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ABSTRACT

The purpose of this thesis is to study the question of global existence of solutions for some

non linear evolution equations.

In the first part, we are interested with the study of some reaction-diffusion systems
arising from the diffusion of an epidemic phenomena, with homogeneous Neumann bound-
ary conditions and nonlinearities of weakly exponential growth. We establish a result on
the global existence and the asymptotic behavior of these solutions via a Lyapunov func-

tional.

In the second part, a threshold condition, given by the basic reproduction number, de-

termines the global stability of the equilibrium points.

In the last, we deal with the stability analysis of equilibrium points of the ODE system

corresponding to the system studied in the first part.
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CHAPTER 1
INTRODUCTION

To control the disease, mathematical epidemic models, was introduced to get informa-

tions about the disease in some population of individuals.

In this thesis, we are concerned with some evolution equations that describe the diffu-
sion in time and space of an epidemic in some population of individuals divided into two

groups.

In the second chapter, we establish the global existence and the boundedness of so-
lutions of some reaction diffusion systems with homogeneous Neumann boundary con-
ditions and nonlinearities of weakly exponential growth. Furthermore, we give a result on

the asymptotic behavior of the solutions. Our approach is based on a Lyapunov functional.

In the third chapter, we investigate the global stability and we give a threshold condi-
tion for the disease vanishing or spreading for some epidemic model depending on the
basic reproduction rate R.

We wil show that if R < 1 the free equilibrium point is globally asymptotically stable, and if
R > 1 this free equilibrium point is unstable and the endemic equilibrium point is asymp-

totically stable.

Finally, we investigate the local stability of free and endemic equilibrium points, where



CHAPTER 1. INTRODUCTION

the recruitment rates are supposed to be constants or variable paramaters.

1.1 The SIR model / Reaction-Diffusion systems

In the first part, we consider a reaction-difusion system of four equations

051 Sip)  , Sipla)

— —-di1AS1=A —ﬁ ﬂ ,U,S in R Q
ot ! ! ! ! T 2 T L *
_tl —dgAUl = ﬁl—l ( 1) +ﬁ2—1 ( 2) —(71U1 in R+ X Q,
2 2 ( 1) 2 ( 2) .

——d AS; = A —ﬁ - —uS R Q,
ot 3 2 2 3 T ,64 MHO2 1IN X
GU S (1)) U S (1)) U-
_tz—dz]A(]Z—ﬁg—z ( 1)+ﬁ4—2 ( 2)—(72112 iIlR+XQ.

with the homogeneous Newmann boundary conditions

o, _ou; _
ov  ov

and the continuous initial data S o, U1,0, S2,0, Uz,0 such that

onR* x0Q,i=1,2, (1.2)

Si(0,x) =S;0(x)=0,U;(0,x) =U;p(x) >0 inQ,i=1,2. (1.3)
The constants dy, d», ds, dy4, A1, A2, U, 01, 02 are such that
di1>0,d,>0,d3>0, dy >0, u>0,01>0,02>0,A1=20, Ap=0. (1.4)

The nonlinearity ¢ is assumed to be a nonnegative increasing and continuously differen-

tiable function on [0, +o0) such that
90)=0, o) <Ce" , 0<y<1. (1.5)

0
Here Q is a bounded domain of class C! in R”, with boundary <, F denotes the outward

normal derivative to 0Q.

1.1. THE SIR MODEL / REACTION-DIFFUSION SYSTEMS 7



CHAPTER 1. INTRODUCTION

In the second part, we consider the following reaction-diffusion system

0S S1(Uy + U.
—1—DA81:A1—,6—1(1 2)—p81 inR* xQ
or T

oU S1(Uy + U
a—tl—DAUl:ﬁ%—aUl inR* x Q,

4 (1.6)

0S Sy (Uy + U
—Z—DAszzAz—ﬁM—us2 in R* x Q,
ot T

oU: Sy (UL + U
6—;—DAU2:ﬁ¥—0UZ inR* x Q.

supplemented with homogeneous Neumann boundary conditions

0S; 0U;
-t _p onR" x 0Q, i=1,2, (1.7)
ov ov

and continuous initial data Sy 9, U1,0, S2,0, U2,0

Si(0,x)=S;0(x) =0, U;(0,x)=U;px)>0 in Q, i=1,2, (1.8)

0
where Q is a bounded domain of class C! in R”, with boundary 0Q and 3 denotes the

outward normal derivative to 0Q.

Those systems may be viewed as a generalisation of the model given by Piqueira, Cas-

tano and Monteiro in [35], by taking account of the diffusion terms

The SIR models, are known by the compartmental models, were introduced by Ander-
son Grey McKendrickﬂ and William Ogilvy Kermackﬂ [25] in 1927. They are based on the
division of some population of individuals on three elements, and the study of their num-

bers in time.

! Anderson Grey McKendrick(1876-1970) was a Scottish physician and epidemiologist pionnered the use
of mathematical methods in epidemiology.

2william Ogilvy Kermack(1897-1970) was born in Scottland, he studied advanced geometry and mathe-
matics and graduated in Mathematics and Natural Philosophy from Aberdeen University in 1918.

1.1. THE SIR MODEL / REACTION-DIFFUSION SYSTEMS 8



CHAPTER 1. INTRODUCTION

The basic elements for the discription of the SIR model are the susceptible, infective and

removed individuals with unit of time, are respectively defined as
e S(t) those individuals who are healthy and can be infected;
¢ ](t) those individuals who are infected and are able to transmit the disease;

¢ R(1t) those individuals who are immune because have been infected and now have

recovered.

In 1981, Webb [39] was the first that included the spatial term to the SIR models, in one

dimensional spatial region

0 0? . N
O_IS(X' t)—a—xZS(x, H)=—aS(x,)I(x,1) in[-L, L] xR™,
0 82 . N
) al(x, t)— Wl(x, H=aSx, O)I(x,t)—AI(x,t) in[-L, L] xR, (1.9)
gR(x t) — a—21’?(96 H=A(x,1) in[-L, L] xR"
at ) axz ) - ) ) )

with the homogeneous boundary conditions

0 0 0 4
—S(*L,t)=—I(£L,t)=—R(EFL,t)=0, inR (1.10)
0x ox 0x
and the initial data
S(x,0) = Sp(x), I(x,0) = Ip(x), R(x,0) = Ro(x)on [-L, L], (1.11)

where S(x, 1), I(x,t) and R(x, t) are the number of susceptible, infective, and recovered
individuals with respect to the position x and the time ¢.

He established the existence of solutions to the problem (1.9)-(I.11) and analyzed their
behavior as time goes to infinity, by using some tools of functional analysis and dynamical
systems. Specifically, the theory of semigroups of linear and nonlinear operators in Banach

spaces and Lyapunov stability techniques for dynamical systems in metric spaces.

