over Fq is defined by

Ĉ = {ϖ1ϖ2 . . . ϖn+1 ∈ Fn+1
q |ϖ1ϖ2 . . . ϖn+1 ∈ C with ϖ1 +ϖ2 + . . .+ϖn+1 = 0}.

Proposition 1.2.39 Extended linear codes is also linear with parametre [n+1, k, d̂], noted

Ĉ , where d̂ = d or d+ 1.

Definition 1.2.40 From the two generators matrices G and H parity check matrix of C

can be created as generator matrix Ĝ for Ĉ by inserting an additional column such that the

sum of the coordinates of each row of Ĝ is 0. A parity check matrix Ĥ of Ĉ is given by

Ĥ =


1 . . . 1 1

0

H
...

0

.

Example 1.2.41 Consider that the code in Example 1.2.31 is a [4, 2, 3]-ternary Hamming

code over F3 with the generator matrix G and the parity check matrix H given by
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G =

 1 1 0 1

0 1 1 2

, and H =

 1 1 1 0

0 1 2 1

 .

For the extend code Ĉ, we have

Ĝ =

 1 0 1 1 0

0 1 1 2 2

, and Ĥ =


1 1 1 1 1

1 0 1 1 0

0 1 1 2 0

 .

Hence d̂ = d = 3.

Definition 1.2.42 Let C1 is an [n, k, d1] code and C2 is an [m, k, d2] code. The Juxta-

position of C1 and C2, denoted {C1|C2}, is the [n+m, k, d1+d2] code obtained by writing

after C1 and C2.

Definition 1.2.43 The juxtaposition of the codes C1 and C2 is the code which admits as

a generator matrix

G = [G1G2] .

where, G1 and G2 are generators matrices of C1 and C2, respectively.

1.2.7 Linear complementary dual code

Definition 1.2.44 The linear code C is denoted by the LCD code, if

C ∩ C⊥ = {0}. (1.5)

Definition 1.2.45 [65] The orthogonal projector
∏
C

defined by

ϖ
∏
C

=

 ϖ if ϖ ∈ C,

0 if ϖ ∈ C⊥,

exists if only if C is an LCD code.
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Proposition 1.2.46 [65] If G is the generator matrix for a [n, k]-linear code C, the codes

C is an LCD if and only if the matrix GG⊤ is nonsingular. Furthermore, if C is an LCD

code, then
∏

C = G⊤(GG⊤)−1G is the orthogonal projector from Fn
q to C.

The codes C is an LCD if and only if the matrix GG⊤ is nonsingular, where G is the

generator matrix for a [n, k]-linear code C.

Additionally, if C is an LCD code, the orthogonal projector from Fn
q to C is

∏
C =

G⊤(GG⊤)−1G.

Proof 1.2.47 [65] Assume that GG⊤ is nonsingular. If v ∈ C, we have

v = uG

for some u. It follows that

vG⊤(GG⊤)−1G = uGG⊤(GG⊤)−1G = uG = v.

By addition, if v ∈ C⊥ i.e., vC⊥ = 0, so

vG⊤(GG⊤)−1G = 0G⊤(GG⊤)−1G = 0.

As a result, G⊤(GG⊤)−1G represents an orthogonal projector
∏

C, and C must be an LCD

code.

If, on the other hand, GG⊤ is a singular, then there is a nonzero vector u in Fk
q such

that uGG⊤ = 0.

(uG)v⊤ = (uG)(u
′
G)⊤ = uGG⊤(u

′
)⊤ = 0(u

′
)⊤ = 0.

As a result, uG is also a vector in C⊥. It follows that C ∩ C⊥ ̸= {0}, so C is not LCD

code.

1.2.8 Repitition codes

The communication of a message follows the principle of encoding the message before

transmission, aiming to add information for protection against noise. Upon reception,



28

errors in transmission are corrected by the decoder. The simplest method for encoding a

message is the repetition code, which involves repeating each bit of the message a certain

number of times. [1, 43].

Definition 1.2.48 Let C = {(ρ, ρ, · · · , ρ), ρ ∈ Fq} the repetition code of length n , then C

is [n, 1, n]-linear code.

Example 1.2.49 The binary repetition code of length n is the binary linear code of param-

eters [n, 1], which consists of the two codewords 0 = 00 . . . 0 and 1 = 11 . . . 1 its generator

matrix, is

G = [1 1 . . . 1],

And the corresponding parity-check matrix, is

H =


1

1

In−1
...

1

.

The last coordinate indicates an information set, while the preceding n − 1 coordinates

represent a redundancy set.

1.2.9 Equivalent linear codes

Definition 1.2.50 Let C ′ and C denote two linear codes in Fn
q . We argue that C ′ and C

are equivalents if C ′ is a permutation of the indices image of C, which means that if there

exists σ of {1, 2, ..., n} a permutation such that

C
′
= {aσ(1)

, aσ(2)
, ...aσ(n)

|a1a2...an ∈ C}.

Theorem 1.2.51 [8] Consider G and G
′ to be two matrices with coefficients in Fq. If the

matrix G
′ is obtained by a combination of the transformations of G, the code generated by

G is equivalent to the code generated by G
′.

1. Row permutation,
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2. Multiplying a row by an elemment of F∗
q,

3. Adding two rows,

4. Column permutation,

5. Multiplication of a column by an element of F∗
q.

Example 1.2.52 The quaternary codes are Z4 − modules. These, Z4 − modules not

necessarily being free, they do not always admit a base [54]. However, any quaternary code

is permutation equivalent to a code C, where generator matrix is of the form,

G =

 Ik1 M N

0 2Ik2 2P

 ,

where M and P are binary matrices and N a matrix with coefficients in Z4. The code C

has 4k12k2 codewords and dimension of C over Z4 is given by,

dim(C) = log4 | C |= log4(4
k12k2) = k1 + k2/2.

Example 1.2.53 Let C is Z4−linear code. The set of codewords of C with lenght 4 is

given by,

C ={0000, 1113, 2222, 3331, 0202, 1311, 2020, 3133,

0022, 1131, 2200, 3313, 0220, 1333, 2002, 3111}.

If k1 = 1, k2 = 2, so k1 + k2 = 3, we have the generator matrix of C given by,

G =


1 1 1 1

0 2 0 2

0 0 2 2

 .

Remark 1.2.54 If C and C
′ are equivalent, then the set of distances between the elements

of C is the same as that of C ′. As a result, C and C
′ have the same minimal distance.
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1.2.10 Weights distributions

Definition 1.2.55 [20] Assume C is a linear code of length n. The weight distribution

is defined as the number of codewords of each conceivable weight 0, 1, . . . n. The weight

distribution of a code C is denoted by A0(C), A1(C), . . . , An(C). Otherwise, we can denote

them as A0, A1, . . . , An, where Ai(C) = i is the number of codewords of weight i.

Remark 1.2.56 If Ai(C) = 0, we omitted this values from the list.

Example 1.2.57 Recall the code from Example 1.2.34 is a [5, 2] code over F3, the codewods

are given by

C = {(00000), (02111), (01222), (21012), (20120), (22201), (12021), (11102), (10210)}

And,

A4(C) = 6, A3(C) = 2.

Remark 1.2.58 For the important result, we need to know about the weights distributions.

The weights distributions is a set how related to the weights distributions of C and C⊥. In

other words, the weights distributions of C are determined by the weights distributions of

C⊥, the opposite is true.

1.3 Conclusion

In this chapter, we have given some basic notions on linear codes over finite fields, which

will help study a particular case of these codes.



Chapter 2

LINEAR CODES OVER FINITE

RINGS

On finite fields, the first research on error-correcting codes occurred in [76, 79, 81]. The

code over finite rings has generated a great deal of interest since its disclosure in 1994,

according to [56]. Many methods and many approaches are used to generate specific types

of code with appropriate parameters and properties [72] and [37].

2.1 Linear codes over finite rings

Definition 2.1.1 If the only maximal ideal in the R commutative local ring is {0}, then

R is a field.

Let A be the maximal ideal of a commutative local ring R, then R⧸A is the group of units

of R and the quotient ring R⧸A is a field that is known as the residue field of R.

A commutative local ring R is also accoutred with the natural map Ξ : R → R⧸A,

designated by Ξ(x) = x+A for all x ∈ R.

Therefore, if T = [xij] is a matrix over R, then Ξ(T ) = [Ξ(xij)] is a matrix over its residue

field R⧸A, see [18], [36] and [74], [34], [11–13] [34].

The following lemma can be used to determine the rank of matrices over commutative

31
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finite local rings.

Lemma 2.1.2 [18] Let A is the maximal ideal of a commutative finite local ring R and

let the natural map Ξ : R → R⧸A. If T is the matrix over R, then

rank(T ) = rank Ξ(T ).

Definition 2.1.3 If we consider R a local finite ring, then a linear code C of length n

over R is a submodule of R-module of Rn, which can be free or not. The C codewords are

what are known as the C vectors.

Example 2.1.4 Let R = Z4 + ϑZ4 a ring, where ϑ2 = ϑ. The linear codes over R are

C =



0 0 0 0 0 0 0 0 0 0 0,

1 ϑ 0 0 0 ϑ ϑ ϑ 1 1 1,

0 1 + 3ϑ 3 + ϑ 3 + ϑ 3 + ϑ ϑ 0 0 3ϑ 3ϑ ϑ,

0 1 + 3ϑ 3 + ϑ 3 + ϑ 3 + ϑ 0 ϑ 0 ϑ 3ϑ 3ϑ,

0 1 + 3ϑ 3 + ϑ 3 + ϑ 3 + ϑ 0 0 ϑ 3ϑ ϑ 3ϑ,

2 2ϑ 0 0 0 2ϑ 2ϑ 2ϑ 2 2 2,

0 2 + 2ϑ 2 + 2ϑ 2 + 2ϑ 2 + 2ϑ 2ϑ 0 0 2ϑ 2ϑ 2ϑ,

0 2 + 2ϑ 2 + 2ϑ 2 + 2ϑ 2 + 2ϑ 0 2ϑ 0 2ϑ 2ϑ 2ϑ,

0 2 + 2ϑ 2 + 2ϑ 2 + 2ϑ 2 + 2ϑ 0 0 2ϑ 2ϑ 2ϑ 2ϑ,

3 3ϑ 0 0 0 3ϑ 3ϑ 3ϑ 3 3 3,

0 3 + ϑ 1 + 3ϑ 1 + 3ϑ 1 + 3ϑ 3ϑ 0 0 ϑ ϑ 3vϑ,

0 3 + ϑ 1 + 3ϑ 1 + 3ϑ 1 + 3ϑ 0 3ϑ 0 3ϑ ϑ ϑ,

0 3 + ϑ 1 + 3ϑ 1 + 3ϑ 1 + 3ϑ 0 0 3ϑ ϑ 3ϑ ϑ



.

We can also show that free codes over finite local commutative rings are equivalent, which

is another similar result that we can prove.

Definition 2.1.5 If the codewords of a code C can be obtained by permuting the coordinate

positions and multiplying a unit in each coordinate position of all the codewords of C, the

code C is said to be equivalent to C over finite commutative rings.
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Definition 2.1.6 Let C be a lineare code of length n over R, a matrix G of size k × n is

called a generator matrix of the code C, if the application defined as

Θ : Rk → Rn

ϑ 7→ Θ(ϑ) = ϑ.G,
(2.1)

where Θ(Rk) = C.

Example 2.1.7 The matrix G =

1 0 0 0 3ϑ 3ϑ 3ϑ 3ϑ 0 1 + 2ϑ 3 + 2ϑ 0 3ϑ 3ϑ 3ϑ 3ϑ

0 1 0 0 3ϑ 3ϑ 3ϑ 3ϑ 1 1 1 0 3ϑ 3ϑ 3ϑ 3ϑ

0 0 1 0 3vϑ 3ϑ 3ϑ 3ϑ 3 + 2ϑ 0 1 + 2ϑ 3 3ϑ 3ϑ 3ϑ 3ϑ

0 0 0 1 3ϑ 3ϑ 3ϑ 3ϑ 1 + 2ϑ 3 + 2ϑ 0 3 3ϑ 3ϑ 3ϑ 3ϑ

3ϑ 3ϑ 3ϑ 3ϑ 1 0 0 0 3ϑ 3ϑ 3ϑ 3ϑ 0 1 + 2ϑ 3 + 2ϑ 0

3ϑ 3ϑ 3ϑ 3ϑ 0 1 0 0 3ϑ 3ϑ 3ϑ 3ϑ 1 1 1 0

3ϑ 3ϑ 3ϑ 3ϑ 0 0 1 0 3ϑ 3ϑ 3ϑ 3ϑ 3 + 2ϑ 0 1 + 2ϑ 3

3ϑ 3ϑ 3ϑ 3ϑ 0 0 0 1 3ϑ 3ϑ 3ϑ 3ϑ 1 + 2ϑ 3 + 2ϑ 0 3



,

generates a linear code of length 16 over R = Z4 + ϑZ4, where ϑ2 = ϑ.

2.1.1 Covering radius of linear codes over finite ring

Another important quantity of a code is the Covering radius [9,30,43,46], to introduce it,

we first define the distance from a point to a set.

Definition 2.1.8 (minimal distance). Let E be a set in Rn
q and υ ∈ Rn

q , we define the

distance from υ to E by,

d(υ,E) = min
e∈E

d(υ, e) (2.2)

Definition 2.1.9 The covering radius r(C) of binary linear code C is given by

r(C) = max
u∈Fn

2

{dHam(u,C)}

= max
u∈Fn

2

{
min
c∈C

d(u, c)

}
.

(2.3)
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In other words r(C) is defined as the greatest distance between the points of the ambient

space of the code to the code.

Remark 2.1.10 This definition means the spheres of radius r around the codewords cover

Fn
2 , and the covering radius is the smallest of those.

This definition’s extension to codes over the finite ring R is identical.

Definition 2.1.11 The smallest radius r of the spheres surrounding the code words that

cover R is the covering radius of a code C,

r(C) = max
u∈Rn

{
min
c∈C

d(u, c)

}
. (2.4)

It is clear that r(C) is the smallest radius r such that,

Rn = ∪c∈CSr(c),

where

Sr(u) = {υ ∈ Rn; d(u, υ) ≤ r} ,

for u ∈ Rn.

Following results allow over the finite rings to determine the covering radius of the codes.

It is a generalization of the consequence in [30], for codes over a finite field [71].

