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Notation

R™ Space of n-dimentional real vectors,

R% Positive orthant of R,

R™ ™ = Vector space of real matrices of size (m x n),

Omxn :  Zero matrix (m x n),

I : Identity matrix of order n,

AT Transpose of matrix A € R™*",

AL Inverse of a regular matrix A,

a;j Matrix element of A € R"*",

Az Square root of the matrix A > 0,

A = 0(A = 0) : A is a positive semidefinite (positive definite) matrix,

A < 0(A < 0): A is a negative semidefinite (negative definite) matrix,
Ai(A) ' The ith eigenvalue of A € R™*™,

Sp(A) : The spectral of the matrix A,

diag(xz) : The diagonal matrix X with X;; = =z,

Tr(A) : Trace of matrix A € R™"( Tr(A) = Ya; =Y N(A) ),
p(A) :  The spectral ray of A( p(A) = mazx; | \i(A) | ),

det(A) @ The determining of A € R"*"( det(A) = IL;\;(A4) ),

Sn = {X C X R X = XT},

St = {X:XeS, X =0},

Sty ={X: XeS", X - 0},

AeB = Tr(ATB) YA, B € R™™,

Al = Tr(AAT) = 3,5 a3,



Terminology

LCP : Linear complementarity problem,
SDP : Semidefinite programming,

N T : Nesterov-Todd,

T C : Trajectory center,

inner : Inner iteration,

outer : Outer iteration,

SVD : Singular value decomposition,

K.K.T : Karush-Kuhn-Tucker,

IPMS : Interior point methods,

SDLCP : Semidefinite linear complementarity problem,
SDLS : Semidefinite least square,

NS-SDLS : Non symmetric semidefinite least square,
LMI-LS : Linear matrix inequalities least squares problem

GUS-property : globally uniquely solvable property.
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Introduction

The (SDLCP) is a generalization of the (LCP) and the (SDP), in the sense that the variables
are positive semi definite symmetric matrices instead of being positive vectors. It was intro-
duced by Kojima et al [19] for the first time,

So in recent years, this problem gained the attention of researchers from the theoretical and
practical applications, especially to control theory, quantum chemistry, combinatorial optimiza-
tion, architecture, and electrical engineering.

IPMS are considered as the best instrument to resolve a (LO) problems and can be extended

to (CP), (SDO), and (SDLCP).

The methods fall into four categories:
(1)- Affine.
(2)-Projective.
(3)-potential reduction.
(4)-Center path.
Currently, the primal-dual center path stands out as one of most appealing approaches to re-
solve a wide rang of optimization problems, because these algorithms admit a good theoretical
behavior such as polynomial complexity.
Also, Bai et al [6] are introduce these methods for (LO) and Elghami [11] for (SDO), then
it’s extended by many authors for different problems in mathematical programming ([35], [42],
[44]).
The majority of primal-dual (IPMS) that have polynomial complexity for (LP) apply the clas-

sical logarithmic function as a barrier function. But currently there is a gap between the
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practical behavior of these algorithms and the theoretical results of performance, especially for
the large step algorithms for which the theoretical limit of iterations is O(nlog®). In practice,
large step algorithms are more efficient than small step algorithms for which the theoretical
iteration bound is only O(y/nlog™).

These large gap between theory and practice relates to the drawback of interior point methods.

We shown that the kernel function has an important role in generating a new design of
primal-dual IP algorithm, in particular for determining new search directions and new proxim-

ity functions for analyzing the complexity of these algorithms.

The objective of this work is the theoretical and numerical study of a central trajectory
method whose directions are not orthogonal and with the introduction of a new kernel function

for the resolution of a (SDLCP).

This new kernel function is defined by :
1, 1 i
g(x) = 5(2x +P—5)+6x .

Moreover, We get the best known iteration bound for the algorithm with large-update method,
namely O(y/n(logn)*log?), under a special choice of parameters (o, 6, p). The implemen-
tation of the algorithm showed a great improvement concerning the time and the number of

iterations. [l

This thesis is composed of five chapters:
The first chapter has an introductory character, it presents the fundamental notions of matrix
calculus, convex analysis, the optimality conditions of a mathematical program and the results
which will be useful in the following of the thesis.
The second chapter is devoted to an in-depth theoretical study of the problem semidefinite
linear complementarity.
In the third chapter, we develop a large step primal-dual interior point algorithm based on the

classic directions. In order to determine these directions, we use the (N-T) symmetrization
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scheme.

The fourth most important chapter is devoted to the resolution of the (SDLCP) by the
primal-dual interior points method based on a new kernel function, we established a detailed
analysis complexity of the algorithm.

The purpose of the last chapter is to present numerical results from the application of primal-
dual interior point algorithm based on a new kernel function on (SDLCP).

We end this thesis with a conclusion and perspectives.



Chapter 1

Matrix calculation and convex analysis

1.1 Matrix calculation

In this part, we present several known results on norms, symmetric matrices and semi definite

matrices.

1.1.1 Scalar product and norms

These definitions are similar to the ones obtained in [15].

Definition 1.1. The scalar product of Z and R of R™ is exposed by:
<Z,R>= Z?:l zZiry = ZTR.
Similarly, we define a scalar product on the set of real square matrices

Definition 1.2. Let M, N € R"*", the scalar product of M and N 1is:

MeN = trace MTN szw”w = Nell.

=1 7=1

We recall that Trace(.) is the trace of R"*"™ matriz.



1.1. Matrix calculation

We note that the trace is a linear function, moreover it verifies these properties:
(1) VM, N € R™" : trace(MN) = trace(NM),
(2) VM € R™" : trace(M) = trace(MT),
(3) VM,N € R"™" : M ~ N = trace(M) = trace(N).

Let us now state the notion of vector norm [16].

Definition 1.3. The vector norm is an application of R™ in R, denoted by || . || and satisfies

these conditions:

(1))VZeR": || Z|| = 0&Z=0,

() VZeR" [ AZ || = | M Z],

(3)VZ, ReR": [ Z+ R <[ Z[+]RI.

Definition 1.4. Let M, N € R™" | the application || . ||: R™™ in Ry is a matriz norm if it

verifies these conditions:

(1) |M||=0«< M = 0, VM € R*™™",

(2) [ aM || = [all| M|, Va eR,

() IM+N[ <[M[+[NI|, vM, N € R™",

(4) I MN | < Ml N[, vM, N € R™".

Note that the usual matrix norms for any M € R™*" are :

n
1Ml = maz_y (3 | mu |)
=1

n
1M |l = mazizy (3 | mu |)
k=1

and

| M [ls = \/p(MMT).

The last norm is called the spectral norm. We will also use the norm of Frobenius:

| M = VAo = |33 (mu)2

1=1k=1



Matrix calculation and convex analysis

If M = M7T, we have

| M ||p = \Jtrace(MTM) = \/trace((M)? = j(%)a

M 2= \/p(M?) = maziiy [ 7|, | Ml2< I Mlr< Vol M.

and

and for any matrix norm we have:
p(M) <[ MI].

Now, we give some important properties :
(1) VZ, Re S™:
trace(ZR) = trace(RZ),

(2) If M is reversible matrix, then
trace(MZM ™) = trace(Z).

Definition 1.5. Let Z € S"

(1) ZeStorZ =0 if YueR" u'Zu > 0,

(2) ZeSt, orZ =0 if YueR"u # 0,u’Zu > 0.

Theorem 1.1. Let M € S™, these conditions are equivalents :

(1) M eS? (resp MeST, ),

(2) Vmin(M) =0 ( Ypin(M) > 0),

(3) AP e R . M = PPT (resp 3P € R™" : rg(P)=n, M = PPT).

Theorem 1.2. Let M € S, then 3IN € ST, such that M = N?, Moreover N = M3 is the

square root of M.

Lemma 1.1. /23]

Let M, N € S%_, the next assertions are equivalent :

(1) MeN = 0,



1.1. Matrix calculation

(2) MN = 0,
(3) X{(MN+NM) = 0.

Lemma 1.2. [25]
Let M,N € 5%, then

)\mm(M)’ymaw(N) S P)/mzn(M)Trace(N) S M.N S fymax(M)TTace(N) S anma:E(M)meax(N)
Theorem 1.3. [/5]

Let M,N € S™, we have :

(1) trace(MN) >0 VM,N > 0.

(2) VM,N = 0,trace(MN) = 0<= MN = MN.

(8) YM,N € S™ and trace(MN) > 0,¥YN = 0= M > 0.

Definition 1.6. [45]

(1) M € R™™ is a normal matriz if MM* = MTM and moreover if MMT = I then M is

said to be orthogonal.
(2) A normal matriz M is said to be positively stable <= M is positive define .

(3) Any matriz M € S™ is diagonalizable, i.e, 3U an orthogonal matriz such that : M = UDU™

with
v 00 0 0
0 v 0 0 0
0 0 0 0
D - Ta
0 0 0 4 O

where v, are the eigenvalues of M.
(4) If M = 0 = UMUT =0 for any orthogonal matriz U.

7



Matrix calculation and convex analysis

(5) M, N € S*. If MN = NM (M and N are commutative matrices ), then there is an

orthogonal matriz U and two diagonal matrices E and D such that :
M = UDU" and N = UEU".

Definition 1.7. (/5]
Let M € S™, if M = 0 where M = UDU? the matriz /M is defined by

Jii 0 .0

Jon=uv| O VE Ty
: 0

0
0o 0 0 4.

where vy; are the eigenvalues of M (with U orthogonal matriz and D = Diag((Y1, iy Vn) ' )-
The \/EM) matrix is called the square root of the M which is furthermore \RM) € St

1.1.2 Singular value decomposition

The SVD allows the generalization of the notion of eigenvalues to rectangular matrices (m x n)

and the construction of generalized inverses [7], [40]
Lemma 1.3. Let M € R™*", then the matriv MM" € ST

Definition 1.8. Let M € R™*"™. The singular values of a matriz M are the square roots of the
eigenvalues of MM7T.