1.1. THE SIR MODEL / REACTION-DIFFUSION SYSTEMS 9
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Some works have been established on the SIR moddels with diffusion terms for the global
existence and the asymptotic behavior of solutions, see Hamaya [16], Mezienne, Hattaf
and Yousfi [28]...etc and the references therein.

In [35], Piqueira, Castano and Monteiro considered a population divided into two groups,
and the model is presented with a pair of compartments in each group: the susceptible in-
dividuals S and the infected once that are not aware of their situation (Unware) U, where
the indices 1 and 2 designate which group they belong to.

The model is given by the ODE system bellow

%:Al—ﬁlslfl—ﬂz&;jz—ﬂsl inR*xQ,
GaUtl :,6181;]1 + B, 51;]2 U inR*xQ,
Oalf _ g, 52;]1 + By Sz;fz —osUs inR* x Q.

With the homogeneous Newmann boundary conditions

0S; 0U;
—t_ZTt_p onR* x0Q,i=1,2, (1.24)
ov ov

and the initial data Sy 9, U1,0, S2,0, Uz,0 verify

$i(0,x) = Sip(x) =0,U;(0,x) = Ujo(x) >0 inQ,i=1,2. (1.25)

A1 and A, denote the recruitments ratio in the susceptible class (the influx rates) in each
group. p is the mortality rate, the ratio of the number of deaths from the disease to the
total number of cases of that disease.

The parameters f;, B2, B3, P4 describe the contamination rates, the rates at which the
disease is spread among the individuals per unit of time, the parameters o, o, are given

byo; =u+n; i =1,2, where 1/n; is the average activity period of the infected individuals

1.1. THE SIR MODEL / REACTION-DIFFUSION SYSTEMS 10



CHAPTER 1. INTRODUCTION

and T = S; + Uy + Sz + Us is the total population (See Figures 1-1, 1-2).

B The susceptible individuals
U, U, The mnfective individuals
T=84+U,+5+U, The total population
A, A, =0 The influx rates
P, B2: B3, Py > 0 The transmission rates (Contamination rates).
uw=0 The mortality rate.
1/U£ sEe= pptg > 0= 1,2 The average activity period

Figure 1.1: Parameters of the model

98 Q1
Contamination
A1 rate B1
I
— Sl 1
Contamination
rate B2
Contamination
rate Bz
N2
=4 Sz UZ
Contamination
l u rate Ba l [oF]

Figure 1.2: Model structure

Many models available in the literature represent dynamics of disease by system of
nonlinear ordinary differential equations. Tripathi et .al. [37] have proposed a nonlinear
model to study the effect of screening of unaware infectives on the spread of HIV/AIDS in
a homogenous population with constant immigration of susceptibles.

Al-sheikh et al. [3] have studied the local and global stability for the nonlinear system of
ordinary differential equations. They also studied the effect of screening of unaware in-

fectives on the spread of the disease. (See also [23], [14], [5] and [10],and the reference

1.1. THE SIR MODEL / REACTION-DIFFUSION SYSTEMS 11



CHAPTER 1. INTRODUCTION

therein).

1.2 Boundedness and asymptotic behavior of solutions for
a diffusive epidemic model

1.2.1 Global existence and boundedness of solutions

The fundamental mathematical question for these problems is to establish the global
existence of solutions of system(1.1I)—(1.3). Much works have been done in the literature

and positive answers have been under different forms for subgrowth nonlinearity.

For the coupled system 2 x 2, the system (1.1)—(1.3) is somewhat similar to the two-

component system below

0S

E—dlAS:F(S,U) inR* xQ,

ou

E—dzAU:G(S,U) in R+XQ,

1 1.15

0S ou ( )

d— =b—=0 on R x0Q,
on  0n

S(0,x) = Sp(x), U0, x) =Up(x) onQ.

Q cR" is a bounded domain of class C!, dy, ,d, >0 positive coefficients, F and G are two

continuous differential functions on R x R to R.

Some works have been done in literature, in order to study the maximum time of ex-
istence of the solutions for the system (1.15) (see Hollis, Martin and Pierre [22], Morgan
[311and Kouachi [27]...etc).

In [22], Hollis, Martin and Pierre (1987) proved global existence and uniform bound-

edness of solutions for a class of reaction diffusion systems involving two unknowns.

1.2. BOUNDEDNESS AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR A DIFFUSIVE2
EPIDEMIC MODEL
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They assumed that the unknown S is uniformly bounded,
1. There existsy =1, Ly >0 such that |G(&,{)|< (1 +¢+()7, forall, { = 0.
2. There exists 6y = 0, such that F(&,() + G(&, ) <6o(1+ &+ (), forallé, { = 0.
By using the famous method of duality arguments L, they established a result on the ex-

istence of solutions for any positive time.

For the particular case where

as :

5, ~hAS==Sp(U) InR*xQ,

. (1.16)
—- —@AU=SpU) in R* xQ,

Alikakos [2] in 1979, proved that solutions of are global for |@(¢)| < C&Y and

n+2
-

l=zy<

Next, Masuda [29] in 1983, showed that the solutions of (1.16) are global for any y > 1.
For nonlinearities with weakly exponential growth a.e ¢(¢) < Ce’,0< Y < 1, Haraux and
Youkana[l9] in 1988, gave a positive answer for the global solution for any positive initial

data.

When the nonlinearities are as ¢(¢) = ¢%, one can cite the works of Barabanova [4],
Kanel [24] and Herrero and Lacey et Velazquez [21].

In this section, we prove the global existence of solutions for the reaction-diffusion sys-
tem (L.I)-(1.3) with nonlinearities of weakly exponential growth. Our appraoch is based
on a Lyapunov functional argument which yields the uniform boundedness of solutions.

It is given by the following theorem

1.2. BOUNDEDNESS AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR A DIFFUSIVE3
EPIDEMIC MODEL
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Theorem 1.2.1. Let ¢ satisfies the condition (2.8), then the solution (S1, Uy, S2, Us) of the
system (2.4)—(2.6) with nonnegative and bounded initial data So 1, U1, So,2, Up,2 is global

and uniformly bounded on (0, +o0) x Q.