Proposition 2.1.12 If G0 , G1 are generator matrices of C0, C1 codes over R respectively

of minimal distance d0 and d1, with length n0 and n1. And the generator matrix of C is

given

G =

 0 G1

G0 A

 ,

then

rd(C) ≤ rd0(C0) + rd1(C1),

in addition, the following inequality is satisfied by the covering radius of the concatenation

of C0 and C1, indicated by Cc.

rd(Cc) ≥ rd(C0) + rd(C1)

for all distances d over R.
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Proof 2.1.13 Let G the generator matrix of the code Cc is defined as

G =
[
G0

′
G1

′
]
,

then Cc is a code of length n0 + n1. The minimum distance d, where

d ≥ min{d0, d1}.

Hence the covering radius satisfies,

rd(Cc) ≥ rd(C0) + rd(C1).

Proposition 2.1.14 Let C be a code over R, and Φ(C) be the image of C by the Gray

map, then

r (C) = r (Φ(C)) .

Definition 2.1.15 (Perfect code). Let C be a code, the number t is the correction

capacity and r(C) the covering radius of C. The code C is a perfect code if

t = r(C).

Example 2.1.16 Let C0 and C1 be linears codes of lenght 5 and 4 repectivly over F3. So,

C0 = {00000, 02111, 01222},

C1 = {0000, 2111, 1222}.

Hence, rd0(C0) = 4 and rd1(C1) = 4 then rd(Cc) = 8 ⩾ 4 + 4.

2.1.2 Linear codes over finite ring Rps,θ

We review certain fundamental concepts for later usage in this part. A linear code C of

length n over Rps,θ is an Rps,θ-module of Rn
ps,θ, where

Rps,θ = {
θ∑

l=0

ulξ
i
l | u0 = 1, ξil ∈ Fps , for all 0 ≤ i ≤ ps − 1}
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is a commutative Frobenious ring with characteristic p, where |Rps,θ| = p(θ+1)s. The set

C⊥ = {x ∈ Rn
ps,θ|⟨x, y⟩Rps,θ

= 0 for all y ∈ C},

is called the dual code of C. According to [34], [35] and [47], we write x in Rps,θ of the form

x = (1− u1 − . . .− uθ)a0 + u1(a1 + a0) + . . .+ uθ(aθ + a0). (2.5)

We can also present C and C⊥ as follows,

C = (1− u1 − . . .− uθ)C0 ⊕ (u1)C1 ⊕ . . .⊕ (uθ)Cθ, (2.6)

C⊥ = (1− u1 − . . .− uθ)C
⊥
0 ⊕ (u1)C

⊥
1 ⊕ . . .⊕ (uθ)C

⊥
θ , (2.7)

where, Ci, C
⊥
j , 0 ≤ i, j ≤ θ is a linear code of length n over Fps . The Gray map is given by

Ψ : Rps,θ → Fθ+1
ps

x 7→ Ψ(x),
(2.8)

with

Ψ(x = a0 + u1a1 + . . .+ uθaθ) = (a0, a1 + a0, . . . , aθ + a0).

This map can be extended to Rn
ps,θ as

Φ : Rn
ps,θ → F(θ+1)n

ps

(x1, x2, . . . , xn) 7→ ΦLee((x1, x2, . . . , xn))
,

defined by

Φ(x1, x2, . . . , xn) = ((a00, a
0
1 + a00, . . . , a

0
θ + a00), . . . , (a

n
0 , a

n
1 + an0 , . . . , a

n
θ + an0 )).

The next Corollary is a generalization of a results in reference [47].

Corollary 2.1.17 The Gray map is an isometry from

(Rn
ps,θ,Minimal distance) → (F(θ+1)n

ps ,Hamming distance).
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Corollary 2.1.18 Let C = (1−u1− . . .−uθ)C0⊕ (u1)C1⊕ . . .⊕ (uθ)Cθ be a linear code of

length n over Rps,θ, where Ci is [n; ki; di]-linear codes over Fps, for 0 ≤ i ≤ θ. Then Φ(C)

is [(θ + 1)n;
i=θ∑
i=0

ki; d = min{d0, d1, . . . , dθ}]-linear codes over Fps.

Theorem 2.1.19 Let C be a linear code of length n over Rps,θ. Then

ΦLee(C) = C0 ⊗ C1 ⊗ . . .⊗ Cθ

and

|C| = |C0||C1| . . . |Cθ|.

2.2 Homogeneous weight on the ring Rps,θ

Now, we point out some information from the articles [55] and [77], to treat homogeneous

weight on Now, we draw attention to relevant information from the articles [55] and [77]

to address the treatment of homogeneous weight on. Rps,θ.

Definition 2.2.1 The weight w is homogeneous over a finite ring Rps,θ if it meets the

criteria that follow.

1. ∀ τ, υ ∈ Rps,θ, Rps,θτ = Rps,θυ ⇒ w(τ) = w(υ) holds.

2. The average weight of any non-zero ideal Rps,θτ of Rps,θ is the same, there is a real

integer η that is nonzero and such that∑
υ∈Rps,θτ

w(υ) = η · |Rps,θτ |, ∀ υ ∈ Rps,θ. (2.9)

The average value of w on Rps,θ is the value η.

Remark 2.2.2 On Fps the Hamming weight is a homogeneous weight with η =
ps − 1

ps
,

see [58].
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On the Frobenius ring Rps,θ the homogeneous weight w is given by generating character χ

w : Rps,θ → R

τ 7→ w(τ) = η ·

1− 1

|R×
ps,θ|

∑
u∈R×

ps,θ

χ(τu)

 ,
(2.10)

where R×
ps,θ is the group of units of Rps,θ. Hence, we can state the followings.

Definition 2.2.3 Let R1, R2, . . . , Rn be a Frobenius rings, we have

1. The finite direct sum of Frbenius rings is a Frobenius ring.

2. If the Frbenius rings R1, . . . , Rn each have right generating characters χ1, . . . , χn, then

R×
ps,θ = R1 ⊕ . . . ⊕ Rn, has generating character χ =

n∏
i=1

χi. Hence, the generating

character of
n︷ ︸︸ ︷

Fps × Fps × . . .× Fps is given by

χ :

n︷ ︸︸ ︷
Fps × Fps × . . .× Fps → T

ϖ = (ϖ1, ϖ2, . . . , ϖn) 7→ χ(X) = e
2πi
p

tr(ϖ1+ϖ2+...+ϖn),

(2.11)

where the trace function tr is defined by

tr : Fps → Fp

β 7→ tr(β) = β + βp + . . .+ βps−1
,

(2.12)

Additionally, the multiplicative group of unit complex numbers that makes up the set

T is a one-dimensional torus.

Theorem 2.2.4 [57] If the rings R1, . . . , Rn with identity and I an ideal in
n∏

j=1

Rj, then,

I =
n∏

j=1

Aj where Aj is an ideal in Rj, with

n∏
j=1

Rj = {(ϖ1, ϖ2, . . . , ϖn)|ϖj ∈ Rj}. (2.13)
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2.2.1 Covering radius of linear codes over Rps,θ

According to [5, 30], the set of x ∈ Fn
ps , such that d(x, y) ≤ t corresponds to the ball of

radius t around a word y ∈ Fn
ps , then the covring radius r(C) of a code C, is defined as

r(C) = max
x∈Fn

ps

min
c∈C

d(x, c). (2.14)

In the general case, using Equation 2.14, we define different covering radius of code C, by

the followings

1 .The covering radius of C =
m⊗
i=0

Ci is

r(C) =
m∑
i=0

(r(Ci)) . (2.15)

2 . The covering radius of the concatenation
m∑
i=0

Ci of Ci, for 0 ≤ i ≤ m, is

r

(
m∑
i=0

Ci

)
≥

m∑
i=0

(r(Ci)) . (2.16)

3 . The covring radius of an [n; 1;n]-repetition code over Fps , is

r ([n; 1;n]) = ⌈n(p
s − 1)

ps
⌉. (2.17)

2.2.2 Conclusion

We have introduced a new class of rings Rps,θ forming the basis for this entire work. The

initial step involved defining the ring Rps,θ. Subsequently, we presented the generator

matrices of these codes in a novel manner, along with exploring Gray maps within the

ring Rps,θ to the fields Fps , their resulting Gray images, and the homogeneous weight.

Additionally, we discussed the covering radius of linear codes over Rps,θ.



Chapter 3

LINEAR CODES AND

HOMOGENEOUS WEIGHTS OVER

THE RING R5,3

3.1 Introduction

In 1990, researchers placed significant importance on "algebraic coding theory" for linear

codes defined over finite rings, establishing numerous mathematical methods. One notable

example is the introduction of homogeneous weight as an alternative to the standard Ham-

ming metric, serving as the distance function in the alphabet. Constantinescu and Heise

initially introduced homogeneous weights in the context of encoding integer residual rings

and finite rings [31]. Greferath and Schmidt later generalized this concept to arbitrary

finite rings [41]. However, as the application of homogeneous weight is limited to local

rings, such as finite Frobenius rings, other rings like chainless rings have also been studied,

particularly in works such as [23,27,34,35,81].

This chapter aims to introduce the principles of linear codes on finite rings, represented

as R5,3 = F5 + u1F5 + u2F5 + u3F5, with uiuj = ujui = 0 and u2
i = ui, for 1 ≤ j ̸= i ≤ 3.

The homogeneous weights are considered a generalization of the Hamming weights for finite

40
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rings. Our current work primarily focuses on the study of this weight on R5,3, employing

the definition of homogeneous weight on F5 [49, 50,53].

3.2 Linear codes over the ring R5,3

Linear codes over R5,3, is an R5,3-module of Rn
5,3, wich is of length n, where

R5,3 = {ω̄i = ξi0 + u1ξ
i
1 + u2ξ

i
2 + u3ξ

i
3 | ξi0, ξi1, ξi2, ξi3 ∈ F5, 1 ≤ i ≤ 625} (3.1)

is a "Frobenius ring" that is commutative and has characteristic 5, where |R5,3| = 54 = 625.

We define the inner product between any two elements ϑ = (ϑ1, ϑ2, . . . , ϑn) and ϑ′ =

(ϑ′
1, ϑ

′
2, . . . , ϑ

′
n) of Rn

5,3 by

⟨ϑ, ϑ′⟩R5,3 =
n∑

i=0

ϑiϑ
′
i.

We define the dual code C⊥ of C by

C⊥ = {ϑ ∈ Rn
5,3|⟨ϑ, ϑ′⟩Rp = 0 for all ϑ′ ∈ C}.

Following [34], the element ϑ in R5,3 written by,

ϑ = (1 + 4u1 + 4u2 + 4u3)κ0 + u1(κ1 + κ0) + u2(κ2 + κ0) + u3(κ3 + κ0). (3.2)

Let C be a linear code of length n over R5,3, there are linear codes C0, C1, C2, C3 of length

n over F5 that exist, and the code C can be expressed uniquely as,

C = (1 + 4u1 + 4u2 + 4u3)C0 ⊕ (u1)C1 ⊕ (u2)C2 ⊕ (u3)C3, (3.3)

where

C0 = {κ0 ∈ Fn
5 ,∃κ1, κ2, κ3 ∈ Fn

5 , κ0 + u1κ1 + u2κ2 + u1κ3 ∈ C},

C1 = {κ0 + κ1 ∈ Fn
5 ,∃κ2, κ3 ∈ Fn

5 , κ0 + u1κ1 + u2κ2 + u1κ3 ∈ C},

C2 = {κ0 + κ2 ∈ Fn
5 ,∃κ1, κ3 ∈ Fn

5 , κ0 + u1κ1 + u2κ2 + u1κ3 ∈ C},

C3 = {κ0 + κ3 ∈ Fn
5 ,∃κ1, κ2 ∈ Fn

5 , κ0 + u1κ1 + u2κ2 + u1κ3 ∈ C}.
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Theorem 3.2.1 Let C = (1 + 4u1 + 4u2 + 4u3)C0 ⊕ (u1)C1 ⊕ (u2)C2 ⊕ (u3)C3 be a linear

code of length n over R5,3, then

C⊥ = (1 + 4u1 + 4u2 + 4u3)C⊥
0 ⊕ (u1)C⊥

1 ⊕ (u2)C⊥
2 ⊕ (u3)C⊥

3 .

Corollary 3.2.2 If G0, G1, G2 and G3, respectively, the generator matrices of linear codes

C0, C1, C2 and C3 then the genertor matrix of C is

G =


(1 + 4u1 + 4u2 + 4u3)G0

u1G1

u2G2

u3G3

 . (3.4)

Example 3.2.3 Consider the genertor matrices of linear codes C0, C1, C2 and C3,

G0 =

1 2 3

0 0 2

 , G2 =

1 4 0

0 1 2


,

G1 =

0 2 0

2 0 2

 , G3 =

1 1 0

0 1 1

 ,

then the generator matrix of C can be expressed as

G =



1 + 4u1 + 4u2 + 4u3 2 + 3u1 + 3u2 + 3u3 3 + 4u1 + 4u2 + 4u3

0 0 2 + 3u1 + 3u2 + 3u3

0 2 + 3u1 + 3u2 + 3u3 0

2 + 3u1 + 3u2 + 3u3 0 2 + 3u1 + 3u2 + 3u3

1 + 4u1 + 4u2 + 4u3 4 + u1 + u2 + u3 0

0 1 + 4u1 + 4u2 + 4u3 2 + 3u1 + 3u2 + 3u3

1 + 4u1 + 4u2 + 4u3 1 + 4u1 + 4u2 + 4u3 0

0 1 + 4u1 + 4u2 + 4u3 1 + 4u1 + 4u2 + 4u3



.

Next, we formulate the definition of the Gray map

Ψ : R5,3 → F4
5

ϑ 7→ Ψ(ϑ),
(3.5)
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with

Ψ(ϑ = κ0 + u1κ1 + u2κ2 + u3κ3) = (κ0, κ0 + κ1, κ0 + κ2, κ0 + κ3).

This map can be extended to
(
Rn

5,3, d
)

We can establish the following theorems, from the above results.

Theorem 3.2.4 If the linear codes C0, C1, C2 and C3 are represented by the generator ma-

trices G0, G1, G2 and G3, respectively, then Ψ(G) is the genertor matrix of Ψ(C).

Ψ(G) =


G0 0 0 0

G0 G1 0 0

G0 0 G2 0

G0 0 0 G3

 . (3.6)

Example 3.2.5 In R5,3, if Gi =

 1 3

3 1

, are genertor matrices of Ci, for i = 0, 3 then

th code Φ(C) generated by

Φ(G) =



1 3

3 1

0 0

0 0

0 0

0 0

0 0

0 0

1 3

3 1

1 3

3 1

0 0

0 0

0 0

0 0

1 3

3 1

0 0

0 0

1 3

3 1

0 0

0 0

1 3

3 1

0 0

0 0

0 0

0 0

1 3

3 1



.

