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Introduction

Recently, spline quasi-interpolants have drawn increasing attention as a general approxima-
tion for more efficient calculation. Due to its stability, fast performance, low processing cost,
and short linear systems, it has been claimed that its support is limited. The primary issue with
quasi-interpolants is that they can be accomplished while having to solve any systems of linear
equations. Spline quasi-interpolants are valuable for a variety of applications. Several fields,
including approximation theory, machine learning, geometric design, the amusement business,
etc., have used spline quasi-interpolants. The traditional option is smooth spline spaces with
a lower degree, which is very challenging in arbitrary triangulations. Solving several kinds of
integral equations using spline quasi-interpolants is a significant application.

In recent years, many authors have proposed various ways to solve Fredholm integral equa-
tions using spline kernel approximations in order to reduce the number of terms in the approx-
imate kernel. The outcomes of this limitation enable great accuracy while avoiding needless
processing expenses associated with large linear systems. In [2], the authors employed a cou-
ple of well-known approaches in the theory of integral equations (for example, see [1]) to solve
an integral equation of the second kind of Fredholm type via the discrete quartic spline quasi-
interpolant. Their effort yields two results: First, they accomplish an approximation order of
0(h®) for the left technique; secondly, the authors achieve an approximation order of 0(h%) for
the right approach. Recently, the authors of [38] introduced new results concerning the sep-
tic polynomial B-splines. They developed the discrete septic spline quasi-interpolant, applying
calculations to all coefficients. Also, the authors employed the results they discovered to solve
the second-kind generalized integral equation of the Fredholm type and provide a convergence
analysis. The principal purpose of [44] is to look into two building univariate and bivariate sums
of C'! quadratic spline quasi-interpolants in a bounded domain of R3. The goal of this project is
to find a solution to the functional boundary generator coefficient. [48] wants to make a group of
quadrature rules that can be used to combine spline quasi-interpolants and fix problems at the
ends of lines. The authors obtain correction weights by solving several linear algebraic equation
systems. Their motivation for using such rules arises from their utility in solving Fredholm
integral equations of the second class, as in [8]. In the same perspective, Nystrom methods are
used to solve a second kind of weakly singular integral equation using an approach based on
appropriate smoothing changes of variables and product integration principles, in which related
results of [49] are extended to a broader class of weakly singular integral equations.

The creation of a multivariate normalized B-spline basis for the quadratic C'-continuous
spline space based on triangulation in R® s > 1 with a generalized Powell-Sabin refinement is
considered by the author of [54]. Another paper uses a Nystrom approach to solve a weakly
singular integral equation, employing first smoothing change of variables and then product quasi-
interpolation by smooth splines on a uniform grid (see [55]). As an extension of the previous
Bernstein approximation for complex exponentials, the authors of [57] work on a multinomial
spline approximation strategy based on spline quasi-interpolants on a restricted interval. It
uses multinomial Lagrange-Bernstein approximants instead of Knockaert’s technique (see [28]).
In [4], an unconventional low-cost spline approximation technique is built to approximate bi-
variate functions. It is used for approximate digital elevation, and after that, the downscaling
process’s correctness is examined. The aim of [12] is to offer quasi-interpolation strategies that



are based on a type-1 uniform triangulation with a Powell-Sabin refinement. Contrary to how
pseudo-interpolation splines are typically constructed on the 6-split, the method described does
not call on a specific set of suitable basis functions. By setting the Bézier coordinates of the
approximating splines to appropriate combinations of the provided data values, the splines are
immediately defined.

Building cubic spline quasi-interpolation approximation presented on a refined partition was
studied by the authors of [13]. Compared to those found in the literature, these schemes have
fewer degrees of freedom. In particular, they offered a strategy for lowering them while maintain-
ing perfect smoothness and cubic precision by imposing super-smoothing criteria. The resulting
constraints are intended to express the B-spline coefficients linked to a finer partition compared
to those linked to the earlier partition. The authors of [22] used spline Gauss quadrature rules
to solve boundary value problems (BVPs) using the Nystrém method. The applicable partial
differential equation inside a domain is transformed into the Fredholm integral equation of the
second order on the boundary (BIE) for solving BVPs. Then, using the Nystrom method, the
Fredholm integral equation is resolved by converting the BIE problem into a linear system using
a special quadrature rule. The authors used the 2D Laplace problem with rounded edges and
smooth bounds to illustrate this strategy.

The goal of this thesis is to present more numerical schemes via spline quasi-interpolants in
order to solve various classes of functional problems. The remainder of this thesis is structured as
follows: The first chapter examines the notion of spline functions and spline quasi-interpolants,
including an analysis, definitions, and preliminary results. In the second chapter, we present a
significant class of integral equations derived from biological models. The third chapter aims to
approximate the kernels of a Fredholm second-kind integral equations system via two schemes
of spline quasi-interpolants: the continuous blending sum scheme and the tensor product one.
We look at how approximate solutions are built and present particular theoretical conclusions.
We offer some specific theoretical results about the approximation error analysis of these meth-
ods. We give our findings by performing numerical tests. Numerical solutions to second-class
Fredholm integral equations are obtained using two schemes of spline quasi-interpolants; the
objective of the fourth chapter is to develop a generalised quasi-interpolation for periodic data
in order to solve integral equations of the second kind in L?[0,2] using periodic data. We use
four degenerate kernel approaches via a new generalised quasi-interpolation to approximate the
kernel. The initial type-1 triangulation is improved in the second chapter to determine the
best approximation order. We focus on a Clough-Tocher (CT) improvement that creates six
micro-triangles for every square made up of two macro-triangles that share an edge.



Chapter 1

Preliminaries

This chapter defines and offers basic results for the principles of spline quasi-interpolants
and spline functions.

1.1 Discrete quasi-interpolant
Let us consider the nodes ¥ = ¥, = &, &1, &, ..., &, in the interval Z := [a, b] with
&w=a+wh,)y and h, =&, —&—1 forall 1<w<n.

Let 7, := {7w,0 < w < n} denote the uniform partition of Z into n subintervals with mesh
length h.

Set Tpn := Syn(Z, Sy), the space of splines of class C"™ ! on this partition

Also,

Im ={0,1,....,n+m — 2}.
The interval [7j_ym41, Tj+1] represents the support of ¢;,,, with multiple knots at the endpoints,
i.e.
a=T0=T_1="=T_pmy1 and b=7, =Tpy1 =" = Tngm-2.
We note that the space S,,(7T},) of splines of order m on 7, admits a basis ©jm,j € Tm

composed by n +m — 1 B-splines. Moreover, the representation of monomials using symmetric
functions of interior knots N := {7j_mm42,..., 7} in supp ¢; m, defined by

Uo(Nj) =1 and UT/(J\/.]‘) = Z Ti+1—my " ‘Tj+1_nr,, for 1 S T’/ S m — 1.
1<m<...<n <m—1

Abbreviate by PQIOs, the discrete spline quasi-interpolant operator

9= Yul(9)Pu

wEJn

whose coefficients are linear combinations of discrete values of g on the set of data points X,.
For 0 <+’ <m — 1, we have the Mersden identity

() =7 = 3 00 ) (7,
Jj€EIm

where

(r) m—1\"
Oj’m = / O‘,J(Nj).

r

Let J5 :={0,1,...,n + 1}. Define the Greville points :
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1 .
0o :=a, Opy1:=0, 0; := i(Tj_l-i-Tj), 1<5<n
and
Sp = {9]',0 <ji<n+ 1}.
As in [6, 45, 46], we investigate to the following pQIOs
Tman(f) =D Yim(9)jm, m > 3. (1.1)
J€Im
We recall that the coefficients v;,,(g) are respectively vo.m(9) = 9(70), Yn+1,m(9) = 9(Tn)
For1<j3<n
Vjm(9) = Ajmg(0j-1) + Bjmg(0;) + Cjmg(0;+1).
Using the B-spline expansion of ¢s(7) = 7° for 7 > 0, we get (see [19])
Y= @n M= Y, 0ip, M= TiaTie; (1.2)
Jj€Im Jj€Im Jj€Im
Let us consider the space P,,_1 of polynomials up to degree m — 1 and let
9(Sn) = {g9p:=9(6,),0<p<n+1}, for m odd,
9(Tn) = {gp :=9(15),0<p<n}, for m even.
To be more precise, the PQIO o, is development to be exact on the space P,,_1.
OmCs = Cs, 0<s<m-1 (1.3)
and these equalities are satisfied if and only if
Vim(cs) = 9;?21, JE€ETm, 0<s<m-—1. (1.4)
For m —1 < j <n—1, following [6], we have
m—1
Zag;r:)g& for OSJSm_37
pim(9) =14 3 (1.5)
a§?)gn_m+i+17 for n+1<j<n+m-—2,
s=0
For 0 < s < 2, we obtain:
076,11 0j(0;41)°
Ajm = =225 Bjm=1+460511, Cjm=—25", (1.6)
6+ 0544 05 + 0,44
with L L
§i=—3  §=1-§=—0"1 1.7
J hj—1+h;j J J hj—1+ h; (1.7)

Let g be a function with a bounded m/-th derivative in Z, we have

Hg - Um’,nQHOOJ = O(hm/)-

In view of the importance of pQIOs, we recall some useful expression of cubic and quadratic

spline quasi-interpolant.
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The quadratic QI of a known function g is given by

n+1
osn(9) = > 73(9)¢)s:
=0

where the coefficients are defined by

1 .
v53(9) = g(—gjfl +10g; — gj+1), 2<j<n-—1 (1.8)

For j =0,1,n,n 4+ 1, we have

1 3 1
Y03(9) =90,  M3(9) == —Z90+ 591 — Z92,
3 2 6 1.9
1 3 1 . , (1.9)
Tn+13(9) 1= gnt1s 3(9) = —pGn-1F 500 = g1 A =1-om
The QI 03,,(g) can be described as: (see [47] )

n+1

osn(9) ==Y 9(0;)9;3, (1.10)
=0

with

Vo3 := o3+ A13p13, V13:= Bi3p13+ Co3p23.
Uj3:=Cj_139j-13 + Bjspjz + Ajr13¢i413, 2<j<n-—1 (1.11)
Un3 = Cpn13¢Pn-13+ Bn3vns, Unt13:=An3¢n3+ Onii3,

for some the specific linear functions 7;3 which are combinations of the B-splines

The cubic spline quasi-interpolant is given by

n+2
04n(9) =Y 154(9)Pj 4
j=0

where the coeflicients are defined by

1 . .
7])4(9) = 6(_93‘—2 + 891 —gj)7 2<j<n, i=1---m.

Moreover,
(9) = (9) = 50091 302+ 5
Y0,4\9) ‘= go, Y1,4\9) = 1890 g1 292 9937
7 1 1 . /
’7n+2,4(g) = gn, '7n+1,4(g) = Egn + 9n-1 — 597172 + §gn73a t=1---m.

Finally, Q4 reads as

n

oan(9) = g(rj)oja, i=1---m,
=0

for some the specific linear functions ;4 which are combinations of the B-splines.
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n o Ao, €1 A1y §on A2,

1]11.23x1072]233x107" [441x107'[394x107Y| 1 |5x107!
544 x 1071 | 1.01 x 1071 | 1.95x 107" | 273 x 107 | 2 | 5x 107!

Table 1.1: Weights and points for m = 2,3

1.2 Quadrature rules

In order to evaluate the values of py, Om, pm,@, @%)and ®,,, numerical quadrature rules
are request. Popular quadrature rules in this situation are the the Gauss quadrature formulas
(abbr. GQF) of order 2m’ — 1, with B-splines weights. We follow [7] and references therein to
compute the weights and nodes of GQF.

1.3 Evaluations for Tensor Product approximation

Let

b
= ((P1s)i€dms (P2i)iedms s (Pmr | Jiedn) s with pj,, :/ Pimgj-
a

We evaluate the integrals pj, . via the GQF for quadratic and cubic B-spline weights with
m’ = 2,3. Here, we give some approximate results.

1 1
/ ©Y0,39 = h Z )\O,ng(a + hpfO,n)a
70

n=0

/ Y1,39 = hz)\l,ng(a + hpél,’l])a
To

n=0
1

Tit1
/ vizg ~ h E Aogpgla+hp(foy+i—2)), 2<i<n-—1,
Ti—2 n=0

Tn 1
/ Yn,39 = h Z /\l,ng(b - hpgl,'f])7
Tn—2 77:0

Tn 1
/ Pn+1,39 = h Z )\O,ng(b - hpfﬂ,n)‘
Tn—1 n=0

Also, the following calculus are given

2
T1
/ voag ~ B> Xomgla+ hplon),
T0 77:0

/ v149 =~ h Z Ang(a+ hpéiy),
T0 =0
T3 2
/ Y249 = h Z )\2,179(a + hp‘52,17)a
T0 77:0
Tit1 2
[ g = b3 Ounglat hyl6an+i-3)), 3Zi<n-1
Ti—3 n=0
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Tn
/ Pn,a9
Tn—3
Tn
/ ¥n+1,49
Tn—2
Tn
/ Pn+2,49
Tn—1

2
~ 1Y Mang(d— hpan),
n=0

2
~ 1Y Mgg(d = hpéiy),
n=0

2
~ Y Aong(b— hyon)-
n=0

In the following Table3.7, we present some values of the points ;; and the weights A; ,,.

n fo,n )‘0,77

0 6,31072 | 1,29.107!
1|3,02107! | 1,05.107¢
216,37.107 | 1,7.1072

§1,n

2,37.107!
7,16.107!
1,326

)‘1,77

1,83.107!
2,69.107¢
4,9.1072

52,77

2,37.107!
7,16.107!
1,326

)‘2777

1,83.107¢
2,69.107¢
4,9.1072

53,77

1,052
2
2,949

)‘3,17

1,86.1071
6,30.107!
1,86.107¢

Table 1.2: The points &, and the weights X;, for m' =3 and m =4

1.4 Continuous blending case

Now, we use the GQF with B-spline weights with m’ = 4 and m’ = 5 to approximate the integrals
appearing in the matrices ®,, and ®,,, and in the vector p,,. We give the associate formulates of order

O(h")

T1
/ ©0,39
To
T2
/ ©1,39
70
Ti4+1
/ ®i,39
Ti—2

Tn
/ ¥n,39
Tn—2
Tn
/ ¥n+1,39
T 1

n—

12

n=0

12

n=0

R

n=0

12

3
~ h Z A0,n9(b = hp&o,n)-
n=0

3
h Z Ao.ng(a =+ hpon),

3
h Z A1ng(a+ hpgl,n)y

3
h Z ALng (0 = hpéin),
n=0

3
WY angla+ hyp(oy +i—2)),

In table , we introduce the points ; , and the weights A; ,,.

2<i<n-—1,
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n €o,n Ao, i AL 2. A2,
0] 49%x1072 | 1.11x1071 | 201 x 107! | 1.11 x 107" | 499 x 107 | 7.6 x 1072
1/239%x107" | 1.44x107! | 6.11x 107" | 3.15 x 107! 1.158 4.25 x 1071
21518x107' | 6.9%x 1072 1.113 2.10 x 107 ¢ 1.843 4.25 x 1071
31796x1071 | 1.1x107! | 6.24x107! | 33x 107! 2.502 7.6 x 1071
Table 1.3: Points and weights for m' =4 and m = 3
n o Ao €1 Al 2. A2, €3, A3
03,1102 | 7,1.10°% | 1,28.10° ' | 6,6.10°% | 3,11.10° ' | 4,6.10° " | 6,19.1071 | 2,5.1072
1|1,55.107t | 1,01.107% | 4,04.1071 | 1,99.107 | 7,71.107% | 2,45.1071 1,294 2,39.107!
213,52.107 | 6,1.1072 | 7,80.107! | 1,77.107¢ 1,323 | 3,22.107! 2 4,73.107 ¢
315,83.107 | 1,7.10° 1,211 5,5.1071 1,913 1,27.1071 2,707 | 2,39.10°¢
48,0410 | 210 1,629 5.1073 2,485 1,3.1072 3,382 2,5.1071
Table 1.4: form’ =5 and m = 4
T1 4
/ Y049 = hzwo,ng(a + hpéo.n);
T0 ’77:0
T2 4
/ prag = hY wiggla+hybiy),
T0 ,'7:0
T3 4
/ Y249 = hzwlng(a + hpfln)a
T0 ,’7=0
Ti+1 4
/ 0iag hZ(w;gmg(a +hy(&3y+7—3)), 3<i<n-—1,

S~
3 3
| 3
S
3
S
s
1

T
/ Pn+1,49 =
Tn—2

Tn
/ Pn+2,49 =
Tn—1

n=

4
h Z w2,,9(b
n=0
4
hY @b
n=0
4
hYy  woqg(b
n=0

0

- hp§2,77)a

- hpfl,n)a

- hpgom)

We compute the matrix @g) and the vector p,, in both quadratic and cubic cases,

[

21

hZ

12

+ 140f (TQ’” 3

<420f Tom,) + f

)+ Ly (m

4h,

b
Tom, —
2ml 3

41
420

o,
+ Ef <T2m + 3>

5h,,
)

f(TQm + 2h ))

+ﬁf(72m+h)




Chapter 2

Spline QI for a model arising from
biology

Integral equations are used in physics, hydrodynamics, electromagnetics, biology, and many other
science and engineering domains. For this aim, the Kulkarni, Galerkin, Nystrom, and degenerate kernel
approaches are often used. They’ve been thoroughly researched in the scientific community. Mennouni
has recently developed the Kulkarni and Galerkin methods for solving second-kind functional operator
equations with bounded but noncompact operators. To solve second-kind integral equations with the
Cauchy kernel, he used a series of orthogonal finite rank projections (see [37]). Then, for a class of
the second kind, generalised singular integral equations with Cauchy kernel and constant coefficients
in L%([0,1],C), an extended version of the piecewise regular Galerkin method. Next, he used the
Kulkarni approach for an integro-differential equation to expand and improve the results of previous
work. An improvement via projection for solving the integrodifferential equations is introduced in [36].
The study of [38] presented three significant contributions. First, all of the septic quasi-interpolants’
coefficients are determined. Then, the authors used the results to solve a class of second-kind Fredholm
integral equations. Finally, the authors offered three degenerate kernel approaches. In recent years, many
authors have presented various ways to solve integral equations using spline quasi-interpolants to reduce
the number of terms in the kernel’s approximation. As a result of the restrictions imposed, great accuracy
is achieved while avoiding needless processing expenses associated with large linear systems (cf. [50]).

In this chapter, we describe the following significant class of integral equations of the second kind

b b
u(g)/ (¢ — 7)dr +/ B(r — Eu(r)dr = f(€) a<é<b. (2.1)

This integral equation derived from biological models, ( see [16, 18]). It is found in G. B. Ermentrout’s
research on a mathematical model for frog eyesight.
The above integral equation reads as follows:

1 b f(€)
U _ O(r —Hu(r)dr = ———2—— a < <. 2.2
(£)+ff<1>(§—7)d7/a (r= Ol = G B ases (22)
Putting \
1
h(e) = T / B(E — 7)dr £ 0 (2.3)
and £()
g(f) = ma (24)
k(&T) = _(I)(T - 5)7 (25)
we obtain ,
u(€) = 9() + 1(©) [ B u(ridr, a<e<o. (2.6)
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2.1 Approximating system

We recall that the approximation ®,, ,,, of the kernel ® can be given as

(I’n,m(gvT): Z (Dm(svr)@s,m(g)@r,m(T)a (27)

S, 7E€EJm

where J,, := {0, ...,n + m — 2} and the values ®,,(s,r) are the entries of ®,, ,, given by (2.7).
Replacing ® by ®,, ,,, in (2.6), we get

b

i (€) = 9(€) + h(€) / By (627 )1t (7)d, (2.8)

a

System (2.9) gives

b
() = 9O+ MO Y Cn(ss1)eml€) [ om(Tunm (T,

s, r€EJm
b

9(&) + h(§) Z @s,m(g) Z (I)m(S,T')/ @T,m(T)un,m(T)dT

s€EJm r€Jm @
Putting
b
Qs m = Z @m(s,r)/ Qpr,m(’r)un,m(’r)d,rv
T'EJm @
we obtain
u"ﬂn(g) = g(g) + h(g) Z Sos,m (f)as,m- (29)
s€Jm

Or equivalently,

o (7) = 9(7) + (1) 3 Giun (P

1€Jm

Thus,

b b
Qom = Y Dpo(s,7) / Crm(T)g(T)dT + > Qi > P(s,7) / W) (T) @i (T)dT.

re€dm i€Jm r€Jm
Letting
o = (ai,7n)i€Jm,7
b
pm = [ im(Dglr)ir
a
Pm = (Piym)i€ns
Let us consider the Gram matrix Y., := (¥),(4,5))i,jes.. associated with the corresponding B-splines,
ie.

b
Y. (7, 7) ::/ M(T)s,m (T)@j,m(T)dT.