Theorem 1.4. Let M € R™ " with the eigenvalues of MM?T not all zero. There are three

unitary matrices U € R™ ™, V € R™"™ and W € R™" such that :
(1) W = UTMV.

(2) The matriz



1.2. Convex analysis

where
vy 0 0 0 0
0 v O 0 0
0 0 0 0
D — Vs
0 0 0 ~, O

00 0 0 -~

with r = min(m,n) and oy > 03 > .... > g, > 0 are the nonzero singular values of M.

1.2 Convex analysis

1.2.1 Convex sets and functions

Definition 1.9. [1§/
Let Q C R", we said that Q2 is affine if

VZ,ReQ, VyeR:(1—-v)Z+~vyRe.
Let h: R — R™ be a transformation. h is affine if
M(1—=~)Z+~vR)= (1 —v)WZ)+~h(R), VZ,R e R", VyeR.

Definition 1.10. [1§/

(1) A subset Q € R™. We said that Qis convez set if
VZ,ReQ, Vye[0,1]: (1 —v)z+~yy € Q.
(2) We said that ¢ : Q@ — R is a convex function if
p(BZ+ (1= PB)R) < fo(Z) + (1= B)e(R) VZ,ReQ, V5 € [0,1].

(8) A function ¢ is said to be concave if and only if —¢ is convex. And if the inequality is strict

then @ is said to be strictly convex V7 #+ R.



Matrix calculation and convex analysis

1.2.2 Convex and self adjoint cones

Definition 1.11. [46/
A subset K C R", K is a cone if

R* K C K,

that’s to say
VZ e K,YA>0,\ € K.

If KN(—K) =0, K is said to be a pointed cone, with —K ={—z:z¢€ K}. If K is convez, it
is called a convex cone .

Example 1.1. S is a pointed convexr cone of S™.

Theorem 1.5. [27]

Let ® € C*(C), C is an open convex of R™ or (C' = R™). Then these assertions are equivalent:
(1) f is convex on C,

(2) ®(Z)—-P®(R) > <P Z),R—Z >, VZ, ReC,

(3) The hessian matriz H(Z) = <7?®(Z) is positive semi definite in C.

Proposition 1.6. [§]

St is a self adjoint cone in S™i.e (ST)* = ST.

1.3 Mathematical programming

A mathematical program is an optimization problem which consists in finding a solution of the
problem which maximizes or minimizes a given function under a set of constraints.

In general, a mathematical program is defined by :

Min®(Z)
sit. Z € C,

(PM)

10



1.3. Mathematical programming

where @ : R® — R is a continuous is called objective function, ) # C' C R" is the set of
constraints.

Often C is presented as follows :
C={ZecR": g(Z)<0, t=1,2,....,t, hpy(Z) =0, m=1,2,....k} (1.1)

with gy, h,, are functions of R” — R.
If C'=R", this problem is called unconstrained optimization problem.
Saturated (or active)constraint

A constraint with inequality g,(z) < 0 V¢, is said to be saturated (or active) in zy € C'if
ge(z0) =0 V0 =1,2, ...t

A constraint of equality h,,(z) = 0 is by definition saturated at any point z € C.

Feasible solution

We said that zj is a feasible solution of (PM) if he checked the constraints z, € C.

Local optimal solution
Any point z* € C satisfying
O(2*) < ®(z2),Vze CNT,

where I is a neighborhood of z*, is called the local optimal solution.

The set of local solutions of (PM) is:
locmin,ecP(z).

Global optimal solution
Any satisfying z* € C point
O(2%) < ®(z2), forallz e C,

is called the global optimal solution.

The set of global optimal solutions of (PM) is:
argmin,ec®(z)

11



Matrix calculation and convex analysis

We always have :

argmin,ec®(z) C locmin,cc®(2).

Classifications

We classify the problem (PM) from two main properties namely the convexity and the differ-
entiability of the objective function and the constraints.

(1)- (PM) is differentiable if the functions ®, gy, h,, are differentiable,

(2)- (PM) is convex if ®, g, are convex and h,, are affine.

Not that if (PM) is convex, then any local optimum is a global optimum.

Qualification of constraints

constraints qualification is satisfied for any Z* € C' in one of three cases :

(1)- The constraints are affine ( C' is a convex polyhedron )

(2)- Slater’s condition: If C' is convex ( i.e gy are convex and h,, are affine ).

(3)- The magazarian-Fromowitz condition: If the gradient of the saturated constraints in

Z* € C are linearly independent.

Principal results of existence and uniqueness

These results are analogous to the ones obtained in [27]

Theorem 1.7. ( Weirstrass ) If ® is a continuous function on C C R", C is a compact (closed

and bounded), then (PM) admits at least one optimal solution Z* € C.

Corollary 1.1. If C' C R" is nonempty and closed and if ® is a continuous and coercive on D

( ®(2) = +o0 when ||z|| — 400 ), then (PM) admits at least one optimal solution .

Remark 1.1. - If ® is strictly convex and C is a convezx, then if (PM) admits an optimal
solution, the solution is unique.

- Strict convexity ensures the uniqueness of solution and not the existence of the latter.

12



1.3. Mathematical programming

Optimality conditions

The following Karush-Kuhn-Tucker-Lagrange theorem gives a necessary condition for op-

timality ( first -order condition ).

Theorem 1.8. Suppose that the function ®,ge, h,, are C' in a neighborhood of Z* € D and
that the constraints satisfy one of the three qualification conditions above. If ® has a local

minimum in Z* over D then there exist A, € R, and p,, € R* such that :

VO(Z*) + Ximy MV 9 Z7) + Xt Vi (Z7) = 0

(K.K.T){ \Ngo(Z*) =0,V =1,....t (1.2)

hi(Z*) =0,Ym =1, ...k
The quantities Ny and p,,, are called Karush- Kuhn-Tucker-Lagrange multipliers.
Remark 1.2. - If the constraints of (PM) are not qualified in Z*, the conditions of (K.K.T)
do not apply.
- If (PM) is convex, the (K.K.T) are both necessary and sufficient so that Z*, is a global

Newton method for nonlinear system

The principle of which is given a function ® : R — R twice continuously differentiable and let

J(z) be the Jacobian matrix of ® where :

0%y 0%y

0z1 T Ozn
J(Z) = )

0P, oLz

0z1 o Ozn

The system ®(z) = 0, with 2% is a given vector of R", Newton’s iteration formula at iteration
(k) is given by :
A0 = O (JEON (W), 0 =0,1, ...,

where (J(2(9))! is the reverse matrix of J(2()). So we get :

13



Matrix calculation and convex analysis

where A z() is the solution (direction of Newton) of the linear system :
J(29) a 29 = —a(219),

If 2° is sufficiently inside the set of solutions of ®, then this sequence converges to a root of
d(z) =0.
The choice of Newton’s method is very important from the point of view of interior point

methods because of its numerical efficiency.

1.4 Primal-dual IPMs of central trajectory

The primal dual are the most efficient among the IPMs. Within the framework of mathemat-
ical programming with constraints, we designate by method of interior points, any iterative
procedure of resolution generating a series of points belonging to the relative interior of the re-
alizable domain and converting towards an optimal solution. Similarly, we call barrier function
any function f which verifies,

(1) ® has finite values inside the relative realizable domain,

(2) ¢(2) — oo when z approaches the boundary. These methods are renowned for their
polynomial complexity, their speed and efficiency and have proven to be real competitors of
classical methods (Simplex, Lemke pivoting, ..)

The literature on these methods has experienced a great expansion has been enriched with
several classes and variants in order to reduce complexity and improve numerical efficiency.
There are in practically four categories of methods of interior points: the projective methods,
the affine methods, the potential reduction, and central trajectory.

In this thesis we present only the methods of central trajectory which will be subsequently

used.

1.4.1 Central trajectory methods

The general idea of central trajectory methods consists in following particular path (known

as centers or central path), taking Newton’s direction of displacement. In other words, the

14



1.4. Primal-dual IPMs of central trajectory

algorithm generates a strictly feasible sequence (Z*, R*) and a sequence ;* which expresses the
condition of complementarity, the latter is verified when p* tends to zero.

The principle of central path tracking methods is to define a certain neighborhood around the
central path and to make the iterates evolve inside this neighborhood while progressing towards

the solution.

1.4.2 Description of the method in case of (SDLCP)

We have seen in the following that the resolution of the (SDLCP) amounts to solving the

following perturbed non linear subsystems

nzZ)+Q—-R 0
(Z)+@Q _ (1.3)
ZR ul
The word ” under system” is linked to the parameter p because at each fixed p we have a
system to solve and the solution of (SDLCP) is obtained when u — 0.

2nd

The perturbed complementary equation is the equation of the system. The previous system

can be expressed as a nonlinear equation F(Z, R) = 0, where

F:8"x 8" — 8" x R™"
such that:

(Z,R)— (h(Z)+Q — R, ZR—pul).
To apply Newton’s method to solve the previous system, it is necessary to symmetrize the 27
equation of the system, because the dim(S™ x S™) ( the departure space) is different from the
dim(S™ x R™*"™) (the arrival space).
We define a symmetrization operator {27, for any regular matrix 7" as follows :
Qp : RV — S7

Qr(S) = L TST=L + (TST1)T ), VS € Rxn,

— 2

Putting M = ZR, we obtain the following equivalent symmetric system :
nMZ)+Q—-R 0
(Z2)+Q _ (1.4)
Qr(ZR) — ul 0

15



Matrix calculation and convex analysis

Hence, the following Newton’s system :

WA Z) =AR
Qr(AZR+Z A R) = ul,

which gives it a solution, that is (A Z, A R) totally symmetric ( (Z, R) € S™ x S™).