Theorem 3.2.6 Let C = (1 + 4u1 + 4u2 + 4u3)C0 ⊕ (u1)C1 ⊕ (u2)C2 ⊕ (u3)C3 be a linear

code of length n over R5,3. Then,

Ψ(C) = C0 ⊗ C1 ⊗ C2 ⊗ C3 (3.7)

and

C = |C0||C1||C2||C3|. (3.8)
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Corollary 3.2.7 Assume that C is a linear code with length n over R5,3, then Φ(C⊥) =

[Φ(C)]⊥. Further, C is a self-dual code if and only if Φ(C) is a self-dual code.

Corollary 3.2.8 Let C = (1 + 4u1 + 4u2 + 4u3)C0 ⊕ (u1)C1 ⊕ (u2)C2 ⊕ (u3)C3 be a linear

code of length n over R5,3, where Ci are [n, ki, di]-linear codes over F5, for 0 ≤ i ≤ 3. Then

Ψ(C) is [4n,
∑3

i=0 ki, d = min(d0, d1, d2, d3)]-linear code over F5.

3.3 Homogeneous weight on the ring R5,3

We shall determine the homogeneous weight on the ring R5,3 based on the simplistic

representation of [58]. Later, several applications will be defined and examined using these

results.

The homogneous weight ω on R5,3, with generating character χ is given by

ω : R5,3 −→ R

τ −→ ω(τ) = η.(1− 1

|R×
5,3|

.
∑

u∈R×
5,3

χ(τu)),
(3.9)

where R×
5,3 is the grop of units of R5,3.

The techniques in [57], leads to

1. The Frobenius ring is the finite direct sum of Frobenius rings.

2. If the Frobenius rings R1, R2, R3, R4 each have right generating characters χ1, χ2, χ3, χ4,

then R = R1 ⊕R2 ⊕R3 ⊕R4 has generating character χ =
∏4

i=1 χi.

3. The generating character of
4︷ ︸︸ ︷

F5 × F5 × F5 × F5 is defined as

χ :

4︷ ︸︸ ︷
F5 × F5 × F5 × F5 −→ T

ϖ = (ϖ1, ϖ2, ϖ3, ϖ4) −→ χ(ϖ) = e
2iπ
5

tr(ϖ1+ϖ2+ϖ3+ϖ4),

(3.10)

where tr is the function trace and the multiplicative group of unit complex numbers

that makes up the set T is a one-dimensional torus.
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Theorem 3.3.1 If the rings R1, R2, . . . , Rn with identity and I an ideal in
∏n

j=1Rj, then

I =
∏n

j=1Aj with Aj is an ideal in Rj, where

n∏
j=1

Rj = {(ϖ1, ϖ2, . . . , ϖn)| ϖj ∈ Rj}. (3.11)

The ideals of F4
5 are established to be represented by the following sets in this instance by

means of arguments similar to those used in Theorem 3.3.1.

1. F5 × {0} × {0} × {0} = ⟨(ϖ1, 0, 0, 0)⟩, ϖ1 ̸= 0

2. {0} × F5 × {0} × {0} = ⟨(0, ϖ2, 0, 0)⟩, ϖ2 ̸= 0

3. {0} × {0} × F5 × {0} = ⟨(0, 0, ϖ3, 0)⟩, ϖ3 ̸= 0

4. {0} × {0} × {0} × F5 = ⟨(0, 0, 0, ϖ4)⟩, ϖ4 ̸= 0

5.
4︷ ︸︸ ︷

F5 × F5 × F5 × F5 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, ϖ1, ϖ2, ϖ3, ϖ4 ̸= 0

6. {(0, 0, 0, 0)} = ⟨(0, 0, 0, 0)⟩

Remark 3.3.2 The number of zero divisors of F5×F5×F5×F5 are 16, and the number of

unites of this product are |{F5×F5×F5×F5}×| = 44. Moreover the ideals I1 = ⟨(ϖ1, 0, 0, 0)⟩,

I2 = ⟨(0, ϖ2, 0, 0)⟩, I3 = ⟨(0, 0, ϖ3, 0)⟩, I4 = ⟨(0, 0, 0, ϖ4)⟩ in F5×F5×F5×F5 are maximals.

After putting all this information, we formulate the following theorem for computing ho-

mogeneous weight on R5,3.

Theorem 3.3.3 The homogeneous weight on R5,3 is obtained as

ωhom(ϖ) =



0 if ϖ = 0

65

64
η1 if ϖ is divisor of zero

255

256
η2 if ϖ is unit.
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Proof 3.3.4 Let H∈ F4
5. According to Equation 3.10, the homogeneous weght of

ϖ = (ϖ1, ϖ2, ϖ3, ϖ4) ∈ H

is

ωhom(ϖ) = ηj.(1−
1

44

∑
a∈(H)×

e
2iπ
5

tr(a1ϖ1+a2ϖ2+a3ϖ3+a4ϖ4)), for j = 1, 2. (3.12)

The homogenous weight for three situations will be calculated in the following. In case 1:

If (ϖ1, ϖ2, ϖ3, ϖ4) = (0, 0, 0, 0), we have tr((0, 0, 0, 0)) = 0, and

ωhom((0, 0, 0, 0)) = η1.(1−
1

44

∑
a∈(H)×

e0), (3.13)

then

ωhom((0, 0, 0, 0)) = η1.(1−
44

44
),

so that

ωhom((0, 0, 0, 0)) = 0. (3.14)

In case 2: If ϖ = (ϖ1, ϖ2, ϖ3, ϖ4) is a zero divisor in H. Assume that ϖ2, ϖ3, ϖ4 = 0

and ϖ1 ̸= 0 (that means ϖ1 ∈ F∗
5) and |F∗

5| = 4, we have

tr(⟨a,ϖ⟩R5,3) = tr(a1ϖ1), a = (a1, a2, a3, a4) ∈ (H)×.

For j = 1, 2, 3, 4, the number of elements ρ ∈ F∗
5, such that tr(ρ) = 0 is 0.

If tr(ϱ) = j such that ϱ ∈ F∗
5, then the number of elements in this case is 1. Using Equation

3.10, we obtain

∑
a∈(H)×

e
2iπ
5

tr(ax) = 0 + 4
4∑

j=1

e
2iπ
5

j

= −1,

as well as

ωhom(ϖ1, ϖ2, ϖ3, ϖ4) =
65

64
η1. (3.15)

In case 3: If ϖ = (ϖ1, ϖ2, ϖ3, ϖ4) is a unit in H. We consider the following disjoint

subsets of group under the multiplication (H)× , for 0 ≤ ji ≤ 4 and 1 ≤ i ≤ 4
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B0000 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖi) = 0, i ∈ {1, 2, 3, 4},

Bj1000 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ1) = j1, tr(ϖi) = 0, i ∈ {2, 3, 4},

B0j200 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ2) = j2, tr(ϖi) = 0, i ∈ {1, 3, 4},

B00j30 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ3) = j3, tr(ϖi) = 0, i ∈ {1, 2, 4},

B000j4 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ4) = j4, tr(ϖi) = 0, i ∈ {1, 2, 3},

Bj1j200 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ1) = j1, tr(ϖi) = 0, i ∈ {3, 4},

Bj10j30 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ1) = j1, tr(ϖi) = 0, i ∈ {2, 4},

Bj100j4 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ1) = j1, tr(ϖi) = 0, i ∈ {2, 3},

B0j2j30 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ1) = j1, tr(ϖi) = 0, i ∈ {1, 4},

B0j20j4 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ1) = j1, tr(ϖi) = 0, i ∈ {1, 3},

B00j3j4 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ1) = j1, tr(ϖi) = 0, i ∈ {1, 2},

Bj1j2j30 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ1) = j1, tr(ϖ2) = j2, tr(ϖ3) = j3, tr(ϖ4) = 0,

Bj1j20j4 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ1) = j1, tr(ϖ2) = j2, tr(ϖ3) = 0, tr(ϖ4) = j4,

Bj10j3j4 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ1) = j1, tr(ϖ2) = 0, tr(ϖ3) = j3, tr(ϖ4) = j4,

B0j2j3j4 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ1) = 0, tr(ϖ2) = j2, tr(ϖ3) = j3, tr(ϖ4) = j4,

Bj1j2j3j4 = ⟨(ϖ1, ϖ2, ϖ3, ϖ4)⟩, tr(ϖ1) = j1, tr(ϖ2) = j2, tr(ϖ3) = j3, tr(ϖ4) = j4, we can

obtain the following relationship

|B0000| = 0, |Bj1000| = 0, |Bj1j200| = 0, |Bj1j2j30| = 0 and |Bj1j2j3j4 | = 1. (3.16)
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We calculate,

∑
a∈(H)×

e
2iπ
5

tr(⟨a,ϖ⟩R5,3
) = |B0000|e

2iπ
5

0 +
4∑

j1=1

|Bj1000|e
2iπ
5

j1 + · · ·+
4∑

j4=1

|B000j4 |e
2iπ
5

j4

+
4∑

j1=1

4∑
j2=1

|Bj1j200|e
2iπ
5

(j1+j2) + · · ·+
4∑

j3=1

4∑
j4=1

|B0j3j4|e
2iπ
5

(j3+j4)

+
4∑

j1=1

4∑
j2=1

4∑
j3=1

|Bj1j2j30|e
2iπ
5

(j1+j2+j3) +
4∑

j1=1

4∑
j3=1

4∑
j4=1

|Bj1j2j30|e
2iπ
5

(j1+j3+j4)

+
4∑

j1=1

4∑
j2=1

4∑
j4=1

|Bj1j20j4|e
2iπ
5

(j1+j2+j4) +
4∑

j2=1

4∑
j3=1

4∑
j4=1

|B0j2j3j4 |e
2iπ
5

(j2+j3+j4)

+
4∑

j1=1

4∑
j2=1

4∑
j3=1

4∑
j4=1

|Bj1j2j3j4|e
2iπ
5

(j1+j2+j3+j4)

= 0 + 0..+
4∑

j1=1

e
2iπ
5

j1

4∑
j2=1

e
2iπ
5

j2

4∑
j3=1

e
2iπ
5

j3

4∑
j4=1

e
2iπ
5

j4

= (−1)(−1)(−1)(−1) = 1

The following is the final result.

ωhom(ϖ1, ϖ2, ϖ3, ϖ4) =
255

256
η2. (3.17)

Example 3.3.5 Let C0, C1, C2, C3 are linear codes of lenght 4 and dimension 2 over R5,3,

with generator matrices

G0 =

2131
1322

 , G1 =

0221
1120

 ,

G2 =

1031
0103

 and G3 =

1011
0112

 .
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Assume that ε = 1 + 4u1 + 4u2 + 4u3, the generator matrix G is computed as follows

G =



2ε ε 3ε ε

ε 3ε 2ε 2ε

0 2u1 2u1 u1

u1 u1 2u1 0

u2 0 3u2 u2

0 u2 0 3u2

u3 0 u3 u3

0 u3 u3 2u3



.

If η1 = 0 and η2 =
512

255
, for all c ∈ C, then we have

whom(c) ∈ {6, 8, 10, 14, 16}.

Furthermore

Ψ(G) =



2131

1322

0000

0000

0000

0000

0000

0000

2131

1322

0221

1120

0000

0000

0000

0000

2131

1322

0000

0000

1031

0103

0000

0000

2131

1322

0000

0000

0000

0000

1011

0112



.

Example 3.3.6 Let C0, C1, C2, C3 are [26, 4]-linear codes over R5,3, with generator matrices

Gi =


00142323230023014140231414

00002233112344122334001144

10111111222222333333444444

01111111111111111111111111

 , for 0 ≤ i ≤ 3.

Assume that ε = 1+4u1+4u2+4u3, the generator matrix of C is therefore given as follows.

G =
[
G G

]
,
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with

G =



0 0 ε 4ε 2ε 3ε 2ε 3ε 2ε 3ε 0 0 2ε

0 0 0 0 2ε 2ε 3ε 3ε ε ε 2ε 3ε 4ε

ε 0 ε ε ε ε ε ε 2ε 2ε 2ε 2ε 2ε

0 ε ε ε ε ε ε ε ε ε ε ε ε

0 0 u1 4u1 2u1 3u1 2u1 3u1 2u1 3u1 0 0 2u1

0 0 0 0 2u1 2u1 3u1 3u1 u1 u1 2u1 3u1 4u1

u1 0 u1 u1 u1 u1 u1 u1 2u1 2u1 2u1 2u1 2u1

0 u1 u1 u1 u1 u1 u1 u1 u1 u1 u1 u1 u1

0 0 u2 4u2 2u2 3u2 2u2 3u2 2u2 3u2 0 0 2u2

0 0 0 0 2u2 2u2 3u2 3u2 u2 u2 2u2 3u2 4u2

u2 0 u2 u2 u2 u2 u2 u2 2u2 2u2 2u2 2u2 2u2

0 u2 u2 u2 u2 u2 u2 u2 u2 u2 u2 u2 u2

0 0 u3 4u3 2u3 3u3 2u3 3u3 2u3 3u3 0 0 2u3

0 0 0 0 2u3 2u3 3u3 3u3 u3 u3 2u3 3u3 4u3

u3 0 u3 u3 u3 u3 u3 u3 2u3 2u3 2u3 2u3 2u3

0 u3 u3 u3 u3 u3 u3 u3 u3 u3 u3 u3 u3


and

G =



3ε 0 ε 4ε ε 4ε 0 2ε 3ε ε 4ε ε 4ε

4ε ε 2ε 2ε 3ε 3ε 4ε 0 0 ε ε 4ε 4ε

2ε 3ε 3ε 3ε 3ε 3ε 3ε 4ε 4ε 4ε 4ε 4ε 4ε

ε ε ε ε ε ε ε ε ε ε ε ε ε

3u1 0 u1 4u1 u1 4u1 0 2u1 3u1 u1 4u1 u1 4u1

4u1 u1 2u1 2u1 3u1 3u1 4u1 0 0 u1 u1 4u1 4u1

2u1 3u1 3u1 3u1 3u1 3u1 3u1 4u1 4u1 4u1 4u1 4u1 4u1

u1 u1 u1 u1 u1 u1 u1 u1 u1 u1 u1 u1 u1

3u2 0 u2 4u2 u2 4u2 0 2u2 3u2 u2 4u2 u2 4u2

4u2 u2 2u2 2u2 3u2 3u2 4u2 0 0 u2 u2 4u2 4u2

2u2 3u2 3u2 3u2 3u2 3u2 3u2 4u2 4u2 4u2 4u2 4u2 4u2

u2 u2 u2 u2 u2 u2 u2 u2 u2 u2 u2 u2 u2

3u3 0 u3 4u3 u3 4u3 0 2u3 3u3 u3 4u3 u3 4u3

4u3 u3 2u3 2u3 3u3 3u3 4u3 0 0 u3 u3 4u3 4u3

2u3 3u3 3u3 3u3 3u3 3u3 3u3 4u3 4u3 4u3 4u3 4u3 4u3

u3 u3 u3 u3 u3 u3 u3 u3 u3 u3 u3 u3 u3



.