1.2.2 Asymptotic behavior of solutions

For a population of one group of individuals, Hamaya [16] considered the following sys-

tem

0S 3 S I(1) A

E—DAS_A AC(T (1)) W uS(t) inR™xQ

ol 3 S() (1) R

E—DAI_AC(T(t)) 0 ol(t) inR*xQ,

< S ol 419

—_—= — = +

an - on 0 onR™ x 0Q),

S(0,x) = Sp(x), 1(0,x) = Ip(x) on Q.

where C(T(t, x)) € C}([0,00) x Q is an increasing function of T subject some conditions.
He proved that under conditions on the parameters A, p, o and the function C(T), the

A
solution (S, I) tends to (;, 0) as t goes to infinity

A
lim [|S(%,.) — —lloo = lim [| (%, )]l = 0.
t—o00 u t—oo

In [30], Melkemi, Mokrane, and Youkana studied the reaction-diffusion system

{ 0 _diAS=A-AD)f(S,)-puS inR*xQ

(1.18)
U A=A f(S,D-01 in R* x Q,
with homogeneous Neumann boundary conditions
oS 01
~—=2"=0 sur R* x 0Q, (1.19)
ov  ov
and positive initial data
S0, x) = Sp(x), 1(0, x) = I(x) dans Q. (1.20)

1.2. BOUNDEDNESS AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR A DIFFUSIVE{
EPIDEMIC MODEL
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where d;, do, A, 1, 0 are constants such that
d>0,d,>0,u>0,0>0,A=0. (1.21)

with t — A(t) is a positive and bounded function in C(R") verifies 0 < A(f) < A and the
nonlinearity f(¢,n) is a nonnegative differentiable function in R* x R* such that there exist

two increasing nonnegative functions ¢ and y in C! (R") with

E=0,n=0=>0< f(&n) <wEepm, (1.22)
In(1+
w(0) =0, 9(0) =0, lim In@+em) _, (1.23)
n—+oo U]
A . .
They proved that (S, I) tends to (;, 0) as ¢ goes to infinity
. . A
lim [ I(f, )leo = lim [|S(Z,.) = —lloc =0, (1.24)
—+00 [—+o0 'u
if one of the two following hypothesis satisfied
(H — 1) There exists a real number p = 1, such that
+00
f A(s)Pds < +oo. (1.25)
0

(H —2) The function n — M is an increasing function on ]0, +oo[ and A(f) = A>0 isa

positive constant indepandant of de ¢ such that

Aoy A
ETW(E) <1, (1.26)

where N > 0 is a positive constant indepandant of ¢.
Our main contribution of this thesis cares with the asymptotic behavior of solutions of the

system (1.1)—(1.3).

1.2. BOUNDEDNESS AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR A DIFFUSIVES
EPIDEMIC MODEL
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By using a judicious Lyapunov functional argument, we will prove that

Theorem 1.2.2. Let (S, Uy, S2, Uz) be the solution of (2.4)—(2.6) in (0, +o0) x Q. Assume that

the nonlinearity ¢ satisfies

’ V.SEAY) H+ 01 H+0>
= Sup (C) = mln{_)_) ) }) (127)
X OSCSmin(Nl,Nz)(p n ¢ max(f,P3) max(Bz,Ba)
where
A Ao Ao A A Ao
= (28— +2P3— + PB1— + P3— + 1601 — + B30,—), (1.28)
7 ,5101 ,5302 ,3101 B3 = B161 y B302 ”
A Ay Ay A A Aa
¢ = @2Pr—+2Ps—+Po—+ Pa—+ P201— + fs02—), (1.29)
B2 o1 ﬁ402 B2 o P4 - p201 p P40> p
then
. A . .
hm “Sl(t)-)__“OO: llm “Ul(t)-)”OO:O) 1= 1)2- (1-30)
[—+00 u [—+00

1.3 Threshold condition for global stability of an epidemic
model

One of the main problems proposed for epidemic systems is to understand the behavior
of the epidemic, its impact and possible future predictions about its spreading.

For such reason, we study the stability of solutions and to know where the solutions goes
and under which conditions.

The question of global stability is generally answered by a threshold quantity, called Basic
Reproduction Number (denoted by R), which measures the number of new cases an in-
fected individual will generate in a completly susceptible population.

If R < 1, the free equilibrium point is globally asymptotically stable, and if R > 1 the free
equilibrium point becomes instable and the endemic equilibrium pointis gllobally asymp-

totically stable.

1.3. THRESHOLD CONDITION FOR GLOBAL STABILITY OF AN EPIDEMIC MODEL 16
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In 1999, Hamaya [16] showed the global stability of the equilibrium points of the diffu-

sive epidemic model below

4S . SWI) o
5, ~DAS=A AC(T () e uS(®) inR*xQ
ol ~ S(HI(D) L
E—DAI_AC(T(t)) o al(t) inR* xQ,
< S oI (1.32)
_— = — = +
an - an 0 onR™ x 0Q),
S(0, x) = So(x), 1(0,x) = Iy(x) on Q.

where C(T) is an increasing function of T verifying some conditions.

For this model, the reproductive number R is given by R = AC (é) lo.

Recently, Kim, Lin and Zhang [26], gave also a result on the gllg)tbal stability, according to
the basic reproducton rate for some reaction diffusion system with free boundary.

By means of Lyapunov functional, Lotfi, Maziane, Hattaf, and Yousfi [28] showed the global

stability of both equilibria for the system

SI
% =A—uS- h
1+a1S+azl+asSI
dl pS1
al _ —(u+d+nl
) dat 1+C¥1$+C¥2[+ (XgSI (IJ ) (1.33)
% =rl-uR
with homogeneous Neumann boundary conditions
oS 01 + .
—=—=0 onR™ x0Q, i=12, (1.34)
ov  ov
and initial conditions
S0,x)=¢1(x) =0, [(0,x)=¢p2(x)=0 inQ,i=1,2 (1.35)

We analyse the dynamics of the system (1.6)—(1.8) by giving the basic reproduction num-
ber and using a Lyapunov functional method.

The main results of this section are the following

1.3. THRESHOLD CONDITION FOR GLOBAL STABILITY OF AN EPIDEMIC MODEL 17
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Theorem 1.3.1. If R <1 then for each continious positive intial data S, U1,0, S2,0, U2,0 the

solution of the system verifies

Jm Ui (2, o =0, (1.36)
. A;
Lim ||S;(¢t,.) — —]leo =0. (1.37)
t—+oo 'u

Theorem 1.3.2. IfR > 1 then the system (3.7)—(3.9) has a unique endemic equilibrium point
(81, U7, S5,U;) and for each continious positive initial data Sy 9, U1,0, S2,0, U2,0 the solution

of the system verifies
lim ||U;(¢,.) — Ulfk loo = lim |S;(¢,.)— S; loo =0, (1.38)
t—+o00 t—+oo

Thus, the endemic equilibrium point is gobally asumptoticaly stable.

1.4 Local Stability of equilibrium points of an ODE system

In [35], Piqueira, Castano and Monteiro studied the local stability of equilibrium points for

the system below

SlUl Sle

aSl—Al—,Bl - B> —uS;, inR*
Ta ﬁlSIUl + B2 Slgz—alUl, inR*

) os, A2_16382U1 — Bs SZUZ—)USZ» nRY (1.39)
oU; ﬁgSZUl ,6482;]2—02U2, R

They gave some results on the local stability analysis according to the value of the basic
reproduction rate R.

They showed that if R < 1, the free equilibrium points are locally asymptotically stable,
and if R > 1, the free equilibrium points become instable, and the endemic equilibrium

points are asymptotically stable.