The following theorem has been demonstrated:

Theorem 2.1.1. The coefficients ., of the approach integral system’s solution (2.9) fulfill the linear
equations:

(I -, Tn)am = Popm.-
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By standard calculus, we get for m = 3,4 where T3 and T, are pentadiagonal and heptadiagonal
symmetric matrices, respectively.
Moreover, the main diagonal of Y3 is (0.2h,0.2h,0.55h,...,0.55h,0.2h,0.2h) and the 1-diagonal and
2-diagonal of T3 are respectively,

(0.1166h,0.2083h,0.2166h, . ..,0.2166h, 0.2083h,0.1166h) and (0.0166h,0.0083A, .. .,0.0083h,0.0166h).

However, the main diagonal of Y4 is (12h, 18.6h, 27.45h,40.26h, . ..,40.26h, 27.45h, 18.6h, 12h).
For k =1, 2,3, the k-diagonals of T, are respectively

(7.35h, 13.125h, 18.866h, 19.85h, . . ., 19.85h, 18.866h, 13.125h, 7.35h),
(1.55h,2.9h,1.99h, 2h, . . ., 2h,1.99h, 2.9k, 1.55h),
(0.1h,0.025h, 0.0166h, .. ., 0.0166h, 0.025h, 0.1h).

2.2 Continuous blending approximation

The goal of this section is to approximate the kernels ®, via the quasi-interpolation. To this end,
let us approximate the kernels @, ,,(.,.) as follows:

(I)n,m(ga T) = (Un,m ®I+I® Onm — Onym @ Un,m)q)(fa T),

where
@am @T)BET) = > Yom(@(7))esm(),
s€EJm
(I & Un,vn)q)(fa 7') = Z ’Yr,m(q)(fa -))‘Pr,m(T)y
r€Jm
(O-n,m & O'n,'m)q)(fa 7-) = Z (I)m (37 T)@s,rn(g)@r,m (T)
s, r€EJm
Letting -
(I)s,m = 75,m(¢(~; T)) and m = ’V’r’,m(cb(fa ))a
we get
q)mm(fvT) = Z CITSTR(T)QDS,m(f)“' Z m(@@r,m(7> - Z q)m(svr)‘PS,M(g)‘Pr,m(T)’

s€EJm r€Jdm S, 7r€EJm

Theorem 2.2.1. For some vectors oy, Bm and om, pm, the vector x2 = (o, 5)T satisfies the following
linear system
(I-kr)x=E,

where
2= (Qnu pm)T7

B Om 0P o
. TT’L (b’"L .

Proof. By replacing k to ky », in the approximation integral equation, it is obvious that

and

b
(€)= 9(E) + h(€) / By (27 )t (7).

We have
b

b
un,m(g) = 9(§) +h(£)( Z ‘PS,M(O @s7m(7)u7t,M(7)dT+ Z m(ﬁ)/ ‘Pr,m(T)uan(T)dT

sEJm r€Jm

_ Z D1 (8,7)0s.m () /ab (prvm(T)u”’m(T)dT)’

8,7€Jm
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which leads to

Unn (€) = 9(§) + h(€) D tamPem(€) +h(E) D BrmPrm(E)

s€EJm r€dm

Or equivalently,

Un,m(T) =g(1) + h(7) Z aw,msaw,m(T) + h(T) Z Bo,m Py m(T)

wWEJm vEJm

Hence

b
> tanean(®@ 3 Brn®rn©) = [ BT ()i

s€EJm r€Jm
= / ( Z (I)sm ‘Psm £+ Z ﬁ(f)@T,M(T)
¢ sedm r€Jm
- Z (I)m(3>r)@s,m(f)‘Pr,m(T))un,m(T)dT
s,r€Jm

= D @sml) (/ab/s;( T)ttnm(T)dT = 3 @uns,7) /ab sor,m(T)un,m(r)dT>

sEJm

+ Zq)rm /Brm unm )dT

r€Jm

r€dm

This equality is satisfied with the following options for

Oy 1= (as,m)seJm and 6m = (ﬁr,m)re.]m-

Qs m
re€dm

b
ﬁr,m = / @r,m(T)un7m(7)dT~

Let o := (0s,m)ses,, and pm, = (pr.m)re,, be the vectors with entries

b
Os,m = (I)S7m(7->g(7-)d7-a Pr,m 5:/ “PT,M(T)Q(T>dT’
a

a

Let us consider the matrices 6;, ®,, and @g), with entries

—— L b
D, (s,7) = /h T)prm(T)dT,  Ppy(s,7) ::/ M) s,m (T) P (T)dT,
B (s,r) = / W) B (7)o (7).

We obtain

ﬁr,m

b
/ @rm(T) (g(T)Jrh(T) > twmPum() + (1) Y Bum

ﬁr,m = Prm + Z Tm(’war)aw,m + Z E(T, U)Bv,dea

WE I, vEJIm

b -
Qo ( Ty o(7) <g(7)+h(7) 3" CwmPum(T) A 0T Y Bom o (T

wEJm IS

r€Jm WEJp, g=1lveJnm,

b b
< (T Upm (T)dT — Z(P s,T / g@r)m(T)un’m(T)dT>

<I>U7m(7)> dr,
WEJm vEJIm
)) dr

b m’
- Z (I’wz(svr)/ Prm(T) (Q(T)+h(7) Z O‘jw,vnﬂpw,m(T)“‘Z Z Bavm Piqu.m (T

)) dr).



CHAPTER 2. SPLINE QI FOR A MODEL ARISING FROM BIOLOGY 13

Or equivalently,

Qsm = (Qs,m - Z (I)m(svr)pr,m> + Z Qw,m (@(va) - Z (I)m(S,T)Tm(T, ’LU))

r€Jm WEJpm r€Jm
+ Z Bu,m (@g)(s,v) - Z @m(s,r)q)m(r,v)> )
VESm r€Jm
we get the the matrix form
O = 0= "t (B — B+ (B — 87D ) o,
B = pm+Tirim + P

Note that since
T—n _ B
(I)mﬁm - IBm — Pm — Tmama
we obtain

Qup = P —i—g;am + ((I)gfl) —9") B

2.3 Error analysis

This section’s goal is to review various findings and examine the error convergence. We provide this
using the kernel’s approximation error.
The approximate integral equations (2.9) reads as

un,m(f) = g(f) + h(f)@n,mun,m(f)» ,
where
b
‘I)n,mumm(f) = / CI)n,m(&T)umm(T)dT,

Theorem 2.3.1. Let ® be an integrable derivative function. Assume that b+ a—s; = sp11—;. Then:
b ! ’ !
| / (k = mnk)®| < CR (00 oot | s + K+ oo 1)

for some constant C and for all k € C™ ().

Proof. See [7] and references therein. O

Theorem 2.3.2. Assume that A € Cm/’m/H(IQ). Then, it holds

U — tn,mlloo.r = O(hy" ), (resp. [[u — tnm|loo.r = O(hym")),
where
2m, if m' is even,
T'm/ ‘= . ;.
2m +1, if m' is odd.

Proof. We have

U—Upm = (I —hA) " k= (T —hA,m) 'k
(I —hAp ) (I = hAy ) — (I — RA)](I — hA) 'k
= (I —hApm) Th(A — Ay ).

Hence

v = tnmr oo < ”(I_hAn,m/)_luoouh”oon(A_An,m’)”oouu”m‘
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As in [7], for each 4,5 = 1,...,m' we have
A N (Oam ®TH+T®@0nm = Onm @ 0nm)®  in CB case
e (Un,m & 0n,7rz)¢’; in TB one,
and
d_d )T = 0nm) @ (T — 0nm)?, in CB case ,
TN (Z = 0pm) @L)P+ TR (T = 0pm)® — (T — 0pm) @ (T — 0nn)®,  in TB one.

Again, we need the following results, which follows from [7],

max| /ab((I = am) ® DO Tu(r)dr| < Crhy ||l

gel
and
max‘/ I@ I_Unm)) (67 )u] dT‘ <02hm+1(H(b(07n) ||U1|| +H¢(0"L+1)H )
Hence
b
ma | / (T = nm) @ (T = o0m)®(€ Tu(r)dr| < o ([|(@ = 00 m) KO™||
€ a oo
o -] )
S A Gl L N
m (m,m+1)
+ aupemy] )
- cu (o] s o] ).
and hence
H(I)_(I)an _ O(hg ), in the T'B case,
O(h,™), in the C'B one.

Since ® and following [1], it follows that the operator (I — h®,, ,,) are invertible for n large enough, and
their inverses are uniformly bounded with respect to n. Moreover,

|z~

H(I . h@n,m)—lH <

R n>N0.
> e fle e

Choose Ny so that

1

> Np.
S —hd)y e "

o=
This implies that
(7= honp) || <2007 = h)

On the other hand,
v = tnmlloo < [I(1 = hq)n,m)_luoonhlloouq) — Dy | o] 0o

Thus,

i i 2Chy"(|(1 — h®) 7| oo ||2]loo]|t]loe;  in the TP case,
u un mifco =
2Ch;[|(I = h®) ™ |so||Pllsc|ullos, in the CB one.
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2.4 Numerical examples

2.4.1 Example 1

Consider the integral equation

u(€) /01 efTTdr + /01 em Su(r)dr = % + (e — 1)es 712 cos (£). (2.10)
Or equivalently, 1
) = gla) + 1(€) | B(Eru(r)ar, (2.11)
where,
1 el
MO = e MET == and gl = g+ eos(e).

The exact solution is u(¢) = &% cos(¢) € W,,,r > 1. We compute the approximate solution using the
continuous blending approach. We get

Yhtoyl? oyl o 0 0 0
T%’; T?f Ti’;’ T?’;L 0 ... ... .. 0 0
byt ot oyt vy oo . ... 0 0
T, =| 0 Yyoryornt oy or’o 0 ,
0 0 .. L. 0 0 T?;Lnfl T?;rl,n »r7113+17n+1 rr’]r-l:17’l’l+2
0 0 e S 0 0 0 T71’L;‘27n 'r;l:-ln-l-l T'il:—2,n+2
where,
TR —98304¢7/8 + 86753¢
s —-1+e ’
12 _ —16(—9404¢7/8 4- 8299¢)
s —1l+e ’
13 _ 64(—817¢7/® 4 721e)
s —1+e ’
21 _ —16(—9404¢7/8 4- 8299¢)
s —1+e ’
22 _ 256(—96e%/* — 815e7/® + 794e)
B —1+e ’
23 _ —32(—1583¢%/* — 1105¢7/8 + 2208¢)
B —1l+e ’
24 _ 32(—817 + 721e!/8)e3/4
o —1+e ’
a1 _ 64(—817e7/% 4 721e)
13 )

—14e
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n—1n—2
Ty,

n—1n—1
Ty,
n—1ln
Ty,

n—1,n+1
Ty,

n,n—2
Ty,

T?f,;n— 1

Ty
T;L;n-&-l
T;L;n+2

n+ln—1
1y,

n+1l,n
Ty,

—32(—1583¢%/* — 1105¢7/8 4 2208¢)

)

—1+e
192(—128¢%/8 — 431e%/* 4 335¢e7/® + 128e)
—1l+e ’
—32(—1583¢€7/8 — 288¢3/4 + 1487¢7/%)
—-1+e ’
32(—817 + 721el/8)e5/8
—1+e
32(—817e3/* 4 721€7/8)
—1+e ’

—32(—1583€%/8 — 288¢3/4 4 1487¢7/3)

b

—1+e
192(—128/e — 431¢%/8 4 335¢3/* 4 128¢7/8)
—1+e ’
—32(—1583+/e — 288e5/8 4 1487¢3/4)
—1+e ’
32(—817\/e + 721e%/8)
—1+e
32(—817¢%/8 4+ 721,/e)
—14+e ’

—32(—1583¢/* — 288¢%/8 + 1487, /¢)

i

—1+4e
192(—128¢1/8 — 431e!/4 + 335¢3/8 4+ 128,/€)
—-1+e ’
—32(—1583e!/8 — 288¢!/4 + 1487¢3/8)
—1+e ’
32(—817el/® 4 721€'/4)
—1+e
32(—817¢%/8 4+ 721 /e)
—1+e ’

—32(—1583¢!/® — 288 /4 + 1487¢3/8)

9

—1+e
192(—128 — 431e'/® 4 335¢e1/4 + 128¢3/8)
—1l+e ’
—32(—2400 + 433¢'/8 + 1487¢'/4)
—1+e ’
64(—817 + 721e'/®)
—1+e
32(—817 + 721el/8)el/8
—-1+e ’

—32(—2400 — 433e'/8 + 1487¢e1/4)
—1+e

)
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256(—938 + 719¢'/® + 96¢!/4)

)

n+1,n+1
Ty,

—1+e
prtinte _ —16(=10221 + 9020e'/8)
s B —1+e
pten _ G4(=817+ 721e'/%)
s B —1+e ’
prt2ntt _ —16(=10221 + 9020e'/%)
ts B —1+e ’
prvznsz _ 3(=37131 + 32768¢1/%)
13 - 1+e .
no| flu—uznl
8 1.2e-10
16 le-12
32 7.02e-13
64 8.5e-15
128 | 4.44e-16

Table 2.1: Example 1

2.4.2 Example 2

Consider the integral equation
1 1 1
u(&)/ et~ Tdr —|—/ e”Su(r)dr = 56_1_5(6 + e%(—cos(1) +sin(1)) + 2(—=1 4 e)e* sin(€)), (2.12)
0 0

or equivalently, .
ul(€) = g(€) + h(€) / B(&,)u(r)dr. (2.13)
where,

1

el=2¢ e(— cos sin
MO = e ¢ BED = and g(g) = S e n)

2(—1+e)

+ sin(§).

The exact solution is u(§) = sin(§) € W,,r > 1. We compute the approximate solution using the
continuous blending method, we get

no | flu—usnlle
8 1.3e-10
16 | 1.35¢-12
32 | 1.02e-15
64 | 1.5e-15
128 | 3.5e-16

Table 2.2: Example 2
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2.4.3 Example 3

Consider

u(€) / 1

the integral equation
e7r—27r§(_1 + €1+7r)7T

m(=14+€) (_1 ™\ (ef
¢ A o e e

1
e”(g_T)dT—i—/ ™y (r)dr = (2.14)

0 ™

Or equivalently,

where,

u(€) = g(€) + h(€) / B(&, TYu(r)dr, (2.15)

T 671'7271'5(_1 +81+7T)7T

h(§) = (

The exact sol

Tt en(—1+ fer

(=8 o _
;06 7)== and g(¢) = et + (—1+er)(1+7)

ution is u(€) = e¢ € W,.,r > 1. We compute the approximate solution using the continuous

blending method, we obtain

'ril));l T;);Q ’réf’ 0 0 .. ... . 0 0
Tg;l Tgf Tgf’ Tgv;l 0 . - - 0 0
ST ¢ S TR ¢ ¢ = 0 0
Ty, = | 0 T M) TR TR T 0 0
00 00 TR Tgan mpmen T
0 0 0 0 0 gg n :T); n gs n 7
where,
11 e7/3(—98304 4 98304e™/8 — 12288¢™/ 87 + 768e™/37w2 — 32e™/373 4 ™/87%)
33 (—1+em)mt ’
2 _ 16€7/8(9216 — 9216e™/® + 19271 + 960e™/ 87 — 472 — 44e™/872 4 ™/573)
33 (=1 +em)m* ’
13 _ 64e7/8(—768 4 768¢™/8 — 4871 — 4881 — w? 4 ™/872)
3s (—1+4em)mt ’
21 _ 16€7/8(9216 — 9216e™/® 4 1927 + 960e™/ 87 — 42 — 4de™/872 + e7/873)
3 (=1 +em)mt ’
y22 _ 256e¥/1(—96 — 768¢™/® + 864e™/ — 48¢™/P — T2e™/Am 4 €77 4 2¢7/17%)
3 (—1+em)mt ’
23 _ 32e37/4(1536 4 768e™/® — 2304e™/4 + 487 + 336e™/ 81 4 96e™/ A — 72 + €7/872)
3 (=1 +e™)m* ’
24 32e37/4(—768 + 768¢™/8 — 487 — 48e™ /31w — 72 4 ™/87?)
33 (=14 em)m*
3l _ 64e7/8(—T68 4 768e™/® — 481 — 48¢™/S1 — w2 + €7/372)
33 (—1+4em)mt ’
2 _ 32e37/4(1536 4 768e™/® — 2304e™/* + 487 + 336e™/ 87 4+ 96/ A — 72 + ™/872)
3 (—1+4em)m* ’
33 _ 192e57/8(—128 — 384e™/8 + 384e™/* + 128e3™/8 — 48e™/87 — 48e™ /A1 + €™/372 — e™/47?)
33 = (—1+em)mt ’
34 32e57/8(1536 — 1536€™/* + 487 + 288e™/ 87 + 48e™/ A7 — w2 4 ™/ 47?)
3 (=14 em)m* ’
T35 32e°7/8(—768 + 768¢™/8 — 487 — 48¢™ /¥ — 7% 4 /8 72)
3

(=1 +em)m*
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32e37/4(—768 + 768¢™/8 — 487 — 48e™ /31 — 7% 4 /8 72)
(=14 em)ms
32e57/8(1536 — 1536e™/4 + 487 + 288e™/ 87 + 48e™/Amr — w2 + e™/472)
(—1+em)mt

42 _
13" =

)

4,3
T3

b

192e57/8 (128 — 384€™/® 4 384e™/* + 128e3™/8 — 48¢™/81 — 48e™ /A 4 €™ /372 — ™/ 47?)