If η1 =
64

65
and η2 =

768

255
, for all c ∈ C, we then have

whom(c) ∈ {75, 150, 183}.

Also, the Ψ(C) generator matrix is determined by

Ψ(G) =
[
D1 D2

]
,
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where

D1 =



00142323230023014140231414 00000000000000000000000000

00002233112344122334001144 00000000000000000000000000

10111111222222333333444444 00000000000000000000000000

01111111111111111111111111 00000000000000000000000000

00142323230023014140231414 00142323230023014140231414

00002233112344122334001144 00002233112344122334001144

10111111222222333333444444 10111111222222333333444444

01111111111111111111111111 01111111111111111111111111

00142323230023014140231414 00000000000000000000000000

00002233112344122334001144 00000000000000000000000000

10111111222222333333444444 00000000000000000000000000

01111111111111111111111111 00000000000000000000000000

00142323230023014140231414 00000000000000000000000000

00002233112344122334001144 00000000000000000000000000

10111111222222333333444444 00000000000000000000000000

01111111111111111111111111 00000000000000000000000000


and

D2 =



00000000000000000000000000 00000000000000000000000000

00000000000000000000000000 00000000000000000000000000

00000000000000000000000000 00000000000000000000000000

00000000000000000000000000 00000000000000000000000000

00000000000000000000000000 00000000000000000000000000

00000000000000000000000000 00000000000000000000000000

00000000000000000000000000 00000000000000000000000000

00000000000000000000000000 00000000000000000000000000

00142323230023014140231414 00000000000000000000000000

00002233112344122334001144 00000000000000000000000000

10111111222222333333444444 00000000000000000000000000

01111111111111111111111111 00000000000000000000000000

00000000000000000000000000 00142323230023014140231414

00000000000000000000000000 00002233112344122334001144

00000000000000000000000000 10111111222222333333444444

00000000000000000000000000 01111111111111111111111111


3.4 Conclusion

This chapter studied linear codes over the particular Frobenius ring R5,3 = F5 + u1F5 +

u2F5 + u3F5, with u2
i = ui and 1 ≤ i ≤ 3, that endowed duality and a Gray map that

preserves distance. Additionally, we principally research the created homogenous weight

on this ring’s structural characteristics.



Chapter 4

HOMOGENEOUS WEIGHTS AND

LINEAR SIMPLEX AND MacDonald

CODES OVER THE RING Rps,θ

4.1 Introduction

Over the past two decades, simplex and MacDonald codes over finite rings have proven

successful in generating new classes of linear codes, particularly in the context of commu-

tative rings such as finite Frobenius rings. This chapter focuses on our efforts to compute

homogeneous points on the novel ring Rps,θ, providing illustrative examples of applica-

tions. Subsequently, we present a fresh definition of simplex and MacDonald codes, along

with the introduction of Gray images for these codes. Lastly, we calculate the cover-

ing radius. Throughout this developmental exploration, we leverage relevant references,

including [21,23,27,49,50,53,80].

52
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4.2 Compute the homogeneous weight on the ring Rps,θ

Using the results of [49,50,53,58], the homogeneous weight on Rps,θ can be determined. In

the first by Theorem 2.2.4, the ideals of F(θ+1)
ps are the followings

(θ+1)︷ ︸︸ ︷
Fps × Fps × . . .× Fps =

⟨(x1, x2, . . . , xθ+1)⟩, x1, x2, . . . , xθ+1 ̸= 0,

Fps × {0} × . . .× {0} = ⟨(x1, 0, . . . , 0)⟩, x1 ̸= 0,
...

{0} × {0} × . . .× Fps = ⟨(0, 0, . . . , xθ+1)⟩, xθ+1 ̸= 0,

{(0, 0, . . . , 0)} = ⟨(0, 0, . . . , 0)⟩. In the light of previous results, we can note that

1. The zero divisors of Fps × Fps × . . .× Fps are (θ + 1)(ps − 1),

2. The unit of Fps × Fps × . . .× Fps are |(Fps × Fps × . . .× Fps)
×| = (ps − 1)(θ+1),

3. The ideals ⟨(x1, 0, . . . , 0)⟩, ⟨(0, x2, . . . , 0)⟩, . . . , ⟨(0, 0, . . . , xθ+1)⟩ in Fps×Fps× . . .×Fps

are maximals.

Our aim of now, is to prove the following result.

Theorem 4.2.1 The homogeneous weight of an element x of Rps,θ in the sense of Defini-

tion 2.2.1, is defined as follows

whom(x) =



0 if x = 0,

η

(
(ps − 1)θ + 1

(ps − 1)θ

)
if x is divisor of zero,

η

(
(ps − 1)(θ+1) + 1

(ps − 1)(θ+1)

)
if x is unit and θ is even,

η

(
(ps − 1)(θ+1) − 1

(ps − 1)(θ+1)

)
if x is unit and θ is odd.

Proof 4.2.2 Let H = Fθ+1
ps , according to Equation (2.10), the homogeneous weight of

x = (x1, x2, . . . , xθ+1) ∈ H is given by

whom(x) = η

1− 1

(ps − 1)θ+1

∑
a∈(H)×

e
2πi
p

tr(⟨a,x⟩Rps,θ
)

 , (4.1)
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with a = (a1, a2, . . . , aθ+1) therefore, we calculate the homogeneous weight on three cases.

Case 1, for (x1, x2, . . . , xθ+1) = (0, 0, . . . , 0), we have tr((0, 0, . . . , 0)) = 0, and

whom((0, 0, . . . , 0)) = η

1− 1

(ps − 1)θ+1

∑
a∈(H)×

e0

 ,

then

whom((0, 0, . . . , 0)) = η

(
1− 1

(ps − 1)θ+1
(ps − 1)θ+1

)
,

so that

whom((0, 0, . . . , 0)) = 0. (4.2)

Case 2, if (x1, x2, . . . , xθ+1) ∈ H is a zero divisor, assume that x2, . . . , xθ+1 = 0 and

x1 ̸= 0(that means x1 ∈ F∗
ps and |F∗

ps| = ps − 1), we have tr(⟨a, x⟩Rps,θ
) = tr(a1x1), a =

(a1, a2, . . . , aθ+1) ∈ (H)×. Then, • The number of elements ρ ∈ F∗
ps, such that tr(ρ) = 0 is

ps−1 − 1. • For j = 1, . . . , p − 1, the number of elements ϱ ∈ F∗
ps, such that tr(ϱ) = j is

ps−1. By Equation (2.11), we have

∑
a∈F∗

ps

e
2πi
p

tr(ax) = (ps−1 − 1)(ps − 1)e
2πi
p

0 + ps−1(ps − 1)

p−1∑
j=1

e
2πj
p

i

= (ps−1 − 1)(ps − 1) + ps−1(ps − 1)(−1)

= −(ps − 1),

consequently

whom((x1, x2, . . . , xθ+1)) = η

(
1− 1

(ps − 1)θ+1
(−(ps − 1))

)
= η

(
(ps − 1)θ + 1

(ps − 1)θ

)
.

Case 3 assume that (x1, x2, . . . , xθ) ∈ H is a unit. Since the set (H)× forms a group
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under the multiplication, consider the following disjoint subsets of (H)×.

S00...0 = ⟨(x1, x2, . . . , xθ+1)⟩ , tr(xi) = 0, i = 1, θ + 1

Sj10...0 = ⟨(x1, x2, . . . , xθ+1)⟩, tr(x1) = j1, tr(xi) = 0, i = 2, θ + 1

...

Sj1j2...jθ+1
= ⟨(x1, x2, . . . , xθ+1)⟩tr(xi) = ji, i = 1, θ + 1.

Then,

|S00...0| = (ps−1 − 1)θ+1

|Sj10...0| = |S0j2...0| = . . . = |S00...jθ+1
| = ps−1(ps−1 − 1)θ

|Sj1j20...0| = |S0j2j3...0| = . . . = |S00...jθjθ+1
| = (ps−1)2(ps−1 − 1)θ−1

...

|Sj1j2...jθ+1
| = (ps−1)θ+1.

Therefore, ∑
a∈(H)×

e
2πi
p

tr(⟨a,x⟩Rps,θ
)

= B0 + B1 + B2 + B3 + . . .+ Bθ.
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Where,

B0 = |S00...0|e
2πi
p

(0),

B1 =

p−1∑
j1=1

|Sj00...0|e
2πi
p

(j1) +

p−1∑
j2=1

|S0j2...0|e
2πi
p

(j2) + . . .+

p−1∑
jθ+1=1

|S00...jθ+1
|e

2πi
p

(jθ+1),

B2 =

p−1∑
j1=1

p−1∑
j2=1

|Sj1j2...0|e
2πi
p

(j1+j2) + . . .+

p−1∑
jθ=1

p−1∑
jθ+1=1

|S00...jθjθ+1
|e

2πi
p

(jθ+jθ+1),

B3 =

p−1∑
j1=1

p−1∑
j2=1

p−1∑
j3=1

|Sj1j2j3...0|e
2πi
p

(j1+j2+j3) + . . .

+

p−1∑
jθ−1=1

p−1∑
jθ=1

p−1∑
jθ+1=1

|S0...jθ−1jθjθ+1
|e

2πi
p

(jθ−1+jθ+jθ+1)

...

Bθ =

p−1∑
j1=1

p−1∑
j2=1

. . .

p−1∑
jθ+1=1

|Sj1j2...jθ+1
|e

2πi
p

(j1+j2+...+jθ+1),

so

B0 = (ps−1 − 1)θ+1,

B1 = (θ + 1)ps−1(ps−1 − 1)θ
p−1∑
j1=1

e
2πi
p

(j1),

B2 = (θ + 1)(ps−1)2(ps−1 − 1)θ
p−1∑
j1=1

e
2πi
p

(j1)
p−1∑
j2=1

e
2πi
p

(j2),

B3 = (θ + 1)(ps−1)3(ps−1 − 1)θ−1

p−1∑
j1=1

e
2πi
p

(j1)
p−1∑
j2=1

e
2πi
p

(j2)
p−1∑
j3=1

e
2πi
p

(j3)

...

Bθ = (ps−1)θ+1

p−1∑
j1=1

e
2πi
p

(j1)
p−1∑
j1=1

e
2πi
p

(j2) . . .

p−1∑
jθ+1=1

e
2πi
p

(jθ+1).
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Hence, ∑
a∈(H)×

e
2πi
p

tr(⟨a,x⟩Rps,θ
)

= (ps−1 − 1)θ+1 + (θ + 1)ps−1(ps−1 − 1)θ(−1)

+(θ + 1)(ps−1)2(ps−1 − 1)θ−1(−1)(−1) + . . .

+(ps−1)θ+1

θ+1︷ ︸︸ ︷
(−1)(−1) . . . (−1) .

Now, assume A = (ps−1 − 1)θ+1 + (θ + 1)ps−1(ps−1 − 1)θ(−1) + (θ + 1)(ps−1)2(ps−1 −

1)θ−1(−1)(−1) + . . .+ (ps−1)θ+1

θ+1︷ ︸︸ ︷
(−1)(−1) . . . (−1), then

A =

 1 if θ odd,

−1 if θ even.

As a result,

whom((x1, x2, . . . , xθ+1)) = η

(
1− 1

(ps − 1)θ+1
A
)
, (4.3)

by Equation (4.3), we have

whom((x1, x2, . . . , xθ+1)) =


η

(
1− 1

(ps − 1)θ+1
)

)
if θ odd,

η

(
1 +

1

(ps − 1)θ+1
)

)
if θ even.

(4.4)

■

Example 4.2.3 Let C0 = C1 = C2 = C3 with Ci is [4, 2]-linear codes, for 0 ≤ i ≤ 3 over

R5,3 = F5+u1F5+u2F5+u3F5, their generator matrices is G0 = G1 = G2 = G3 =

1011
0112

 .

Then the generator matrix of C, as follows G =

1 + 4u1 + 4u2 + 4u3 0 1 + 4u1 + 4u2 + 4u3 1 + 4u1 + 4u2 + 4u3

0 1 + 4u1 + 4u2 + 4u3 1 + 4u1 + 4u2 + 4u3 2 + 3u1 + 3u2 + 3u3

u1 0 u1 u1

0 u1 u1 2u1

u2 0 u2 u2

0 u2 u2 2u2

u3 0 u3 u3

0 u3 u3 2u3



,
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if η =
512

255
, for all c ∈ C, we have whom(c) = 6, furthermore

Ψ(G) =



1011

0112

0000

0000

0000

0000

0000

0000

1011

0112

1011

0112

0000

0000

0000

0000

1011

0112

0000

0000

1011

0112

0000

0000

1011

0112

0000

0000

0000

0000

1011

0112



.

Example 4.2.4 Let C0, C1, C2 and C3 are [6, 3]-linear codes over R5,3 = F5 + u1F5 +

u2F5 + u3F5, with generator matrices G0 = G1 =


100224

010313

001422

, G2 =


100111

010123

001132

 and G3 =


100111

010321

201043

 . Assume that ε = 1 + 4u1 + 4u2 + 4u3, then

G =



ε 0 0 2ε 2ε 4ε

0 ε 0 3ε ε 3ε

0 0 ε 4ε 2ε 2ε

u1 0 0 2u1 2u1 4u1

0 u1 0 3u1 u1 3u1

0 0 u1 4u1 2u1 2u1

u2 0 0 u2 u2 u2

0 u2 0 u2 2u2 3u2

0 0 u2 u2 3u2 2u2

u3 0 0 u3 u3 u3

0 u3 0 3u3 2u3 u3

2u3 0 u3 0 4u3 3u3



.
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If η =
768

255
, for all c ∈ C, we have whom(c) = 12, furthermore

Ψ(G) =



100224

010313

001422

000000

000000

000000

000000

000000

000000

000000

000000

000000

100224

010313

001422

100224

010313

001422

000000

000000

000000

000000

000000

000000

100224

010313

001422

000000

000000

000000

100111

010123

001132

000000

000000

000000

100224

010313

001422

000000

000000

000000

000000

000000

000000

100111

010321

201043



.