1.4. LOCAL STABILITY OF EQUILIBRIUM POINTS OF AN ODE SYSTEM 18
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Here in our work, we generalize the above results of Piqueira, Castano and Monteiro

[35] to a class of strong nonlinearities

Sy (Uy) S1¥(U>)
as; _ 1 1 1
=L =A,- — _ S
or =M -b— P pS1
S1y(Uy) S1y(Us)
U, 1 1 1
=B T + B2 T —-01Uy,
1 (1.40)
Soy (Uy) Say (U>)
5 =Nz~ s ZWT — B4 WT = — Sz,
Sow(Uy) Soy (Us)
AU 2 1 2
5t =Ps T + B 7 02U,
with homogeneous Newmann boundary conditions
0S; 0U;
—=—=0 onR* x 0Q, forall i =1,2. (1.41)
ov  ov
and positive initial data
Si(0,x)=S;0(x)>0,U;(0,x) =U; p(x) >0 inQ,foralli=1,2. (1.42)

We assume here that 1 is a nonnegative and continuously differentiable function on [0, +00)

satisfies

w(0) =0.

Here, we consider that the influx rates A;, A, are constants or they change their values

exponentially with respect to the susceptible individuals values

Al = 1<181 e_KZSI, Ag = Kgsge_K4SZ

1.4. LOCAL STABILITY OF EQUILIBRIUM POINTS OF AN ODE SYSTEM 19
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The result is given as follow

Theorem 1.4.1.

1. Assume that A1, A\, are constants, then the basic reproduction rate Ry is given by

B ¥ (0) + By W(O))(ﬁzﬁs—z(W(O)))
Ry = Ay A At (A +A2) . (1.43)
(1 +02)(Br~ 1A2w’(0)—al)(ﬁ4 n Azw’(O)—az)

A A
If Ry < 1, then the disease free equilibrium point (S,,U,,S,,U,) = (—1,0, =20) is lo-
7

cally asymptotically stable and if Ry > 1, then the disease free equlllbrmm point is un-

_ S; — Ap,—uS
smbleandthedlseaseendemzcequlhbrlumpoznt(§1,gl,§2,gz):(Sl, —H 1,82, 2 H 2)

01 02

is locally asymptotically stable.

2. Assume that the influx rates are given by Ay = K181 and Ay = k3S,e7¥452,

Then Ry is given by

21 515,
(,31§1+§21//( )+ ,34 1//( ))(,32,33 s )2(1//( ))?)
Ry = S . (1.44)
ey | ! _ = ! _
(01+02)(ﬁ1§1+§21V(0) 01)(,34§1 §21//(0) 02)
In®  In%
If Ry < 1, then the disease free equilibrium point (S,,U,,S,,U,) = (K—”,O, K—”,O) is
2 4

locally asymptotically stable and if Ry > 1, the disease free equilibrium point is unsta-

ble and the disease endemic equilibrium point

_ K281 _ S, — K4So _
(8,,U,,S,,U,) = (81, (ke K LS, (ke 1S 2) is locally asymptotically
01 ()

stable.
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— CHAPTER 2 . .
Boundedness and asymptotic behavior

of solutions for a diffusive epidemic
model

2.1 Introduction

Epidemiology is the science that study the distribution and determinants of diseases health
conditions, or events among populations and the application of that study to control health
problems. In mathematics, this study conducted on the models that arise from epidemio-

logical phenomena to know some data on the behavior of the disease.

The authors Piqueira, Castano and Monteiro studied the following ODE system given in

[35] where they gave some results on the analysis stability

aa—stl :Al_IBISlgl —,52811{]2 —pS1 inRTxQ,
Oal? =,5181;]1 +,3281;]2—01U1 inR* xQ,
| S o2 g2 s, o, .
GaUtg _ b5 32;]1 + By 52;]2 . inR* xQ,
with homogeneous Newmann boundary conditions
0S; _oUi _, onR* x3Q, i=1,2, (2.2)

R
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and the initial data Sy 9, U1,0, S2,0, Uz,0 verify

$i(0,x) = Sip(x) =0,U;(0,x) = Ujo(x) >0  inQ,i=1,2. 2.3)

This system arises as a model of a diffusive epidemic in some populations. The population
concidered contains susceptible individuals S;, S, and infected ones U;, U, divided into
two groups, where the indices 1 and 2 indicate which group they belong to. The constants
A; and A, represent the influx rates of new susceptible individuals in each group. p is the
mortality rate, the ratio of the number of deaths from the disease to the total number of
cases of that disease. The parameters 1, B2, B3, B4 describe the rate at which the dis-
ease is spread among the individuals per unit of time, the parameters 0, o, are given by
o;i = u+n; i =1,2, where 1/7; is the average activity period of the infected individuals

and T = S; + Uy + Sy + Us is the total population (See [9], [12], [35] and [39]).

In our work, we deal with the same model as in [35], but in reaction-diffusion systems

and more general nonlinearities. We consider the following reaction-diffusion system of

the form
% - d1AS1=A1 - Sl(p;Ul) - B2 S1<pT(U2) —uS; inR*xQ
%—dgAUl :ﬁlw +ﬁzw —o1Ui  inRTxQ,
4 % dASy = Ay — s qu)](,Ul) By Sg(p](1U2) _uS, inR*xQ, (2.4)
%—dz;AUz:ﬁSSZ(p—;ﬂUl)"'mw—UzUz inR* xQ,
with homogeneous Newmann boundary conditions
95i _90Ui _,, onR* x0Q, i=1,2, (2.5)
ov  ov
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and the continuous initial data Sy 9, U1,0, S2,0, Uz,0 are such that
§i(0,x) =S;0(x) =0,U;(0,x) = U; p(x) >0 inQ,i=1,2. (2.6)
The constants dy, d», ds, dy, A1, A2, u, 01, 02 are such that
dy>0,d,>0,d3>0,d,>0,u>0,0,>0,0,>0, A1 =0, A, =0. 2.7)

The nonlinearity ¢ is assumed to be a nonnegative increasing and continuously differen-

tiable function on [0, +o0) such that
@0)=0, p(m) <Ce”,0<y<1. 2.8)

0
Here Q is a bounded domain of class C! in R”, with boundary <, E denotes the outward
normal derivative to 6Q.

In the case where d; = dy = d3 = dj, using maximum principle, one can see that

A+ Ay

T < max( 1810 + Ur0 + 82,0 + Uz plloo), 2.9)

where 0 = max(o1,073). Itis clear that in this case, the global existence and the bounded-

ness of the solutions are verified.

In the other case where the coefficients of the diffusion are different and with nonlin-
earities of polynomial growth Hollis, Martin and Pierre [22], Alikakos [2], Masuda [29] gave
the global existence of the solutions. But with nonlinearities more than polynomial growth
the problem becomes more difficult and these methods will be ineffective.