144
3s (—1+em)mt ’
ris 32¢7/2(1536 — 1536e™/4 4 487 + 288e™/8 1 4 48e™ /A7 — 12 4 ™/ 47?)
38 (=1 +em)m* ’
a6 _ 32e™/2(—768 4 768¢™/8 — 4871 — 48e™/31r — % + ™/872)
3 (=14 em)m?
-2 _ 32e™/4(—768 4 768e™/® — 481 — 48e™/81 — w? + e™/372)
33 o (—1+em)mt ’
=l _ 32¢™/8(1536 — 1536e™/* 4 487 + 288e™/31 + 48e™ /41 — 7% 4 ™/ 47?)
3s a (—1+em)mt ’
g _ 192(—128 — 384e7/S 4 384e7/1 4 128¢%7/8 — A8e™/Sm — 48e™ /U 4 /B2 — e/ 4r?)
3 7 (—1+em)mt ’
gl _ 32(2304 — 768e™/® — 1536e™/4 + 967 + 336e™/ 51 + 48e™/ A1 — /872 4 e/ 472)
3s o (=1 +em)mt ’
2 _ 64(—T768 + 768e™/® — 4871 — 48e™/ 81 — 72 4 ™/372)

33 (—1+em)mt ’

-2 _ 32(—768 + 768¢™/8 — 487 — 48e™/31 — 72 4 ™/872)
3s o (=1 +em)mt ’

-t _ 32(2304 — 768e™/® — 1536e™/4 + 967 + 336e™/ 51 4 48e™/ A — /872 4 ™/ A72)
3s o (=14 em)mt ’
gt _ 256(—864 + 768e™/® 4 96e™/* — 72w — 48¢™/8 7 — 272 — /3 72)

33 - (—1 + 6”)7'['4 '

gLl _ 256(—864 + 768¢™/® 4+ 96e™/* — 72w — 48e™/8r — 272 — /3 72)

3s o (=1 +em)mt ’

16(9216 — 9216e™/® + 9607 + 192e™/81 + 44e™/ 872 + 73)

T:n+1,n+2 _

3s (—1+em)mt

prazn 64(—T768 + 768¢™/8 — 487 — 48e™/31w — 72 4 ™/872)

33 (—1+em)mt ’

oAzl _ 16(9216 — 9216e™/® 4+ 9607 + 192e™/ 87 + 44e™/ 872 4 73)

33 (—1+4em)mt ’
pri2nte _ —98304 + 98304e™/8 — 122887 — 76872 — 3273 — 74)

33 -

(=1 +em)mt
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no | flu—ugall
8 4e-7

16 le-8

32 8e-12

64 5.1e-14
128 4.01e-16

Table 2.3: Example 3

2.4.4

Consider the integral equation

Example 4

"6 + et (=2 + 37 + 73))

1 1
Tr(f—T)d / w(r—¢&) dr =
u(ﬁ)/o e T+ ; e u(r)dr S

Or equivalently, )
ul€) + h(€) / B(&, TYu(r)dr = g(£),

where,
_ il ) = _em(r=8)
h(g) - (_1 + eﬂ-)(_l _i_é-)e,r ’ (I)(§7 ) ’

and
"2 (6 4 e T (=2 4 37 4 7))

(—1+er)(1+m)t

9(§) = + €863,

The exact solution is u(¢) = 3¢5 € W,.,r > 1.

no | flu—usnll
8 3e-6

16 1.2¢-7
32 8e-11

64 | 5.le-14
128 | 4.9e-14

Table 2.4: Example 4

+ €863,

(2.16)

(2.17)



Chapter 3

Two schemes of spline
quasi-interpolants to system of
Fredholm integral equations

3.1 Introduction

Quadratic spline quasi-interpolants subject to bounded domains were studied recently by Sablonniere
and show how they can be used in various approximation theory areas (see [19]). In the same direction,
another paper uses multivariate and univariate quadratic spline quasi-interpolants to derive several es-
sential approximation formulas for approximated functions’ derivatives. It makes use of these operators’
superconvergence features to obtain exceedingly precise derivatives of approximated functions at certain
locations (cf. [20]). In [20], the authors show how to use three separate variables in a quasi-interpolation
approach for quadratic piecewise polynomials to enable more successful reconstruction and display of
gridded volume data. The authors use local averaging to obtain the Bernstein-B’ezier coefficients of the
splines from the available data. The authors of [7] considered the Fredholm second-kind integral equation
of the form:

b
u(€) = g(€) + / (&, ryu(r)dr, a<E<b. (3.1)

They used two alternative spline quasi-interpolation approaches to approximate the kernel ®(.,.): the
continuous blending approximation based on the sum of two univariate spline quasi-interpolants tensor
product one. Furthermore, the approximation operators in question are not projectors. The authors’
tensor product approximation is unique, resulting in a more accessible and less expensive computation.
The continuous blending approximation’s performance reviews are also crucial.

Motivated by the above considerations, the goal of this work is to consider on the space of all
continuous functions X := C°([a,b],R), equipped with the uniform-norm |||, the system of linear
Fredholm integral equations of the form

m b
WO =g(©+Y [t 1<i<m, (32

where g; € X, i =1---m, ®;;(.,.) € X x X, 4,5 = 1---m are known functions and u;, ¢ = 1---m are
the unknown functions to be determined.

The request coefficients in these approximate formulas solve a specific linear equations systems. In
addition, when the system (3.2) is combined with two degenerate integral equations systems, we get two
degenerate integral equations systems. We approach the kernels of the given integral equations system
via two methods. First, we develop the tensor product, obtain new results, and prove that the order of
convergence for this method is O(h'), where h is the mesh length of the partition, and [ is the order of
the spline. Then, by the sum of two univariate spline quasi-interpolants, we apply continuous blending
to approximate the solution of the present problem. Also, we analyze the convergence of this second
approximation method, and we prove that the order of the convergence is O(h2l) when [ is even and
O(h**1) where [ is odd. The matrix systems are different from these obtained in [7].

21
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3.2 Discrete quasi-interpolant recall

Let us consider the nodes &, &1, 22, ..., &, in the interval Z := [a, b] with
&n=a+kh, and h=¢& —§ -1 forall 1<n<n.

Let T,, := {Tn, 0 < n < n} denote the uniform partition of the interval Z into n subintervals with mesh
length h.

Define Ty, := S,(Z,S,,) to be the space of splines of class C™~! on this partition. Consider the set
JIm =10,1,...,n+m—2}. the support of ¢, ,, is the interval [7;_p 41, 7j+1], with multiple knots at the
endpoints, ie. a =719 =71 =... =T_pmr1 and b=7, = Tp41 = ... = Tntm—2.

We recall that the space S, (T5,) of splines of order m on 7, admits a basis ¢; m,j € Jn composed
by n+m — 1 B-splines. Moreover, the representation of monomials using symmetric functions of interior
knots Nj := {7j_m+2, ..., 7j} In supp ¢; m, defined by

oo(N;) :=1 and o, (N;) := Z Tjflon = Tj4l—k,, for 1< <m—1.
1<m <--<mr<m—1

Abbreviating by PQIOs, the discrete spline quasi-interpolant operator

A=Y wl@)en,

kETn

whose coefficients are linear combinations of discrete values of g on the set of data points xi,.
For 0 < v’ < m — 1, we have the Mersden identity

Yoo (1) =7 = 3 0 m(7),

JE€EIm

where
' m—1Y\""
ejm = < r ) or (N;)

Letting

1 )

50 1=, Spt1 =0, 85 1= §(Tj—1 +75), 1<j<n

and

Spi={s;,0<j<n+1}
Through the chapter, we shall investigate to the following pQIOs

Omn(g) = Z Vjm(9)@j,m, m = 3. (3.3)
JE€JIm

We recall that the coefficients v; . (g) are linear combinations of values of g on the set 7, for m even or
the set S,, for m odd
Let us consider the space P,,_1 of polynomials up to degree m — 1. Letting

9i(Sn) ={gi; = 0i(s;),0 < j <n+1}, for modd,
9i(Tn)  ={gij :==0i(15),0 < j <n}, for meven.
and these equalities are satisfied if and only if
’Yj,m(cr') = 9;227 ] S jma 0 < T, <m— 1. (34)

For m —1 < j <n—1, we choose

—

m—

(m)
;¢ Gi,j—m+i+2, for m odd,

»
|
o
—
w
[
S~—

Vjm(9i) =

3
b

(m)

m
Q; s Gij—m+it2, for m even.

@
Il
o
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We note that the pQIO oy, ,, is constructed to be exact on P,,_1, that is
OmonCrt = Cpr 0<r <m-—1.
That is to say
> Gl )psm = Y O Noim(r),  0<r <m-1.
J€JIm JE€EIm

For m odd, we use as functionals associated with boundary B-splines

3

ag.z:)gi,s, for 0<j<m-—2,
Yim(9) = 22 o)
o‘g‘frsl)gi,n—mﬂw, for n<j<n+m-—2.
s=0
For otherwise, we have
m—1
oz;z)gi,s, for 0<j<m-—3,
Vim(91) =9 ma .

ajfz)gi,nferiJrla for n+1<j<n+m-2,
s=0

We recall that for any function f with a bounded m-th derivative in Z,

Hg - Um,anOO,I = O(h™).

In view of the importance of pQIOs, we recall some useful expression of cubic and quadratic quadratic
spline quasi-interpolant.
The quadratic QI of a given function f is given by

n+1
o3n(9) =Y 758(9)¢s8,
=0

where the coefficients are defined by

1 .
75,3(9) == 5(=gj—1 +10g; — gj+1), 2<j<n-—1

8
For j =0,1,n,n + 1, we have
(9) = (9) = —390+ 31— 5
70,3\9) = 9o, 71,3\9) = 390 291 692’
1 3 1
Yot13(9) 1= Gnats Mn3(9) = = g1 500 — FGntr
The QI 03,(g) can be described as
n+1
o3n(9) =Y 9(s;)Ljs,
7=0

for some the specific linear functions L; 3 which are combinations of the B-splines.
C? cubic spline quasi-interpolant
The cubic QI is defined by

n+2
oan(9) =Y _ 77.4(9)¢)4,
j=0

where the coefficients are defined by

1 .
vj.4(g) == 6(—93'—2 +8g;-1—9;), 2<j<n
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Moreover,
(9) = (9) = 500+ 91— 502+ 5
70,4\9) ‘= 9o, Y1,4\9) ‘= 1890 g1 292 9937
7 1 1
7n+2,4(9) = Ugn; 7n+1,4(g) = TBQn + gn—-1 — §gn—2 + §gn_3.

Finally, 04, reads as

n

oan(9) =Y 9()Lja,

=0

for some the specific linear functions L;4 which are combinations of the B-splines.

3.3 Tensor product approximation

The first aim of this chapter is to approximate the kernels ¢;; by the tensor product (TP) of two
univariate PQIOs o7 and o5 in the variables £ and 7, i.e.

iy (&) =~ (01 ® 02) P (E,7) = D ij(5,7)ps(E)n (7). (3-8)

s,red

This first approach conduce to a degenerate kernel in the space S(7y,), which is used to calculate the ap-
proximate solution by solving a system of equations. In addition, the coefficients K;;(s, ) are appropriate
linear combinations of values ®;;(6s,6,), for (s,7) € J x J.

The second aim of this chapter is to approximate the kernels ®;; by the continuous blending (CB)
sum of the two univariate pQIOs o7 and o3 i.e.

(I)ij (57 T)

%

(01 ® 02)®4;(&,7)
(0'1 RIL+ITRQoyg— 01 ®O’2)(I)ij(§,7')
3B (1)es() + Y BLE)er(T) = D Bij(s, s (E)n(7),

seJ red s,reJ

where
@i (1) := 75 (Pij (1), @iy, (€) 1= 7 (Pi5(&,0)) By = 1+,
and 7 denotes the identity operator. We will show that the corresponding solutions read as follows:

1. In the TP case,

uzTP(g) = gz(f) + Z@s(f)ais, i=1---m.

seJ

2. In the CB case,

ufP () = gi(©) + D i 0 () + D B, B, (€), i=1--m.

seJ j=1lreJ

3.3.1 Quasi-interpolation to approximate the kernels

The purpose of this section is to demonstrate how to use the tensor product approach. First, we
approximate the kernels ®;; 4,5 = 1,2,--- ,m’ using quasi-interpolation. The approximate solution in
the space Sy, (T},) is then calculated using the obtained degenerate kernels and system of equations.

Letting

(I)ZL’”(E’ T) = (O'mm ® Um,n)(pij &,7),
(pm(T) = (SOOJTL(T)a e 7@n+m72,m(7—)>7
and

Ym ‘= (’YO,m»’Yl,ma te 7’7n+m72,m)T~
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Hence,

(6, 7) = Omn(Om (P (€, ))(T))

= Om,n ( Z 73,m(¢)ij (67 .))(p&m(T))

SEJIm

Let us defined the matrix P, as follows

Po(s,r) = ag', for 0<s,r<n+m-—2, if m is odd,
m\S,T) = ag, for 0<s<n+m-—2, 0<r<n,ifmiseven,
and letting
0. _f s for 0<r<m' =n+m-—2, ifmisodd,
T Tr, for 0<r<m =n, if ¢ is even,
we get
n+m—2
Yom(@ii(6 ) = Y Pul(s,7)¢i(600m), 0<s<n+m—2.
r=0
Therefore,
i
Om,n (I)zj 70 m E
"€, 7) = om(T) P :
T (Pij (s Omr m))) ()
Z VS,m((I)ij('vQO,m))SDS,m(E)
s€Jm
Z '757m(q)ij("91,m))908,m(£)
= SOm’(t)Pm S€EJm
Z ’Ys,m(q)ij('aHm’,m))QOS,m(f)
s€EJm
= om (1)@} om (€)T
where
Qi (00,m,00,m)  Pij(01,m,00m) - PLij(Omrms 0o,m)
D, (60,m,01.m)  Pij(01.m,01,m) D, (0 .ms 01,m)
@3 = P : : . : Pr. (3.9)
(I)ij (GO,ma em’,m) (bij(el,mv em’,m) e CDij (em’,ma em’,m)
3.3.2 Approximating equation
We recall that the approximation ®;%™ of the kernel ® can be written as
(I);lg'7m(§77—) = Z (I);?(Sﬂa)(ps,m(f)wﬂm(T)’ (310)

s,r€Jm

where Jy, := {0,...,n +m — 2}, and the values ®}7(s,r) are the entries of the matrix ® given by (3.9).
Replacing ®;; by ®;7™ in (1.1), we get

u™ +Z/ L, T)u ™ (1), (3.11)
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Equation (3.10) gives

ui " (&)

b
+Z Z q)m (s,7) ‘Ps,m(g)/ @r,m(T)U?’m(T)dT,

j=1ls,reJ,

m’ b
+ ) peml(©)D D (s, / Grom (7)™ (7)dr.

s€EJm j=1redmn,

Putting

m’ b

Q=30 3 W) [ ermlei " )

j=1reJm, @
we obtain

up ™€) = i) + Y peml(€ (3.12)

s€Jm

Or equivalently,

k€Jm
Thus,
4 m’ b b
Xy, :Z( Z (I);?(S,T)/ Orm(7)g;(T)dT + Z akm Z (s, 7 / ©s,m (T)Pk,m (T)dT).
=1 reJn, k€Jm, r€Jm @
Letting
o = ((a i,m IEJm) ( ?m)iEJm)7 e a(a;?m)iEJm))T7
4 b
pz,m = / sz,m d7-7
Pm = (( 4 m)ZGJm ) (pz m)lGJma Ty (me)iGJm)T7
and
o o7y - o7,
m m m
B Py Py e Dy
m =
or,, D, - @;’1 m ) s

Let us consider the Gram matrix Y, := (Y,,(4,7))i,je,, associated with the corresponding B-splines,
ie.

b
Tm(iaj) = / @i,m(T)QDj,m(T)dT'
We have proved the following theorem:

Theorem 3.3.1. The coefficients oy, of the solution (3.11) of the approxzimate integral equation satisfy
the linear equations

(I—-2,Tn)am = Pumpm.

By standard calculus, we get for m = 3,4 where Y3 and T, are pentadiagonal and heptadiagonal
symmetric matrices, respectively.
Moreover, the main diagonal of Y3 is (0.2h,0.2h,0.55h,...,0.55h,0.2h,0.2h) and the 1-diagonal and
2-diagonal of T3 are respectively,

(0.1166h,0.2083h,0.2166h, . . .,0.2166h,0.2083h, 0.11664)
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and
(0.0166h,0.0083h, . ..,0.0083h,0.01664).

However, the main diagonal of Y4 is (12h, 18.6h, 27.45h,40.26h, . ..,40.26h,27.45h, 18.6h, 12h).
For k =1, 2,3, the k-diagonals of T4 are respectively

(7.35h, 13.125h, 18.866h, 19.85h, . . ., 19.85h, 18.866h, 13.125h, 7.35h),
(1.55h,2.9h,1.99h, 2h, . .., 2h,1.99h, 2.9h, 1.55h),
(0.1h,0.025h, 0.0166h, . . ., 0.0166h, 0.025h, 0.1h).

3.4 Continuous blending approximation

The goal of this section is to approximate the kernels ®;;, ., via the quasi-
interpolation. To this end, let us approximate the kernels @Z’m(., .) as follows

(I)Z,TYL(§7 T) = (Un,m RI+I® On,m — On,m & O-n,m)q)ij (57 T)a

where
(Un,m ®I)¢)ij(§v7—) = Z Vs, m ZJ )4105 m(g)
s€EJm
(I X Un,m)(pij (57 T) = Z ’YT,m((I)ij (67 -))@r,m(T);
r€Jm
(Umm & O-n,m)(I)ij(gvT) = Z (I)z(s,r)gps,m(é)gonm(ﬂ.
S, 7rE€EJm
Letting
Pijon = VS,m(‘I)ij('aT)) and (I)Urm : "Yr,m(q)ij(ga ),
we get

ermeT) = Y By (Nesml@+ Y OV (©)pnm(r)

SEIm r€Jm
Y () ©erm(T),
S, 7EJm

Theorem 3.4.1. For some vectors oy, Bm and 0m, pm where

= ((ony,,)ied,)s (@2,,,)ie, ) s (@ ied,)) s
B = ((Bronicsn) (Baiesn)s Bt Dics )
on = ((0u)iesn)s (02, )ienn)s s (emr, iesn )T
pm = ((priesn)s (P2 ier ) (ome Dies )T

such that, the vector xB := (o, )T satisfies the following linear system

(I _ KB)XB _ bB,

with
b2 = (om, pm) 7,
and
5. O O o
' T8 D, ’
with . . o
/‘\. q)21 (1)22 ©2m’

—_——

(I)m’l (I)m’Q o (pm’m’
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2 2 2
e, e - @,
2 2 2
(I)(Q) L (I)gl)m (1)22),” e (Pgw)z;n
(2) (2) (2)
(I)m’lm (I)m’2m e (I)m 'm!
o7 L1 S Ly
or | @R ol
S P o Py
(1)711 @ e (Dhn’
o Dy Doy - Doy
(I)m’l (I)m’Z e (Pm’m’

and

0 0 0 Tn

Proof. It follows from the approximate integral equation by replacing ®;; by <I>?j’m that

(T )+ Z/ <I>" ! "’7"(7')d7'7

‘We have

b

u;""(&) = —I—Z Z Vs m (€ /”:(T)u?’m(T)dT

j=1 seJ,,

b
+ Z (Dijnm (g)/ @T,m(T)u?’m(T)dT

r€dm

b

— Y (s, ) pem(©) / oo (T (7)),

S, 7€EJm a

which leads to

u"™ (&) = g:(&) + Z Qi Psm(€) + Z Z B Pig i (£)-

SEJm Jj=lredm

Or equivalently,

ul™M(1) = gi () + D G Cum(T) YD B B (7).

wEJpm, qg=1lvedn,



CHAPTER 3. TWO SCHEMES OF QI FOR SYSTEM OF FIES 29
Hence
m’ m’ b
D i Pom(© DD B P ()= / O Ty (7)dr
s€Jm j=lredmn, j=170
= Z/ LJs m )‘ps,m(g) + Z (I)ijr,m(f)@'r,m(T)
a s€dm r€Jm
— > OB )Pem(E)rm(T) ) (1) dr
ERJ<W
m’ b
= Y em@Y (| Ty ()
SE€EJm j=1 “Ja
b
= Y o) [ pnmlrug (nar)
r€Jdm a
m b
LI 9D DL OO PAICNE
j=lred, @
This equality is satisfied with the following choices for X := (Xj, . )ses,, and B;, = (B, )res, :
m’ b b
ais,'m = Z( goijs,'m( ) ”"” dT— Z (I) S r / SOT m( ) :;Lm(T)dT>
j=1 a reJm
b
B = [ Prm(O (),
Let 0i,, := (0i,.,.)ser, and pj,. = (pj, . )res, be the vectors with entries
b
... Z / oD = [ (g
Let us consider the matrices
By = (Bij, )ijetimrs B = (Bij, )isjt,mr and B (q)z(i)n)',j:l,...,m/v
with entries
. b b
o) = [ F e T () = [ B (),
2
8@ (s.1) = Z / o (8 (r)dr.
‘We obtain
b m’
/8j7‘,m = / gpr7m(7-) g] (T) + Z ajw,mgouhm(T) + Z Z ﬁQUJn (ij'U,m (T) dT’ Z?j = 1’ s ’m/7

weJpm, g=1lveEJnm,

m
/Bjr,m = Pjrm T Z T‘m(wvr)ajw,m +Z Z %(T7U)/@q'v,md7-

wEJm q=1vEJy,
m’ b m’
ais,m = Z ( (I)ijs,nl (T) g](T) + Z ajw,mgpuhm(T) + Z Z BQUJn q)jqu,m(T) dT
j=1 7@ WE T, q=1v€Jn

b m’
- Z q) 8 r / 307 7n Z a]w m‘pw m )+Z Z ﬁQUJn(I)jQ'U,m(T) dT)

re€Jdm wWE I, g=1veJ,,
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Or equivalently,

S P z PrTETNE S e ( o) - Y e T
Jj=lredn, j=lweJ, r€Jm
+ Z Z Baum (2) Z Z (I)?;(S,T)(I)qu (r,v) ],
q=1lveJ,, j=1lredm,
we get the the matrix form
Qm = 0 — (I)mpm + (6; - @m@ﬁ)am + (‘I’g) - (I)mq)im)ﬁmv

Note that since
T n _ B
(I)mﬂm - /Bm - pm - TmOLm,
we obtain

am =0+ ézam + ((1)7(7%) - (I)m)ﬂm'

3.5 Error Analysis

The purpose of this section is to analysis the error convergence, we recall some results .

the approximation error of the kernel.
We need the following Theorem, which follows from [6].
Define the operators ®;; as follows

b
(I)vju](g) = / q)l](gaT)u](T)dTa 7’?] = 1,2,...,77?,,
Then the system (1.1) can be written in operator form as
)+ > Piju(§), 1<i<m/,

which equivalent to the following matrix form

ZwU = G + 3U,

where

I 0 0 0 [OFSY [O2P D,

0 I 0 0 (oY) (O Do

Loy = .. ’ ®= ’
0 0 0 I s P Pz o Doy '
m/ xm mexam
and
T T
U= ( Uy Uy Uy )m’xl’ G = ( g1 92 - Gm )m’><1'

The approximate integral equations (3.11) reads as

uy! +Z<I>’”" IR(3 1<i<m,

’L

w>)

We give via
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where

b
Q"™ (E) = / Q" (E T)u " (T)dT, i,j=1,2,...,m.