16



Chapter 2

Existence and uniqueness of solution

We give definitions and some properties related to the linear transformation

2.1 Definition of the problem

The (SDLCP) is to find a pair (Z, R) € S™ x S™ such that :

Z, ReS", R = W(Z)+Q, and ZeR = Tr(ZR) = 0, (2.1)

where Z o R denote the trace of matrix product ZR, ) € S™ and A : S* — S™ is a linear

transformation.

17



Existence and uniqueness of solution

2.2 Definitions and some properties

These definitions are analogous to the ones obtained in [52].

In this part, we assume that A : S™ — S" is a linear transformation,

Definition 2.1.

(1) h is a P—transformation if
ZeS", ZhZ)=hZ)Z, and ZKZ) < 0 = Z = 0.

(2) h is a Py—transformation if (h + €l) is P—transformation for all € > 0, I is identity

transformation on S™.

(3) his a Py—transformation if
Z%0, R=0, (Z—R)WZ) —hR|(Z+R) <0 =Z = R
(4) h is a monotone transformation ( strictly monotone ) if

< WZ2),Z >> 0(>0), forall matriz Z € S™ ( Z # 0).

Definition 2.2.

(1) h is a strictly semi monotone transformation (S.S.M) (or h is E— transformation) if
Z>0, ZKZ)=HKZ)Z, and ZKZ) < 0 = Z = 0.

(2) If (h+el) is strictly semi monotone transformation for alle > 0, then h is semi monotone

transformation (S.M) ( orh is Eq—transformation ).

Definition 2.3.
(1) h has the Ry— property, if (SDLCP)(h, 0) has a unique solution is zero matriz .

(2) h has the Q— property, if the problem (SDLCP)(h, Q) has a solution ¥Q) € S™.

18



2.3. Existence and uniqueness of solution

Definition 2.4. We say that h has
(1) (GUS-property) if (SDLCP)(h, Q) has only one solution ¥Q) € S™,.

(2) Column suficiency- property if ¥ Q € S™, the problem (SDLCP)(h, Q) has a convex (

possibly empty ) solution set.

(3) Cross commutative- property if ¥V QQ € S™, solutions Z, and Zy of (SDLCP)(h, Q) the

following holds
ZlRQ = R2Z1 and ZQRl = Rlzg,

where R; = hWZ;)+Q, i=1,2.

Definition 2.5. The transpose of h is KT : S™ — S™ defined by
< WZ), R >=< Z, h'(R) > forall Z, Re S",

h is self adjoint transformation on S™ if h = h' and normal if hh' = h'h.

Theorem 2.1.
(1) h is a monotone transformation ( < hZ), Z > > 0 forall Z € S™),
(2) his column sufficient,

(8) h has the cross commutative-property,

then

(1) = (2)= (3)

2.3 Existence and uniqueness of solution

The existence of the solution is given by the Theorem of Karamardian [17], [52] .

Theorem 2.2. (SDLCP)(h, Q) has a solution¥Q € S™, If (SDLCP)(h, 0) and (SDLCP)(h, I),

have only one solution (namely zero) for I € S™.
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Existence and uniqueness of solution

Theorem 2.3. Suppose that h has the P-property then (SDLCP)(h, Q) has a solution V@) € S™

Remark 2.1. The p—property of the transformation ensures the existence of the solution but
not the uniqueness, contrary to (LCP) problem where the p—property ensures the existence and

uniqueness of the solution.

Theorem 2.4. For a linear transformation h : S™ — S™, the following assertions are equiva-

lent:

(1) ¥ Q € S™,(SDLCP)(h, Q) has only one solution,
(2) h has the P-property and cross commutative-property,

(3) h has GUS- property.

Theorem 2.5. If h is monotone, then the set of solutions of (SDLCP)(h, Q) is convex (
possibly empty, \VQ € S™. the problem

Corollary 2.1. If h is linear monotone transformation, then
h has GUS-property <= h has P-property.
Theorem 2.6. If h is strictly monotone transformation, then h has GUS-property.
Theorem 2.7. For the linear transformation h, we have the following assertions
strictly monotone property = Py -property = GUS- property

Theorem 2.8. Let h, be a transformation which has the P- property.

If h is self adjoint , then h is strictly monotone and the following implication are satisfied

strictly monotone property <= Py-property <= GUS-property
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2.4 Study of some formes

2.4.1 Lyapunov transformation

The Lyapunov transformation associated with square matrix M is defined by
h(Z)=MZ + ZM*

Theorem 2.9. [14] Consider the Lyapunov transformation hyy, with a given square matriz M.

Then these assertions are equivalent :
(1) har has GUS- property,
(2) M is positive stable and positive semi definite.

Theorem 2.10. hy; has P»- property <= M 1is positive definite matrix.
Theorem 2.11. We assume that M is normal matriz, then we have

har has strictly monotone property < hyy has GUS-property < hyy has P-property.

2.4.2 Stein transformation
The transformation of Stein is defined by

Su(Z) = MZ+ ZMT for all M € R™"
Theorem 2.12. Let M € R™"™ is normal matriz, then we have

strictly monotone < GUS < P.

2.4.3 Two-sided transformation
The transformation of two-sided is defined by
Mu(X) = AXAT for all A € RV
Theorem 2.13. (1]
(1) Ma(X) has GUS- property,
(2) A= 0orA < 0.
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Existence and uniqueness of solution

2.5 The equivalence between the (SDLCP) and some
mathematical problems

In this section we give some examples for (SDLCP) problem

2.5.1 LCP is a SDLCP

The standard (LCP) is defined by :
Find Z and Re R":

R = NZ+gq, Z, ReR"} and Z'R = 0. (2.2)
Indeed, the (LCP) is a (SDLCP), if we give N € R” x R" and ¢ € R™ and A is
hn(Z) = Diag(Ndiag(Z)),

where diag(Z) is a vector whose components are the diagonal elements of matrix Z and Diag(Z)
is a diagonal matrix whose diagonal elements are the components of the vector Z, we obtain
(SDLCP)(hy, Diag(q)) :

Find Z € S™:

Z eS8, R=hn(Z)+ Diag(q) € ST, and < Z,R> = 0, (2.3)

and we have these results
Z is a solution of (SDLCP)(hy, Diag(q)), if diag(Z) is a solution of (LC'P)(N, q).
Conversely if Z is a solution of (LC'P)(N, q), then Diag(Z) is a solution of (SDLCP)(hy, Diag(q)).

2.5.2 Geometric SDLCP

([8]) In (1997) kojima, Shindoh and Hara presented the Geometric (SDLCP)(F) in their work,

under the name of geometric semi definite linear complemtarity problem defined as follows :

Find the pair (Z,R) € FN(SYy xSY): <Z,R>= 0, (2.4)
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2.5. The equivalence between the (SDLCP) and some mathematical problems

where F' is any affine subset of S x S, of dimension w In this case the linear trans-
formation fs is not given explicitly. This version of (SDLCP) includes semi definite linear
programming (SDP). The (SDP) is a recent and important problem because on the one hand
it contains linear programming (LP), and on the other hand it has many applications such as
control theory, quantum chemistry and combinatorial optimization.

The linear semi definite problem (LCP) in primal form is an optimization problem:

min x trace(CX)

(2.5)
st< A, X >= b, 1=12,...m, XS,
where b e R™, C, A; € S™, 1=1,2,....,m.
and it’s dual is
max bT
w2 Y (2.6)

where Z € R™.

Let X and (Z,y) such that X > 0 and Z > 0 are solutions of (P) and (D) respectively, then
(X, Z) is a solution of geometric (SDLCP) :

Find the pair (X,2) € F N (S? x SY) : < X,Z > = 0, with the affine set F' is given by :

F = {(X,Z)ES”XS“ :<AZ‘,X>: bi7 i:1,2,...,m, Z;mylAl—i—Z = C, fOTyERm },

where A;, C € S™, b € R™. Hence the resolution of (P) and (D) are equivalent to the resolution
of the previous geometric (SDLCP). It is clear that (SDLCP) is a geometric (SDLCP).

n(n+1)
2

Now consider an affine subset F of S™ x S™ of dimension and the geometric

(SDLCP)( F ) associated with F. Assume without loss of generality that :
F = {(Z,R)eS"xS", m(X)+h(X) = B},

where hy, hy : S™ — S™ are two linear transformations and B is a matrix of S".

We define i : S3" — S3", Q € S*" by
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Existence and uniqueness of solution

X % Y 0 0

and
0O 0 O

0O 0 B
For

X % %
W = * Y %
x  x  J
solution of (SDLCP)(h, Q), then (Z, R) solution of geometric (SDLCP)(F).
If (Z, R) solution of geometric (SDLCP)(F) then

is a solution of (SDLCP)(h, Q). Finaly we deduce that the resolution of (SDLCP)(F) is
equivalent to that of (SDLCP)(h, Q).
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2.5. The equivalence between the (SDLCP) and some mathematical problems

2.5.3 SDLCP Per block

Let nq,no,...,n; be integers fixed and S™ the set of real symmetric square matrices of order
n;, 1= 17 ,k’
Let S the set of all diagonal matrices per block X; € S™, i =1,..., k defined by :

S={X: X, €8 i=1.,k}.

Where
X; 0 ... 0
P 0 X
o . 0

0 0 0 X

S is a Hilbert space endowed with the following inner product :
k
<Z,R>= Tr(ZR) = > _ Tr(ZR)).

Let S; the close convex cone of matrices positive semi definite in S and consider the following

problem :
Find Z € S such that Z € S, R = h(Z)+Q¢€ Sy and <Z,R>= 0, (2.7)

where A : S™ — S™ is a given linear transformation and ) € S. This problem includes
the (LCP) in the case where n; = 1 for all . Moreover the (SDLCP) is a special case of this
problem .
reformulated the last system as an (SDLCP).