We will show that the solutions of the system (2.4)—(2.6) are global and uniformly bounded
on (0, 4+00) x Q and under suitable assumptions on the parameters of this system, we have

an extinction of the epidemic. This study generalizes the results in [35].
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2.2 Notations and preliminary results

2.2.1 Local existence of solutions

Throughout this study, we denote by

el :f lu(x)|Pdx, 1< p < +oo
Q
|l Ullco = €Sssup yeq lU(X)], (2.10)

lull o) = max|u(x)],
xeQ

the usual norms in spaces L”(Q), L®(€) and C(Q) respectively.
Itis clear that from the general theory of semigroup and the abstract semilinear differential
equations, we can deduce the local existence of solutions to the system (2.4)—(2.6) in some
interval ]0, T*[ ,where T* is the eventual blowing-up time in L>(Q) (see Henry [20] or Pazy

[34]).

2.2.2 Positivity of the solutions

Since the initial data So 1, Uy 1, So,2, Up,2 are nonnegative on €, it follows from the maxi-
mum principle that the solution (S;, U;, S», U>) remains nonnegative on (0, 7*) x Q and for

strictement nonnegative initial data Sy, U 1, So,2, Up,2, we have forall i = 1,2
U;(t,x) 2 min Uy o(x) e %'>0. VY(L,x)eO,T)xQ (2.11)
Xe
Again, maximum principle applied to the first and the third equation of (2.4) permits to de-

duce that the components Sy, S, are bounded on (0, T*) xQ, so that for all (¢, x) € (0, T*) xQ

i

A
0= Si(t,X) = Ki = max(”SO,i”oor _)) i = 1!2 (212)
U
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2.3 Boundedness of the solutions

It is well known that to prove global existence of the solution to the system (2.4)—(2.6), it

S1p(U S1p(U- Sop (U
suffices to derive a uniform estimate of || §; 1('0; D + B2 1<P]E 2) —-o1Urllpand || %#4_
Sa¢(U.
,64# — 02Uz, on 10, T*[, for some p > g
Before stating the results, let us define for any ¢ € (0, T*) the functional
2
](t):Zf (L+w;i(Si+SeVidx, i=1,2 (2.13)
i—1JQ
where w1, wy, €1, and €, are positive constants such that
. 01 8d1 dg
o<w) <=min( , , (2.14)
2A(142K7) (1+2K7)2(d; + da)?
. () 8d3d4
o< wy=<min( , ), (2.15)
2A2(1 + ZKZ) (1+ 2K2)2(d3 + d4)2
wi
0<e; (2.16)

<
T (1 +wi(K+K?)
foralli=1,2.

Our main results can be stated as follow

Theorem 2.3.1. Let (Sy, Uy, S2,Us) be a solution of (2.4)-@2.6) on (0, T*), then there exist

two positive constants a,, a, such that
d . ¥
E](t)s—alj(t)+ag, foralltin(0,T7). 2.17)

Corollary 2.3.2. Let ¢ satisfies the condition (2.8), then the solution (S1, U, Sz, U>) of the
system (2.4)—(2.6) with nonnegative and bounded initial data Sy, Uy, So,2, Up,2 is global

and uniformly bounded on (0, +00) x Q.

Proof. (Proof of theorem [2.3.1)
Let (S1, U1, S2, U) be a solution of (2.4)-(2.6) on (0, T*). Differentiating J with respect to ¢

2.3. BOUNDEDNESS OF THE SOLUTIONS 25
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and a simple use of Green’s formula yields
d](t)—G+H
dr’ ’
such that
G = Gi1+Gy, (2.18)
H = H +H, (2.19)
with
G = —2w1d1f IVS11* eV dx— e (d1+dg)w1f (1+281) VU, VS; eVt dx
Q Q
- d, ei[ 1+ (S +SD) VU, * eV dx,
Q
Gy = —szdsf IVS2|* €22 dx — e (d3+d4)w2f (1+282) VU, VS, €22 dx
Q Q
- d4e§f (1 +wa(Sz + S3)) IVU, |* €22 dx,
Q
and
Hi:f pi L+w;(S;i+S)eVidx, i=1,2 (2.20)
Q
where
i = (ef - w;i(1+2S)) V4 (A, wi(1+28;) _S; wi1+28) )
’ C0#eiSi+S) T Q+wiSi+8) T A+ wi(Si+Sh)
+ oi(1—¢; UpesilViecili (2.21)
with SipUr) SipU>)
(B1 ’(pT L+, lqu Zy>0 if  i=1,
I = (2.22)
Sip(U Sip(U:
(ﬁg l(p; 1)+ﬁ4 l(p; 2))20 if i=2.

We start with the term G,
G = —2w1d1f IVS112 eVt dx + leq (di + da) wlf (1+281) VU1 VS; eV dx|
Q Q

- dy eff 1+ (S1+8D) VU, * eV dx,
Q
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Applying Young inequality, we get
@ (d”d”wlfg)(“zsl’wlvsle“Ul dx| < doef fQ (1+w1(S1+SH)IVUL P €1V dx

IVS; |2 eV dx.

Lldi+d) o f (1+28))%
4 d o (Q+wi(S+8Y)

Thus

IVS;1? eV dx,

2
IA

1 d d 2 1+2S 2
—2w1d1f VS [? et dx+—( ) w%f (1+25)) 2
¢ 4 dy o (I+wi(S1+S7)

1 (dy + dp)?
—2w1d1f |V51|2 eelUl dx+ —M
Q 4  dy

IA

wi (1 +2K1)2f IVS11? eVt dx
Q

1 (dy + dy)?
(—2w1d, + —wa(l +21<1)2)f VS, [2 eV dx,
4 dg Q

where K] is given by (2.12).
So that, by the hypothesis (3.7), we can conclude that

G =<0 forall r€ (0, T™). (2.23)

We use the same raisonning for G,.

Consequently, foralli =1,2
G;i <0 forall t€ (0, T%).

On the other hand, concerning the terms H;, i = 1,2, we can deduce from (2.12), (3.7), (3.8),
and (3.9) thatforalli=1,2

w;(1+2S;)
€ — ~— <0, (2.24)
(1+w;(S; +S57)
w;(1+28;) w;(1+28;) (o
j— —— — S —— ———0;s——. (2.25)
(1+w;i(Si +S2) (1+w;(S; +52) 2
Application of the mean value theorem for all x €]0, 1] gives
X 1
e’ —. (2.26)
1-x
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In the other cases where x = 0 or x = 1, the inequaity (2.26) is verified.
Then from (2.26), forall ¢ =0

(1-¢;8e<1, i=1,2. (2.27)

Hence from (2.24), (2.25) and (2.27) there exist two positive constants b;, i = 1,2

b; = 0;(1+0;(K; + K*)|Ql,

such that
O; U
His—?’f A+w;(S;+S)eVidx+b;, i=1,2 (2.28)
Q
from which we infer that there are two constants a;, a, such that
d
E](t):G+H1+HZS—a1](t)+a2 te0,TF), (2.29)
with
2
o, O
a; = max(—, =2, ay = Y b;. (2.30)
22 i=1

Whence, (2.17) is satisfied.

Thus, the proof of the theorem is completed. O

Proof. (Proof of corollary|2.3.2|) Let ¢ satisfies the condition (2.8) and let (S;, Uj, Sz, Uz)
be the solution of the system (2.4)-(2.6) in (0, T*).