L/ ]
Then can be written in matrix form as

ImUn,m e + (bn,MUn,m7

where
n,m n,m n,m n,m
Q7 Dy e Dy Uy’
n,m n,m n,m n,m
nom Poi Kz o Py o Ug
O™ = ] , Ummt =
n,m n,m n,m n,m
(I)m’l (I)m’Q e (I)m/m’ U m’/x1

Theorem 3.5.1. Let f be a function of integrable derivative. It is assumed that the points of evaluation
Sp = 5;,0< 5 <n+1 are symmetric in the interval I, i.e. b+ a — s; = sp41—;. Then there exists a
constant C independent of h such that for f € C™(I), we have

b
| [ (0= omng)t] < 004 (15D ot lg™ s + 19 )

Proof. See [7] and references therein. O

Let U be the solution of the systems of linear Fredholm integral equations and U™™ be the solution
of the approximate systems of linear Fredholm integral equations.

Theorem 3.5.2. Assume that ®;; € C™ Y (I?). Then, it holds
U = U™ Joor = O™), (resp. |U = Upr,nllocs = O(h™")),
where
[ 2m/, if m' is even,
"m T oam 1, if m s odd.

Proof. We have

uv-umm = (I, —-®) " 'F— (I, -®"™)"'q

= (Im— (I)mm)_l[(Im — o) — (Im - (b)}([m - (I))_lG

(I — @) 7H(® — ©™™)U.

Hence

U= U < ([T — 9™ oo (@ — 9™V

M

(@1, — @7} Ju,

[@2' — @"’m]u
— (T = ™™ Y| Toom

j=1
m/

> [®1; — O uy
=1

— oyl
(I (I)ZJ ) ||OC 12%?,(”/

= max « ||
1<i<m/

1

J
!
max (T — @"’m)*lHOC max

1<i<m’ | £~ v 1<i<m/
J

’

—pmmy~L
e (1 =27™) oo Jax,

<
3
s

IN

oo

IN
3
————
R I
g
A
&
3
£

<.
Il
el
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As in [7], for each 4,5 = 1,...,m' we have

P — {(Un,m QL+I® On,m — On,m & Un,m)(bij in CB case ,

(Un,m ® O—n,m)q)ij7 in TB one,
and
D (I>n7m _ (I - Un,m) oY (I - O'n,m)q:’ija in CB case s
((I — Un,m) ®I)(I)IL] +I® (I — O'n,m)éij — (I — Un,m) ® (I — Un,m)(I)ijy in TB one.

Again, we need the following results, which follows from [7],

i | [ onm) © D € s )ir] < o ol Ol

and

e o] )

b
maIX’/ (Z @ (T — 0m)) @i (&, T)uy (7 d7‘<0hm+1(H<1>°m>
1€ a

Hence

IN

max ‘ / — Onm) @ (L — 0pm) P45 (€, T)Uj(T)dT‘

m+1 _ (Om)H 1
e

)

+ |l@-anmel | )

IN

ot (Comm @™ o

T s

- corm ] e s o)
and hence

H o (I)an _ JO(A™), inthe T'B case,
7 a #m) " in the C'B one.

Since ®;; are compact for all 4,5 = 1---m, the theory developed in [1], assures that for n large enough,

the operator (I — @Z’m)_l are invertible, and their inverses are uniformly bounded with respect to n.
Moreover,

o =]

fo-o1m <

> -y ey -ep
Choose Ny so that
‘ q>”mH Cn> N,
= .
This implies that
=i <2 -

On the other hand,

10— 0"l < max 3370 =85 oo ¢ max 337 @y =@k [l
j=1

1<i<m’ 1<i<m/



CHAPTER 3. TWO SCHEMES OF QI FOR SYSTEM OF FIES 33

Thus,
m &\ :
2Ch s Eﬂ I —25) oo HU H , in the TP case,
||l: [ " ||OO S - ’
T'ln .. _1 ]
2Ch  fnax, g (I —2i5)" oo HU H , in the CB one.

j=1

3.6 Computation of vectors and matrices

In order to evaluate the values of py,, gm,pm,ﬁ, @g)and ®,,, numerical quadrature rules are
request. Popular quadrature rules in this situation are the the Gauss quadrature formulas (abbr. GQF)
of order 2m’ — 1, with B-splines weights. We follow [7] and references therein to compute the nodes and
weights of GQF.

n o Ao, SK Ay 2. A2,

1]11.23x1072]233x107" [441x107"[394x107Y| 1 |5x107!
544 x 1071 | 1.01 x 1071 | 1.95x 107" | 273 x 107 | 2 | 5x 107!

Table 3.1: form' =2 and m =3

3.6.1 Evaluations for Tensor Product approximation

Letting

pm = ((P1in)i€ s (P2:0 i€ s s (P

i,m

b
Jies,,), with pj, =/ ©Pi,mJj-
a

We evaluate the integrals pj; ., via the GQF for quadratic and cubic B-spline weights with m’ = 2 and
m’ = 3. Here, we give some approximate results.

1R

/ ©0,3Y; hz)\on (a+héon),

]

12

T2
/ ©1,3Y; hz)\u] (a4 hé&1 ),

0

¢

Ti+1
/ 0i30; hZAQ’n (a+h(oy+i—2), 2<i<n-—1,

i—2

Tn
/ <Pn,3\Ilj
Tn—2
Tn
/ On+1,37;
Tn—1

1R

h Z Moy (b — héry),
n=0

R

1
R Ao Wb — héop).
n=0
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Also, the following calculus are given
/ 00,4V, =~ hz)\on a+ héoy),
/ 0140, ~ hZA1 2 ¥j(a+ héy,),
70
/ 0240, ~ hZ)\2 2V (a+ héay),
Ti+1
/ ;4 =~ hZ)q,, (a+h(s,+i—-3)), 3<i<n-—1,
/ (pn74\11j ~ h Z /\2,an] (b - th,n)a
Tn—3 7]:0
Tn 2
/ P14y = Ry N U(b— hér,),
Tn—2 77=0
Tn 2
/ Pni2a¥; = h> Xog¥,(b— héy).
Tn—1 n=0
In Table 3.7, we present some values of the points §; ,, and the weights A; ;.
n €o,n Ao, i Al $2.n A2, €3, A3,
0] 6,3.1072 | 1,29.107" | 2,37.107! | 1,83.107% | 2,37.107"' | 1,83.107% | 1,052 | 1,86.10~"
1|3,02107' | 1,05.107% | 7,16.107" | 2,69.107! | 7,16.107 | 2,69.107' | 2 | 6,30.107!
216,37.107 | 1,7.1072 1,326 4,9.1072 1,326 4,9.1072 | 2,949 | 1,86.107"

Table 3.2: The points X, and the weights X;, for m’ =3 and m =4

3.6.2 Continuous blending case

Now, we use the GQF with B-spline weights with m = 4 and m = 5 to approximate the integrals
appearing in the matrices ®,, and ®,,,, and in the vector p,,. We give the associate formulates of order

O(h™)

T1
/ ©0,3Y;
To
T2
/ 1,395
To
Tit+1
/ i3
Ti—2

/ ¢n,3¥;
Tn—2

n—

Tn
/ On+1,3Y;
Tn—1

n—

1

1

1

hZ)\gk\I/

1

k=0
3

1

k=0

3
h Z )\O,k\l'j (a
k=0
3
hZAl,k@j(a

hZ)\lyk\Ilj(
PP 2

+ th,k)a

+ hfl,k)a

a+h(fer +i—2)),

b—h&1 k),

(b—h&ox)-

2<i<n-—1,
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In table , we introduce the points &; , and the weights A; j.
n €01 Ao €1 ALy &2, A2
0] 49x1072 | 1.11x1071 | 201 x107!' | 1.11 x 107" [ 4.99x 1071 | 7.6 x 1072
11239x107" | 144%x107! | 6.11x107" | 3.15 x 107* 1.158 4.25 x 1071
21518x107" | 6.9x%x 1072 1.113 2.10 x 107¢ 1.843 4.25 x 1071
31796x107" | 1.1x107! | 624%x107! | 3.3x107" 2.502 7.6 x 1071
Table 3.3: Points and weights for m =4 andm=23
n| Sos Ao, €1 Ay €2, A2 €31 A3
0] 3,1.102 | 7,1.10°% | 1,28.10° ' | 6,6.10° % | 3,11.107 ' | 4,6.10° 1 | 6,19.1071 | 2,5.1072
1]1,55.107% | 1,01.107! | 4,04.107! | 1,99.107! | 7,71.107! | 2,45.107* 1,204 | 2,39.107!
213,52.107 | 6,1.1072 | 7,80.107! | 1,77.107¢ 1,323 3,22.107! 2 4,73.1071
315,83107| 1,7.107¢ 1,211 5,5.1071 1,913 1,27.1071 2,707 | 2,39.107¢
418,04.1071 | 21072 1,629 5.1073 2,485 1,3.1072 3,382 2,5.107!

Table 3.4: Points and weights for m' =5 and m = 4

T1
/ ©0,4¥;
To
T2
/ »1,4Y;
T0
T3
/ ©2,4Y;
To
Ti+1
/ 901',4\1’3‘
Ti—3

Tn
/ Pna¥;
Tn—3

n—

Tn
/ 90n+1,4‘1’j
Tn—2

Tn
/ On+2,4Y;
T 1

n—

1

1

1R

12

1R

R

1R

4

hY " Aor¥(a+ héok),
k=0
4

hY A a+ hég),
k=0
4
h Z A2k V(a4 héa k),
k=0
4

R sr¥ia+ h(&r +i—3)),

k=0
4

h Z A2,k W5 (b — héa k),

k=0

4
Ry Ae®y(b— hé ),
k=0

4

Ry Xor®;(b— héo).

k=0

We compute the matrix @g) and the vector p,, in both quadratic and cubic cases,

n_
F-1

>

m=0

1

Tn
70

41
— VU
(420

i\l}. +ﬁ +
120 7\ "3

i(T2m)

18
35

41

5h
3

18 h 9

2h
3

+ 7‘1@' (sz + 2h)> .

3<i<n-—1,

68
105

+ ——V;(r2m + 1)
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3.6.3 System of two integral equations

Let us consider the system of two integral equations of the form

()= (28 ) [ (37 2263) () e

Where
b b
) =ag1(§ —l—/ Dy (¢ )d7+/ Q12(&, T)ua(T)dr
b b
Ug —|—/ (I)Ql )d7+/ @22(577')11,2(7')6“'
Proposition 3.6.1. For some vectors a, 8 and o,p where a := (a1, as,)", B := (B1,,,5,)" and

0:= (01,,0,) , p = (p1,,p2,)". Then, the vector x® := (o, )" satisfies the following system of
linear equations
(T~ P =07

where

and

11, P2, ‘I’ﬁ)m - @11, <I>§22)m = P12,
‘1>§22),n, — P$oo,,

Y., O / T11,, Yo,
0 T, Y1, Too,,

3.6.4 Approximating the kernel by quasi-interpolation

In this case, the approximate kernel is

(I)lm,n (57 T) = (Qmm ® I + I® Qm,n - Qm,n ® Qm,n)q)l(sa t)a
(I)Zm,n (57 T) = (Qm,n RI+I® Qm,n - Qm,n ® Qm,n)®2(sa t)v

where
(Umn®I (I)l fa Z 72m @zm(f)
i€
(O @T)2(6,7) = D Vi (B2, 7))im (),
1€ m
and
(I@Umn)q)l( Z Yi,m q)l(é ))@]m( )
JE€EIm
(I® O—m,n)QQ(EaT) = Z Vj,m((b2(s,.))<pj,m(7_)'
je‘]"n/
Also,
(Um,n @ Om, n Z (I)l Z .7 P, m(E)% m( )
4,5€Im
(U'm,n oy Um,n)cDQ(fa 7-) = Z @2771, (ivj)ﬁai,m(g)@j,m(T)-
1,5€Im

3.7 Three specific systems of integral equations

In this section, we look at three specific systems of integral equations and provide results that describe
each one.
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Firstly, let us consider the following system of integral equations
(m(f)):(Ql(f))_'_/b( 0 <I>1(f,T))(u1(T)>dt
us(§) 92() o \ P2(67) 0 uy(t) )
where
b
w(© = A+ [ (€ ua(ryar,
%b
’U,Q(f) = fQ(T) +/ <I)2(§,T)u1(t)d7'.
For this scenario, we provide some specific outcomes.
Proposition 3.7.1. For some vectors o, 8 and o,p where a := (alm,ozgm)T, B = (ﬂ1m,,52m)T and

0:= (0lm,02,)", p:= (plm, p2m)", the following system of linear equations

is satisfied by the vector X2 := (a, )T, where

Proof. We have

O, (67) = Y B (Deim@)+ D Br, (Opim(T) = Y 1, (1,000 (€)@sm(T),

1€ m J€JIm ,J€Im

(P2m,n (6,7’) = Z q)/Q:n(T)QDz,m(g) + Z m(f)%,m(ﬂ - Z ®2m(i7j)(pi,m(£)@j,m(7)7

i€ Jm JE€EIm 5,5€Im
where

Br (1) = m(@1(.7)), Fa (1) = Yo (B2, 7))

1, (8) = m(®i(E,0), Do, (6) = vm(P2(E, )
Hence

ur, (&) = g+ D s, eim©)+ Y B, D1, (&),

1€Jm JE€EJIm
us,, . (§) = g2(§) + Z at, ., im(§) + Z B1;m P2, (£)-
i€Jm JEIm

The following options for equality satisfy this requirement

ay, = (o, )ies,, o2, = (a2, )ics,

Bi,, = (Brin)icns B2, = (B2, )ictns

where
b b
an, = [ B, (= Y 0,G0) [ i, ()
a jEJWL a
b b
az,,, = / Oy, . (T)us,, , (T)dT — Z (I>1m(i,j)/ ©jm(T)us,, , (T)dr.

JE€Im
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As a result, we get the following approximate integral equations.

b b
ur, (&) = g+ > L/%',m(f)/ oy, (T)ug,, , (T)dr+ > ‘I’lj,,,n(ﬁ)/ ©jm(T)u2,, , (T)dr
i€Jm @ J€Tm @
b
- Y E,G00m© [ (e, ()
ijE€Tm a
b b
u2m,n (5) = 92(5) + Z @z,m(g / 2L 771(t)U1m;n(T)dT+ Z (I)Qj,wn (6)/ goj:m(T)ulnz,n(T)dT
i€JTm JE€EIm @
b
= Y 8,0l [ e, (i
ijE€Tm a
and
b
81, = [ Prm(rhun, (s
b
B, = | Orm(rua, (P
Alternatively,
b
o, = / ®,, () + Y s erm(T)+ D o, P, (T)]dT
a r€Jm SETm
- Yo u/%m + Y aa o)+ Y o, B (1)
J€Im r€Jm s€Jm
b
@z, = / k1 + >, eem(T)+ > Br,, P2 (T)]dT
a rEJdm SE€EJm
- Z (bl?n Z -7 / @]7 Z a17 mgorm Z ﬂls 7n¢25 nz ]
J€EIm re€dm s€Jm

Let 01, = (01 i€ty 02,:=(es, ,, Jic T a0 p1,, := (p1, . )ic T P2,, = (Pim)ic,, be the vectors with
entries

b b
ehnzt/%WMmmm,mm /¢mxmxm
b b
prn = %mmmmwvmmszm<m<m
and (®q,,Py, ), (P1, ,P2 ) and ((bfz,d)@ ) be the matrices with entries
b b
%Jm)—t/%mwmmmw By (i) = /¢2<wm<m<m,
b b
o (inf) = /wmv>MAMn B, (i) /wWU%mvm-
a a
Moreover,
b
a2 (i.j) = /"%“Aﬂ¢%mvmﬂ
2 ab e
o) (i,5) = / &y, (1), (1)dr,
.0 = [ L 0
2 ab ——
0,60 = [ B (0B ()
a
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. Hence
o1, = (01, — > @, (i.)p) + Y. 0o, (B2, (i7) = > D (6,) T (5. 7))
J€Im reJm JE€EIm
+ > Pa (B (i) = Y o, (6,5)P1, (), 9))a, .
s€Jm JEIm
= (02— Y O, (L)) + D o, (D1, =Y @1, (,5) L)
JjE€EIm rcJm J€EIm
+ Y B (@) = Y B, (0,0)®a, (5, 9)):
sEJm JE€EIm
and hence

b

Bijm = /‘P]m Z a2, m‘Prm Z B2em P10 @y, (7))dr,

a r€Jm $€Jm
b

By, = / im@()+ Y an,orm® + 3 Br o ()7

a r€Jm s€Jm

which eventually leads to
Bi, = p1+ Loz, + @1, P, and B, =p2+ Yoy, + 2, b1

m

So,

Thus, we obtain
A \_ O Y[ O P2, ar, [ ~22. o3,
az,, 02, @, 0 az,, o) @,
Finally, we consider the following integral system

(29) = (29 [ (men men ) (1m0 )

b b
7o) + / By (€, 7)us(r)dr + / Do (€, 7)us (),

where

uy(§)

b b
w(E) = ga2(6) + / Bo(€, 7)ua (r)dr + / By (€, 7)us(r)dr.

In the following statement, we provide a concrete result for this third case.

Proposition 3.7.2. For some vectors a, 3 and g,p where o := (aq,,, 2
0:=(01,,02,)", p:=I(p1,,,ps,, )", the following system of linear equations

(1 KPP =P

is satisfied by the vector xB := (a, )T, where

( By, Da, ) ( O, — Py, @) )

= = 2 2

I{B = @11“ (Dlm (bgl)rn (béQ)rn - ¢1"” 3 a,'nd bB =
Tm Tm ¢27n, ®1m,
Tml Tm q)Qm (blm

m)T7 B =

)

m m m"*

B, \ _ ([ m 0 T, ai,, 0 @, B,
(o )= ()= ) (o )= (a5 ) (8

= (0ms pm)" .

(B B2,)"
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Proof. We have

@1771,71(577-) = Z (Dlzm @zm )+ Z (I)lj.m,( ©j, ml Z (I’l 7'])

1€EJm JE€EIm 4,5€Im

Pi m(@‘pj m(T)s

(I)Qm,n(gv’r) = Z (I)Z @zm )+ Z m( onm Z @2 7/ J)Qozm(g)(:o]m( )

i€Jm JE€EJIm 1,j€Im
where o o
@1, (1) = Yim(P1(., 7)), P2, (T) = Yim(P2(., 7)),
and 7 _
D1, (&) = vjm(P1(§; ), oy, (§) 1= Yjm (P2(E, ).
Hence

b b
w1, = 0O+ Y Piml©) / &y (s, (D)dr + 3 By (€ / s (Ttn,, (7).