Indeed, let m =nq +ns + ... + n, and A : S™ — S™ is a linear transformation such that :

Zy x ... % hy(Zy) 0 0
. *x o _ 0 ha(Z5)
* * 0 0
x  x  x 7y 0 0 0 Ap(Xg)

where £;(Z;) is the i-th block matrix of the matrix h(Z), h; : S™ — S™, i =1,2,....k for a

() matrix.
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Existence and uniqueness of solution

If Z is a solution of (2.7) problem, then Z is a solution of the following (SDLCP)(h, Q) :

Find Z € S™ such that Z € ST, R = h(Z)+Q € ST and <Z, R> = 0,

Now, let Z a solution of (SDLCP)(h, (), then matrix

Zy 0 ... 0

7 _ 0 Z
0o . 0
0 0 0 Z

is a solution of (2.7) where Z; are sub matrices of Z whose row and column index are taken

from the set :

a = { an—l +1vznk—1 +27"'7an—1 +n; }a

k=1 k=1 k=1
with ng = 0.
The following three problems are analogous to the ones obtained in [23]
2.5.4 SDLS is a SDLCP
The semidefinite least squares problem (SDLS) is a convex optimization problem defined by :

, 1
MmXeST;§||MX - NH%,

where M, N € R™™ and X € S".
It is demonstrated if the matrix M is full rank, the problem (SDLS) has a unique global
minimizer given by the (K. K. T) equations

Letting () € S™ and h be defined as :
1
A(X) = MTMX +XM™M and Q = —5( MTN + NTM),
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2.5. The equivalence between the (SDLCP) and some mathematical problems

and letting
F={(Z R)eS"xS", R = h(2)+Q }.

We note that (Z, R) satisfies the K.K.T equations <= (Z, R) satisfies
(ZR)eF, Z, R = 0 and <Z,R>= 0. (2.9)

The transformation % is linear on S™, where indeed (SDLS) is a (SDLCP).

2.5.5 NS-SDLS is a an SDLCP

The non symmetric semi definite least squares problem ( NS-SDLS ) is also a convex optimiza-

tion problem defined as follows :
(NS —SDLS) Minxepi||AX — B||%,
where
D ={XeRrm™:L(X+X") = 0}.
With £( X 4+ X7 ) is the symmetric part of the matrix X and 4, B € R ™*".

This problem admits a unique minimizer on the set D if the matrix A has full rank, the

problem( NS-SDLS ) is equivalent to finding the symmetric matrices Y, Z that satisfy the
following equations of ( K.K.T)

AT(AX - B) = Z,
(X+XT) =, (2.10)
<Z,Y>=0, Z,Y = 0.

Then (NS-SDLS ) problem is equivalent to this (SDLCP) :

find the pair (Z, Y') such that :
(Z, Y)EF, Z,Y » Oand < Z, Y > = 0.

with
F=A{(ZY)eS"xS"Y = w2Z)+Q }.
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Existence and uniqueness of solution

where

MZ) = JATA'Z 4 Z(ATA) ! and Q = J(ATA)ATB+ BTAGATA) )

It is easy also to verify that L is a linear transformation on S” in himself.

If ( Z, Y ) is a solution of (SDLCP) then X = (ATA)"'(Z + ATB).

2.5.6 LMI-LS is a an SDLCP

The least squares problem of linear matrix inequalities (LMI-LS) is also a convex optimization
problem defined by:
(LMI = LS) Min.<c 3||Az—0b| 3,
where
kr = Y8 K, k:RF = S K; € S"(i=1,k), CcS", Ac R™* bcR™and v € R”.
Under the following conditions:
(1) The matrix A has full rank,
(2) The set { x € R : kx < C' } is not empty.

(LMI-LS) has a unique minimizer = characterized by the equations of K. K.T

AT(Az = b))+ Kx*Z = 0,
kx+Y = C, (2.11)
<Y, Z>=0,2Y = 0.

Where £* : S™ — R¥ is the adjoint transformation of k defined by < Y, kx > =< s*Y, 7 > .
Then the system defines a (SDLCP) as follows :
find the pair ( Z, Y ) such that

(Z,Y)EF, Z,Y = Oand < Z,Y >= 0.

where

F={(2Y)esS" xS Y = h2)+Q}.
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with
WZ) = k(ATA)'*Z and Q = C — k(ATA)~H(ATD).

For ( Z, Y ) a solution of (SDLCP), then x = (ATA)™'(ATh— k*Z) is a solution of (LMI-
LS).

The transformation L is linear on S™.

Remark 2.2. We show that the linear transformations associated with ( NS-SDLS )and (
LMI-LS ) are the Lyapunov transformations Lg(X) = BX + XBT with B = ATA and
B = (ATA)7! respectively.

2.6 Applications

2.6.1 Linear differential systems

Theorem 2.14. (Lyapunov) [52] Let A be a real square matriz and M a stable positive matriz,

then A is positive stable <= M positive definite where :
XA+A™X = M

The differential system is stable if A is positive stable ( the real part of the eigenvalues of A
is positive).

This is verified by Gowda and Song [52] by proving that
YQ e S™, 3X e 5"
where X > 0 such that :

AX + XA +Q = 0 and X[AX +XAT +Q] = 0,

which represents a semi definite linear complementarity problem associated with the Lyapunov
transformation:

La(X) = XA+ XAT
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Existence and uniqueness of solution

2.6.2 Dynamic systems

Continuous dynamical systems
ax

and discrete dynamical systems :
x(k+1) = Ax(k), k€ N,
are stable if A satisfies Schur stability (JA| < 1).

Theorem 2.15. [13] A is a square matriz of C™™ and Q € H", @ > 0
then

A < 1, YA€ o(A)

if and only if
IX = 0, X€H" : X—AXA+Q = 0 and X[X — AXA*+Q] = 0.
We deduce from this theorem that, |A\| < 1 if and only if
VQ € H", 3X » 0 suchthat X — AXA*+Q = 0and X[Sa(X)+Q] = 0.

Which represents a problem (SDLCP)(S4, Q).

Here H™ is the set of Hermitian matrices, and Sa(X) = X — AX A* is Stein transformation.
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Chapter 3

SDLCP and primal-dual central path
method

3.1 Presentation of Problem

Consider the following (SDLCP)
Find a pair ( Z, R) € 8™ x S™ that achieved this conditions

Z, ReS?, R = WZ)+Q, and ZeR = Tr(ZR) = 0, (3.1)

where £ is a linear transformation and @) € S™.

The solution set of the System ({3.1)), the strict feasible set and the feasible set are each
subsets of R™*" indicated by

S = {(Z R)eF : Tr(ZR) = 0}.
FO = {(Z R)eF :Z > 0,R » 0},
F =A{(Z R)eS"xS", R =HnZ)+Q: Z = 0, R = 0},
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SDLCP and primal-dual central path method

In this work, we suppose that the (SDLCP) satisfies all conditions :
(1) F° is not empty,
(2) his monotone (< h(Z), Z > > 0, VZ € 8"),
(3) his self adjoint ( A = AT, such that : < A(Z), R >=< Z, h'(R) > VZ, Re S").

Since for Z, R€ S}, ZeR = 0<= ZR = 0. Then, finding a solution of (3.1] is similar

to solving this system :

R = KZ)+Q,
ZR = 0, (3.2)
Z =0, R > 0.

Theorem 3.1. [/5]
Under conditions (1), (2), the set of solution of (SDLCP)

S = {(Z R)eF:Tr(ZR) = 0},

is nonempty and conve.
These results are similar to the ones obtained in [§].

Proposition 3.2. f(Z) = Tr(Z(h(Z)+ Q)) is a convex function, if conditions (2), (3)

are satisfied.

Theorem 3.3. Assume that the conditions (1), (2) and (3) are satisfied, then (SDLCP) is

equivalent to the convex semi definite problem (PO)

o) { ming Tr(Z(K(Z) + Q)),
Z =0, R = KZ)+Q = 0.

Therefore, finding the solution of (3.1)) is similar to find the minimizer of (PO)
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3.2 Central path method for SDLCP

3.2.1 Logarithmic barrier function

For solving the system (PO), we associate with it the nonlinear barrier problem :

min| x,(Z, R) = ZR—plogdet(ZR) ], p > 0,
Z - 0, R -~ 0.

Where 1 > 0.

In the next theorems, we suppose that the conditions (1), (2), (3) are achieved.
Theorem 3.4. The function x,(Z, R), u > 0 is strictly convex.

Theorem 3.5. There exists ( Z°, R ) € F°, the set

Q= {Ze8" x.(2) < x.(2°)}.
18 compact.

The problem (PO), have a unique solution, if the function x,( Z, R ), pu = 0 is strictly
convex.
We know that the system (PO), is a convex semi definite optimization problem, then the

(K. K. T) conditions are necessary and sufficient and write as follow :

ZR—pul = 0,
R = WZ)+Q, (3.3)
Z = 0, R = 0.
where ;¢ > 0. Then the resolution of the sys (3.3)) is equivalent to the resolution of (PO),,.
We suppose that a strictly feasible pair ((Z°, R%) € F°) exists, which is the (IPC) for (SDLCP),
and L is monotone, the System (3.3) and (PO), have a unique solution for a fixed p > 0 [19].
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Definition 3.1. ( Z(u), R(p) ) is the solution of (PO), for p > 0 is and

C ={Zw, Rp) : p > 0}.

The central path( the set of all solutions of the system (PO),) .

The binary (Z(u), R(u)) converges to the solution (Z, R) of problem (SDLCP), as pn — 0,

Lemma 3.1. Under the conditions (1), (2), the set

{(Z(w), R(p):0 < p < p},
is bounded for all p= > 0.

Theorem 3.6. lim, o (Z(n), R(n)) = (Z%, R*), where (Z*, R*) is a solution of (SDLCP).