4.3 A new presentation of some linear codes over Rps,θ

In general, the construction of linear simplex and MacDonald codes is given in several

articles, see [3, 4, 17, 21, 23]. In the next theorems, we devise a new construction of some

linear codes over Rps,θ.

Theorem 4.3.1 The generator matrix Gα,θ
k of Sα,θ

k , a linear simplex code of type α over

Rps,θ, is

Gα,θ
k = (1− u1 − . . .− uθ)Gα

k + (u1)σ1(Gα
k ) + . . .+ (uθ)σθ(Gα

k ) , (4.5)

with σi(Gα
k ) and Gα

k , for 1 ≤ i ≤ θ are equivalent matrices. where, Gα
k =


psθk︷ ︸︸ ︷

Gα
k Gα

k . . . Gα
k


and Gα

k is the generator matrix of a linear simplex code of type α over Fps.

Proof 4.3.2 If Rps,θ = {0, η1, η2, . . . , ηp(θ+1)s−1}, let Gα,θ
k is a generator matrix of simplex
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codes of type α over Rps,θ. According to [21], we have

Gα,θ
k =

 00 . . . 0 η1η1 . . . η1 . . . ηp(θ+1)s−1ηp(θ+1)s−1 . . . ηp(θ+1)s−1

Gα,θ
k−1 Gα,θ

k−1 . . . Gα,θ
k−1

 . (4.6)

By Equation (2.5), the elements ηi, for 1 ≤ i ≤ p(θ+1)s − 1 are expressed in the form

0 = (1− u1 − . . .− uθ)0 + u10 + . . .+ uθ0

η1 = (1− u1 − . . .− uθ)a
1
0 + u1(a

1
1 + a10) + . . .+ uθ(a

1
θ + a10)

...

ηp(θ+1)s−1 = (1− u1 − . . .− uθ)a
p(θ+1)s−1
0 + . . .+ uθ(a

p(θ+1)s−1
θ + ap

(θ+1)s−1
0 ),

where aji ∈ Fps = {ξ0, ξ1, . . . , ξps−1}, with 1 ≤ j ≤ p(θ+1)s − 1 and 0 ≤ i ≤ θ. The elements

ηi, 1 ≤ i ≤ p(θ+1)s − 1 allow us to see that the generator matrix take the form

Gα,θ
k = (1− u1 − . . .− uθ)Gα

k + (u1)σ1(Gα
k ) + . . .+ (uθ)σθ(Gα

k ), (4.7)

where

Gα
k =


pθsk︷ ︸︸ ︷

ξ0 . . . ξ0 ξ1 . . . ξ1 . . . ξp
s−1 . . . ξp

s−1

Gα
k−1 Gα

k−1 . . . Gα
k−1

 .

■

Remark 4.3.3 The code generated by this matrix, is called a simplex linear code of type

α over Rps,θ, of length p(θ+1)sk and the number of codewords is p(θ+1)s.

Example 4.3.4 For R22,1 = F4+u1F4 where, F4 = {0, 1, ξ, ξ2 = ξ+1}. A genrator matrix

of a linear simplex code over R22,1 = F4 + u1F4 is

Gα,1
k = (1− u1)Gα

k + (u1)σ1(Gα
k ),

for k = 1, we have

Gα,1
1 = (1− u1)

[
01ξξ201ξξ201ξξ201ξξ2

]
+ (u1)σ1

([
01ξξ201ξξ201ξξ201ξξ2

])
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for k = 2, we have

Gα,1
2 = (1− u1)


16︷ ︸︸ ︷

00001111ξξξξξ2ξ2ξ2ξ2

01ξξ201ξξ201ξξ201ξξ2

+ (u1)σ1




16︷ ︸︸ ︷
00001111ξξξξξ2ξ2ξ2ξ2

01ξξ201ξξ201ξξ201ξξ2


 .

As an immediate consequence of Theorem 4.3.1, we obtain the following.

Corollary 4.3.5 The generator matrix Gα,θ
k,t of Mα,θ

k,t , the linear MacDonald codes of type

α over Rps,θ, is given by

Gα,θ
k,t = (1− u1 − . . .− uθ)Gα

k,t + (u1)η1(Gα
k,t) + . . .+ (uθ)ηθ(Gα

k,t) , (4.8)

with, ηi(Gα
k,t) and Gα

k,t, for 1 ≤ i ≤ θ and 1 ≤ t ≤ k − 1 are equivalent matrices. Where,

Gα
k,t =


psθk︷ ︸︸ ︷

Gα
k,t Gα

k,t . . . Gα
k,t

 and Gα
k,t is the generator matrix of linear MacDonald

codes of type α over Fps.

Proof 4.3.6 Using similar method as in Theorem 4.3.1.

Remark 4.3.7 The code generated by the matrix Gα,θ
k,t , is called linear MacDonald codes

of type α over Rps,θ, of length p(θ+1)sk − p(θ+1)st and the number of code words is p(θ+1)s.

Example 4.3.8 For R3,3 = F3 + u1F3 + u2F3 + u3F3, the genrator matrix of linear Mac-

Donald codes over R3,3 is

Gα,3
k,t = (1− u1 − u2 − u3)Gα

k,t + (u1)η1(Gα
k,t) + (u2)η2(Gα

k,t) + (u3)η3(Gα
k,t) ,

for k = 3 and 1 ≤ t ≤ 2, we have

Gα,3
3,t = (1− u1 − u2 − u3)Gα

3,t + (u1)η1(Gα
3,t) + (u2)η2(Gα

3,t) + (u3)η3(Gα
3,t) ,

with Gα
3,1 =


111111111 222222222

000111222 000111222

012012012 012012012

 and Gα
3,2 =


000000 111111111 222222222

111222 000111222 000111222

012012 012012012 012012012

 .
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4.4 The Gray images of linear simplex and MacDonald

codes

From the relations given in Theorem 2.1.19 and Corollary 2.1.18, It is simple to achieve

the following consequences.

Theorem 4.4.1 Let Sα,θ
k = (1 − u1 − . . . − uθ)Sα

k ⊕ (u1)σ1(Sα
k ) ⊕ . . . ⊕ (uθ)σθ(Sα

k ) be

a linear simplex code of length n over Rps,θ, where Sα
k and σi(Sα

k ), for 1 ≤ i ≤ θ are

[n; k; di]-linear codes of type α over Fps. Then Φ(Sα,θ
k ) = Sα

k ⊗ σ1(Sα
k ) ⊗ . . . ⊗ σθ(Sα

k ) is[
(θ + 1)n; k; d =

θ∑
i=0

di

]
-linear simplex code of type α over Fps.

Proof 4.4.2 If, Sα,θ
k = (1− u1 − . . .− uθ)Sα

k ⊕ (u1)σ1(Sα
k )⊕ . . .⊕ (uθ)σθ(Sα

k ), then

Φ(Sα,θ
k ) = Φ((1− u1 − . . .− uθ)Sα

k ⊕ (u1)σ1(Sα
k )⊕ . . .⊕ (uθ)σθ(Sα

k )).

Since the Gray map Φ is linear, we have,

Φ(Sα,θ
k ) = Φ((1− u1 − . . .− uθ)Sα

k )⊕ Φ((u1)σ1(Sα
k ))⊕ . . .⊕ Φ((uθ)σθ(Sα

k )).

So that,

Φ(Sα,θ
k ) = Sα

k ⊗ σ1(Sα
k )⊗ . . .⊗ σθ(Sα

k ).

■

Corollary 4.4.3 If G0, G1, . . . , Gθ are generator matrices of Φ(Sα
k ), Φ(σ1(Sα

k )), . . ., Φ(σθ(Sα
k ))

respectively, then the generator matrix of Φ(Sα,θ
k ) is a permutation equivalent of the matrix

Φ(Gα,θ
k ) =

[
G0 G1 . . . Gθ

]
.

Proof 4.4.4 The matrices Φ(Sα
k ), Φ(σ1(Sα

k )), . . ., Φ(σθ(Sα
k )) have the same dimension.

Then, the matrix Φ(Gα,θ
k ) is a direct result of Theorem 4.4.1.

Corollary 4.4.5 Let Mα,θ
k,t = (1 − u1 − . . . − uθ)Mα

k ⊕ (u1)η1(Mα
k ) ⊕ . . . ⊕ (uθ)ηθ(Mα

k )

be a linear MacDonald code of type α of length n over Rps,θ, where Mα
k and ηi(Mα

k ), for

1 ≤ i ≤ θ are [n; k; di]-linear code over Fps. Then Φ(Mα,θ
k,t ) = Mα

k ⊗η1(Mα
k )⊗ . . .⊗ηθ(Mα

k )

is
[
(θ + 1)n; k; d =

θ∑
i=0

di

]
-linear MacDonald code of type α over Fps.
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Proof 4.4.6 The same proof as in Theorem 4.4.1.

Corollary 4.4.7 If G0,G1, . . . ,Gθ are generator matrices of Φ(Mα
k,t), Φ(η1(Mα

k,t)), . . .,

Φ(ηθ(Mα
k,t)) respectively, then the generator matrix of Φ(Sα,θ

k ) is a permutation equivalent

of the matrix

Gα,θ
k,t =

[
G0 G1 . . . Gθ

]
.

Proof 4.4.8 The same proof as in Corollary 4.4.3.

■

4.5 Covering Radius of linear simplex and MacDonald

codes

We can also calculate the covering radius of simplex and MacDonald linear codes of type

α over Rps,θ, [67], [71], [40].

Theorem 4.5.1 The covering radii of linear simplex and MacDonal codes Sα,θ
k and Mα,θ

k,t

are given

1. rhom(Sα,θ
k ) ≥ (θ + 1)psk

2. rhom(Mα,θ
k,t ) ≥ (θ + 1)

[
p(θ+1)sk − p(θ+1)st

]
, for t < r ≤ k.

Proof 4.5.2 Let, Sα,θ
k = (1−u1− . . .−uθ)Sα

k ⊕(u1)σ1(Sα
k )⊕ . . .⊕(uθ)σθ(Sα

k ). By Equation

(2.16), we have

rhom(Sα,θ
k ) ≥ rhom((1− u1 − . . .− uθ)Sα

k ) + rhom((u1)σ1(Sα
k )) + . . .+ rhom((uθ)σθ(Sα

k )),

then

rhom(Sα,θ
k ) ≥ rhom(Sα

k ) + rhom(σ1(Sα
k )) + . . .+ rhom(σθ(Sα

k )). (4.9)
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According to Equation (4.9), we get

rhom(Sα,θ
k ) ≥ (θ + 1)rhom(Sα

k ).

Combining Equations (2.14) and (2.17), we have

rhom(Sα
k ) = (ps − 1)

[
ps(k−1) + ps(k−2) + . . .+ ps.1

]
+ ps,

so

rhom(Sα
k ) = ps

[
ps(k−1) − 1

]
+ ps. (4.10)

Equation (4.10), leads us towards the following important result

rhom(Sα,θ
k ) ≥ (θ + 1)psk.

The proof for second part are obtained using a similar approach.

■

Theorem 4.5.3 The covering radii of linear Gray images of simplex and MacDonald codes

Φ(Sα,θ
k ) and Φ(Mα,θ

k,t ) are

[1 ] rhom(Φ(Sα,θ
k )) = (θ + 1)psk

[2 ] rhom(Φ(Mα,θ
k,t )) ≥ (θ + 1)

[
p(θ+1)sk−1 − p(θ+1)st−1

]
, for t < r ≤ k.

Proof 4.5.4 Let Φ(Sα,θ
k ) = Sα

k σ1(Sα
k ) . . . σθ(Sα

k ) by Equation (2.15), we have

rhom(Φ(Sα,θ
k )) = rhom(Sα

k ) + rhom(σ1(Sα
k )) + . . .+ rhom(σθ(Sα

k )),

Similar arguments using proof of Theorem 4.5.1, give that

rhom(Φ(Sα,θ
k )) = (θ + 1)psk

For the second part, By Equations (2.15) and (2.17), we obtain that

rhom(Φ(Mα,θ
k,t )) ≥ (θ + 1)

[
p(θ+1)sk−1 − p(θ+1)st−1

]
, for t < r ≤ k.

■
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4.6 Examples

Based on [21] and [23], we will exhibit example of linear simplex and MacDonald codes of

type α over the rings R7,2 = F7+u1F7+u2F7 and R3,2 = F3+u1F3+u2F3, and their Gray

images.

Sα,θ
k (n) k dhom rhom(Sα,θ

k )

343 1 2052 ≥ 21

117649 2 73 × 2052 ≥ 147

40353607 3 76 × 2052 ≥ 1029

13841287201 4 79 × 2052 ≥ 7203

Table 4.1: Simplex codes of type α over R7,2, with η = 1296
217

.

Φ(Sα,θ
k ) = [n, k] dHam rHam(Φ(Sα,θ

k ))

[1029, 1] 882 21

[352947, 2] 73 × 882 147

[121060821, 3] 76 × 882 1029

[41523861603, 4] 79 × 882 7203

Table 4.2: Gray images of Simplex codes of type α over R7,2.

Mα,θ
k,t (n) k dhom rhom(Mα,θ

k,t )

18954 3 26× 35 26× 36

530712 4 728× 35 728× 36

14348178 5 19682× 35 19682× 36

387419760 6 531440× 35 531440× 36

Table 4.3: MacDonald codes of type α over R3,2, with η = 1296
217

and t = 2.
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Φ(Mα,θ
k,t ) = [n, k] dham rhom(Φ(Mα,θ

k,t ))

[56862, 3] 54 162

[1592136, 4] 216 648

[430443534, 5] 702 2106

[1162259280, 6] 2160 6480

Table 4.4: Gray images of MacDonald codes of type α over R3,2.

4.7 Simplex and MacDonald LCD Codes over Rps,θ

A linear code C is an LCD code over Rps,θ = Fps+u1Fps+. . .+uθFps if satisfy C∩C⊥ = {0}.

According to [3,4,6,17,29,30,44], in the following theorem, we determine the characteristics

for a linear code to be an LCD code over Rps,θ.

Theorem 4.7.1 Simplex and MacDonald LCD codes Sα,θ
k and Mα,θ

k,t satisfies

1. Sα,θ
k = (1 − u1 − . . . − uθ)Sα

k ⊕ (u1)σ1(Sα
k ) ⊕ . . . ⊕ (uθ)σθ(Sα

k ) is an LCD code over

Rps,θ if and only if Sα
k , σ1(Sα

k ), . . . , σθ(Sα
k ) are LCD codes over Fps.