From (2.8), it is easy to prove that there exists a constant C;(n), i = 1,2 such that
||(p(Ui)||Z <Ci(m)+Jt) foralltin(0, TH). (2.31)

Hence, thanks to the theorem and as it has been mentioned above, the result estab-
lished in [18] or [20] permits to deduce that there exist two postive constants Nj, i = 1,2

such thatforalli=1,2

1U: (¢, X)lloo = Ni. (2.32)

Consequently, the solution of the system (2.4)-(2.6) is global and uniformly bounded

on (0, +00) x Q, and the proof of the corollary is completed. O
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2.4 Asymptotic Behavior of solutions

In this section, we discuss the asymptotic behavior of the solutions for the system (2.4)-

(2.6).

Before we state our main result of this section, let us define for any ¢ € (0, +o0)

fUlsldx+f UgSzdx-f-f Sledx+f S,Updx

Q Q Q Q

0 A 0 A 1 1

—lf (Sl——l)zdx+—2f (Sg——z)zdx+—f dex+—f UZdx
2 Ja 7 2 Ja 7 2Ja 2Ja

A

A A A
2—1 Uldx+2—2f Ugdx-l-—lf Ugdx+—2f Uidx,
01Ja 02JQ 02JQ o1Ja

F(1)

+

—+

where 0, and 0, verify

9 (di +d2)* 9 (di+dy)’

6 = - ) )1 )

LEmAXG T T dd,
9 (ds+ds)? 9 (do+d3)?

0, = — , — 1.

Mt = I hd D

(2.33)

(2.34)

(2.35)

Theorem 2.4.1. Let (S, U}, Sz, Us) be the solution of (2.4)—(2.6) in (0, +00) x Q. Assume that

the nonlinearity ¢ satisfies

' V.SEAY) H+O01 H+o>3
= sup () <min{—, —, ) b
X OSCSmin(Nl,Ng)(p n ¢ max(f,B3) max(fz,Ba)
where
Ay Ao Ao Ay Aq Ao
= (28— +2B3—+ B1— + B3— + B10;— + B30, —),
7 /31(71 ,5302 ,3101 B3 s B101 I B30- y
A Ao Ao A A Ao
§ = (2P2—+2Ps—+ Po—+ Pa— + P201— + Pu0,—),
/3201 ﬁ402 ,5201 ,3402 p201 p P40> p
then

: A . .
m [S;(£,) — —lleo= lim U;(£,)lo=0. i=1,2
t—+o00 'u t—+oo

(2.36)

(2.37)

(2.38)

(2.39)
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Proof. Differentiating F with respect to ¢ and using Green’s formula, we can show that

where

and

L

+

F)=0+D, (2.40)

—dgf VUNSldx—dlf V81VU1dx—d4f VUQVSgdx—dgf VSgVUgdx
Q Q Q Q

- dlf V81VU2dx—d4f VUgVSldx—dgf VSZVUldx—dgf VU1VSde
Q Q Q Q

dgf IVUllzdx—d4[ VU, >dx — dy elf |V81|2dx—d392f IVS,|?dx,
Q Q Q Q

f(ﬁﬂ (U)+,3ﬁ (U2))S dx—Hf(ﬁS—% (U)+S—% (Uz))dx
0 1 T<P 1 2 T<P 2))o1 1 0 1 T('D 1 T<P 2

S, S» S5 S3
f(,53—(,0(U1)+,54—(P(U2))52dX—92f (B3—=pU1) + Pa—=@(U))dx
Q T T Q T T

S S S S
f (Br—=@(U)) + Pa—m(Un)) Uy dx — f (Bs=2p(U)) + Ba—2(U)) Updx
Q T T Q T T
Alf U1dX+A1f Uzdx+A2f Ugdx+A2f Uldx
Q Q Q Q
2A1f U]dx—ZAgf Ugdx—Azf Uldx—Alf Uzdx
Q Q Q Q
S1 S1 So So
f(,5352—(P(U1)+,3452—(,0(U2))dx+f(,3151—(,0(U1)+,5231—(,0(U2))dx
Q T T Q T T
[,tf SlUldx—uf SZUde—Mf SlUgdx—,Ll,f SgUldx
Q Q Q Q
0'1[ Ungdx—alf Uzsldx—a'gf Ulsgdx—O'zf UgSldx
Q Q Q Q
S S S S
f (Br—=(U)) + Pa—rp(Un)) Urdx — f (B3=2p(U)) + Ba—2p(Un)) Updx
Q T T Q T T
S S S S
f (Br—=@(U)) + Pa—m(Un)) Ur dx + f (B3=2p(U)) + Ba—2(Un)) Updx
Q T T Q T T

9171 fQ (b1 = p(U) + ,3271<P(U2))dx+9272 fQ (ﬁ372<p(U1) +l3472<ﬂ<U2)>dx

za—lfﬂ([ﬁ?(ﬂ(w) +/327<P(U2))dx+20—2f9(ﬁ3?(p(U1) +ﬁ4?(p(Ug))dx
A2 Sl Sl Al Sg Sg
a_lfg(ﬁ 1 ¢ UD + PapeUdx+ fg(ﬁsw’(Uﬂ + B p(U)dx

A A
,u@lf (Sl——l)zdx—uegf (Sz——z)zdx—alf Ulzdx—agf Uzzdx.
Q M Q H Q Q
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We start with the term I;, we can rewrite it as follow

1 1
L = ——dgf |VU1|2dx—(d1+d2)f V81VU1dx——d101f |V81|2dx
3 Q Q 3 Q

1 1

- —d4f |VU2|2dx—(d3+d4)fVSQVUzdx——dgegf |V82|2dx
3 Q Q 3 Q

1

3
1 1

- —d4f IVUzlzdx—(d1+d4)fVUgvsldx——dlelf IVS;12dx
3 Q Q 3 Q

1
dzf IVUllzdx—(d2+d3)fVUIVSde——d?,@zf IVS,|?dx
Q Q 3 Q

1 1 1 1
- —dzf |VU1|2dx——d191f IVSIIde——d4f |VU2|2dx——d392f IVS,|?dx.
3 Q 3 Q 3 Q 3 Q

We can observe that I; involves four quadratic forms Q;, Q2, Q3, Q4

Q = SAIVUIE+dr +d)VS VU, + iy |VSi P,
Q = %d4|VU2|2+(d3+d4)V52VU2+%d392|V32|2,
Q3 = %d2|VU1|2+(d2+d3)VU1V52+%d392|vsz|2,
U = AU+ + d)VUVS, + =i, 1VS, P,

where their discriminants are

4 4
Ay = (dy+dp)*- §d1 do0, Az = (ds+dy)* - §d3d492,
4 4
A3 = (dp+ds)*— §d2d392, Ay = (dy +da)* - §d1 dy 0.
So that, by the hypothesis and the discriminants are negative and by that the

quadratic forms are positive.