3.3 Classical search direction

To solve the system (3.3]), we use primal-dual path following algorithms.
The important idea of latter is to approximately follow the central path and reach the solution

of (3.3)), using Newton’s step such that
Z0) = 7z Lo ANz, R*D = R® Lo AR

We note that (Z, R) is a solution of (SDLCP) if and only if it is a solution of (3.3 for p = 0.
The first equation in system (3.3|) is nonlinear, a direct resolution is generally impossible that
is

F.(Z R) = 0 and (Z, R)e ST, xS",, peR’, (3.4)

which represents a system of nonlinear equation where F}, : S™ x .S™ — §" x R™*" is a function

defined by :
ZR —ul
F.Z,R) = = 0,
nNZ)+Q—-R
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3.3. Classical search direction

we use Newton’s method for solving nonlinear equation ({3.4]), we obtain
F.Z, R)+<vF.Z, R(AZ, AR)" = 0,

the system of linear equations :

MAZ) = AR
(3.5)
ZNANR+NANZR = ul — ZR.
Which is equivalent to
MAZ) = AR
(3.6)

ANZ+ZNRR?' = uR7' - Z.
Let 4 > 0 and (Z, R) be a strictly primal-dual realizable point, the Newton direction
(AZ, AR) is the unique solution of ({3.5)).

3.3.1 primal dual algorithm for SDLCP

Algorithm strategy

(1) We start with (Z° RY) a strictly primal dual realizable point and belonging to a neigh-
Tr(Z 0R0)>

n

I

borhood of central path, with known ;° (,uo =
(2) We build the new pair where AZ, AR are directions of Newton;

(3) We verify that Z (k+1) - RUHD) are strictly realizable for all 7 > 0 and we distinguish two
cases :

(k+1) ~ R(+1) are approximate solutions

- If nu* < € where € is a given precision, then Z
of the system (3.3]).

- Otherwise nu* > ¢, Z*+D  RE+D are not the approximate optimal solutions of ,
in this case the parameter p reduces to u© = (1 —0)u where 0 < 0 < 1 and we

remain close to the central trajectory.

Remark 3.1. In particular 0 = @(ﬁ), the algorithm is called at Small step and if 6 = 0(1)

then the algorithm is called at large step
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Symmetrization technique

Under the previous conditions, this system admits a unique solution (AZ, AR) which in

general is not symmetrical. So to deal with this problem Y. Zhang [47] proposes to replace the

last equation in (3.5)) by the following equation :
Hp(Z AR+ AZR) = pul — Hp(ZR).
where Hp is a given linear transformation defined by :

1
Hp(M) = i(PMP‘l + P~TMTPTY,

with P is an invertible matrix and M is a real square matrix of order n.

Using this technique, Newton’s second equation linearized in (3.5)) will be :

KWAZ) = AR,
AZ + PARPT = uR™ - Z,

there are several choices for the matrix P:

P References

I Alizadeh, Haeberly and Overton [5] ;
RiorZ: Helmberg, Kojima and Monteiro (H K M) [23];
Z7t Kojima [11];

R Kojima [11].

Table 3.1: Several choices of the matrix P
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3.4. Nesterov-Todd direction

3.4 Nesterov-Todd direction

We use the symmetrization schema of N-T [42], where

P = Z*(Z:RZ2) 27z
= R 3(R:ZR%):R:.
Let B = P%, we define the matrix w by

1 1
w = —B'ZB' = —BRB, (3.9)

Vi Vi

thus we have

1
w? = B 'ZRB. (3.10)
o]

The matrices w, B € ST, . When we use (3.9), the sys (3.6) becomes

h(Dy) = Dg,
(Dz) " (3.11)
Dz+DR = W —w,
with
1 1 =
Dy = —oBAZBT, Dy = oBARB. and KD;) = BHBD:B)B. (312

h is also monotone on S™.
The new sys (3.11)) has a unique symmetric solution (Dz, Dg).

The directions (Dz, Dg) do not achieve orthogonality, because

Dy e Dp = Trace(DrDy) = iAZoﬁ(AZ) > 0.

3.5 Proximity measure

The iterations produced by the algorithm remain feasible and close to the central trajectory,

we are obliged to introduce a proximity measure which is defined by :

S(w) = Iw —w|. (3.13)
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Note that
fw) = 08w =w'eZR = ul.

Which justifies the belonging of the points to the central trajectory.

3.6 primal-dual IP algorithm

We describe the general outline of IP algorithm for SDLCP.
First, we use 7 > 1 and suppose that for certain known x°, and the existing strictly feasible

point (Z°, R°) such that §(Z° R°, u°) < 7.

Now, using the directions (AZ, AR) and taking the step size o € (0, 1), the algorithm
produces a new iterate (Z*+), REF)) = (ZW) + aAZ R® 4 aAR).
We note that the search for an optimal primal dual solution is equivalent to setting Z e R

to zero, this is expressed by updating p via :

pFY = (1= 0)u® with 0 < 6 < 1
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The primal-dual algorithm for solving SDLCP is stated as follows :

Input:

A threshold parameter 7 > 1;

an accuracy parameter € > 0;

barrier update parameter 0 < 6 < 1;

A strictly feasible pair Z° = 0, R® = 0 and p° = Trace(Z°R%)/n :
8(Z2° RY, p°) < 7

begin

Z = 2Z% R = R% p = p’

while nu > ¢ do

begin

Pt = (1= 0)u*

while 6(Z, R, ) > 7 do

begin

-Solve System and use to obtain (AZ, AR);

-determine a suitable step size «;
-update (ZF1, R = (ZF + aAZ, R* + aAR).
end

end

end

Algorithm 1: Primal-dual IP algorithm for SDLCP
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Chapter 4

Primal-dual IPMs for SDLCP based on

new kernel functions

In this chapter, we develop an algorithm of a primal dual IPM based on a new kernel function
to solve the SDLCP problem. First we start with the notion of a matrix function which will be
used later in this chapter and the introduction of a new kernel function which must verify the
conditions of eligibility . Then we establishes the convergence of the algorithm and the analysis
of the complexity.

This results are similar to those obtained in [11], [6].

4.1 Kernel function and their properties

We begin by the matrix function from a differentiable function g(t) and with real values . Then,
we present the notion of a kernel function and their properties for SDLCP.
Now, we present Spectral decomposition for matrices belonging to S™ | it allows us to extend

the definition of the real function g to g : S™ — S"

Theorem 4.1. Let A € R™*"

Ae S" <= 3Q € R where QTQ =1, QTAQ = B, and B is a diagonal matriz.
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Definition 4.1. Let w € S™, and
w = HTdiag(’Yl(w)a 72(“';)7 e 7711(("‘)))[_[7

s a spectral decomposition where H is any orthogonal matriz that diagonalizes w,

the matriz valued function g : S™ — S™ is given by

g(w) = H"diag(g(v,(w)), 9(v2(w)), .-, g(v,(w))) H,

We note that the function g is well defined when ¢ is well defined at each eigenvalue of w.

since g is differentiable, then ¢'(x) is

g (W) = H'diag(g'(v,(w)), d (v2(w)), .., ¢ (7, (w))) H.

Now, we need to some notion connected to the matrix function. For more details, consult

the works ( |15], [36] ).

Definition 4.2. A matriz M(x) is a function matriz if every element of M(x) is a function

of x, that is M(x) = [M,;(x)].

Let H(z) and M(x) be two differentiable functions matrices. So we have:

i Trace(g(H(x))) = Trace(g(H (x))H (2)),
iw(H@)M(x)) = H(x)M(z)+ H(z)M (z).
LTrace(H(z)) = Trace(H (x)),

AL H(x) = [LHy(@)] = H(2),

4.1.1 A new set of kernel functions

Definition 4.3. We said that g(z) : [0,00) — [0,00) is a kernel function if g is twice differen-

tiable and satisfies

41



Primal-dual IPMs for SDLCP based on new kernel functions

(1) 9(1) = g'(1) = 0;
(2) ¢"(x) >0 for all x > 0
(3) lim, 0 g(z) = lim, 40 g(x) = +00.
Clearly, the first and second properties say that g(z) is a strictly convex function where

g9(1) =0.

We can describe g(z) by
z ¢
g@) = [ [ g €)deac.

where ¢”() the second derivative of g. Now, we present the new function g

1 1 1

g(x) = 5(2:c2 +— —5)+ex . (4.1)
T
Now, we liste ¢'(), ¢"() and ¢"() as follows :

1 I o1

J(x) :Qx—g—ﬁez Y (4.2)
3 I

g'(@) =2+ G+ (5 + e g (4.3)

o e L, (4.4)

We have lim, 0 g(x) = lim, o, 9(z) = +oo and g(1) = ¢'(1) = 0.
from (4.3), (4.4) we get ¢"(z) > 1,¢"(x) < 0. Then g(x) is a barrier function.

4.1.2 Qualification of a kernel function

We present the qualification conditions of a kernel barrier function g(z) and some properties
concerning these conditions which are crucial in the complexity . We begin by this technical

lemma:
Lemma 4.1. Consider the barrier function g(x). If g(x) verifies the following two properties:

(1)- zg"(x) — ¢'(x) >0, for xz>1,
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4.1. Kernel function and their properties

(2)- ¢"(x) <0, for x>0,
Then, it verifies
9"(x)g'(Bx) — By (x)g"(Bx) > 0, forx > 1, B> 1.

Lemma 4.2. Consider the function g(x) defined as in (4.1)), then

zg"(z) + ¢'(z) > 0, for x <1, (4.5)
zg"(z) — ¢'(x) > 0, for x> 1, (4.6)

g"(x) < 0, forz > 0, (4.7)

2¢"(2)* — ¢"(2)g'(x) > 0, forx< 1, (4.8)

9" (x)g'(Bx) — By (x)g"(Bx) > 0, forax>1 B > L (4.9)

Proof. For the two ineauqlity (4.5)) and (4.6)), using (4.2) and (4.3), we have

2 1 1, 1
1 / _ 14
tg"(x) +4'(z) = 4x+$+(?+ﬁ)ez >0, forx < 1,

and

1 3. 1.4

4
tg"(z) — ¢'(x) = E—i_( —l—ﬁ)ew >0, forz > 1.