2. Mα,θ
k,t = (1 − u1 − . . . − uθ)Mα

k ⊕ (u1)η1(Mα
k ) ⊕ . . . ⊕ (uθ)ηθ(Mα

k ) is an LCD code

over Rps,θ if and only if Mα
k , η1(Mα

k ), . . . , ηθ(Mα
k ) are LCD codes over Fps.

Proof 4.7.2 By [Theorem 3.3, [47], Let C = (1− u− v)C1 ⊕ uC2 ⊕ vC3 be a linear code

of length n over R. Then C⊥ = (1− u− v)C⊥
1 ⊕ uC⊥

2 ⊕vC⊥
3 ].

So

if

Sα,θ
k = (1− u1 − . . .− uθ)Sα

k ⊕ (u1)σ1(Sα
k )⊕ . . .⊕ (uθ)σθ(Sα

k ),

then

(Sα,θ
k )⊥ = (1− u1 − . . .− uθ)(Sα

k )
⊥ ⊕ (u1)(σ1(Sα

k ))
⊥ ⊕ . . .⊕ (uθ)(σθ(Sα

k ))
⊥.
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Let Sα,θ
k is an LCD code over Rps,θ then the intersection of

Sα,θ
k ∩ (Sα,θ

k )⊥ = {0} ⇔ (1− u1 − . . .− uθ)(Sα
k ∩ (Sα

k )
⊥)

⊕(u1)(σ1(Sα
k ) ∩ (σ1(Sα

k ))
⊥)⊕ . . .⊕

(uθ)(σθ(Sα
k ) ∩ (σθ(Sα

k ))
⊥) = {0}

⇔ (Sα
k ∩ (Sα

k )
⊥) = {0}, (σ1(Sα

k ) ∩ (σ1(Sα
k ))

⊥) = {0}, . . . ,

(σθ(Sα
k ) ∩ (σθ(Sα

k ))
⊥) = {0}.

So that Sα
k , σ1(Sα

k ), . . . , σθ(Sα
k ) are LCD codes over Fps. The same for the second part.

■

Theorem 4.7.3 If Sα,θ
k and Mα,θ

k,t are LCD codes over Rps,θ then Φ(Sα,θ
k ) and Φ(Mα,θ

k,t )

are LCD codes over Fps.

Proof 4.7.4 According to the definition of Φ(Sα,θ
k ), we have

Φ(Sα,θ
k ) ∩ Φ(Sα,θ

k )⊥ = Φ(Sα,θ
k ∩ (Sα,θ

k )⊥) (4.11)

but

Φ(Sα,θ
k ∩ (Sα,θ

k )⊥) = Φ(((1− u1 − . . .− uθ)Sα
k ⊕ (u1)σ1(Sα

k )⊕ . . .

⊕(uθ)σθ(Sα
k )) ∩ ((1− u1 − . . .− uθ)(Sα

k )
⊥

⊕(u1)(σ1(Sα
k ))

⊥ ⊕ . . .⊕ (uθ)(σθ(Sα
k )))

⊥)

= Φ((1− u1 − . . .− uθ)(Sα
k ∩ (Sα

k )
⊥)

⊕(u1)(σ1(Sα
k ) ∩ (σ1(Sα

k ))
⊥)⊕ . . .

⊕(uθ)(σθ(Sα
k ) ∩ (σθ(Sα

k ))
⊥)

= (Sα
k ∩ (Sα

k )
⊥)(σ1(Sα

k ) ∩ (σ1(Sα
k ))

⊥)

. . . (σθ(Sα
k ) ∩ (σθ(Sα

k ))
⊥)

According to Theorem 4.7.1 and Equation (4.11), we have Φ(Sα,θ
k ) ∩ Φ(Sα,θ

k )⊥ = 0. The

same for the code Φ(Mα,θ
k,t ).

■
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4.8 Conclusion

This chapter presents a new method for constructing simplex and MacDonald codes over

Rps,θ = Fps + u1Fps + . . .+ uθFps . The advantage of this construction lies in its simplicity

for defining Gray images and LCD codes over this ring. Additionally, we acknowledge the

significance of the study on homogeneous weight, which has played a crucial role in defining

the covering radius.



Chapter 5

MULTI-SECRET SHARING

SCHEMES ON SIMPLEX AND

MacDonald LINEAR CODES OVER R

Secret-sharing schemes are a crucial concept in cryptography, designed to safeguard high-

value data [8]. Numerous research efforts have focused on developing linear codes over finite

rings to achieve perfect secret sharing. Based on the definitions provided in [21–23,26,48],

simplex and MacDonald codes can be defined over the product of three finite commutative

rings, R = R1R2R2, with R1 = Zq + v1Zq, v
2
1 = 1 is commutative ring and R2 = Zq +

v1Zq + v2Zq,R3 = Zq + v1Zq + v2Zq + v3Zq are two other commutatives rings with v2i = 0,

for 2 ≤ i ≤ 3. For this purpose, let us introduce some definitions that will be helpful later

on [27,28,59,65,68].

69
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5.1 Gray map and Gray images of linear codes over R

In this section, we introduce the Gray Map and Gray Images of linear codes over the ring

R to Z9
q. Let’s commence with the definitions of

ϕ1 : R1 → Z2
q

x 7→ ϕ1(x) = (x1, x2),
(5.1)

ϕ2 : R2 → Z3
q

y 7→ ϕ2(y) = (y1, y2, y3),
(5.2)

and
ϕ3 : R3 → Z4

q

z 7→ ϕ3(z) = (z1, z2, z3, z4).
(5.3)

By this maps Gray map Ψ, is defined by

Ψ : R1R2R3 → Z9
q

c = (x, y, z) 7→ Ψ(c) = Ψ(ϕ1(x), ϕ2(y), ϕ3(z)),
(5.4)

where Ψ(c) = (x1, x2, y1, y2, y3, z1, z2, z3, z4).

It is easy to see that this map can be extended from Rn to Z9n
q . Therefore, the following

theorem holds.

Theorem 5.1.1 If C is a linear code over R of length n, then Φ(C) is a linear code with

parameters [9n, k, dH ].

5.2 MacDonald and simplex codes over R

Theorem 5.2.1 Let mα
k,R1

, Gα
k,R2

and Gα
k,R3

be the generator matrices of length q2k, q3k and q4k

of linear α-simplex codes over R1,R2 and R3 respectively.Then, the generator matrix Θα
k,R

of linear α-simplex codes over R of length n = 3q9k, as follows

Θα
k,R =

[
q9k︷ ︸︸ ︷

mα
k,R1

q9k︷ ︸︸ ︷
Gα

k,R2

q9k︷ ︸︸ ︷
Gα
k,R3

]
. (5.5)
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Proof 5.2.2 Construct the generator matrix Θα
k,R of linear α-simplex codes over R, from

the concatination of q7k copies of the generator matrix mα
k,R1

, q6k copies of the generator

matrix Gα
k,R2

and q5k copies of the generator matrix Gα
k,R3

given by

Θα
k,R =

[
q2kq7k︷ ︸︸ ︷
mα

k,R1

q3kq6k︷ ︸︸ ︷
Gα

k,R2

q4kq5k︷ ︸︸ ︷
Gα
k,R3

]
. (5.6)

■

We also, the α −MacDonald linear codes over R = R1R2R2 are given by the following

theorem.

Corollary 5.2.3 Let mα
k,u,R1

, Gα
k,u,R2

and Gα
k,u,R3

be the generator matrices of length (q2k−

q2u), (q3k − q3u) and (q4k − q4u) of linear α-MacDonald codes over R1,R2 and R3 respec-

tively.Then, the generator matrix Θα
R,k,u of α-MacDonald codes over R, as follows,

Θα
k,u,R =

[
q9k−q9u︷ ︸︸ ︷
mα

k,u,R1

q9k−q9u︷ ︸︸ ︷
Gα

k,u,R2

q9k−q9u︷ ︸︸ ︷
Gα
k,u,R3

]
. (5.7)

The generator matrix Θα
R,k,u of α-MacDonald codes over R of length n = 3[q9k − q9u].

Proof 5.2.4 Same proof as Theorem 5.2.1.

■

5.3 Gray images of linear α-simplex and α-MacDonald

codes

According to Theorem 5.2.1 , if Φ is Gray map with the Lee weight minimal dLee, we have

the following results .

Theorem 5.3.1 The code Φ(Sα
k ) is equivalent to 3q9k copies of the simplex codes over Zq.

Proof 5.3.2 The code Φ(Sα
k ) is equivalent to 3q9k copies of the simplex code [Φ(Sα

k,R1
) |

Φ(Sα
k,R2

) | Φ(Sα
k,R3

)] with Φ(Sα
k,R1

) is the q2kq7k copies of the Sα
k,Zq

simplex code over Zq,

Φ(Sα
k,R2

) is the q3kq6k copies of the Sα
k,Zq

simplex code over Zq, and Φ(Sα
k,R3

) is the q4kq5k

copies of the Sα
k,Zq

simplex code over Zq. Then we have the result.
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■

Proposition 5.3.3 The generator matrix Φ(Θα
k,R) is a permutation equivalent of the ma-

trix

Φ(Θα
k,R) =

 33q9k︷ ︸︸ ︷
Gα

k,Zq
Gα

k,Zq
. . . Gα

k,Zq

 , (5.8)

with Gα
k,Zq

is a generator matrix of Sα
k,Zq

, simplex codes over Zq.

Similarly, we can define α-MacDonald codes and their corresponding generator matrix.

Proposition 5.3.4 The generator matrix of Φ(Θα
k,u,R), for 1 ≤ u ≤ k−1 is a permutation

equivalent of the matrix

Φ(Θα
k,u,R) =


3[q9k−q9u]

qk−qu︷ ︸︸ ︷
Mα

k,u,Zq
Mα

k,u,Zq
· · ·Mα

k,u,Zq

 , (5.9)

with Mα
k,u,Zq

is a generator matrix of Mα
k,u,Zq

, α-MacDonald codes over Zq.

5.4 Multi-secret sharing schemes on linear codes

Minimal linear codes belong to a subclass of codes utilized in secret-sharing systems and

multi-secret-sharing schemes. In our work, we employ multi-secret sharing by utilizing the

Gray images of α-MacDonald codes over R = R1R2R3 due to their minimal properties.

According to [2, 24, 78, 82], we construct the Mutli-secret sharing schemes based on linear

codes. We need an α-MacDonald code over Zq with generator matrix Φ(Θα
k,R) and using

the Theorem 6 [82] and [19]. Let a codewords be the secret S = (s1, s2, . . . , sn) in Zn
q

is the secret space. The minimal access elements of a generator matrix Φ(Θα
k,R) are the

rows{g1, g2 . . . , gn}, and all of the elements Φ(Θα
k,R) are participants in this scheme. The

calculates of the dealer share t is given by

t = ⟨c, S⟩ = c.S⊤. (5.10)
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Where S is the dealer, S⊤ denotes transposition of S and c is the codeword. The following

system defines the private secret S and the coalition corresponding to the rows of Φ(Θα
k,R).

T⊤ = Φ(Θα
k,R).S

⊤, (5.11)

where T = (t1, t2, . . . , tk), and ti is the share attached to the row i of Φ(Θα
k,R). The secret

then be obtained by solving the n equations and n unknowns by following linear system. T⊤ = Φ(Θα
k,R).S

⊤

0 = H(Θα
k,u,R).S

⊤.
(5.12)

And using Theorem 6 in [82],

rank(Φ(Θα
k,R)) = rank(Φ(Θα

k,u,R)
⊤Φ(Θα

k,u,R)) ⇔ C LCD codes. (5.13)

Example 5.4.1 We consider R = (Z5+v1Z5)(Z5+v1Z5+v2Z5)(Z5+v1Z5+v2Z5+v3Z5).

For k = 2, u = 1, a generator matrix of Gray images of α-MacDonald code is,

Φ(Θα
2,1,R) =

58×1464843︷ ︸︸ ︷100001111222223333344444
012341234012340123401234

 =

58×1464843︷ ︸︸ ︷g1
g2

 ,

and

rank(Φ(Θα
2,1,R)) = rank(Φ(Θα

2,1,R)
⊤Φ(Θα

2,1,R)) = 2.

The parity-check matrix H(Θα
2,1,R) of this code is,

H(Θα
2,1,R) =

58×1464843︷ ︸︸ ︷

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 4
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 3
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 2
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 3 4
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 3 3
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 3 2
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 3 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 2 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 2 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 2 3
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 2 2
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 2 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 3
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 2
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1


=

58×1464843︷ ︸︸ ︷

y1
y2
y3
y4
y5
y6
y7
y8
y9
y10
y11
y12
y13
y14
y15
y16
y17
y18
y19
y20
y21
y22


.
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There are 25 codewords of Φ
(
Mα

2,1

)
. These codewords are

(

58×1464843︷ ︸︸ ︷
000000000000000000000000), (

58×1464843︷ ︸︸ ︷
100001111222223333344444),

(

58×1464843︷ ︸︸ ︷
012341234012340123401234), (

58×1464843︷ ︸︸ ︷
024132413024130241302413),

(

58×1464843︷ ︸︸ ︷
031423142031420314203142), (

58×1464843︷ ︸︸ ︷
043214321043210432104321),

(

58×1464843︷ ︸︸ ︷
112342340234013401240123), (

58×1464843︷ ︸︸ ︷
124133024241303024141302),

(

58×1464843︷ ︸︸ ︷
131424203203143142042031), (

58×1464843︷ ︸︸ ︷
143210432210433210443210),

(

58×1464843︷ ︸︸ ︷
200002222444441111133333), (

58×1464843︷ ︸︸ ︷
212343401401231234034012),

(

58×1464843︷ ︸︸ ︷
224134130413021302430241), (

58×1464843︷ ︸︸ ︷
231420314420311420331420),

(

58×1464843︷ ︸︸ ︷
243211043432101043232104), (

58×1464843︷ ︸︸ ︷
300003333111114444422222),

(

58×1464843︷ ︸︸ ︷
312344012123404012323401), (

58×1464843︷ ︸︸ ︷
324130241130244130224130),

(

58×1464843︷ ︸︸ ︷
331421420142034203120314), (

58×1464843︷ ︸︸ ︷
343212104104324321021043),

(

58×1464843︷ ︸︸ ︷
400004444333332222211111), (

58×1464843︷ ︸︸ ︷
412340123340122340112340),

(

58×1464843︷ ︸︸ ︷
424131302302412413013024), (

58×1464843︷ ︸︸ ︷
431422031314202031414203),

(

58×1464843︷ ︸︸ ︷
443213210321042104310432).