1€Jm JEIm

b
Y o (i )il / i (TYts,. . (7)d7

4,J€Jm

b b
+ 3 el [ Fa O i Y€ [ i, (i

1€Jm JE€EIm
b
S SR / Pion(T)us, ()
i,5€Tm a

b
wn () = 0O+ pumle /<1>2 (O O+ 3 T () [ B, ()i

i€Jm JE€EIm

b
=S O () eim(©) / i (Pur,, . (F)dr

4,J€Jm

b
+ Z QOzm / ¢]—7. m( 2m7 dT+ Z (1)17 m / (pj,m(T)UQm,n (T)dT

1€Jm JE€EIm

b
S i [ sumieha, (i

4,5€EIm
Therefore
u,, (&) = + > Piml(€)+ Y Boy P, () + Y eim(€) +
i€Jm JEIm i€Jm
uz,, . (§) = + D, eim(©) Y By P () + D s eim(E) +

3 6i,,.82,,.(6)

J€JIm

> By @1, (6)

i€Jm J€Im i€Jm JE€Im
This equality is satisfied with the following choices for
o, = (o, )ied,, a2, = (a2, )ics,, and Bi, = (B1,,,)iesn., B2, = (B2, )icsn:
where
b
N LG NG S ) / Gium(Thur,...(T)dr,
a Jj€Im
b
— [ & () = 3 K () / pgun (T, (7)dr,
JEIm
and

b b
B = [ G, (Oir ad By, = [ i, ()
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Or, equivalently

b
ALy = /(1)2 E a27‘7n@77” g ﬁQSmsplsm )

re€Jm s€EJm
+ Z alrm@rm Z 61 m 25 m )]
r€Jm s€EJm
b
— Yy (i /%m @)+ Y s, orm(r)
J€Im a r€Jm

+ Z Ba, @1, . (T Z a1, . Prm(T Z B, P2, (T

s€Jm r€Jm SEJm
b

O = (I)l Zalrm%orm Zﬁlsm 2s,m (1)

r€Jm s€EJm
+ Z a2rm(Prm Z ﬁQS m(blsm )] T
re€dm s€Jm
b
- Y @G0 / rm(@ge(r) + Y 0, @rm()
J€EIm recJm

7)ldr

+ Z Brm®a, . (T Z az, .. Prm(T Z Ba, . @1, (T))dr.

s€EJm r€Jdm s€EJm

Assume that

01, = (01,,,)ic,, 02, = (02, )ics, and p1, = (p1,,)ies,, P2, =

are vectors with entries

b b
01, = Oy, . (T)g1(T)dr, 09, ,, /‘I’lm 7)g2(T)drT,
b
mm::/wmmmmm,mm:/wmmmmm

respectively. Moreover, the matrices
(@1,,95,), (@1,,s,), (27,00,

respectively, have entries

—

(I)lm (27.7) =

(Pi.m)ied,,

b
%mvmmmm,ézmﬁz/%mwmmm@mm
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So that
a,,, = =3 @ (LG)p) + Y as, (Ba, (7)) = Y @, (6,1) Yo 7))
JE€EIm r€Jdm JEIm
+ Z /82& ’777. ¢§2 Z S Z (b27n Z 17)@1& m !], Z al?" m ¢2"’” l T)
sEJm J€Im r€Jm
- Z q)Q 7' .7 J7 ))
eJ’NL
+ Zﬁ1sm¢§1 (,5) 2@1 (i,7)®2,, (4, 8)), a2
s€EJm JE€EIm
= (02, — Y 1, (d)p2) + D ar, (D1, (6r) = > @1, (i) Lo (j,7))
J€Im r€Jm JE€EIm
+ Zﬁl;mtbgl) (,5) Z(I)l (i,5)®,,(j, s Zabm ‘1)1 (i,7)
s€EJm JEIm re€dm
- Z (b]-?n Z J j? ))
JE€EIm
Y Bo (B (1) = D @, (i,5)®1,,. (j 8)-
s€EJm .]6']7”.

In matricial form,

A, ) _ | Q1,
2., 02,,

m m m

+< (2) — @y, Dy @522) —®y Dy )(ﬁlm)

<I> 2m P1 + (I;;n - q’zme 52:1 - @2me aq,,
lm P2 (I>1m -, Y, & —P; T, a2,

@éﬁm — Dy Dy @g? — Dy By Ba,,
and
b
B = / P+ 3 a2 om(T)+ 3 B, T ()
re€dm s€Jm
+ Z o, Prm(T Z B, . ,m (T))dr
r€Jm s€EJm
b
@m::/%Mﬂwﬂ+ZaWWMﬂ
a r€Jdm
+ Z /Bls.m,¢)2s,rn Z a27‘ m(p" m Z ﬁ2 (Dls m T)] T.
s€EJm r€Jdm SE€EJm
Thus,
Bi,, =p1+Tmas, +@1, B + Va1, +Po B,
and
B2,, = p2 + Tmaa,, + P2, 81, + Tnaz, + @1, Ba,, .
Br. \_( m n Yo, T oL, ) O, Dy, B,
B2, p2 Tm Th az, P, P4, B2, )’
sinse,

< o, >: ( o1, )+ 1, ( o, >+ oY — s, (3, ( L., )
as,, 02, o, Dy as,, o5 o5 — @, B,
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3.8 Numerical examples

In this section, we solved some cases using the methods described in this chapter for solving the given

integral equation.

[ai, bi] | @1(&,7) | P2(E7) | wa(§) | w2Af)
[0,1] | exp(§ —7) | cos(m&T) | exp(§) | exp(—¢€)
[0,1] | exp(é1) | cos(méT) | exp(§) | sin(§)
[0, 1] exp(&T) 5107'2 exp(§) | cos(§)
Table 3.5:
no | flur —uigall | luz —u2snll
8 1.88e-8 9.47¢-9
16 5.31e-11 4.84e-10
32 1.45e-13 5.09e-12
64 1.77e-15 5.58e-14
128 1.77e-15 9.99¢-16
Table 3.6:
no | flur —uignll | luz —u2snllo
8 1.49¢-8 1.33e-8
16 9.25e-11 4.99¢-10
32 4.66e-13 5.96e-12
64 3.10e-15 5.59e-14
128 2.22e-15 9.99¢-16
Table 3.7:
no| flur —wisnlly | luz —u23nllo
8 1.16e-9 1.50e-10
16 3.03e-11 7.65e-13
32 2.63e-13 3.33e-15
64 2.66e-15 4.44e-16
128 1.77e-15 4.44e-16

Table 3.8:



Chapter 4

Multi-quadratic trigonometric
B-spline for solving integral
equations

4.1 Introduction

Quasi-interpolations play an important role in the approximation theory and its applications. Quasi-
interpolations have been examined thoroughly in the literature. In view of this, large research on quasi-
interpolation is usually only for discrete function values. A lot of papers have been published on mul-
tiquadric quasi-interpolation, which needs to be better defined for periodic data since its kernel itself
is not periodic. Lyche et al. ( cf. [32]) developed a quasi-interpolation scheme via the trigonomet-
ric B-splines. They discussed its approximation orders for high-order derivatives. The goal of [25] is
to construct a quasi-interpolant for periodic data by combining some techniques of the multiquadric
quasi-interpolant and the trigonometric B-spline quasi-interpolant. This trigonometric B-spline quasi-
interpolant can be considered as a special case of the new quasi-interpolant. In other work, the authors
proposed a quasi-interpolation scheme for the linear functional data. This quasi-interpolant provided an
optimal approximation order with respect to the smoothness of the right-hand function of the differential
equation. The authors used the scheme to approximate the solution of the differential equation. Next, the
authors used a meshless method for solving some partial differential equations whose solutions are peri-
odic with respect to the spatial variable. This method is based on the multiquadric trigonometric B-spline
quasi-interpolant. Then, the authors solved a Hamiltonian wave equation with periodic boundary con-
ditions by using a meshless symplectic scheme based on multiquadric trigonometric quasi-interpolation.
The authors presented the equation in space using an iterated derivative approximation method based
on multiquadric trigonometric quasi-interpolation, and for the time, they used an appropriate symplectic
scheme. A new meshless conservative or dissipative method for nonlinear time-dependent partial dif-
ferential equations is proposed by Sun. In the same perspective, the authors solved multi-symplectic
Hamiltonian partial differential equations on multi-symplectic formulation via a multi-symplectic quasi-
interpolation method. The goal of [14] is to construct a new local spline quasi-interpolant for fitting 3D
data defined on a sphere-like surface S. The authors investigated in this construction the tensor product
of cubic polynomial B-splines and 2mw-periodic uniform algebraic trigonometric B-splines of order four.
Moreover, Gao and Zhou provided a general and an efficient scheme for explicitly constructing multiscale
radial kernels with high-order generalized Strang-Fix conditions from a given univariate generator. The
authors constructed the resulting kernels by taking a linear functional to the scaled of the generator
with respect to the scale variable. Moreover, Gao and Zhou provided a general and efficient scheme for
explicitly constructing multiscale radial kernels with high-order generalized Strang-Fix conditions from
a given univariate generator. The authors constructed the resulting kernels by taking a linear function
to the scale of the generator with respect to the scale variable. Moreover, reference [24] established three
new multiquadric quasi-interpolation schemes for integral functionals without solving any minimization
problem motivated by fair properties and wide applications of multiquadric quasi-interpolation. An iter-
ated quasi-interpolation approach for approximating the high-order derivatives has been introduced only
from given discrete function values. More recently, the solution of generalized integral equations of Fred-
holm type is addressed in [38], where septic spline quasi-interpolants are used. In the same perspective,

44
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a general framework using spline quasi-interpolants to numerically solve generalized Fredholm integral
equations of the second kind by two Nystrom methods is considered in [5]. In addition, explicit results
for octic spline quasi-interpolants are provided. Two efficient methods for solving a Fredholm integral
equation of the second kind by two types of bivariate spline quasi-interpolants are introduced in [6].

This present chapter has two goals. On the one hand, we generalize the construction of the quasi-
interpolant for periodic data given in [25]. In our construction, we use the nth-order trigonometric
divided differences and a new kernel. This generalized scheme is also characterized by the periodicity and
the smoothness as in [25]. On the other hand, we explore the new results to approximate the solution
of the periodic second kind Fredholm integral equation by using four degenerate methods, namely the
tensor product and the continuous blending sum of the present generalized trigonometric B-splines quasi-
interpolants. We present the development of the approximate solutions, and we prove some theoretical
results related to the error analysis of these methods. Numerical results are given in this paper to illustrate
the obtained results.

4.2 A generalized quasi-interpolation scheme

In [25], the authors constructed a new quasi-interpolant, which is characterized by the periodicity as
the trigonometric B-spline quasi-interpolant and the smoothness as the MQ quasi-interpolant. In their
construction, the authors used the second-order trigonometric divided differences. We follow this scheme,
and we generalize this new quasi-interpolant via the nth-order trigonometric divided differences where
we use a new kernel.

For this aim, we recall some background on trigonometric spline presented in [25, 32].

d
Let D := d—g, consider the nth-order differential operator

2
D (D*+1) (D*+4) - <D2+<n21> ),fornodd,

Pn = 1 9 1\?
2, + 2, 7\ 2 n-—
(D +4> (D —|—4> <D —|—< 5 ) ),forneven.

we define©(s) = sin(s) and x(s) = cos(s). The null space of the operator T,, is the space of trigonometric
polynomials of order n which is given by

(n—1)s
5 ) X(—

span 1,9(;),X(;),---,@((ngl)s),x((n;l)s)}, forn even.

span{ 1,0(s), x(s),- -, O (n—1)s

)}, for n odd,
T, =

We note that T; C T, if n — 1 > 0 is even, but not if it is odd (see [32]).

Let {s;}_o;<y be a partition of the interval J := [0,27] such that 0 = sp < s1 <+ <5 < 8541 <
-+ < 8p, = 27. It is extended to the real line by defining sgpn4; = 2k7 +s;, k€ Z.

We define the nth-order trigonometric divided difference of a function ¢ with respect to the space T,
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as follows . N
@(g) @(S )
X(EJ) X( J2+n)
e((n _21)sj) o( (n— %)Sm)
X((n_Ql)S]) X((n—123]+n)
(85585415 Sjigm]r, @ = 27 (I)(Sj)l qi(sj+n)
O(s;) O(sj+n)
X(SJ) X(Sj+n)
T:sz ns:j-i—n
@(E) @(nSJ2+n)
(57 X(—5—)

As in [25, 27], for some shape parameter ¢ let us consider the periodic kernel

S
D(s)=4/c2+ @2(5).
Taking the nth-order trigonometric divided differences to the kernel ®, we get the nth-order trigonometric
B-splines
©in(8) =[5, 541, s Sj4n]T, P(s — 1).
Hence, the the main generalized quasi-interpolation scheme can be defined via these MQ trigonometric
B-splines @, ,, as follows

UNlu Z@ SJ+N Zaﬂ il ~N(s), 1<I<N, and N —1[ isan even integer,

where the coefficients «;; are given in [32] and \;; are some prescribed linear functionals.
Applying the second-order trigonometric divided differences to the kernel gives the MQ trigonometric
B-splines

oY) eF) e
S5-1 52] Sj+1
X(T) (5) X(T)
pi(s) = %[Sj—la 85, 8j+1]7, P =2 e Sjal) e 1_ ! ‘I’is s ’

O(sj-1) ©O(s;) ©O(sj+1)
x(si-1)  x(s5)  x(sj+1)

Taking these MQ trigonometric B-splines ¢, (.) as basis functions, we get

= YO £(s))e5(5),
Jj=1

with
so=0< ... <s, =2m.
and
O =Sy () O(s = sj1) = X(FHEFH) (s —55)  x(FFEH)P(s — 55) — (s — 85-1)
—————)p,(s) = .

2 2@(Sj+12—8.7’) 2@(8.7‘—28.7’—1)

With some simple calculations and the periodicity of f(s),we have

=D %(N)25(s)
j=1
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Where the cofficients are defined by

e Sflsim) X (P52 X(F=5) _ f(sj41) . -~
’Yj(f) = 2@(37-—;1—1) (2@(3j+12—8j) 2@(8j—gj—1))f(sj)+ 2@((9#12—5]‘)’ 2<j=n-1,
For j=1,n: o) g ) ( ) o)
o fGa) x(BE X(RF2) e f(s2
= geizm) ~ Gemgn) T aermgm) Y T gerz
_ f(sn—l) B X(sz;m) X(Sn_;n—l) ﬂ
%L(f) : 2®(Sn7;n71) (2@(52551) + 2@(&”*;%1))]0(8”) + 2@(81580)

4.3 Solving periodic second kind integral equation of Fredholm

type
For a given continuous function f, we consider the following Fredholm integral equation of the second
kind )
u(s) — / (s, T)u(r)dr = f(s), se€T. (4.1)
0
21

We assume that ¢(.,.) € C(Z x Z, C), and consider the uniform partition with mesh length h:= —, i.e
n

4.3.1 First degenerate kernel method

The first method consists of approximating by

VR (s0) = D2 W) ()

But,
r cos% 1 1 T
(== ) (s1,7) + (5 )¥(s2,7) + (-, )¥ (80, T)
(., 7)) sing 25mh§ 25m§
n v 1 coss 1
Y2(¢ (., 7)) (2 — )Y (51,7) = (—2)(s2, ) + (5= )¢ (s3,7)
) = siny sing 2sinyg
oT :
e (o) (o (st ) — (22 ()
5 S1, T X Sn—1,T) — ; Sn, T
L 25ing ! 25171% ! smg ]
1/1(81»T)
. ¢(52»7')
1/J(Sn»T)
Where
A _
_cosy 1 0 0 R
sink  2ginl 2sink
2 3 2
1 cosy 1
26int  sin®  2sink 0 0
sing sing sing
A = :
0 0 1 7005% 1
25ing sin% QSin%‘
1 0 0 1 cosy
L 281'71% QSin% sm% ]
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Then, remplacing (., .) by ¥,(.,.) in (4.1), we get the integral equation
2
Un () = [ g (5,7)uy, (T)d7 = f(5) (4.2)
0

for an approximate solution to u.
The approximate equation (4.2) reads as

Putting 2
xf :/0 75 (¥( aT))Uf(T)dT,
we get
u(s) = 3wl @5(s) + f(s).
so that ., § 2 )
foéj(s)Jrf(s)—Zcbj(s)/o YWD 2E @ (r) + f()]dr = f(s)
=t J=1 m=1
Hence . . ) 2
S)|lx;, — . LT VdT — {EF ) o o (F)dr] =0,
2 ks || wetmnr@a 2 n [ @l )en i) =0
and hence , ) 2
; —/0 ’yj(il)(.m))f(f)dT—mZ_lxm/o Vi (., 7)) P (T)dT = 0.
Thus,

n 2 2
o = 3ol [ )= [ i
We have proved the followin_g theorem:
Theorem 4.3.1. The coefficients X¥ := mJF of the solution (4.2) satisfy the system of linear equations
(I — ATYXE =pF]

where

bjF:/O v (., 7)) f(T)dr,  and A}j;j:/o V(W (, 7)) P (T)dT.

4.3.2 Second degenerate kernel method

The second kernel method is obtained by approximating the kernel at right to get

wf(svt) = Z%W(Sa '))q)j(T)'

Where
r cos% 1 1 ]
(_sin@ (s, 1) + (m)qﬁ(sﬁz) + (m)lﬂ(sﬁn)
Y1 (¥(s,-)) 1 ? cosﬁ2 1 ’
Y2 (¥(s,.)) (WW(S,H) - (SmZW(S,ﬁ) + (QSmE)MS’T?’)
: = 2 2 2 )
ACIC) ) . : osh
(ﬁﬁﬁ(&ﬁ) + (ﬁ)w(sﬂ—n—l) — (= Z)¢(3,Tn)
L 2sin3 sing sing ]
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Then, by replacing (.,.) by (.,.) the following approximate integral equation is obtained for an
approximeted solution uﬁ to w:

27

upy () = | Wy (5, T)uy (T)dT = f(s). (4.3)

Following (4.3) we have

j=1
‘We obtain .
wfi(s) = f(s) + Y v(W(s, )z},
j=1
with .
ol = /0 @ (T)ul(r)dr,
so that .
wi(m) = f(1) + D (7, )zh
m=1
Hence

n 27 n 27
> (s, ) [xﬁ - /0 () f(r)dr — > alt /O vmw(ﬂ.))@j(r)dT] =0.
j=1

m=1

Consequently, . , ,
o= 3l [ e D= [ e
We have proved the following result:
Theorem 4.3.2. The coefficients X = xf of the solution of (4.3) satisfy the system of linear equations
(I — AR)XE =p

where
27

bf:/owq%(f)f(f)dr, and Aﬁj:/() Y (Y(7,.)) @5 (7)dr.

4.3.3 A tensor product scheme via the main quasi-interpolation

In this subsection, we introduce a tensor product scheme based on the quasi-interpolation operator
to approximate the kernel 9 (.,.) of 4.1 as follows:

Uy (5,7) = (03] @ o] )i(s,7).
Letting

Y(s1,m)  P(s1,72) - (s1,Ta)
v - A 1/)(82.371) ¢(52.772) 7/)(82.,%) AT
¢(Sy;,ﬁ) ¢(87;77'2) ¢(Sn.,m)

B(t) = (q>1(t),<1>2(t), . .,<I>n(t)>.