For ¢"(x) <0 for x > 0, verified by the (4.4)), .

3

For (4.8]), we have
2¢"(2)* — ¢" () (z) = K(z) + W(x)eQ(%_l) +Q(x)e+ ) >0 forw < 1,

WhereK(x):8+i—§+x%, W(@:(%Jr%-f—;lg) and Q(x):(%+%g+;25+:%+£_L).

8 9

Finally, we use (4.6) and (4.7) to get (4.9)), . ]

The proximity function G(w) : ST — Ry is

n

G(w) = Trace(g(w)) = >_ g(1:(w)), Vy;(w) > 0.

=1

Now, we show the important property of the barrier function according to the first two condi-

tions of definition 4.3
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Primal-dual IPMs for SDLCP based on new kernel functions

Lemma 4.3. Let G(w) be the barrier function associated with a kernel function , G(w) is

strictly convez with w = 0 and verify G(I) = G'(I) = 0.

4.1.3 Properties of eligible kernel function

Lemma 4.4. This properties are equivalent:

(1) g(\/T172) < 5(g(x1) + g(x2)) for 1,25 > 0,
(2) xg"(x) + ¢'(x) >0 for x >0,

(3) g(e*) is convex.

Lemma 4.5. For g(x), the conditions holds

(1) 3(z = 1)* < g(z) < 5(¢'(x))?, forz >0,

(2) g(z) < 4(x —1)% forx > 1.

Proof. in condition(1), using (¢”(z) > 1), we get the first inequality

= [ [ e [ [ agac= -1y

For the second inequality we have

:Ax/lgg"( d§d¢</ / d£d<‘—f( ())*.

For item (2), g(1) = ¢'(1) =0, ¢"(z) = 8 and
g"(x) <0, we get
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4.2. New search directions

Theorem 4.2. Suppose that wy and wy € ST and G is the matriz function, Then

G ([whwwht]) < (G + Gl

4.2 New search directions

To define new search directions, we will use the system:

h(Dyz) = Dg,
(Dz) R (4.10)
DZ + DR = —g’(w).
The directions are not orthogonal i.e Dy e Dg > 0.
we can form a binary (Z,, R, ) according to Z, = Z + «AZ and R, = R+ aAR.
To analyze an algorithm of interior points, the measure of proximity is
d(w) : ST, — Ry, as follows :
dw) = 3l —g Wl =3yTr(gw)?) = 3IDz + Drl (4.11)

According to lemma (4.3), G(w) is strictly convex and reaches its minimum value zero at

w = I, then we have

w)=0ew=I1< Gw)=0.
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Primal-dual IPMs for SDLCP based on new kernel functions

4.2.1 The form of large-update primal-dual IP algorithm

Input:
A threshold parameter 7 > 1;
an accuracy parameter ¢ > 0;

barrier update parameter 0 < 6 < 1;

A strictly feasible binary Z° = 0, R® = 0 and u° = Trace(Z°R%)/n :
G(Z° RY, u%) < 7

begin

Z = 2% R = R% p = i
while nuy > ¢ do

begin

prtt = (1= 0)u*

while G(Z, R, p) > 7 do

begin

Solve Sys and use Eq. to obtain (AZ, AR);

determine the step size a;

update (ZF1 RF1Y) = (ZF + aAZ, RF + aAR)
end

end

end

Algorithm 2: primal-dual IP algorithm for SDLCP
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4.3. Upper bound of G(W)

4.3 Upper bound of G(WW)

Let I" : [0,00) — [1,00) and p : [0,00) — (0, 1] the reverse function of g(x), for x > 1, and the

reverse of —% g'(x) respectively,

Theorem 4.3. [11]

For all w positive definite matriz, and for all 5 > 1 we have

G(fw) < ng <5r <G<°">>) |

n

By consequence of the theorem, we get

if Gw) <71, = ﬁ , then after p—update, G (\/E_—Gw) is bounded by ng (ﬂI‘ (%)) )

As T is increasing and G(w) < 7 then T’ (&) <T (%) and so

n

Go < Ly(n,0,7) := ng (BF <\/1;T9>>

where Gy denotes the value of G(w) after updating p
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Primal-dual IPMs for SDLCP based on new kernel functions

4.4 The decrease of the function barrier

we obtain new iterates,
Z, =/uB(w+aDz)B and Ry = \/uB~'(w + aDg)B ™,

sSo we have

w? = (w+ aDgz)(w+ aDg).

and

w? = (w+ OéDz)%(w + aDZ)%(w + aDpg)(w + aDZ)%(w + aDZ)_Tl.

We assume that (w + aDyz) > 0 and (w + aDg) > 0 for such « step size that ensures strict

feasibility.

wi is similar to

N|=

w? = (w+ ozDZ)%(w + aDpg)(w+aDy)2.

The eigenvalues of w, are the same as

=
N|=

{(w + ozDZ)%(w + aDg)(w+ aDy)

}

We define the proximity after one step by

(NI

G(wy) = G([(w + aDz)? (w + aDg)(w + aDz)3]?).

By Theorem (4.2)), we have G(w,) < [G((w + aDz) + G(w + aDg)).

Define for @ > 0,

U(a) = G(wy) — G(w) and Uy (a) = 5[G((w + aDyz) + G(w + aDg)] — G(w).

It is easily seen that, U1(0) = U(0) = 0 and U(«) < U(a). Furthermore, Uy («) is a convex

function.
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4.4. The decrease of the function barrier

Ul(a) = %Tr(g’((w +aDz)Dy + ¢ (w+ aDg)Dg),

and
Ul'(a) = 3Tr(¢"((w + aDz)D% + ¢"(w + aDg) D).

Hence, using (4.10)) and (4.11]), we obtain
1 1
U1(0) = STr(g (@) (D5 + Di)) = STr(~g/(w)?) = ~20°(c).

Lemma 4.6. [4§] We have
Ui () < 20°U" (0 (w) — 200)

Lemma 4.7. [6] We have Uj(a) <0, If « verifies the inequality

0 (Vmin(@) = 200) + g (Vpuin(w)) < 26.

Lemma 4.8. [6] Suppose that the value of o which satisfies lemma is

&= o (0) — p(29)),

Lemma 4.9. [6] Let p and @ then
1

T2 0= 28)

(4.12)

Using & as the default step size. According to the previous lemma, we have & < @

Lemma 4.10. [36] we have

h(z) < th/Z(O) forall x € [0, z"].

Ifh(0) =

0, R'(0) < 0 and realize its global minimum at * > 0, and h"(x) is increasing

over the interval [0, z*|, where h(x)be a convex function which is twice differentiable.
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Primal-dual IPMs for SDLCP based on new kernel functions

Lemma 4.11. [6] If the deplacement step verifies a < @, then we have

Ua) < —ad®.
According to the results of lemma (4.11) and & = m, we obtain
62
U(a) (4.13)
(p(29))
4.4.1 Bound of §(w) in terms of G(w)
Lemma 4.12. For any w > 0,
5> GW) (4.14)
2
Proof. Using Lemma(4.5) and equation(4.11)), we get
1 2 " 1
6% = ~Tr( - —

hence § > \/@. O

4.4.2 TIterations bound
Consider the total iterations’ number, then
Gk 1>1,0<Gg <.
Lemma 4.13. [36] Let xg, x1, ..., be a sequence of positive numbers satisfying :
Tpr < xp— k=01, K —1,

such that :

B~ >0,v€(0,1]; then K <

963]
By
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4.5. Complexity analysis

Lemma 4.14. Let K be the total number of inner iterations, then we have
v
<&
By

Lemma 4.15. Let k be the number of outer iterations required for algorithm to converge to a

K

primal-dual optimal solution, then we have

1 n
k< =l — .
- 909<6>

The total iterations’ number, namely

4.5 Complexity analysis
Lemma 4.16. (1] For G(x), we have

V1+s<T(s)<1+V2s, fors>0.
Theorem 4.4. [1] One has

Glwy) < T (VIT + Vb,

if G(w) <7, where 0 <0 <1 andw, = ﬁ.
Proof. From ([11], theorem 3.3.2) when 3 = \/11_—0, and According to Lemma 1} we get
G(wﬂ < ng ( 11_9F(GTW))
2
(T
< 5 (Var+ Vb)) =G,
1—-vV1-0= 1+\?ﬂ <0, for 0 <6 < 1, Gy is an upper bound of G(w). ]

Lemma 4.17. [1] For any w > 0,

5>/ (4.15)



Primal-dual IPMs for SDLCP based on new kernel functions

Proof. we suppose that 7 > 1 and using G(w) > 7 , by Lemma(4.12)), we obtain § > \/g

[
Lemma 4.18. (1] One has
a> L (4.16)
a :
= 6+ 2(60 + 1)(1 + log(46 + 1))2.
Proof. We compute p(26) = s, where p be the inverse of —1¢/(t) for z € [0,1). This implies
'(x) = 46 Ly Lebioys
—g'(z) =4 <:>—2x+ﬁ+?ez =4
which leads us to
1 1
ezt :x2(45+2x—ﬁ), (4.17)
this implies that
>
= T log(40 + 1)
Using (4.17) and the definition of ¢"(x) .
If s <1, we have 55_51 < 0 and
1 2
) < (14 log(4d + 1))
Then,
"( )—2+3+(3+i) L <64+ 2(68 + 1)(1 + log(46 + 1))
g = e R °g
we obtain
_ 1
o>
= 6+ 2(60 + 1)(1 + log(4 + 1))2.
As a default step size, we take
; ! (4.18)
&= :
6 +2(60 + 1)(1+log(40 + 1))2.
[
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4.5. Complexity analysis

Lemma 4.19. [1/ Let & and G(w) > 1, then

_ VGo
Ula) < — . 4.19)
@) 33(1 + log(24/2Gy + 1))? (
Proof. By (|6, Lemma 4.5) and @ > &, we have
5 1 G
U(&> S - S 5 )
6+20(6 +v2)(1 + log(46 +1))2 — 2 VG e
6+ 2ﬁ(6 +V2)(1+ log(4¥€ +1))?
therefore
_ VGo
Ula) < — :
33(1 + log(24/2Gy + 1))?
[l

Lemma 4.20. (1| Let K be the total inner iterations’ number in the outer iteration. Then,
1
K <66 (1+1log(2v/2Gy + 1))?) G§.