Now, we examine a Multi secret-sharing scheme based on Φ
(
Mα

2,1

)
. Let the secret vector

be S =

58×1464843︷ ︸︸ ︷
112342340234013401240123, we calculate the shares as follows

t⊤1 = g1S
⊤ =< (

58×1464843︷ ︸︸ ︷
100001111222223333344444), (

58×1464843︷ ︸︸ ︷
112342340234013401240123) >= 0

t⊤2 = g2S
⊤ =< (

58×1464843︷ ︸︸ ︷
012341234012340123401234), (

58×1464843︷ ︸︸ ︷
112342340234013401240123) >= 0.

Moreover, yiS⊤ =< yi, (

58×1464843︷ ︸︸ ︷
112342340234013401240123) >= 0, for 1 ≤ i ≤ 22. Using Equa-
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tion 5.12, we should solve the following linear system to recover the secret.

58×1464843︷ ︸︸ ︷

1 0 0 0 0 1 1 1 1 2 2 2 2 2 3 3 3 3 3 4 4 4 4 4
0 1 2 3 4 1 2 3 4 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 4
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 3
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 2
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 3 4
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 3 3
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 3 2
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 3 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 2 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 2 4
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 2 3
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 2 2
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 2 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 4
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 3
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 2
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1


.

58×1464843︷ ︸︸ ︷

s1
s2
s3
s4
s5
s6
s7
s8
s9
s10
s11
s12
s13
s14
s15
s16
s17
s18
s19
s20
s21
s22
s23
s24


=

58×1464843︷︸︸︷

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0


(5.14)

we have, this linear system wich are repeated 58 × 1464843 times.



76
                                                                                                                                                                s

1
+

s
6
+

s
7
+

s
8
+

s
9
+

2
s
1
0

+
2
s
1
2
+

2
s
1
3
+

2
s
1
4
+

3
s
1
5
+

3
s
1
6
+

2
s
1
7
+

3
s
1
8
+

3
s
1
9
+

4
s
2
0
+

s
2
1
+

4
s
2
2
+

4
s
2
3
+

4
s
2
4

=
0

s
2
+

2
s
3
+

3
s
4
+

4
s
5
+

s
6
+

2
s
7
+

3
s
8
+

4
s
9

+
s
1
1
+

2
s
1
2
+

3
s
1
3
+

4
s
1
4

+
s
1
6
+

2
s
1
7
+

3
s
1
8
+

4
s
1
9

+
s
2
1
+

2
s
2
2
+

3
s
2
3
+

4
s
2
4

=
0

s
1

+
3
s
2
4

=
0

s
2

+
2
s
2
4

=
0

s
3

+
s
2
4

=
0

s
4

+
4
s
2
3
+

4
s
2
4

=
0

s
5

+
4
s
2
3
+

3
s
2
4

=
0

s
6

+
4
s
2
3
+

2
s
2
4

=
0

s
7

+
4
s
2
3
+

s
2
4

=
0

s
8

+
3
s
2
3

=
0

s
9

+
3
s
2
3
+

4
s
2
4

=
0

s
1
0

+
3
s
2
3
+

3
s
2
4

=
0

s
1
1

+
3
s
2
3
+

2
s
2
4

=
0

s
1
2

+
3
s
2
3
+

s
2
4

=
0

s
1
3

+
2
s
2
3

=
0

s
1
4

+
2
s
2
3
+

1
s
2
4

=
0

s
1
5

+
2
s
2
3
+

3
s
2
4

=
0

s
1
6

+
2
s
2
3
+

2
s
2
4

=
0

s
1
7

+
2
s
2
3
+

s
2
4

=
0

s
1
8

+
s
2
3

=
0

s
1
9

+
s
2
3
+

s
2
4

=
0

s
2
0

+
s
2
3
+

s
2
4

=
0

s
2
1

+
s
2
3
+
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2
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+
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Remark 5.4.2 The code Φ
(
Mα

2,1

)
is an LCD code but det

Φ(Θα
2,1,R)

H(Θα
2,1,R)

 = 0 , then this

system does not recover the secret.

Example 5.4.3 Let R = (Z3 + v1Z3)(Z3 + v1Z3 + v2Z3)(Z3 + v1Z3 + v2Z3 + v3Z3). For

k = 3, a generator matrix of the code Φ
(
Mα

3,1

)
is given by

Φ(Θα
3,1,R) =

39×48427561︷ ︸︸ ︷
100000000 11111111 222222222

010011222 00111222 000111222

001212012 12012012 012012012

 =

39×48427561︷ ︸︸ ︷
g1

g2

g3

 ,

and

rank(Φ(Θα
3,1,R)) = rank(Φ(Θα

3,1,R)
⊤Φ(Θα

3,1,R)) = 3,

the parity-check matrix H(Θα
3,1,R) of this code is

H(Θα
3,1,R) =

39×48427561︷ ︸︸ ︷

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 2 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 2
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 1
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 2 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 2 2
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 2
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 2 0 1 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 2 2
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 2 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 2
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 2 2
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 2 0 1 2
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 0 2 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1


=

39×48427561︷ ︸︸ ︷

y1
y2
y3
y4
y5
y6
y7
y8
y9
y10
y11
y12
y13
y14
y15
y16
y17
y18
y19
y21
y21
y22
y23


, (5.15)

there are 27 codewords of Φ
(
Mα

3,1

)
. These codewords are
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(

39×48427561︷ ︸︸ ︷
00000000000000000000000000), (

39×48427561︷ ︸︸ ︷
00121201212012012012012012),

(

39×48427561︷ ︸︸ ︷
00212102121021021021021021), (

39×48427561︷ ︸︸ ︷
01001122200111222000111222),

(

39×48427561︷ ︸︸ ︷
01122020112120201012120201), (

39×48427561︷ ︸︸ ︷
01210221021102210021102210),

(

39×48427561︷ ︸︸ ︷
02002211100222111000222111), (

39×48427561︷ ︸︸ ︷
02120112012201120012201120),

(

39×48427561︷ ︸︸ ︷
02211010221210102021210102), (

39×48427561︷ ︸︸ ︷
10000000011111111222222222),

(

39×48427561︷ ︸︸ ︷
10121201220120120201201201), (

39×48427561︷ ︸︸ ︷
10212102102102102210210210),

(

39×48427561︷ ︸︸ ︷
11001122211222000222000111), (

39×48427561︷ ︸︸ ︷
11122020120201012201012120),

(

39×48427561︷ ︸︸ ︷
11210221002210021210021102), (

39×48427561︷ ︸︸ ︷
12002211111000222222111000),

(

39×48427561︷ ︸︸ ︷
12120112020012201201120012), (

39×48427561︷ ︸︸ ︷
12211010202021210210102021),

(

39×48427561︷ ︸︸ ︷
20000000022222222111111111), (

39×48427561︷ ︸︸ ︷
20121201201201201120120120),

(

39×48427561︷ ︸︸ ︷
20212102110210210102102102), (

39×48427561︷ ︸︸ ︷
21001122222000111111222000),

(

39×48427561︷ ︸︸ ︷
21220201011121201202010112), (

39×48427561︷ ︸︸ ︷
21122020101012120120201012),

(

39×48427561︷ ︸︸ ︷
21210221010021102102210020), (

39×48427561︷ ︸︸ ︷
22120112001120012120012200),

(

39×48427561︷ ︸︸ ︷
22211010210102020102020202).

Now, we examine a Multi-secret sharing schemes based on Φ
(
Mα

3,1

)
. Let the secret vector

be S = (

39×48427561︷ ︸︸ ︷
10000000011111111222222222). We calculate the shares as follows
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t⊤1 =< (

39×48427561︷ ︸︸ ︷
10000000011111111222222222), (

39×48427561︷ ︸︸ ︷
10000000011111111222222222) >= 0

t⊤2 =< (

39×48427561︷ ︸︸ ︷
01001122200111222000111222), (

39×48427561︷ ︸︸ ︷
10000000011111111222222222) >= 0

t⊤3 =< (

39×48427561︷ ︸︸ ︷
00121201212012012012012012), (

39×48427561︷ ︸︸ ︷
10000000011111111222222222) >= 0,

moreover yiS
⊤ =< yi, (

39×48427561︷ ︸︸ ︷
10000000011111111222222222) >= 0, for 1 ≤ i ≤ 23. By Equation

5.12, we need solve the following linear system to recover the secret.

39×48427561︷ ︸︸ ︷

1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2
0 1 0 0 1 1 2 2 2 0 0 1 1 1 2 2 2 0 0 0 1 1 1 2 2 2
0 0 1 2 1 2 0 1 2 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 2 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 2
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 1
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 2 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 1
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 1 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 2 2
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 2
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 2 0 1 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 2 2
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 2 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 2
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 2 2
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 2 0 1 2
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 0 2 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1



39×48427561︷ ︸︸ ︷

s1
s2
s3
s4
s5
s6
s7
s8
s9
s10
s11
s12
s13
s14
s15
s16
s17
s18
s19
s20
s21
s22
s23
s24
s25
s26



=

39×48427561︷︸︸︷

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0



(5.16)

similarly, the code Φ
(
Mα

3,1

)
is LCD code but , det

Φ (Θα
3,1,R

)
H(Θα

3,1,R)

 = 0 then this system does

not recover the secret.

Remark 5.4.4 According to Examples 5.4.1 and 5.4.3, we can construct subcodes of the

codes Φ
(
Θα

2,1,R

)
and Φ

(
Θα

3,1,R

)
by using Definition 1.2.29, witch recover the secret.

Example 5.4.5 We consider R = (Z5+v1Z5)(Z5+v1Z5+v2Z5)(Z5+v1Z5+v2Z5+v3Z5).

For k = 2, u = 1, a generator matrix of the subcode of Gray images of α-MacDonald code

is,

Φ(C2) =

58×1464843︷ ︸︸ ︷11222333444
12134124123

 =

58×1464843︷ ︸︸ ︷g1
g2

 ,
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and

rank(Φ(C2)) = rank(Φ(C2)
⊤Φ(C2)) = rank(Φ(C2)Φ(C2)

⊤) = 2.

So the code Φ(C2) is LCD and det

 Φ(C2)

H(Φ(C2))

 ̸= 0. The parity-check matrix H(Φ(C2))

of this code is,

H(Φ(C2)) =

58×1464843︷ ︸︸ ︷
1 0 0 0 0 0 0 0 0 4 2
0 1 0 0 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0 0 2 0
0 0 0 1 0 0 0 0 0 4 3
0 0 0 0 1 0 0 0 0 0 2
0 0 0 0 0 1 0 0 0 0 3
0 0 0 0 0 0 1 0 0 1 2
0 0 0 0 0 0 0 1 0 3 0
0 0 0 0 0 0 0 0 1 3 1

 =

58×1464843︷ ︸︸ ︷
y1
y2
y3
y4
y5
y6
y7
y8
y9

 .

There are 25 codewords of Φ(C2). These codewords are

(

58×1464843︷ ︸︸ ︷
23301402012), (

58×1464843︷ ︸︸ ︷
30430021130), (

58×1464843︷ ︸︸ ︷
42014140203), (

58×1464843︷ ︸︸ ︷
04143214321), (

58×1464843︷ ︸︸ ︷
11222333444),

(

58×1464843︷ ︸︸ ︷
34023230401), (

58×1464843︷ ︸︸ ︷
41102304024), (

58×1464843︷ ︸︸ ︷
03231423142), (

58×1464843︷ ︸︸ ︷
10310042210), (

58×1464843︷ ︸︸ ︷
22444111333),

(

58×1464843︷ ︸︸ ︷
40240013340), (

58×1464843︷ ︸︸ ︷
02324132413), (

58×1464843︷ ︸︸ ︷
14403201031), (

58×1464843︷ ︸︸ ︷
21032320104), (

58×1464843︷ ︸︸ ︷
33111444222),

(

58×1464843︷ ︸︸ ︷
01412341234), (

58×1464843︷ ︸︸ ︷
13041410302), (

58×1464843︷ ︸︸ ︷
20120034420), (

58×1464843︷ ︸︸ ︷
32204103043), (

58×1464843︷ ︸︸ ︷
44333222111),

(

58×1464843︷ ︸︸ ︷
12134124123), (

58×1464843︷ ︸︸ ︷
24213243241), (

58×1464843︷ ︸︸ ︷
31342312314), (

58×1464843︷ ︸︸ ︷
43421431432), (

58×1464843︷ ︸︸ ︷
00000000000),

Now, we examine a Multi secret-sharing scheme based on Φ(C2). Let the secret vector be

S =

58×1464843︷ ︸︸ ︷
24213243241, we calculate the shares as follows

t⊤1 = g1S
⊤ =< (

58×1464843︷ ︸︸ ︷
11222333444), (

58×1464843︷ ︸︸ ︷
24213243241) >= 3

t⊤2 = g2S
⊤ =< (

58×1464843︷ ︸︸ ︷
12134124123), (

58×1464843︷ ︸︸ ︷
24213243241) >= 2.

Moreover, yiS⊤ =< yi, (

58×1464843︷ ︸︸ ︷
24213243241) >= 0, for 1 ≤ i ≤ 9. Using Equation 5.12, we should
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solve the following linear system to recover the secret.

58×1464843︷ ︸︸ ︷
1 1 2 2 2 3 3 3 4 4 4
1 2 1 3 4 1 2 4 1 2 3
1 0 0 0 0 0 0 0 0 4 2
0 1 0 0 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0 0 2 0
0 0 0 1 0 0 0 0 0 4 3
0 0 0 0 1 0 0 0 0 0 2
0 0 0 0 0 1 0 0 0 0 3
0 0 0 0 0 0 1 0 0 1 2
0 0 0 0 0 0 0 1 0 3 0
0 0 0 0 0 0 0 0 1 3 1

 .

58×1464843︷ ︸︸ ︷
s1
s2
s3
s4
s5
s6
s7
s8
s9
s10
s11

 =

58×1464843︷︸︸︷
3
2
0
0
0
0
0
0
0
0
0

 (5.17)

we have, this linear system wich are repeated 58 × 1464843 times.

s1 + s2 + 2s3 + 2s4 + 2s5 + 3s6 + 3s7 + 3s8 + 4s9 + 4s10 + 4s11 = 3

s1 + 2s2 + s3 + 3s4 + 4s5 + s6 + 2s7 + 34s8 + 4s9 + 2s10 + 3s11 = 2

s1 + 4s10 + 2s11 + = 0

s2 + s11 = 0

s3 + 2s10 = 0

s4 + 4s10 + 3s11 + = 0

s5 + 2s11 = 0

s6 + 3s11 = 0

s7 + s10 = 0

s8 + 3s10 = 0

s9 + 3s10 + s11 = 0.