Consequently
1 2 1 2 1 2 1 2

L S——dzf VU | dx——dlﬁlf VS| dx——d4f IVU>| dx——dgegf IVS,|“dx. (2.41)
3 Q 3 Q 3 Q 3 Q

Now, we will treat the term I», we have foralli = 1,2

& <1 (2.42)
T
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As ¢(0) =0, the mean value theorem and (2.42) imply

S19(Uy) Sl(P(Uz) Sa2(Uy) S22 (U>)

I
2 T

IA

+ﬁ4 )Sgdx

1- 91)[(,3 + B2 )S1dx+ (1 - Qz)f(ﬁ3
+ (ﬁU(—(/J+01))f951U1dx+(ﬁzx—(lvHUz))fQSledx
+ (ﬁsx—(u+01))f SzU1dx+(/34x—(u+oz))f SaUzdx
+ (,31—61+,53—b+,51—+ﬁ3—+ﬁ1917+ﬁ392—)7( Al]fUldx
+ (,52—61+ﬁ4—b+/52—+ﬁ4—+ﬁ2917+ﬁ492—)7( AzlfUzdx
- ,uelf (Sl——) dx—,uegf (Sz——) dx—alf Uldx—azf Uzdx.

Q u Q H Q Q
If 61, 62 and y verify the estimates (2.34), (2.35), and (2.36), then

A A
—,quf (Sl——l)zdx—uegf (Sg——z)zdx—alf dex—azf UZdx,  (2.43)
Q Iz Q u Q Q

then, by (2.41) and (2.43)

F() = h+bh
1 2 1 2 1 2 1 2
< ——dgf VU | dx——dlelf IVS:| dx——d4f IVU>| dx——dgng IVSo|“dx
3 Q 3 Q 3 Q 3 Q
A A
- ,u91f(51——1)2dx—,u92f(Sg——z)zdx—alj u"fdx—agj ugdx,
Q u Q H Q Q
< o (2.44)

By integrating over (0, 1)

t Al 2 t A2 2 t 9 t 2
F(t) + u6, (81— —)dx+ ub, (S ——)dx+0; uydx+oz u,dx
0 JQ M 0 JQ H 0 Ja 0 JQ
+ —ds VU |1°dx+ —d16, IVS1|1°dx+ —d4 VU, | dx+—d392 IVSs|“dx < F(0).
3 “Jo Ja 3 0 Ja 3 Jo Ja 3 0 Ja

(2.45)
From (2.45), we can deduce that, for all (¢, x) € (0, +o0) x Q and i = 1,2, we have

Al 9 +00 Al 2 +00 Al 2
(S;(t,.)——)“dx < +o0, (S;(t,.)——)"dxds < +oo, IV(S;(t,.)——)|“dxds < +oo,
Q H 0 Q H 0 Q H
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and
+00 +00
f f UZ(t,.)dxds < +0o, f f IVU;(t,)1Pdxds < +oo. (2.46)
0 Q 0 Q
So that, by Barbalate’s lemma, we conclude that
. A; .
lim ||S;(¢,.)— —1l2 =0, i=1,2 (2.47)
t—+oo 'u
lim |U;(t,.)ll2 =0. i=1,2 (2.48)
t—+oo

Combining (2.47), (3.38) and the fact that the orbits {S;(¢,x), > 0,i = 1,2} and {U; (¢, x), t >

0,i = 1,2} are relatively compact on C(Q) [18], we conclude that

A .
lim [|S;(¢,) - —llo=0  foralli=1,2, (2.49)
t—+o00 M
tliIP IU;(t,)lco=0  foralli=1,2, (2.50)
and the theorem is completely proved. O
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— CHAPTER 3

Threshold condition for global stability
of an epidemic model

3.1 Introduction

Over the last years, the infectious disease models had a huge interest in both biological
and mathematical researches. More investigations on the use of mathematical models
to understand the dynamic of infectious diseases (such us HIV/AIDS, tuberculosis (TB),

malaria, etc) were carried out.

In a population, the interaction between the individuals causes the widespread of the
infectious disease.
Mathematically, this interaction best discribed by the so-called SIR model, wich was ini-
tially studied by Kermack and McKendrik (1927) [25], where the population is divised into
three componants :
S (Susceptible individuals) : individuals that are able to catch the disease, once they have
it, they move to the infected compartement.
I (Infected individuals): can spread the disease to susceptible individuals.
R (Recovered individuals): in this compartement the individuals are assumed to be im-
mune for life.

These models were studied by several reasearchers, and in many different forms. They
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MODEL
start by the simple SIR model:
oS
vl -BSI  inR",
I
T BSI-yI inRT, 3.1
oR _ I in R*
or 7 ’

Here  and y are two positive constants, where f indicates the contact rate, and y repre-

sents the recovery rate.

As aresult of the contact between infected and susceptible individuals, new infections
occur with the rate 8SI, they move from the susceptible class to the infected one. In other
process, the infected individuals can enter the removed class (they will acquire an immu-
nity from the disease) at the rate y 1.

Other more general model, is a model where the susceptible class is generated by birth
at arate A (new recreatement in the susceptible class) and all the classes decrease with a

natural death at the rates uS, pI and pR. We describe it with the following model

0S
—:A_ SI_ S i R+)
T
oI .
< a:ﬁsj_yl—yl inR*, (3.2)
aR I R . R+
_— = — m .
o1 Yi—H

In this direction, many researches has been done, where the mathematicians have
given results on the existence and the stability of the solutions, of the ordinary systems

(see [6], [35] and [38]).

Including the spatial diffusion, Webb [39] assumed that spatial mobility is governed

by random diffusion coefficients respectively Dg, D, Dpg for the suscebtible, infected and
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recovered classes. The spatial factors are used to describe the mobility of the population

S
— _DsAS=-BSI  inR*xQ,

St

FTin D/AT=B8SI-rI inR"xQ, (3.3)
OR N
E—DRAR:rI inR™ x Q,

(Q is abounded domain of class C! in R”) with homogeneous Neumann boundary condi-

tions and the initial data Sy(x) =0, Iy(x) =0, Ry(x) =0 for all x in Q.