Proof. We utilize (36|, proposition 1.2.3), by taking x = G, [~ = 33(1“09(21\/@“))2 and

= % we get the result. O
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Primal-dual IPMs for SDLCP based on new kernel functions

Theorem 4.5. [1/ If T > 1, the total number of iterations is not more than
1
66(1 + log(2v/2G, + 1))?)GE 5log™-.

Proof. In the algorithm, nu < e, p* = (1 —0)*u° and pu° = @. By easy computation, we get
1

0
k< —log%.
0 €

The upper bound of the total iterations, namely

K 0 1 0
glog% < 6;(1 +1og(2v/2Gy + 1))*)GE log%.

]

Remark 4.1. We suppose that T = O(n), = ©(1) and G’é = O(y/n), we obtain the solution
at most O(\/ﬁ(logn)Qlogg).
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Chapter 5

Numerical tests

The objective is to introduce three SDLCPs for testing the algorithm. The implementation is
in "Matlab”.

“inn” and "out”: number of inner and outer number of iterations,
"T” means the time.

T=22¢=10° o € {03, 05 07, 09, 1, 109345), 109(415+1)} and 6 € { 0.95, 0.99},
to € {Tr(ZR)/n, 0.005, 0.0005}.

We supply a point (Zy, Rp) such that IPC and G(Zy, Ry, 1) < 7 are satisfied.
We begin by the monotone (SDLCP) defined by the two sided transformation [2].

The next example present the monotone (SDLCP) the same as the (SDLS) problem and the
last one is the reformulation of (NS-SDLS) problem [23].
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Numerical tests

Example 5.1. (1] We consider the monotone (SDLCP) defined as follow [2],
WZ) = AZAT n = m = 5 where

1725 —1.75 —1.75 —1.75 —1.75
—1.75 1625 —2 0 0

A= | -17 -2 1625 -2 0 )
~1.75 0 -2 1625 -2
—1.75 0 0 -2 16.25

—925 125 125 125 1.25
1.25 —825 15 0 0

Q = 125 15 —825 15 0
1.25 0 1.5 —825 1.5
1.25 0 0 1.5 —8.25

The strictly feasible point Z° = 0 is disposed by

0.0620 0 0 0 0
0 00620 0 0 0
ARES 0 0  0.0620 0 0
0 0 0 00620 0
0 0 0 0  0.0620
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The distinctive solution Z* € Sf‘r s given by

0.0313
0.0020
0.0020
0.0020
0.0020

AR

0.0020 0.0020

0.0313 0.0019

0.0019 0.0312
0 0.0019
0 0

0.0020

0.0019 0
0.0312
0.0019

0.0020
0 0

0.0019
0.0313

The both inner and outer iterations’ number in addition to the time for diverse choices of a, 0

and v are presented in the next tables (1)

0 = 0.5
a/u Tr(ZR)/n 0.05 0.005 0.0005
inn /out /T inn /out /T inn /out /T inn /out /T
0,3 74 /22 /17 x1072 | 71 /19 / 17x1072 | 65 / 15 / 15x10~2 | 61 / 12 / 15x10~2
0,5 43 /22 /12x1072 | 41 /19 / 12x1072 | 37 / 15 / 12x1072 | 35 / 12 /10x 102
0,7 23 /22 /9x1072 |22 /19 / 17x1072 | 20 / 15 / 7x1072 | 19 /12 / 7x10~2
0,9 22/ 92 / 10x10~% | 21 /19 / 15x10~2 | 18 / 15 / 7x10~2 | 16 / 12 / 9x 102
1 22 /22 /10x102 | 19 /18 / 9x1072 | 17 /15 / 7x1072 | 15 /12 / Tx10~?
1/log(48) | 7/22/7x102 | 16 /19 / 9x1072 | 12 /15 / 9x10~% | 25 / 12 /10x10~2
1/log(46+1) | 20 /22 /9x1072 | 21 /19 / 6x10~2 | 24 / 15 / 9x10~2 | 30 / 12 /10102

Table 5.1: Number of inner, outer iterations and the time for several choices of a and u, with

0 =0.5.

o7




Numerical tests

0 = 0.89
o/ Tr(ZR)/n 0.05 0.005 0.0005
inn / out / T inn /out / T inn /out / T inn /out / T
0.3 58 /7 /14x1072 | 57 / 6 / 14x1072 | 55 / 5 / 12x10°2 | 53 / 4 / 14x 102
0.5 31/7/10x1072 | 31 /6 / 10x102 | 30 / 5/ 9x102 | 28 / 4 /9 x10°2
0.7 21 /7 /9102 | 20 /6 /7x1072 | 19 /5 /9x10~2 | 18 / 4 / 9x10~2
0.9 14/ 7/ 7x107% | 14 /6 /71072 | 13 /5 /6x107% | 12 /4 / 6x102
1 90/7/6x1072 | 8/6/6x102 | 8/5/6x102 | 7/4/6x102
1/log(46) | 14 /7 /7x1072 | 20 /6 / 7x1072 | 22 /5 / 9x1072 |36 / 4 / 10x10~2
1/log(4641) | 22 /7 /71072 | 24 /6 /9%1072 | 30 /5 / 9x10~2 | 36 / 4 /10x10~2

Table 5.2: Number of inner, outer iterations and the time for several choices of o and i, with

6 = 0.89.
0 = 0.95
a/u Tr(ZR)/n 0.05 0.005 0.0005
inn /out /T inn /out /T inn /out /T inn /out /T
0.3 53 /5 /12x1072 | 60 / 5 / 14x1072 | 56 / 4 / 14x1072 | 51 / 3 / 10x 102
0.5 20 /5/9x1072 | 33 /5/9x10°2 | 30 /4 /9x107% | 28 /3 / 9x10~2
0.7 18/5/7x1072 | 20 /5 /7x1072 | 18 /4 /7x1072 | 17 /3 / 7Tx1072
0.9 11/5/7x1072 | 12 /5 /7x102 | 11 /4 /7x10~2 | 10 /3 / 6x102
1 7/5/6x107% | 7/5/6x1072 | 7/4/6x1072 | 6/3/6x10"2
1/log(46) | 20 /5 /7x1072 | 23 /5 /7x1072 | 32 /4 /10x10~2 | 38 /3 / 10x 102
1/log(40+1) | 24 /5 /9%x1072 | 31 /5 /9%x1072 | 34 /4 /9x107% | 41 /3 / 10x1072

Table 5.3: Number of inner, outer iterations and the time for several choices of v and u, with

0 = 0.95.

Example 5.2. [1] The (SDLCP) which is equivalent to (SDLS) problem, is given by
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WZ) = YATAZ + ZATA) and Q = —3(ATB+ BTA),
where
6 -1 0 0 0
-0.1 6 —1 0 0
4 0 -—-01 6 -1 0
0 0 —-01 6 —1
0 0 0 —-01 6
0 0 0 0 —0.1
and
1 0 0 0 0
—-04 1 0 0 0
B _ -04 —-04 1 0 0
—-04 0 —0.4 1 0
—-04 0 0 —0.4 1
—-04 0 0 0 —-04
The initial point Z° = 0 is
0.2369 0 0 0 0
0 0.2369 0 0 0
AR 0 0 02369 0 0
0 0 0 0.2369 0
0 0 0 0 0.2369
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Numerical tests

The solution Z* € S% is given by

0.1639
—0.0215
—0.0342
—0.0328
—0.0300

7" =

—0.0215
0.1553
—0.0227
—0.0019
—0.0027

0.1558

0.0014

—0.0342
—0.0227

—0.0194

—0.0328
—0.0019
—0.0194
0.1564
—0.0189

—0.0300
—0.0027
0.0014
—0.0189
0.1598

In the next tables, we present the iterations’ number and the time [1|].