According to Theorem 6 in [82] and the reference [19], this system has a unique solution.

So, we recove the secret .

Example 5.4.6 Let R = (Z3 + v1Z3)(Z3 + v1Z3 + v2Z3)(Z3 + v1Z3 + v2Z3 + v3Z3). For

k = 2, a generator matrix of subcode of Φ
(
Θα

2,1,R

)
is given by

Φ(C3) =

39×48427561︷ ︸︸ ︷1 1 2 2

1 2 1 2

 =

39×48427561︷ ︸︸ ︷g1
g2

 ,
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and

rank(Φ(C3)) = rank(Φ(C3)
⊤Φ(C3)) = rank(Φ(C3Φ(C3)

⊤) = 2,

the code Φ(C3) is LCD. The parity-check matrix H(Φ(C3)) of this code is

H(Φ(C3)) =

39×48427561︷ ︸︸ ︷1 0 0 1

0 1 1 0

 =

39×48427561︷ ︸︸ ︷y1
y2

 . (5.18)

There are 9 codewords of Φ(C3),

39×48427561︷︸︸︷
2001 ,

39×48427561︷︸︸︷
0210 ,

39×48427561︷︸︸︷
1122 ,

39×48427561︷︸︸︷
0120 ,

39×48427561︷︸︸︷
1002 ,

39×48427561︷︸︸︷
2211 ,

39×48427561︷︸︸︷
1212 ,

39×48427561︷︸︸︷
2121 ,

39×48427561︷︸︸︷
0000 .

Now, we examine a Multi-secret sharing schemes based on Φ (C3). Let the secret vector be

S =

39×48427561︷︸︸︷
2121 . We calculate the shares as follows

t⊤1 =< (

39×48427561︷︸︸︷
1122 ), (

39×48427561︷︸︸︷
2121 ) >= 0

t⊤2 =< (

39×48427561︷︸︸︷
1212 ), (

39×48427561︷︸︸︷
2121 ) >= 2.

Moreover,

d⊤1 =< (

39×48427561︷︸︸︷
1001 ), (

39×48427561︷︸︸︷
2121 ) >= 0

d⊤2 =< (

39×48427561︷ ︸︸ ︷
10110 ), (

39×48427561︷︸︸︷
2121 ) >= 0.

By Equation 5.12, we should solve the following linear system to recover the secret.

39×48427561︷ ︸︸ ︷
1 1 2 2

1 2 1 2

1 0 0 1

0 1 1 0



39×48427561︷ ︸︸ ︷
s1

s2

s3

s4

 =

39×48427561︷︸︸︷
0

2

0

0

 , (5.19)
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we have, this linear system wich are repeated 39 × 48427561 times.

s1 + s2 + 2s3 + 2s4 = 0

s1 + 2s2 + s3 + 2s4 = 2

s1 + s4 = 0

s2 + 2s3 = 0

.

According to Theorem 6 in [82] and the reference [19], this system has a unique solution.

So, we recove the secret S =

39×48427561︷︸︸︷
2121 .

5.5 Conclusion

We have studied α-simplex and α-MacDonald codes over R using the concatenation of

these codes over R1,R2 and R3 respectively. Lastly, we have applied the Multi-secret

sharing schemes to subcodes of these Linear codes.



Conclusion and perspectives

This work addresses certain challenges in error-correcting code theory within the context

of finite rings. Specifically, the computation of homogeneous weights is treated as a gen-

eralization of Hamming weight, applied to a novel class of finite rings denoted as Rps,θ.

These rings are defined by extending the concept of homogeneous weights from Fq. We

introduce a novel approach to constructing generator matrices for these codes and Gray

maps within Rps,θ. Additionally, we establish bounds for the covering radius of these codes.

Furthermore, we explore properties of LCD codes associated with simplex and MacDonald

codes on Rps,θ. We delve into a specific instance, the R5,3 ring, providing definitions, prop-

erties, and illustrative examples. The work concludes with the application of multi-secret

sharing schemes on simplex and MacDonald linear codes over the ring Zq. In the spirit of

extending our contributions, we pose several questions, some of which aim to expand the

scope of our work, while others stand as independent inquiries.

▷ Exploring additional codes on these rings, such as torsion codes and simplex linear

codes of type β, is an intriguing avenue.

▷ Investigating alternative methods for constructing codes from these rings could offer

valuable insights.

▷ Considering the case where the rings are not local, and exploring the implications for

the codes defined on such rings, adds another layer of interest to our research.
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Annexe

In this appendix, we will present some algebraic structures [61]. We will give some proper-

ties that we use in this thesis. We are going to define the rings, the ideals, and the modules

which are basic tools to carry out the definitions of the codes on rings. We will be mainly

interested in the families of the codes on the Frobenius rings [7, 27].

5.6 Generalities on Finite Rings, Ideals and Modules

5.6.1 Anneaux

Definition 5.6.1 A ring is a set S endowed with two internal laws + and × satisfying

the conditions following

1. The couple (S,+) is a commutative group, and the neutral element is denoted 0S .

2. The law × is associative, commutative, and left and right distributive with respect to

the law +.

3. The law × has a neutral element noted 1S .

Definition 5.6.2 Let S,+,× be a ring and B is a subset of S. We say that B is A subring

of S when

1. 1A ∈ B ,

2. S stable by + and by ×,
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3. For all x ∈ B, (−x) ∈ B.

Let us give some useful definitions.

Definition 5.6.3 [7] An invertible element of S is an element x ̸= 0 of S which

"divides" 1. In other words, we have xy = 1 for some y ̸= 0 in S.

Definition 5.6.4 An element ϑ of a ring S is divisor of zero if and only if it is nonzero

and if there exists κ ∈ S nonzero such that ϑκ = 0.

Definition 5.6.5 A ring S is integral if and only if S ̸= {0} and if S has no divisor of

zero, in other words if we have

ϑκ = 0 ⇒ (ϑ = 0 or κ = 0).

Definition 5.6.6 A fiels is a ring with invertible non-zero elements

Homomorphism of rings

Definition 5.6.7 Let H and H′ be two rings. A map f : H −→ H′ is a homomorphism

of rings if and only if

1. f(ϑ+ κ) = f(ϑ) + f(κ)for all ϑ, κ ∈ H,

2. f(ϑκ) = f(ϑ)f(κ)for all ϑ, κ ∈ H,

3. f(1H) = 1H′ .

Remark 5.6.8 A ring isomorphism is a bijective ring homomorphism. Its reciprocal bi-

jection is a ring homomorphism.

5.6.2 Ideals and quotient rings

All of the work in this study takes into account commutative rings.

Definition 5.6.9 A subset I of a ring S is called ideal if and only if
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1. I is a subgroup of (S,+),

2. ∀ϑ ∈ S,∀x ∈ I : ϑx ∈ I.

Definition 5.6.10 If an ideal I of S is not equal to the all ring, it is said to be proper in

S.

Definition 5.6.11 Let I an ideal of a ring S. The quotient ring is defined, as

S/I = {ϑ+ I : ϑ ∈ S}.

Definition 5.6.12 If an ideal I of S isn’t equal to the all ring, it is considered proper in

S .

Definition 5.6.13 Let’s assume that I is an ideal of the ring S. The ideal I is a prime

ideal of S if and only if

∀(ϑ, ι) ∈ S × S, ϑ.ι ∈ I ⇒ ϑ ∈ I or ι ∈ I.

Example 5.6.14 1. The ideals {0} and the nZ for n prime are prime ideals in the ring

of integers Z.

2. A prime ideal is the inverse image of a prime ideal by a ring morphism.

Theorem 5.6.15 Let S be a unitary commutative ring, and I ̸= S a proper ideal of S,

then S/I is an integral ring (ring integrates) if and only if I is a prime ideal of S.

Example 5.6.16 The sets Z/6Z and Z/8Z are not integral because (4.2 = 0) and 8 is not

prime.

Theorem 5.6.17 Let S unitary commutative ring, an ideal I of S is maximal if and only

if S/I is a fiels.

Corollary 5.6.18 A maximal ideal contains all of S non-invertible elements.

Definition 5.6.19 If there exists an element ϑ ∈ I such that I =< ϑ >, where
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< ϑ >= {ϑx : x ∈ S}.

then the ideal I of a ring S is principal

Remark 5.6.20 The ideal I is generated by the element ϑ and ϑ is a generator of I. A

ring of integrity where every ideal is principal.

Definition 5.6.21 1. If there is an integer n ̸= 0 such that ϑn = 0, then the element ϑ

of a ring S is nilpotent.

2. The set of nilpotent elements of S is called the Nilradical of S and denoted Nil(S).

The statements that follow demonstrate the relation between Nil(S) and the prime ideals

of the ring.

Proposition 5.6.22 The intersection of all the prime ideals of S is the nilradical of S.

Proposition 5.6.23 A local ring has only one nilpotent maximal ideal.

Proof 5.6.24 Let S be a finite ring then it admits a finite number of ideals first {P1, P2, ..., Ps}

so S/Pi, 1 ≤ i ≤ s are integral rings. Now a finite integral ring is a field, so the Pi are

maximal ideals for 1 ≤ i ≤ s. Which leads to Nil(S) =
⋂s

i=1 Pi = P.

Definition 5.6.25 The ring with a unique maximal ideal is a commutative local ring.

This ideal is then constituted by the set of non-invertible elements.

Therefore, following assertions are equivalent.

1. S has exactly one maximal ideal.

2. S is a local ring.

3. The divisors of zero of S are contained in a proper ideal.

4. The divisors of zero of S form an ideal.

5. The zero divisors of S form an additive commutative group.

6. For all x in S, one of the two elements of the set {x, 1 + x} is invertible.
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5.6.3 Galois Ring

We introduce here the Galois rings, which are used in many branches of mathematics,

particularly coding theory. [7, 20].

Definition 5.6.26 If S is commutative, unitary, and the set of these zero divisors has the

form pS, where p is a prime number, then S is a Galois ring.

Remark 5.6.27 a. Galois fields can therefore be considered as Galois rings containing

no zero divisors. The most used example in code theory is S = Zpm, the ring of

integers modulo pm.

b. The additive order of the neutral element for multiplication by one is the characteristic

denoted by the sing car(S)

c. The characteristic of a Galois ring S is

car(S) = pm,m ∈ N.

d. The ring Zpm is a local ring for p prime number.

5.6.4 Modules

Definition 5.6.28 An S-module (E ,+, .) is a set team of an internal law + and an

external law S × E −→ E , (α, E) −→ αm verifying

(I) (E ,+) is an abelian group.

(II) We also have the following four properties, for all τ, υ ∈ S and all ϑ, ϑ′ ∈ M .

1. τ(ϑ+ ϑ′) = τϑ+ τϑ′,

2. (τ + υ)ϑ = τϑ+ υϑ,

3. (τυ)ϑ = τ(υϑ),

4. 1× ϑ = ϑ.
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Definition 5.6.29 A part N of E is a submodule if and only if it contains 0, and if for

all κ, ι of N, and all τ of S, we have, κ+ ι ∈ N and τκ ∈ N.

Remark 5.6.30 Let (Mi)i∈I be a family of S-modules with I be finite set or not. Then the

set product
∏

i∈I Mi is an S-module for the obvious laws; it is called the product S-module

of Mi.

The following definition is analogous to the one we have in vector spaces:

Definition 5.6.31 Let (Mi)i∈I be a family of S-modules. The direct ("external") sum

of Mi nodes
⊕

i∈I Mi is the submodule of
∏

i∈I Mi consisting of the almost zero families

(Mi)i∈I . If I is finite, the direct sum coincides with the direct product.

Definition 5.6.32 An S-module M is to be of finite type if there exists a finite part G

of M, such that M is generated by G. It is free if it has a basis, i.e. A family (xi)i∈I such

that any element x of M can be written in a unique way x =
∑

i∈I αixi, with (αi)i∈I an

almost null family of elements of S.

5.6.5 Frobenius ring

Definition 5.6.33 If H,H′ are two rngs, then an H-H′- bimdule is an abilian group

(M,+) such that

1. M is a laft H-module and a right H′-module.

2. Fr all k ∈ H, h ∈ H′ and ϑ ∈ M we have, (kϑ)h = k(ϑh).

Let H be a untary finite ring. The group of characters of the additive group H is denoted

by Ĥ = HomZ(H,C×). This group has a strcture of an H-H′-bimodule defined by

χr(x) = χ(rx) and rχ(x) = χ(xr),

for all r, x ∈ H , and for all χ(x) ∈ Ĥ.

After all these concepts we arrive at the following definition.
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Definition 5.6.34 if HĤ =H H then a finite ring H is called a Frbenius ring .

Remark 5.6.35 If H is a finite Frbenius ring, then H and Ĥ are isomrphic.

Definition 5.6.36 Let I,J be two ideals of S then they are foreign (to each other) if

I + J = S.

Let H is a commtative ring, and I1, I2, . . . , In be idels in H. The ideal I1+ I2+ . . .+ Iι+

...+ In is formd of sums h1 + h2 + ...+ hn, where hi ∈ H for ι = 1, 2, . . . , n.

Definition 5.6.37 a. The ideals I1, I2, . . . , Ij, . . . , In are foreign in twos if Iι and Ij

are foreign for all ι ̸= j.

b. The ideals I1, I2, . . . , In are foreign if we have

I1 + I2 + ...+ In = H.

Theorem 5.6.38 Let the ideals I1, I2, . . . , In in H , sch that

Iι + Ij = H, ι ̸= j.

We assume that I1, I2, . . . , In are foreign ideals in pairs. Then the ring morphism

ϕ : H −→ H/I1 ⊕H/I2 ⊕ ...⊕H/In,

conclude a ring isomorphism

H/I1 ∩ I2 ∩ ... ∩ In −→
⊕n

ι=0 H/Iι.

The class of finite Frobenius rings is wide enough, by the following proposition.

Proposition 5.6.39 (1) All the finite principal ring is a Frobenius ring.

(2) If H and K are Frobenius rings, then H×K is a Frobenius ring.

(3) If H is a Frobenius ring, then Mn(H) the ring of all matrices of size n× n on H, is

a Frobenius ring.

(4) If H is a Frobenius ring, and G a finite group, then H[G] is a Frobenius ring.
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