First, we will prove in the following Proposition that the approximate kernel 17(.,.) can be written in
an important form as follows

)

i=1 j=1
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We have
R ) = o (05 (ws, ()
= o (X))
1(¥(s))
_ O'S (I)(T) ’72(/‘#(87))
’Yn(w(S, ))
But,
( (5’» "/}(S T1
2(Y(s,.)) N Y (s, T2)
’7n(¢(3>)) ’(/}(S Tn)
so that
Ug(w(-,ﬁ))(s)
WP(sr) = B(rIA Un(¢(~272))(8)
ol ))(s)
Moreover,
Z%‘WC 71))®;(s)
oS (W(.,m))(s) "
o (1., 72))(s) D @, m2))®(s)
. - =1
0% (. 7))(s) .
> () @;(s)
i lyl(w('aTl)) 71(’(/)('77—2)) ’yl(w(aTn))
Y@(m) @) o 2@, T) .
= : : : O(s)
L (7)) W@ m2) e ($( )
[ Y(s1,m1)  d(s1,m2) - P(s1,7Ta)
_ 1/1(52:771) 7/1(82:,72) ¢(52:an) AT(I)(S)T'
_¢(87;7T1) w<s;,r2) w(sn.ﬂ'n)
Consequently,
Y(s1,71)  P(s1,72) -0 P(s1,7n)
WP (s,7) = B(r)A w(sf’ﬁ) Wf’”) ‘/’(52}7”) ATd(s)T
Glsmm) Ulsmts) o Blsnm)
= B(r)UP(s)",

and the proof the following result is complete.
Proposition 4.3.1. The approzimate kernel wf(., .) satisfies the following matriz representation

VF(s,7) = ®(1)UD(s)".
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Replacing ¢ by P (.,.) in (4.1), we get the following approximate equation

27

n(s) = f(s)+ ; Wy, (5, 7)uy, (T)dr. (4.4)

Theorem 4.3.3. The coefficients XT := anz of the solution (4.4) satisfy the system of linear equations
(I —TAPYXP = wp?,
where

27 27
o= [ unpndr and G0 = [ @
0 0

Proof. We have

n n 27
ul(s)  =f)+ YD Wm,§)®;(s) [ Op(r)uf(T)dr
j=1m=1
] ) ar
= f()+D_(s) Y U(m,j) | Bp(r)uf (7)dr,
j=1 m=1 3
so that
ul(s) = f(s)+ > _ X[ ;(s),
j=1
with . )
XJP = Z \Il(m7j)/o @, (T)ul (1)dr.
Hence

n

X7 =2 w(m,j) / "R () () + Y XY Wm, ) / ()
m=1 k=1

m=1

4.3.4 Kernel’s blending approximation
Now, we propose to approximate the kernel 9(.,.) by
U (s,7) = (0 @I +I @0y —of @ay)d(s,7).
Next, we look for an appropriate expression for 12 (s, 7).

Lemma 4.3.1. It holds

UR(sm) = DU MRs) + D0 WD) Bm(r) = D7D Wm, )25(5)m(7),

j=1

where

Proof. We have

and
(T @ (s, m) =Y (s, ) @n(7).
By using

we get the desired result. O
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Replacing 4(.,.) by %2 (.,.) in (4.1), we get an integral equation of the approximate solution u?:

27
uB(s) = f(s) + ; VB (s, m)ub (1)dr.

Proposition 4.3.2. For some vectors X and Y, the vector x2 := (X, Y)T satisfies the following system
of linear equations

where

Proof. We have

UBS = S Y 1C u (.I)TUB’T T Y (2)8 " TUBT T
P = 10800 [T e+ 0 [ bl
Y Y i\S " TUBT T
- 302 W) [ i)

The approximate solution has the form
uf(s) = f(s)+ Y X;®5(s) + Y Yiuth2) (s).
j=1 m=1

Hence

n n 21
ZXjCI)j(s) + Z Ymi/),(,%)(s) = / W, (s, 7)ul (1)dr
j=1 m=1 0

n 21

W(m, j) / B, ()u ()dr)

> o[ U (i -

m=1

Y () (5 27? B (r)dr
+m2_1¢m<>/0 B, (r)u ()dr.

It is sufficient to choose X := (X;) and Y := (Y;;,), where

27 n 27
P = (1)7'7.LBT T — m, 9 NuB(r)dr
Xy [ el PO Q) [ e

27
Ym - (bm f dr.
/0 (r)u? (7)dr
Letting . o
M; = /O Yy (r)f(r)dr,  Nj= /0 @;(7)f(r)dr,

and
2 2 2

v (m, j) = / O ()@ (r)dr, WD (m, ) = / @, (1)@ (r)dr, WO = / O (1)@ (r)dr.
0 0 0

We obtain . .
Yo = N + Y AP(r,8) X, + 0@ (r,5)Y,,

r=1 s=1
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and
n n n
Xj o= (M=) W(m, )Nw) + > X (T () = > W(m, j)AP(m, 7))
m=1 r=1 m=1
+ Yo (@@, 8) = Y U(m, j)¥P (m,s)),
s=1 m=1
so that
X=M-9UN+ (0D —04”)X 4+ (¥®) — vu?)y,

and

Y =N+ APX + vy,
By using

@y =y - APX — N
we get

X=M+IDX + 0O -0y,

and the proof is complete. O

4.4 Convergence analysis

Let o, be the trigonometric B-spline quasi-interpolation scheme. Following [32], we have
lonf = flloo < O(hQ)‘

In order to prove the main result concerning the convergence analysis, we follow [32, 25] to prove the
following theorem.

Theorem 4.4.1. The following result holds
H(US - Un)f”oo = O(Ch) + 0(02(71' - h))

Proof. We have

s
LDlsj—1, 855 1) f-

205 f(s) — onf(s Zsm Sj 2Tl (@(s — s5) — |sins_

Letting
n
. Sj4+1 — Sj-1 . S— 85
) :Zsm%(q)(s—sj)—Bm 5 L).
Since
(\/c2 +sin2(%) — |sin 2 ;51' ) <e
2
. 9,85— 8 . S— 8 c . S—8j
(\/c2+51n2(2])—sm 2]|<2\sn8 =) | sin 2]|;«é07

we get

. Sji1— Sj_
I < . Si41 T Sj-1 . Sjr1— 81 ¢ sin == 2 =
N(s) < ¢ Z sin =5 —— +c¢ Z sin —-————+ Z W

|s—s;|<h 21 —h<|s—s;|<2m h<|s—s;|<2m—h

2 sin et S i
il —8i-1 @ Z 2
2

| sin 252 |
|s—s;|<h h<|s—s;|<2m—h

AN
&
g
&
=]
N
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But

|sj+1 — s[4+ s — 551
|sj+1 = 85+ 2ls = 55 +|s; — 551
2h +2|s — 5,1,

Sj+1 = Sj-1

IAIACIA

hence
. Sj41 T Sj—1 Sj4+1 — Sj—1
sin 2% 5 I=L < 2% 5 I— < h+|s — sl

and hence
Siy1 — Si_
2 sin %
In(s) <O(ch) + — Z —_—
2, |sin 52|
<|s—s;|<2m—h
Moreover

. Si41 — S5
9 gin 242 2I—72

c 2 2/ 1 2
i P <c ———dt + O(c*h).
2 Z 52 h<|s—t|<2r—h | Sin 25|

h<|s—s;|<2m—h | sin

Thus,

1 1
62/ —dt = 402/ ——ds < O(c*(m — h)).
h<|s—t|<2m—h | sin #5* d A|s|l<n—t | sin s|

In(s) = O(ch) + O(c*(x — h)) + O(c*h),

Consequently,

and the claim follows.

Corollary 4.4.2. It holds
o f = flloe = O(R).
Proof. We note that
||O'7ij — fllee < ||Urcjf = 0nflloo + llonf = flleo-

Following [32], | | )
onf = flls = O(h7),

hence, we get the desired result.

4.5 Numerical examples and application

Loves equation is the Fredholm integral eqution given by

27

u(s) — (s, T)u(r)dr = f(s),

0

(4.5)

where the kernel ¢(s,t) = cos[s +t]. Table 1 shows that the results of the present method are better than

those obtained.

lu — u1,3,nH007[3.79,3.394}
n Right 3 CB
8 45x 1071 [3.14 x 107!
16 5.41x 1072 | 4.01 x 1072
32 1.33x 1072 | 3.37 x 1074

Table 4.1:



Chapter 5

New Construction of C''-Cubic
Quasi-Interpolation Splines

5.1 Introduction

A novel, non-standard technique for constructing bivariate quasi-interpolating splines over uniform
partitions was proposed by T. Sorokina and F. Zeilfelder in [51, 53] (see also [40, 52]). The essential
idea of this methodology is to define the quasi-interpolant by directly providing the coefficients of the
Bernstein-Bézier (BB-) form of its restriction to each of the subsets forming the partition.

In [53], the construction of C' quartic quasi-interpolants over a type-1 triangulation is addressed,
so that the largest polynomial space is reproduced, namely the space P3 of polynomials of total degree
less than or equal to three (see Figure 5.1). The coefficients of the quasi-interpolant on each triangle are
linear combinations of function values at vertices and midpoints in a neighborhood of the triangle. The
quasi-interpolant is constructed from them.

In [51], the same strategy is applied to construct C' quadratic quasi-interpolants on a triangulation
which the authors called of type-2. Starting from a decomposition of the plane into squares, each of
them is divided into eight micro-triangles by means of its diagonals and the straight lines parallel to the
coordinate axes passing through the center of the square (see Figure 5.1).

Figure 5.1: From left to right, type-1 and type-2 triangulations on which C*-continuous quasi-
interpolants are constructed in [53, 51]: quartic and exact on P3, and quadratic and exact on
P,, respectively.

The problem addressed in [53] is studied in detail in [9], proving that the approximation scheme
proposed in [53] is a particular choice in a 19-parametric family of schemes. Moreover, different strategies
for assigning values to the parameters are provided. In both [53] and [9], the quasi-interpolating splines
interpolate the values at the vertices and the masks associated with the domain points that are key to
the construction are applied taking into account the symmetries of the triangulation involved. Since
the triangulation is uniform, these masks are independent of the specific triangle on which the quasi-
interpolant is calculated (see also [10]).

Later, the cubic case was dealt with in [11], on the same triangulation used to construct quartic
quasi-interpolants. The aim was to construct a C' cubic one, exact on Py, from the values at vertices
and midpoints. Since it is not possible to define a quasi-interpolant that interpolates values at vertices,
the authors opted to find specific masks for key domain points, including vertices, without imposing any

95
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symmetry. It was proved that there are unique masks that satisfy the required properties. Not being
possible to achieve exactness on IP3, this paper presents a construction on a refinement of the initial type-1
triangulation in order to achieve the optimal approximation order. Specifically, we work on a Clough—
Tocher (CT-) refinement [17], which produces a subdivision into six micro-triangles of each square formed
by two macro-triangles sharing an edge.

The rest of the chapter is structured as follows. In Section 5.2, a type-1 triangulation endowed
with a Clough-Tocher refinement is introduced, as well as the space of C' cubic splines defined over it.
Further, a partition of the domain points associated with the micro-triangles is provided. In Section 5.3,
the construction of quasi-interpolating splines is given and the general solution of the resulting problem.
In Section 5.4, a method for selecting parameters based on the minimization of an upper bound of the
quasi-interpolation error associated with the quartic monomials is proposed. In Section 5.5, the results of
some numerical tests are given to illustrate the performance of the quasi-interpolation operator relative
to the selected parameters. Finally, some details are included in an appendix.

5.2 Bernstein—Bézier Form of Cubic Splines on a Type-1 Trian-
gulation

Let us suppose that the triangulation is spanned by the vectors ey := (h, h) and es := (h, —h), with
h > 0. Its vertices are v; ; := ie1 + jes, which define the lattice V := {v; ;,4,j € Z}. These vertices define
squares which can be decomposed into the triangles Ti,j <Uz’7j, Vi+1,5+1, ’U7;+17j> and Bi,j <’Ui7j, Vi+1,5+1, U7;7j+1>
(see Figure 5.2). Therefore, a type-1 triangulation results:

A = U (Ti,j U Bi’j) .

1,jEL

When there is no need to distinguish between the types of triangles in A, we denote by T any one of
them.
To define the refinement of A to be used, let

1 1
tij =3 (Vij + Vig1,j41 +vig1;)  and by = 3 (Vi + Vig1,j41 + Vij+1)
be the barycenters of T; ; and B; ;, respectively. Then, the CT-refinement of each triangle is obtained
by joining its vertices with its barycenter [17]. Each macro-triangle T; ; and B; ; is, respectively, divided
into the following micro-triangles:

7 = (vig, vig1gr1s tig)s 13 = (Vigrg41, Vigrg o tig) st = (Vg1 vigs tiy) (5.1)
ty = (Vi Vijt1, bij), ty = (Vijg1,Vit1,j+1, Dij)s t3 = (Vit1,j41,Vij,bij)-

They are shown in Figure 5.2, bottom, where any reference to the subscripts of the micro-triangles has
been avoided. As in the case of macro-triangles, the lower case letter ¢ will be used to represent any of
the micro-triangles of Acr.

Figure 5.2: Top, from left to right, decomposition into squares induced by the vertices of A,
type-1 triangulation. Bottom, CT-refinements of macro-triangles 7; ; and B; ;.

In this paper, we consider the space of C! cubic splines on Act defined by

S3(Act):={se€C'(R?) s, €P; forallte Acr}.
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where the restriction is s|; of s € S3 (Acr) to a micro-triangle t = (V4, Va, V3) € Acr a cubic polynomial,
it can be represented using the cubic Bernstein polynomials

3! 6
Boa(p) = P = B shirperts

B B1!52!B3!

where the multi-index notations 8 := (81, B2, B3) € N3, |B] := B1 + B2 + B3 and B! := 31!85!83! have

been used, and 7 := (71,72, 73) provides the barycentric coordinates of point p € R? with respect to t,
3 3

ie,p= Z 7;V; and Z 7; = 1. The coordinates 71, 75 and 753 are non-negative whenever p belongs to t.

i=1
Every polynomlal q € P35 can be expressed on t in terms of the cubic Bernstein basis polynomials

Bg .y, |B] = 3, i.e., there exist values bz such that

q(z,y)=q(r) =Y bs:Bsu(7
=

Coefficients in Dy := {bg,,|8| = 3} are said to be the Bernstein-Bézier (BB-) coefficients of ¢q. They
Bt B2t B3 )

3 3 3 with
respect to t. They determine the lattice Ls (t). The graph of ¢ on ¢ is included in the convex hull of
{(€s.1:b8.0) , 18] = 3}-

On each micro-triangle, an element s € S3 (Acr) is uniquely determined by ten BB-coefficients,
associated with the corresponding domain points. When all macro-triangles are taken into account, a

are linked to the domain points g determined by the barycentric coordinates (

subset of domain points is obtained, which we note D3 (Acr), i.e., D3 (Act) = U L3 (t), where the

teAct
union is formed without taking repetitions into account. To determine s, it is necessary to give the

BB-coefficients associated with all the points of D3 (Acr). As the triangulation is uniform, following the
approach in [9, 10, 52, 53], it is sufficient to establish a partition {D; ;,?,j € Z} of D3 (Act) and define
the BB-coefficients linked to the domain points in D ;.

Figure 5.3 shows the twenty-seven domain points forming D; ;, which are linked to vertex v; ;. Each
of them has the subscripts of v; ;. The vertices and barycenter have already been defined. They remaining
domain points in D; ; are given next:

ul,jl = %(2”11 + Vig1,5+1)s Ui’f = %(201 jFVit1,5),
upj = é(%m +tig), u bt = %(20” Fvii1o1),
“i,’j_l = %(2 i+ bij—1), u?,’j_l = é(2v” +vij-1),
ui = %(QUu +ti-1,5-1); u; 2= %(21)” +bi—1,5-1),
u;jLo = %(211” +vi—1,5), uZ_J11 = %(ZUU +tic1,5),
u?:jl = %(2 i T Vij+1), Ui’j? = é(2vz ;i +bij),
1131 = %(v i+ Vig1,j41 + bij), x;’](.) = %(v i1+ bijo1),
x?,’jl = %(U i+ Vi1 + big), yf’; = %(U ig 2t ),
vy = %(v ig + 2bio1), i = é(v ij + 2ti1 1),
yiij’il = %(Uw +2bi—1,5-1), y;,jl’l = %(v” +2ti—1,5)
yllf = %(v i+ 2bi5), zzljl = %(v i FVit1+1 + tig)s
1,17*3.0 = %(v”JrvH_ljthJ) z?”jl = é(v”qu”_H +tio1,5)-
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Figure 5.3: Domain points forming the subset D; ; corresponding to v; ;.

Figure 5.4 shows the domain points in D lying in the hexagon formed by the six triangles sharing the
vertex v; ;.

Vi1,j Vi j+1

Figure 5.4: Domain points lying in the hexagon formed by the triangles sharing vertex v; ;. Each
shows the subscripts of the vertex to which it is linked.

5.3 Clough—Tocher for RefinementC' Quasi-Interpolating Splines

The main objective of this work is to construct a quasi-interpolation operator for Si (Act) that is
exact on P3 in order to improve the result obtained in [11]. Let us denote it as Q. It is assumed that the
values of a function f are known at the domain points in D3 (Acr).

The quasi-interpolant Qf € Sa (Acrt) of f should be constructed in such a way that the BB-
coefficients of the restriction Qf); to each micro-triangle ¢ € Acr are defined as combinations of those
values of f. In other words, Qf|; is written in the basis of Bernstein polynomials Bg, |3| = 3, as

Qf|t = Z PVBW,IH
YEA3

where P, denotes the BB-coefficient associated with the domain point p, € ¢, Az is the set of indices
with length equal to 3 written in the lexicographical order, i.e.,

As ={(3.0,0),(2,1,0),(2,0,1),(1,2,0),(1,1,1),
1,2),

(2,0,
(1,0,2),(0,3,0)( 2,1), (0,0,3)}

o,

and the vertices of each micro-triangle follow in the order they appear in (5.1).
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For instance, with regard to the micro-triangle ¢ of T; ; (see Figure 5.5) we write

1,1 2,1 1,-1
Qfiir = ViiBioo.ur TUii Bero.r YUl Beonar T Uist j+1Ba20)

1,1 2,1

+Z; ‘B(l 1,1),t7 +Yi,' B(102) tF "'Vi+1j+lB(030)t+
—1,-2 1,—

+ Ui g+1B(0 2,1),tF + Yz+1 ]+1B(0 1,2),t7 + TJB(O 0,3),t7"

Similar expressions are obtained for the restrictions of Qf to the other two micro-triangles of T; ; and
those three into which B; ; is divided.

Figure 5.5: Top, the domain points associated with the three micro-triangles of the macro-
triangle T; ;. They are denoted as shown in Figure 5.4 bottom; the indices corresponding to
each micro-triangle, whose orientation is determined by the vertex ordering given by (5.1).

The BB-coefficients involved in the definition of Qf on each micro-triangle of T; ; and B; ; will be
linear combinations of f at the specific domain points for cubic polynomials lying in the hexagon defined
by the triangles sharing vertex v; ;. Specifically, the union without repetitions D3 (A) := U L3 (T) is

TeA
formed and decomposed as

= U Siss
i,jEZ

where the ordered subset S; ; consists of the thirty-seven domain points given below:

L S e e e s IS SRS U RIS U
0,5 = Y Vigo Uy Ug 5 Wy 5 W5 W5 Wy 5, Uiy 5415 biygs Uiy 55 0ii—1,

0.-1 4 e AN Lo 4o 0l 0]
uij 1 li—1,j—1, Wi 51, 9i—1,5—1, U1 55 Vi—1,5> U 5415 00,5, Vi+1,54+1, Uji1 415
-1,-1 1,1 -1,0 1,0 WO 0,—1

z+1]7v’t+17]7 z+1,] 7uz] 15 Vi,j— 17u13 l’uz 1,5— 1> Vi—1,j—1,U; 1,5— 1> Wi 1,50

11 —-1,—-1 1,0 —-1,0
Vi—1,5, W;— 1j’u2]+1 s Ui j4+1, U z]—i—l’ Wit1,5+1

The BB-coefficient P of a domain point p is a linear combination of values of f at points in S ;, its
coefficients give rise to a vector M (p), ordered as S; j, which is said to be the mask of p. If f (S, ;) :=
{f(p),p € Si;}is also ordered as S; ;, then

where M (p), and f (S; ), stand for the /-th entries of M (p) and f (S; ;), respectively.
In the following, we state the problem that is the object of this work.
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Proposition 5.3.1. Find masks for the domain points in D; ; such that the associated quasi-interpolation
operator Q is exact on P3 and produces C' quasi-interpolating splines.