0 = 0.5
a/pu Tr(ZR)/n 0.05 0.005 0.0005
inn /out /T inn /out / T inn /out / T inn /out /T
0.3 74 /22 /211072 | 69 / 18 / 201072 | 65 / 15 / 7x10°2 | 61 / 12 / 18x 102
0.5 43 /22 /151072 | 40 /18 / 15x10°2 | 37 /15 / 17x1072 | 35 / 12 / 15x 1072
0.7 23 /22 / 11x1072 | 21 / 18 / 11x1072 | 20 / 15 / 11x1072 | 19 / 12 / 10x10~2
0.9 22/ 922 / 10x1072 | 20 / 18 / 12x10°2 | 18 / 15 / 9x1072 | 16 / 12 / 10x 102
1 22 /22 /12x1072 | 19 / 18 / 12x1072 | 17 / 15 / 11x1072 | 15 / 12 / 6x10~2
1/1og(46) 8/22/7x107% |12 /18 /11x1072 | 18 / 15/ 12x1072 | 26 / 12 / 14x1072
1/log(46+1) | 20 / 22 / 10x10~2 | 21 / 18 / 101072 | 25 / 15 / 10x1072 | 31 / 12 / 12x 102

Table 5.4: Number of inner, outer iterations and the time for several choices of o, and p with

0 = 0.5.
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0 = 0.89
/i Tr(ZR)/n 0.05 0.005 0.0005
inn /out / T inn /out / T inn /out / T inn /out / T
0.3 58 /7 /20x1072 | 57 / 6 / 20x107% | 55 /5 / 17x1072 | 53 / 4 / 17x 102
0.5 31/7/12x10°2 | 31 /6 / 12x10~2 | 29 /5 / 10x1072 | 28 / 4 / 12x10~2
0.7 21 /7/10x1072 20 /6 /10x1072| 19 /5 /71072 | 18 /4 / 10x1072
0.9 14/ 7/ 9x1072 | 14 /6 /9x1072 | 13 /5 / 7x1072 | 12 /4 / Tx10?
1 8/7/4x107% | 8/6/6x1072 | 8/5/6x102 | 8/4/7Tx107?
1/log(48) | 19 /7 /7x1072 |23 /6 /10x1072 | 29 / 5 / 12x10°% | 31 / 4 / 14x10~2
1/log(4641) | 23 / 7/ 10x1072 | 26 / 6 / 10x1072 | 31 /5 / 14x1072 | 38 / 4 / 15% 102

Table 5.5: Number of inner, outer iterations and the time for several choices of o, and p with

6 = 0.89.
0 = 0.95
a/u Tr(ZR)/n 0.05 0.005 0.0005
inn /out /T inn /out /T inn /out /T inn /out / T
0.3 54 /5 /18x107% | 61 /5 / 20x1072 | 56 / 4 / 20x1072 | 52 / 3 / 18x 102
0.5 20 /5 /12x107% | 33 /5 / 10x1072 | 30 /4 / 12x107% | 28 / 3 / 9% 1072
0.7 18 /5/9x1072 | 20 /5 /6x1072 | 18 /4 / 7x10°2 | 17/ 3 / 9x10°2
0.9 11/5/7x1072 | 12 /5 /7x1072 | 11 /4 /7x102 | 10 /3 / 6x10?
1 7/5/Tx1072 | T/5/4x10°2 | 7/4/6x10°% | 7/3 /) 7x10°2
1/log(46) | 18 /5 /7x1072 | 21 /5 /7x1072 | 25 /4 / 12x1072 | 41 / 3 / 17x 102
1/log(4641) | 25 /5 / 10x1072 | 32 /5 / 12x1072 | 36 / 4 / 12x1072 | 42 / 3 / 14x 102

Table 5.6: Number of inner, outer iterations and the time for several choices of o, and p with

0 = 0.95.

Example 5.3. [I]
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Numerical tests

The matrices A and B of NS-SDLS are given by :

and

Lyapunov transformation h(Z) is symmetric and strictly monotone given by

—0.3157
—0.3274
—0.3569
—0.2994
—0.3243
—0.3447
—0.2417
—0.2063
—0.3285
—0.2484
—0.2196
—0.3148

—1.4257
—1.4024
—1.3766
—1.4274
—1.3994
—1.3716
—1.4269
—1.4015
—1.3767
—1.4257
—1.3989
—1.3724

0.0330
—0.0158
0.0787
0.0301
—0.0048
0.0736
0.0709
—0.0099
0.1585
0.0878
0.0023
0.1506

0.1528
—0.3092
0.4366
0.1424
—0.3095
0.4285
0.1581
0.3229
—0.4189
0.1515
0.3276
0.1454
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0.0603
0.0625
0.0563
0.0496
0.0715
0.0545
0.0522
0.0233
0.0979
0.0622
0.0280
0.0922

0.4398
0.4187
0.4197
0.4353
0.4206
0.4193
0.4335
0.4214
0.4333
0.4358
0.4217
0.4356




1

WZ) = ;(GlZ +267) and Q = — (G ATB + BTAG™), (5.1)
where G = AT A.
SDLCP has the unique solution Z* is given by
5.1571 —0.2615 1.9198
Z" = | —0.2609 6.2655 —4.0779
1.9199 —4.0778 0.6117
The iterations’ number and the time with «, p and 6 € {0.50,0.80,0.90} with Z° = I are
disposed in the next tables.[1]
6 = 0.50
alu Tr(ZR)/n 0.05 0.005 0.0005
inn /out /T inn /out /T inn /out /T inn /out /T
0.3 6/22/7x1072 | 6 /18 /7x1072 | 6 /14 /6x1072 | 6 /11 / 6x1072
0.5 3/22/6x1072 | 3/18 /6x1072 | 3 /14 /6x1072 | 3 /11 /6x1072
0.7 2/22/7x1072 | 2 /18 /6x1072 | 2 /14 /6x1072 | 2/ 11 / 4x1072
0.9 2/22/6x1072 | 2 /18 /4x1072 | 2 /14 /6x1072 | 2/ 11 / 4x1072
1 2/22/6x1072 | 2 /18 /6x1072 | 2 /14 /6x1072 | 2 /11 / 6x1072
1/log(46) | 15 /22 /9x1072 | 17 /18 / 9x1072 | 15 / 14 / 6x1072 | 15 / 11 / 6x102
1/log(46+1) | 15 /22 / 7x1072 | 17 / 18 / 9x1072 | 15 / 14 / 9x1072 | 15 / 11 / 9x 1072

Table 5.7: Number of inner, outer iterations and the time for several choices of o, and p with

0 = 0.5.
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Numerical tests

0 = 0.80
a/u Tr(ZR)/n 0.05 0.005 0.0005

inn /out / T inn /out / T inn /out / T inn /out / T

0.3 6/10/4x102 | 6/8/006 | 6/6/4x10°2 | 6/5/0.06
0.5 3/10/4x102 | 3/8/4x107% | 3/6/6x10°2 | 3 /5 /6x10°2
0.7 2/10/4x1072 | 2/8/6x1072 | 2/6/6x107% | 2 /5 /4x1072

0.9 2/10/4x1072 | 2/8/6x1072 | 2/6/4x102 | 2/5 /6x10~2

1 2/10/6x102 | 2/8/6x1072 | 2/6/6x102 | 2/ 5/ 4x10~2
1/log(46) | 16 /10 / 7x1072 | 17 /8 / 9x1072 | 15 / 6 / 7x10°% | 17 / 5 / 9x 102
1/log(4641) | 16 / 10 / 4x107% | 17 /8 / 7x1072 | 16 / 6 / 7x1072 | 17 / 5 / Tx10~2

Table 5.8: Number of inner, outer iterations and the time for several choices of o, and p with

6 = 0.80.

0 = 0.90

a/u Tr(ZR)/n 0.05 0.005 0.0005
inn /out / T inn /out / T inn /out / T inn /out / T
0.3 6/7/6x102 | 6/6/6x102 | 6/5/6x102 | 6/4/6x102
0.5 3/7/4x1072 | 3/6/4x10% | 3/5/4x102 | 3/ 4/ 4x1072
0.7 2/7/4x1072 | 2/6/6x107% | 2/5/4x1072 | 2/ 4/ 6x10°2
0.9 2/7/6x1072 | 2/6/6x102 | 2/5/6x102 | 2 /4 /4x10°2
1 2/7/4x1072 | 2/6/4x1072 | 2/5/6x102 | 2 /4 /6x1072
1/log(48) |16 /7 ) 7x1072 | 17/ 6 / Tx1072 | 17 /5 / 71072 | 17 / 4 ] 710~
1/log(4041) | 16 / 7/ 6x1072 | 17 / 6 / Tx1072 [ 17 /5 / Tx1072 | 17 / 4 ] 6x1072

Table 5.9: Number of inner, outer iterations and the time for several choices of o, and p with

6 = 0.90.

The tables’ results show the effectiveness of the algorithm through the role of our kernel
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function g(t), we achieved the better results than [@/, by iterations’ number and the time

produced that depends on the values of o, 0 and p.
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Conclusion and perspectives

The new class of search directions based on new kernel function to solve the (SDLCP) by
primal-dual path following algorithm is proposed. The new directions are not orthogonal. The
new kernel function has good properties. In particular, we have obtained a better existing
complexity.

We conducted a numerical study on some existing examples, under a special choice of param-
eters (a, 6, p), we obtain the best known iteration bound for the algorithm with large-update
method, namely O (ﬁ(logn)zlogZ).

A great improvement concerning the time and the number of iterations was showed by the
implementation of the algorithm.

We recommand for the future research to focus on the development of a primal-dual interior
point algorithm based on a new kernel function with another symmetrization scheme, whose

goal is to improve the complexity, and extended this methods to another problems.
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Abstract

In this thesis, we propose a new kernel function which has a great influence
on the improvement of the complexity and a crucial role concerning the
introduction of a new class of search directions to solve the monotone
semidefinite linear complementarity problem (SDLCP) by primal-dual following
path interior point algorithm. This directions are not orthogonal what makes
the study more difficult.

A theoretical, algorithmic and numerical study was carried out. We obtain
currently best known iteration bound for the algorithm with large-update
method, namely O (Vn(log n)2log(n/e)). The implementation of the algorithm
showed a great improvement concerning the time and the number of iterations.

Keywords:

SDLCP, Interior Point Methods, method of Newton, polynomial complexity,
kernel function.

Résumé

Dans cette these, nous proposons une nouvelle fonction noyau qui a une
grande influence sur l'amélioration de la complexité et un rdle crucial
concernant l'introduction d'une nouvelle classe des directions de recherche
pour résoudre le probleme de complémentarité linéaire semi défini monotone
(SDLCP) par la méthode de trajectoire centrale primal-duale. Ces directions
ne sont pas orthogonales ce qui rend 1’étude plus difficile.

Une étude théorique, algorithmique et numérique a été réalisée. Nous
obtenons actuellement la meilleure itération connue pour les algorithmes a
grand pas, qui est de 1l'ordre O(Vn (log n)? log(n/e)). L'implémentation de
l'algorithme a montré une grande amélioration concernant le temps et le
nombre des itérations.

Mots de passe:
SDLCP, MPI, méthode de Newton, complexité polynomiale, fonction noyau.
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