The following result holds.
Proposition 5.3.2. Problem 5.3.1 has a 17-parametric family of solutions.

Proof. Given an arbitrary function f, C' continuity of Qf across segment [vi,5, Vig1,5] 18 equivalent to
the following conditions [29, Thm. 2.28] (see Figure 5.6 and the notations used for the domain points in
Figures 5.3 and 5.4):
1,0 1,—1 2,1 _
Vig+ Uy = Uy = Uy =0,
1,0 -1,0 1,0 1,0 _
Uiy Uiy — Xiy — 25 =0,
—1,0 2,1 —1,1 _
Uity T Virrs —Uida; —Uid; = 0.
For [vij, vit1,541];
1,1 2,1 1,2
Vij+ Uy —Uiy Uiy =0,
1,1 —1,—1 1,1 1,1 _
Uy YUy —Xij =25 =0,

]
1,1 ~1,-2 2,1 .
i1 41 T Viergr — Uiy ;5 — Uil 540 =0,
And for [’Ui)j, Ui7j+1],
0,1 1,1 12
Vij+ Uy —Uy; = Uy =0,
0,1 0,—1 0,1 0,1 _
Uy Ui —Ziy —Xij =0,
0,-1 ~1,-2 1,-1 _
Ui,j+1 + Vi,j+1 - Ui,j+1 - Ui,j+1 =0.

Regarding micro-edges, C' continuity across [vi,5,t;,;] is equivalent to conditions

1 1
[ -
w3 3

Similarly, it is satisfied across [viy1,;,%i,;] and [vi1 j4+1,t,;], respectively, if and only if

1,0 11\ 2,1 2,1 1,0 11\
(Vw' +Uij + Um‘) =0, Vi — (Ui,j +Z; + Zm’) =0.

11 1 ~1,0 01 \ _
i+~ 3 (VHLJ‘ Tl + Ui+1,j> =0,
1,1 Ly g 1,0 01 \ _
Yipjn— 3 (Ui+1,j tZi; + Zi+1,j> =0,
and
L2 1 Vi I L —0
i1+~ g Vil TVt T Vi ) =0
1,2 L/ 4 9 11 01 \ _
Yinin—3 ( it 2t Zz'+1,j) =0
For the micro-sides of macro-triangle B; ;, six new conditions are involved. For [v; ;,b; ;], [vi j+1,bi ;] and
[Vit1,5+1, i 5], C! regularity is equivalent to

1
U172 —_ g (‘/’L,j + UByjl + Ull,j;) _ O, Y1{2

1 1,2 1,1 0,1
i.J s T3 (Um' + Xy T X ) =0,

1
1,-1 0,—1 1,0 _
Uij — 3 (Li,jﬂ +U; 5+ Li,j+1) =0,
1
1,-1 1,-1 0,1 1,0 ) _
Yijien—3 (Lm‘ﬂ + X+ Xi,j+1> =0,

and

2,—1 1 —1,—-1 —1,0 _
Ui+1,j+1 - g (Vi+1,j+1 + Ui+1,j+1 + Ui+1,j+1> =0,

1
—2,-1 2,1 1,1 1,0 ) _
Yistjn— 3 (Uz‘+1,j+1 + X5+ Xm‘+1) =0,
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Vit1,5 Vit1,5

- |
|
" . I
: \ |
tig I
NN
S Wit1,5+1

14 I
N tifi

N4

Vi j+1

Figure 5.6: Schematic representation of the conditions to be imposed to achieve C! continuity
on the macro-interval edges (top) and on the micro-edges and at barycenters (bottom). In each
of the shaded parallelograms in the figure on the left, it must be fulfilled that the sum of the
BB-coefficients of two opposite domain points must be equal to that of the other two. The C*
continuity across the micro-edges of the triangle T; ; is obtained if, in each of the two green and
red A-triangles closest to each vertex, it is satisfied that the BB-coefficient corresponding to
the interior domain point is equal to one-third of the sum of those of the three vertices of the
triangle. The same condition must be fulfilled for the s/-triangles of B; ;.

respectively. Finally, C'! continuity at the barycenters of T; ; and B; ; is obtained if and only if

1
’ 3

1 1,2 —2,—1 —1,—1
Bij— 3 (Yi,j + Yz‘+1,j+1 + Yi,j+1 ) =0.

2,1 —1,-2 “1,1 _
Ti (Ym‘ TYiit Yz‘+1,j71) =0,

These are all equalities involving the values f (p), p € S; ;, so Qf is C' continuous if and only if all the
coefficients of the f-values in these equalities are zero. Therefore, the requirements on the C' continuity
are equivalent to a system of equations having a 122-parametric family of solutions. To these equations
must be added those related to the exactness of the operator on P3. They are obtained by imposing
that the BB-coefficients on each microtriangle of the monomials of degree less than or equal to three and
those of their quasi-interpolants are equal. The resulting system can be solved with a Computer Algebra
System, namely, Mathematica, obtaining the existence of a 17-parametric family of solutions. The free
parameters are entries with indices 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 18, 19, 20, 21, and 22 of the mask
M (b; ;). O

Remark 5.3.1. The programme allowing the results to be checked is given in an appendiz at the end of
the manuscript.

—~1 —1,-2 —2-1
T}

Figure 5.7 shows the mask relative to vertex v; j. The entries of the masks for u(i G U Uy
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4484399224513 2552223421511 5169718992073 8031525079
6514447513140 1085741252190 1085741252190 232658839755

64504080325 3505392583699 27952071335903 3505392583699 5169718992073
868593001752 4342965008760 2895310005840 4342965008760 1085741252190

36832622942 120096488429 519419554543 533680265081 120096488429 2552223421511
542870626095 482551667640 310211786340 1447655002920 482551667 640 1085741252190

6955013524199 144225313868 382180214323 176728557928 285439445629 6856655665381 4484399224513
13028895026280 1628611878285 100531597425 232658839755 1085741252190 8685930017520 6514447513140

2095907565527 2725154777111 519419554543 533680265081 64504080325 343799911081
2171482504380 4342965008760 310211786340 1447655002920 868593001752 1085741252190

2725154777111 2095907565527 6955013524199 36832622942 343799911081
4342965008760 2171482504380  13028895026280 542870626095 1085741252190

31932271589 31932271589 73887390529 25733502500393
120637916910 120637916910 5211558010512  130288950262800

Figure 5.7: Mask M (v; ;).

and u,_ 19 are almost all zero, and the following expressions for their BB-coefficients are found:

U = =2 f () + 35 () = 5 (u57h) + 5 (wig0),
Uy = zf(vm) *f( 710) +3f( iri— 1) + 1f(”z+1,g+1)

0=t () 1 () - ()
1 (W) + o f (i) + 5 f (i)

2 =St () o1 (857) 1 (52
— 5 (00 + 5 F Qi) + 5 (i),

Fourteen of the masks relative to the remaining twenty-two domain points in D; ; do not depend on any
. . L2 021 —1,-2  —3-1 1,1
parameters and appear in an appendix. Those of ¢; ;, bij, ¥; 77 ¥; 5+ Vi 5 Yi; T

;i » and z ! have
very long entries and will not be given.

Remark 5.3.2. It can be proved that it is not possible to obtain quasi-interpolants with the required
characteristics if the BB-coefficients are linear combinations of function values at the vertices lying in the
hezagon H; ; determined by the siz triangles sharing vertex v; j, and the midpoints of the edges of H; ;.
Neither is it possible to construct C' cubic quasi-interpolants exact on Ps in this way if function values
at v; ; and at the eighteen vertices closest to it are used.

Moreover, quasi-interpolation error estimates are found using a standard procedure [53].

Proposition 5.3.3. There exists an absolute constant K such that for every f € C™T! (Rg), 0<m<L2,

IDY (f = Q) x < K™D DL f| (5:2)

00,

for all0 < || <1, v = (71, 72), with Qr denoting the union of the triangles in A having a non-empty
intersection with T

5.4 Choosing Parameters

An obvious choice is to make all parameters equal to zero. However, a reasonable strategy is to
minimize an upper bound of the quasi-interpolation error for monomials of smaller degree non reproduced
by the quasi-interpolation operator, namely my 4 (z,y) = 2Fy*% k =0,1,2,3,4. Let us suppose that
the BB-coefficients of my, 4, relative to each micro-triangle t;, £=1,2,3,0f T; ; are My et |B] =4, and
that those of the cubic quasi-interpolant Qmy, 4—j, are bkmt}’ |7] = 4. By degree elevation, kaAfkltj
can be represented as a quartic polynomial having BB-coefficients b, B || = 4, which depend on
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parameters z, := M (b;;)., 1 < r < 12, and 2, := M (b;;), 5, 13 < 7 < 17. Therefore, the BB-
coefficients of the restriction of my 4— — Q@my a—j to tj have the form

17
_ (r)
Ot} (2) = Chtf + ch,tjzr
r=1

(r)
k)’
form a partition of unity, then the infinity norm of my 4_p — @my 4—j is bounded by

for real values c, o and ¢ where z := (21,...,217). Since the Bernstein polynomials relative to tj

max {’O’k)tz— (2)], €= 1,273} .

Consequently, an upper bound for the quasi-interpolation errors for quartic monomials in the macro-
triangle T ; is

Uy (2) = max{‘akﬁr (z)‘ , £=1,2,3; k= 071,2,3,4}.

Analogously, an upper bound of such errors in the macro-triangle B; ; is written as

U_(2):= max{’ak,tz_ (2)

L 0=1,2,3; k:0,172,3,4},

where
17
_ (r)
Okt (2) = Choyt, + E :Ck,tﬁra
r=1

for real values ¢, i and ngg In short, the function

U (2) = max {Uy (=), U_ ()}

is an upper bound for the quasi-interpolation errors for quartic monomials in the square T; ; UBL -
Function U can be rewritten as

17
1
Ulz) = 120230 Co do + ;6%6 [fa -2l ]
17
where cq,dn,ea8 €N, fop € Z'" and A- B := ZASBS. The number of terms involved in each sum

s=1
depends on «, because some of them will be zero. Therefore, the minimization of U is equivalent to the
following linear programming problem:
Minimize p
17
do + Z €a,8 (Ua,8 +Va,3) —Capt <0, 1<a <30,
such that =1
fa,ﬁp(Z+fZ*)fuaﬁ+va,ﬁ:O, 1<a<30, 1<8<17,
Up,nvvp,anhXQaYleQv Zlu ZZvﬂ > 07

where it has been used that each variable 2, can be written as z,. = 2z — 27, 2",z > 0, therefore
Z=27%v—-Z,with ZT = (2{,...,2;) and Z~ := (21 ,..., 217). The solution of this problem has been
. . . . 35971348390906381
exactly determined by using Mathematica, and the minimum value p = is reached
; 87945041427390
a
7+ _ 33654106472661220639 7~ — 28931119278287059059781
3 T 24647711830550794440° 6 T 79874153306877553434720°
7~ — 147713415264798351289 7~ — T1687410464642966611
7 T 749295423661101588880 9 T 19295423661101588880°
—  _ 3723562194545339719095199 —  _ 3459921708110971652593
10 = T118238146296285748086080° <12~ 12288331277981162066830°
—  _ 1437915323322245022121277 7+  _ 9334610941403380115035381
13 T 1863730243827142913476800° <15 ~ 10064143316666571732774720°

being equal to zero all the remaining values. Therefore, the minimum is attained at point z*with com-
ponents z; =0 for r € {1,2,4,5,8,11,14,16,17}, and

2 = 33654106472661220639 P 28931119278287059059781
3 24647711830550794440° 6 79874153306877553434720 7
2 = 147713415264798351289 P 71687410464642966611
7 49295423661101588880 ’ 9 49295423661101588880°
¥ _ _3723562194545339719095199 ¥ _ _3459921708110971652593
10 1118238146296285748086080° 12 12288331277981162066880°

1437915323322245022121277 * 9334610941403380115035381

* —
13 = 1863730243827142913476800° 15 = 10064143316666571732774720 °
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5.5 Numerical Tests

In this section, the performance of the quasi-interpolation operator Q* defined by the masks provided
by the solution above is tested. To perform this, we consider Franke’s function

B (921 —2)° (92, —2)°) 3 (921 +1)° 9z +1
fl(xl’“)_zle){p(_ i 1 LA T R T)

+ %exp (— (99514— 0 (93324— 3) ) - %eXp (— (921 — 4)* — (92 — 7)2>

and Nielson’s function -
fa (@1, 32) = B} cos! (4(af + 22 — 1))

to produce quasi-interpolants on the unit square [21, 39]. The plots of f; and f2 are shown in Figure 77,
together with those of their quasi-interpolants obtained by diving the unit interval into 256 equal parts.

Figure 5.8: Top, from left to right, plots of the test functions. Bottom, the ones of their
respective quasi-interpolants Q* f1 and Q* fo with h = 1/256.

The quasi-interpolation error is estimated as

*
e A Q" f (zx,ye) — f (xr, ye)l,

z and y, being equally spaced points in [0, 1]. The numerical convergence order (NCO) is given by the

rate NCO := log (EEZ?D /log <Zi) )

where E (h) stands for the estimated error associated with the step length h.
The quasi-interpolation errors are estimated for different values of the step length h and the NCO
are calculated. The results are shown in Table 7?. They confirm the theoretical ones.

- J1 - P -

n | Estimated Error | NCO Estimated Error NCO
16 | 7.07377 x 107! - 1.47146 x 1071 -
32 | 4.49051 x 1072 | 3.97753 | 1.44799 x 1072 | 3.34512
64 | 3.14830 x 1072 | 3.83423 | 8.62813 x 10™* | 4.06886
128 | 1.76965 x 10™* | 4.15304 | 5.36388 x 10™° | 4.00770
256 | 1.07615 x 107° | 4.03951 | 3.48823 x 107% | 3.94271

Table 5.1: Errors and NCOs for functions f; and fo with h = 1/n, n = 20, 40, 80, 160.
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5.6 Conclusions

In this work, C* cubic quasi-interpolants have been defined on a Clough-Tocher refinement of a
type-1 triangulation, providing directly their BB-coefficients on each of the micro-triangles of the sub-
triangulation, which are linear combinations of the values taken by the approximated function at specific
points in a neighborhood of each macro-triangle. Cubic polynomials are reproduced. The general problem
has a 17-parametric family of solutions and a specific solution has been chosen, which minimizes an upper
bound of the quasi-interpolation errors associated with the quartic monomials.

The results improve on those available for cubic quasi-interpolation over a type-1 triangulation since
the quasi-interpolation operator is now exact on Ps instead of Ps.

5.7 Masks

This appendix includes the masks provided by Proposition 5.3.2 and which do not depend on the
parameters indicated. Further, the remaining ones corresponding to the parameters values z; were
performed. They have been obtained by minimizing the considered upper bound of the quasi-interpolation
errors of the quartic monomials. They are very lengthy expressions, but are included to provide the reader
with as much information as possible.

5.8 Masks That Do Not Depend on Parameters

1,1
Mask of u;’;

(_ 47473646953 _ 285439445629 _ 533680265081 209207768203 382180214323
775529465857 3619137507307 482551667640’ 1034039287807 33510532475 7
209207768203 _ 533680265081 6856655665381 120096488429 _ 1333910079319
1034039287807 482551667640’ 2895310005840’ 1608505558807 1447655002920 °
_27952071335903 _ 1333910079319 120096488429 _ 144225313868 _ 2725154777111
965103335280 ’ 1447655002920’ 1608505558807 542870626095’ 1447655002920’
2095907565527 _ 6955013524199 36832622942 _ 64504080325 3760571723053
723827501460 * 4342965008760’ 1809568753657 289531000584’ 2171482504380’
_ 2552223421511 5169718992073 _ 8031525079 5169718992073 _ 2552223421511
361913750730 * 361913750730 ° 77552946585’ 361913750730 ’ 361913750730 ’
3760571723053 _ 64504080325 36832622942 _ 6955013524199 2095907565527
2171482504380 2895310005847 1809568753657 4342965008760 ° 723827501460 °
_ 2725154777111 _ 31932271589 _ 31932271589 73887390529 _ 25733502500393
1447655002920° 402126389707 40212638970’ 1737186003504’  43429650087600 ’
343799911081 343799911081)
361913750730 361913750730

-1,-1
Mask of u; ;"

T 232658839755’ 1085741252190 1447655002920 ° 310211786340 100531597425
411215804477 533680265081 _ 6856655665381 _ 120096488429 _ 3009054929441
3102117863407 1447655002920°  8685930017520° 482551667640’ 4342965008760’
27952071335903 _ 3009054929441 _ 120096488429 144225313868 2725154777111

2895310005840 >  4342965008760° 482551667640’ 1628611878285 4342965008760 ’
_ 2095907565527 6955013524199 _ 36832622942 64504080325 _ 2312916720133

2171482504380 130288950262807 542870626095’ 8685930017527  6514447513140°
2552223421511 _ 5169718992073 8031525079 _ 5169718992073 2552223421511
1085741252190° 1085741252190 2326588397557 1085741252190’ 1085741252190

( 211036174997 285439445629 533680265081 411215804477 382180214323

_ 2312916720133 64504080325 _ 36832622942 6955013524199 _ 2095907565527
6514447513140 8685930017527  542870626095° 13028895026280° 2171482504380’
2725154777111 31932271589 31932271589 _ 73887390529 25733502500393
4342965008760 1206379169107 1206379169102 5211558010512 130288950262800 ’
_ 343799911081 _ 343799911081 )
1085741252190° 1085741252190

2,1
Mask of u;’;:
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(_ 319149498787 _ 285439445629 _ 533680265081 364313661373 764360428646
4653176795107 5428706260957 723827501460’ 1551058931707 100531597425
209207768203 _ 533680265081 6856655665381 120096488429 _ 2419651331509
1551058931707 723827501460 4342965008760 ° 2412758338207 2171482504380’
_27952071335903 1333910079319 120096488429 288450627736 2725154777111

1447655002920 > 2171482504380’ 2412758338207 1628611878285 2171482504380’
2095907565527 _ 6955013524199 73665245884 64504080325 4122485473783
1085741252190° 6514447513140 5428706260957 434296500876 3257223756570’

_ 2552223421511 5169718992073 _ 16063050158 5169718992073 _ 2552223421511

542870626095 * 542870626095 ° 2326588397557 542870626095 ° 542870626095 ’
3760571723053 _ 64504080325 73665245884 _ 6955013524199 2095907565527
32572237565707 4342965008767 542870626095° 6514447513140 1085741252190°
_ 2725154777111 _ 31932271589 _ 31932271589 _ 73887390529 _ 25733502500393

21714825043807 603189584557 603189584557 2605779005256 7  65144475131400°
343799911081 343799911081 )
542870626095’ 542870626095

1,0
Mask of u; ’s

(_ 319149498787 _ 285439445629 _ 533680265081 519419554543 764360428646
4653176795107 5428706260957 723827501460’ 1551058931707 100531597425
54101875033 _ 533680265081 6856655665381 120096488429 _ 3505392583699
1551058931707 723827501460’ 4342965008760 ° 2412758338207 2171482504380’
_27952071335903 248168827129 120096488429 288450627736 _ 2725154777111

1447655002920 > 2171482504380’ 2412758338202  1628611878285° 2171482504380’
2095907565527 _ 6955013524199 73665245884 64504080325 4484399224513

1085741252190° ~ 6514447513140 ° 542870626095° 434296500876’ 3257223756570
2552223421511 5169718992073 16063050158 5169718992073 2552223421511

T 7542870626095 * 542870626095 ’ 232658839755 542870626095 ° 542870626095 ’

3398657972323 _ 64504080325 73665245884 _ 6955013524199 2095907565527

3257223756570 4342965008767 542870626095° 6514447513140 1085741252190°

_ 2725154777111 _ 31932271589 _ 31932271589 73887390529 _ 25733502500393
21714825043807 603189584557 603189584557 2605779005256  65144475131400°

343799911081 343799911081)

542870626095’ 542870626095

1,-1
Mask of u;’;

T 2326588397557  1085741252190° 1447655002920 310211786340 ° 100531597425
209207768203 533680265081 6856655665381 120096488429 5676875088079

310211786340° 1447655002920 8685930017520’ 482551667640’ 4342965008760 *

_27952071335903 _ 1333910079319 120096488429 _ 144225313868 _ 2725154777111
2895310005840 > 4342965008760 7 4825516676407  1628611878285° 4342965008760’

2095907565527 _ 6955013524199 36832622942 64504080325 5208226725973

2171482504380°  13028895026280 ° 542870626095 868593001752 6514447513140
_ 2552223421511 5169718992073 8031525079 5169718992073 _ 2552223421511

( 176728557928 285439445629 533680265081 829631340883 382180214323

1085741252190 1085741252190° 2326588397557 1085741252190 1085741252190
3760571723053 64504080325 36832622942 6955013524199 2095907565527

6514447513140° 8685930017527 542870626095°  13028895026280’ 2171482504380

_ 2725154777111 _ 31932271589 _ 31932271589 73887390529 _ 25733502500393
4342965008760° 1206379169107 120637916910’ 5211558010512°  130288950262800’

343799911081 343799911081 )

1085741252190 7 1085741252190

~1,1
Mask of u; ;"

(_ 176728557928 285439445629 _ 533680265081 209207768203 382180214323
2326588397557 1085741252190  1447655002920° 310211786340’ 100531597425
829631340883 _ 533680265081 6856655665381 120096488429 _ 1333910079319
3102117863407 1447655002920’ 8685930017520’ 482551667640’ 4342965008760 ’
_27952071335903 _ 5676875088079 120096488429 _ 144225313868 _ 2725154777111
2895310005840 > 4342965008760 7 4825516676407  1628611878285° 4342965008760’
2095907565527 _ 6955013524199 36832622942 _ 64504080325 3760571723053
2171482504380  13028895026280°’ 542870626095’ 8685930017527 6514447513140°
_ 2552223421511 5169718992073 _ 8031525079 5169718992073 _ 2552223421511

1085741252190 1085741252190° 2326588397557 1085741252190’ 1085741252190
5208226725973 64504080325 36832622942 6955013524199 2095907565527

6514447513140° 8685930017527 542870626095°  13028895026280’ 2171482504380’

_ 2725154777111 _ 31932271589 _ 31932271589 73887390529 _ 25733502500393
4342965008760 1206379169107 120637916910’ 5211558010512°  130288950262800’

343799911081 343799911081 )

1085741252190 1085741252190

0.1
Mask of u;’;:



CHAPTER 5. NEW CONSTRUCTION OF C'-CUBIC QI SPLINES 67

(7 319149498787 _ 285439445629 _ 533680265081 54101875033 764360428646
4653176795107 5428706260957 723827501460’ 1551058931707 100531597425
519419554543 _ 533680265081 6856655665381 120096488429 _ 248168827129
155105893170° 723827501460’ 4342965008760 241275833820 2171482504380~
_27952071335903 _ 3505392583699 120096488429 _ 288450627736 _ 2725154777111
1447655002920 > 2171482504380 2412758338207 1628611878285’ 2171482504380’
2095907565527 _ 6955013524199 73665245884 64504080325 3398657972323
1085741252190° 6514447513140 542870626095’ 434296500876’ 3257223756570
_ 2552223421511 5169718992073 _ 16063050158 5169718992073 _ 2552223421511
542870626095 ’ 542870626095 > 2326588397557 542870626095 ’ 542870626095 ’
4484399224513 _ 64504080325 73665245884 _ 6955013524199 2095907565527
3257223756570 434296500876 5428706260957 6514447513140 1085741252190’
_ 2725154777111 _ 31932271589 _ 31932271589 73887390529 _ 25733502500393
2171482504380 603189584557 603189584557 2605779005256  65144475131400°
343799911081 343799911081)
542870626095’ 542870626095

1,2
Mask u; s

T 4653176795107 542870626095 723827501460’ 155105893170’ 100531597425
364313661373 _ 533680265081 6856655665381 120096488429 _ 1333910079319
1551058931702 723827501460’ 4342965008760’ 2412758338207 2171482504380~
_27952071335903 _ 2419651331509 120096488429 _ 288450627736 _ 2725154777111

1447655002920 > 2171482504380’ 241275833820°  1628611878285° 2171482504380’
2095907565527 _ 6955013524199 73665245884 64504080325 3760571723053
1085741252190° 6514447513140 5428706260957 434296500876 3257223756570’

_ 2552223421511 5169718992073 _ 16063050158 5169718992073 _ 2552223421511

542870626095 * 542870626095 ° 2326588397557 542870626095 ° 542870626095 ’
4122485473783 _ 64504080325 73665245884 _ 6955013524199 2095907565527
3257223756570 434296500876 542870626095° 6514447513140 1085741252190°
_ 2725154777111 _ 31932271589 _ 31932271589 73887390529 _ 25733502500393

21714825043807 603189584557 603189584557 2605779005256 7  65144475131400°
343799911081 343799911081)
542870626095’ 542870626095/ °

Mask of yil,’fl :

( 319149498787 285439445629 533680265081 209207768203 764360428646

T 827231430240° 6514447513140 13028895026280° 52115580105120°  26057790052560 °
0 6856655665381  23609319453817 _ 4979513337263 8038657526531 0.0
7 521155801051207 521155801051207  52115580105120° 26057790052560° ~7 ~?

( 176522697979 285439445629 1755007242871 43682365976659 3914887523587 0
)

_ 72112656934 _ 2725154777111 2095907565527 _ 41401785965929 48774214262167
4885835634855  26057790052560° 13028895026280°  78173370157680° 52115580105120°
_ 231734735789 12969882253997 7618392504781 8209241769433 2520438176729

325722375657’ 156346740315360° 26057790052560°  52115580105120°  19543342539420°

31932271589 26064240688
0,0,0,0,0,0,0,0, - 723827501460 0,0,0, - 180956875365 O)

Mask of y; /'

(7 176522697979 _ 285439445629 0.0. — 3914887523587  43682365976659 1755007242871
8272314302407 6514447513140~ 7 26057790052560° 52115580105120° 13028895026280 ’

6856655665381 0.0 8038657526531 4979513337263 23609319453817 _ 72112656934

521155801051207 ~? ~? 26057790052560°  521155801051207 52115580105120° 4885835634855 7

- .
O7 0’ 0’ O, 07 O, 0’ 0’ 2520438176729 8209241769433 7618392504781 12969882253997

T 19543342539420°  52115580105120° 26057790052560° 156346740315360°
_ 231734735789 48774214262167 _ 41401785965929 2095907565527
3257223756577 52115580105120°  78173370157680° 13028895026280°
_ 2725154777111 0. — 31932271589 0.0.0. — 26064240688 )
26057790052560° 77 7238275014607 ~ ~ Y7 180956875365/ °

1,0
Mask of Z;%

(_ 16044311288503 _ 285439445629 _ 19207698623 7517711285213 13541457918013
10423116021024° 4342965008767 321701111767 1737186003504 1206379169100 ’
105803839423 _ 533680265081 6856655665381 948342242035 _ 1604093855459
1034039287807 482551667640’ 3474372007008 1158124002336 ° 496338858144 ’
2302892888971 _ 610082577859 120096488429 _ 72112656934 _ 2725154777111
80425277940 ° 1447655002920’ 1608505558807 325722375657’ 1737186003504 °
2095907565527 _ 5562426555557 _ 1095500413283 1089486754079 505619067587
868593001752 »  5211558010512° 1737186003504 ° 868593001752 > 1302889502628’
521386636583 2085546546332 364490450669 5169718992073 _ 2552223421511
1447655002927 180956875365 * 542870626095’ 361913750730 ’ 361913750730 °
3519295889233 _ 64504080325 36832622942 _ 6955013524199 2095907565527
2171482504380 289531000584 ° 1809568753657 4342965008760 723827501460 °
2725154777111 _ 31932271589 _ 31932271589 73887390529 _ 25733502500393
1447655002920° 482551667647 40212638970’ 1737186003504’  43429650087600 ’
521386636583 343799911081)
723827501460 361913750730




CHAPTER 5. NEW CONSTRUCTION OF C'-CUBIC QI SPLINES 68

1
Mask of zg I

( 61848672613411 285439445629 533680265081 _ 209207768203 _ 4369132774261

52115580105120° 2171482504380 1447655002920 310211786340’ 1206379169100

__ 8501061371657 339213799501 _ 6856655665381 _ 120096488429 1333910079319

8685930017520’ 2068078575602  17371860035040° 482551667640’ 4342965008760 °

2700000133115 28100144271473 15512464547161 72112656934 2725154777111

289531000584 * 17371860035040° 5790620011680 *> 1628611878285’ 4342965008760 °

_ 2095907565527 6955013524199 _ 36832622942 64504080325 _ 3760571723053
2171482504380 13028895026280° 542870626095’ 8685930017527  6514447513140°

2552223421511 5169718992073 1205912703113 1086920646923 2388094137299

1085741252190°  1085741252190° 1628611878285 542870626095 * 2171482504380’

6440703111091 _ 1218494914729 6656146000559 _ 21722746362811 _ 2095907565527
6514447513140 868593001752 * 8685930017520  26057790052560° 4342965008760 °

2725154777111 31932271589 31932271589 _ 73887390529 25733502500393
8685930017520’ 1206379169107 2412758338207 5211558010512’ 130288950262800’
_ 343799911081 _ 37792053085 )

1085741252190° 434296500876

1
Mask of z; ’]Q:

(61848672613411 285439445629 339213799501 8501061371657 4369132774261

52115580105120° 2171482504380  206807857560°  8685930017520° 1206379169100 °

_ 209207768203 533680265081 _ 6856655665381 15512464547161 28100144271473
310211786340 1447655002920°  17371860035040° 5790620011680 > 17371860035040

2700000133115 1333910079319 _ 120096488429 72112656934 2725154777111

289531000584 * 4342965008760° 482551667640’ 1628611878285’ 8685930017520

_ 2095907565527 _ 21722746362811 6656146000559 _ 1218494914729 6440703111091
4342965008760  26057790052560° 8685930017520’ 868593001752 ’ 6514447513140°

_ 2388094137299 _ 1086920646923 _ 1205912703113 _ 5169718992073 2552223421511
2171482504380 542870626095 °  1628611878285° 1085741252190’ 1085741252190

_ 3760571723053 64504080325 _ 36832622942 6955013524199 _ 2095907565527
6514447513140 8685930017527 5428706260957 13028895026280° 2171482504380’

2725154777111 31932271589 31932271589 _ 73887390529 25733502500393
4342965008760 7 241275833820’ 1206379169107 5211558010512’ 130288950262800 °
_ 37792053085 _ 343799911081 )

4342965008767 1085741252190

1
Mask of :17?] :

(_ 16044311288503 _ 285439445629 _ 533680265081 105803839423 13541457918013
10423116021024° 4342965008767 482551667640’ 103403928780’ 1206379169100 ’

7517711285213 _ 19207698623 6856655665381 120096488429 _ 610082577859

1737186003504 ° 32170111176’ 3474372007008 160850555880’ 1447655002920’

_ 2302892888971 _ 1604093855459 948342242035 _ 72112656934 _ 2725154777111
80425277940 496338858144 * 1158124002336 3257223756577 1447655002920’

2095907565527 _ 6955013524199 36832622942 _ 64504080325 3519295889233

723827501460 * 4342965008760’ 1809568753657 289531000584’ 2171482504380’

_ 2552223421511 5169718992073 364490450669 2085546546332 _ 521386636583
361913750730 ’ 361913750730 *> 5428706260957 180956875365 > 144765500292’

505619067587 1089486754079 _ 1095500413283 _ 5562426555557 2095907565527

1302889502628 868593001752 > 1737186003504’ 5211558010512’ 868593001752 °

_ 2725154777111 _ 31932271589 _ 31932271589 73887390529 _ 25733502500393
1737186003504° 40212638970’ 48255166764 ° 1737186003504°  43429650087600 ’

343799911081 521386636583)

361913750730 723827501460/ °

Masks associated with the parameter values z;

Mask of ¢; ;:



CHAPTER 5. NEW CONSTRUCTION OF C'-CUBIC QI SPLINES 69

(__ 4531890127703 36006119259559 _ 20242568383524532937 17297520671281
13028895026280° 39086685078840° 7042203380157369840 > 13028895026280 ’
29593026919579 26994849992255621402765 9165456190681132751 30904875065308
5428706260950 ’ 15974830661375510686944 * 6161927957637698610 7 24429178174275°
64028235288551979169 576334620107504500896935 361472787357233

24647711830550794440° 223647629259257149617216° 26057790052560
_5791606797469437299171 _ 96451246858750373479 9488658832619183459

12288331277981162066880°  49295423661101588880° 7783487946489724560 7
399428393604596767 _ 21206215098462805471 _ 888284192303734585
3791955666238583760 7  49295423661101588880°  1556697589297944912°
1354491661355237551055957 1387013003869 _ 2878083358530960513494389
1863730243827142913476800° 8685930017520’  10064143316666571732774720°
_ 1681864799399 4586462085623 179554805254886612513

558381215412 * 697976519265 7 2218294064749571499600 °

567425049055209047084219 726921707599278586955167 _ 1087229746071719305197127
149098419506171433078144° 798741533068775534347200’ 629008957291660733298420 °
70130888658695527738129 _  55746022850959428730643 _ 292198896309538327
31949661322751021373888 7  279559536574071437021520°  972935993311215570
148884558838306413569 _ 7135795471566067417 _ 1112520265706788528800107
49295423661101588880 »  1895977833119291880°  3354714438888857244258240°
1767938963792804738010533 _ _232977362971875229 _ 48551848730147429474011
6709428877777714488516480°  34127600996147253840°  276487453754576146504800°
_2318866060366412313392359 __7657959982383155961476047)
838678609722214311064560 *  3354714438888857244258240

Mask of b; ;:

(() 0 33654106472661220639 0.0 _28931119278287059059781 _ 147713415264798351289

7 24647711830550794440° 70 Y0 79874153306877553434720 49295423661101588880 ’

0 _ 71687410464642966611 3723562194545339719095199 0. — 3459921708110971652593
) )

49295423661101588880°  1118238146296285748086080 12288331277981162066880 ’
10915736212229383229 17837846075447753051 2964129356331035

3521101690078684920 7783487946489724560 °  27085397615989884
80572693526252875501 584083821479971933 1437915323322245022121277

49295423661101588880°  1945871986622431140°  1863730243827142913476800’ 07
9334610941403380115035381 0.0 6547984526167163665 2061565679251584881570009
10064143316666571732774720° ~7 7 88731762589982859984 » 745492097530857165390720 ’
_3132760642018231502419567 1490762720001245530293439 _ 325145030004122832756977
798741533068775534347200 ’ 629008957291660733298420 >  159748306613755106869440°
8646494711181661614169 _ 4440165076962254041 _ 89518080410516343539
55911907314814287404304°>  7783487946489724560°  49295423661101588880 7
14256041226850386701 _  281846783691478699397989 _ 911334612517867838881345
3791955666238583760 >  3354714438888857244258240°  1341885775555542897703296 7
352952140065170249 _ 6065655156261675300631 2681065109642364400574251
6825520199229450768°  55297490750915229300960° 838678609722214311064560 °
1821351235897392862040723)
670942887777771448851648

Mask of %2]1

(__12271780430239 23115036621721 _ 697752284589655474 19233346304581
11167624308240 7 130288950262807  146712570419945205° 5211558010512 ’
29593026919579 26994849992255621402765 31613815182159137939 123384121964447
1809568753650 * 5324943553791836895648 * 16431807887033862960° 65144475131400 °
7928485881111597527 2940388026606543576781849 361472787357233

2053975985879232870 7 372746048765428582695360 ° 8685930017520
_5791606797469437299171 _ 89635388032606534969 2391950060126985955
4096110425993720688960°  32863615774067725920° 1037798392865296608 ’
_ 833558368032964139 2966315162024509075 4586462085623 _ 869086434956909083
631992611039763960° 6572723154813545184 7 232658839755 *  648623995540810380
1447826441014520643970577 444445950829 _ 2445437288558816620140901
621243414609047637825600 * 2605779005256 7  3354714438888857244258240°
_ 1681864799399 328025690686445610353 567425049055209047084219
186127071804 ° 1478862709833047666400° 49699473168723811026048 ’
726921707599278586955167 _ 1087229746071719305197127 70130888658695527738129
266247177689591844782400° 209669652430553577766140 * 10649887107583673791296°
_ 55746022850959428730643 _ 2370991526403268243 178056402439210119869
931865121913571456738407  2594495982163241520° 32863615774067725920
_4003702544556302561 _ 951454110398899835368811 1767938963792804738010533
631992611039763960 *  1118238146296285748086080° 2236476292592571496172160
8956702739347499  _ 48551848730147429474011 _ 2318866060366412313392359
5687933499357875640°  92162484584858715501600’ 279559536574071437021520 ’
__7657959982383155961476047)
1118238146296285748086080 / *

Mask of y;jl’_2:



CHAPTER 5. NEW CONSTRUCTION OF C'-CUBIC QI SPLINES

70

(279021003241424923 0. — 2095907565527  2987873000594748871 251548442921233
148256913266470944° ~7  13028895026280° 2527970444159055840’ 260577900525600 ’
_391511615876220607 0.0 2725154777111 _ 61670773096205223361 11080236034699
78999076379970495 * 7 77 26057790052560°  32863615774067725920° 6514447513140
119712715237402707269 0. — 35841538350081461 0.0 72112656934 _ 6856655665381
32863615774067725920 7 1625123856959393040° * ¥ 4885835634855  52115580105120°
285439445629 _ 822872808792542327 20342292042566996155 _ 123959409326402622509
6514447513140°  5188991964326483040° 6572723154813545184 32863615774067725920
_ 1437666942653 41709834343289924069 _ 103267105684894211989 _33400355926961627
52115580105120’ 16431807887033862960 ’ 32863615774067725920 * 2594495982163241520°
31083919823327614673 31932271589
0’ 07 0’ O’ 0’ 0’ 0’ 0’ 1478862709833047666400 ° 723827501460’ 0)

Mask of yi_j’_ls

(_ 3512153958923412841 0.0 132824112520673051 _ 5398434624971 3368897166768107761
1037798392865296608 > 7 ~? 252797044415905584° 5790620011680’ 505594088831811168
_ 2095907565527 0.0 51400849925349169201 2771608293079 _ 129982638408258761429
13028895026280° 7 7 32863615774067725920° 8685930017520 32863615774067725920
2725154777111 74797826319829301 0.0.0.0.0 34028298205171069
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Conclusion and perspectives

To determine, as a future project, the conditions under which the previous methods could be applied
to Volterra integral equations of the third kind. These techniques can also be used with nonlinear integrals
and integro-differential equations, but some modifications are required.

Precisely, we aim to approximate the solution of integral equations of the type :

ﬂz Hkstw))()dt:g(s), meN*, a<s<b,
k=17

m

)= B> Hk (s,t,9(t))In|s — t| h(s, t)p(t)dt = g(s),  m € N*,

k=1v4%

B [ (s, t)k(s,t,9(t))
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Abstract

Investigating some classes of integral and integro-differential equations via spline
guasi-interpolant is the main goal of this study. In order to attain the best
approximation order, this work provides a construction on a renovation of the initial
type-1 triangulation. We use the continuous blending sum scheme and the tensor
product one of spline quasi-interpolants to approximate the kernels of a Fredholm
second-kind integral equations system. Additionally, we expand the quasi-interpolant

method for periodic data.

Key words: Integral equations, integro-differential equations, spline quasi-
interpolants.
Résumé
L'étude de certaines classes d'équations intégrales et intégro-différentielles via une
spline quasi-interpolante est I'objectif principal de ce travail. Afin d'atteindre le
meilleur ordre d'approximation, ce travail propose une construction sur une
rénovation de la triangulation initiale de type 1. Nous utilisons le schéma de somme de
mélange continu et celui du produit tensoriel des quasi-interpolants splines pour
approcher les noyaux d'un systeme d'équations intégrales de second type de
Fredholm. De plus, nous étendons la méthode quasi-interpolante pour les données
périodiques.
Mots clés: Equations intégrales, équations intégro-différentielles, quasi-interpolants
splines.
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