Recently, Kim, Lin and Zhang in [26] gave a result of global existence, uniqueness of
solutions and sufficient conditions for the vanishment or spread of the disease of an SIR
model with free boundary. Lotfi, Maziane, Hattaf and Yousfi [28] showed the global exis-

tence, positivity and boundedness of solutions for the reaction diffusion system below
0S BSI

— =DsAS1+A—puS- inR™ xQ,
— =D;AL + p —(u+d+r)I inR*xQ,
ot 1+a;S+axl+asSI

with homogeneous Neumann boundary conditions

0S oI + .
—=—=0 onR™ x 0Q, i=1,2, (3.5)
ov ov
and initial conditions
S0, x)=¢1(x)=0, 1(0,x)=¢2(x)=0 in Q, i=1,2. (3.6)

We consider the following reaction-diffusion system
05, SiUh +U2)

1 _DAS; =A, - S, inR*xQ,

ot 1= M =p—F o
U S1(Uy + U
a—tl—DAUl:ﬁu—aUl in R* x Q,

X (3.7)
0S S>(Uq + U.
J—DASZ:AZ—ﬁM—pSZ inR* xQ,
ot T
oU Sy(Uy + U
a—tZ—DAUZ:,B¥—UU2 inR* x Q.
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supplemented with the homogeneous Neumann boundary conditions
0S; 0oU;
—=—=0 onR*x8Q, =12, (3.8)
ov  0v
and the continuous initial data Sy ,9, U1,0, S2,0, Uz,0
Si(0,x) =S;p(x)=0, U;(0,x)=Ujp(x)>0 inQ, i=1,2. 3.9

Here Q is a bounded domain of class C! in R”, with boundary 4Q and 0% denotes the out-
ward normal derivative to 02, A is the Laplacien, it presents the spatial diffusion of the
epidemic in the population and the homogeneous Neumann boundary conditions
implies that the system in question is self-contained and there is no emigration across the

boundary.

This system is coming as a model of a diffusive epidemic phenomena in some popula-
tion of individuals. The population considered contains susceptible individuals S;, Sy and
infected ones U, U, divided into two groups, where the indices 1 and 2 indicate which
group they belong to. D is the coefficient of the spatial diffusion. The constants A; and
A, represent the influx rates of new susceptible individuals in each group. u is the mor-
tality rate, the ratio of the number of deaths from the disease to the total number of cases
per unit of time of that disease. The parameter § describes the rate at which the disease is
spread among the individuals per unit of time, the parameter o is given by o = u+17, where
1/n is the average activity period of the infected individuals and T is the total population
(See [9], [12], [35] and [39]).

So, the constants D, Aj, Ay, u, o are such that
D>0,u>0,A1=0,A2=0,0=0. (3.10)

In this paper, we will show that the solutions of the system (3.7)—(3.9) are global and uni-

formly bounded on (0, +00) x Q. Besides of that, we will give a threshold condition defined
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by the reproduction number R, allow us to obtain the extinction or the persistence of the
epidemic in the population.

The basic reproduction number, denoted R, is the expected number of secondary cases
produced, in a completely susceptible population, by a typical infective individual.

If R < 1, then on average an infected individual produces less than one new infected indi-
vidual over the course of its infectious period, and the infection cannot grow. Conversely,
if R > 1, then each infected individual produces, on average, more than one new infection,

and the disease can invade the population.

3.2 Notations and preliminary results

3.2.1 Local existence of solutions

Throughout this study, we denote by

luell)y =f lu(x)|Pdx, 1< p < +oo
Q
lttlloo = €sSSUP e [U(X)], (3.11)

” u”c(ﬁ) = ma_Xl M(JC)|,
xeQ

the usual norms in spaces L”(Q), L*(Q2) and C(Q) respectively.

The study of local existence and uniqueness of solutions to the problem (3.7)-(3.9) in C Q)
is classical. As a consequence of the theory of analytical semigroups the solutions are clas-
sical on (0, T*), where T* denotes the eventual blowing-up time in L*°(Q). (see Henry [20]

or Pazy [34]).

3.2.2 Positivity of the solutions

It follows from maximum principle that if the initial data S;,0, U1,0, S2,0, U2,0 are nonnega-
tive, then the solutions S, Uy, S2 and U, are nonnegative on (0, T*) x Q, and we introduce

the following lemma
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Lemma 3.2.1. If (S;,U}, Sz, U») is a solution of the system (3.7)—3.9), then for all (t,x) €
0, T*) x Q, we have

A.
0=Si(t,x) = K;j=max(llSo,illco, j), V(t,x)e(0,T)xQ, i=1,2. 3.12)
Ui(t,x) = minUj,(x) e ’'>0.  Y(,0eOT)xQi=1,2. (3.13)
X€
Proof. Immediate from the maximum principle. O

3.3 Boundedness of the solutions

Lemma 3.3.1. For nonnegative and bounded initial data Sy,1,Uy,1, So,2, Uo,2, the solution

(S1,Un, Sz, Uy) of the system (3.7)—(3.9) is global and uniformly bounded on (0, +00) x Q.

Proof. We add all the equations of the system (3.7)-(3.9), we get

oT
57 ~DAT = Av+ Ay = uT =0 (U + Uy). (3.14)

Maximum principle applied to the above equation may give

A+ Ay

T < max( JIS1,0+ Uio+S2,0 + Uz polloo)s (3.15)

which achieves the global existence and the boundedness of the solutions Sy, Uy, S2, U> of

the system (3.7)—(3.9) on (0, +o0) x Q. O

3.4 Global stability

Without lose of generality, we assume in this section that

A+ Ay
T(t,x) < ) (t,x) € (0,4+00) x Q (3.16)
u

Before we state the main results of this section, let

rR=LC (3.17)
o

R is the basic reproduction number. The main results of this section are the following
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Theorem 3.4.1. IfR < 1, then for each continuous positive intial data S, o, Uy o, S2,0, U2,0 the

solution of the system verifies

lim [|U;(¢, )]l =0,
t—+o00

. A
lim |IS;(¢,.) = —lleo =0.
I—+00 IJ,

(3.18)

(3.19)

Theorem 3.4.2. If R > 1, then the system (3.7)-(3.9) has a unique endemic equilibrium

point (S7,U7,S5,U;) and for each continuous positive initial data S o, U1,0, S2,0, Uz,0 the

solution of the system verifies
lim [Ui(t,) = Uf lloo = lm [IS;(£,.) = Sl =0,
t—+o0 t—+o0
Thus, the endemic equilibrium point is globally asymptotically stable.

Proof. (Proof of theorem|3.4.1)

Adding the second and the fourth equation of the system (3.7), we get

S1+§
B U+ Up - Uy + U,

(T(E -1 (U + U).
o

0
E(Ul +Up) — DA(Uy + Uy)

IA

We set U = U; + U, then

0
aU—DAUSU(R—l)U,

where R is the reproduction number defined by (3.17).

Now, we define the following function for all ¢ € [0, T']
1 2
L(Hy=—=| U-dx.
2Ja
Differentiating L with respect to t

ou
L'y = fU—dx,
o Ot

IA

f UDAU+o(R-1)U)dx
Q

(3.20)

(3.21)

(3.22)
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Green’s formula yields

L)+ Df IVUP?dx+0o(1 - R)f U?dx<0.
Q Q

Integrating over (o, )

t t
L(t)+Df f IVUIde+0(1—R)[ fUzdst(O).
0 JQ 0 JQ

By Barbalate’s lemma and the condition that R < 1, we get
lim [|U(z,.)]2 =0.
t—+00

Thus

lim |U;(t, )2 =0.
t—+oo

Beside of that, the orbits {U;(¢,.),t > 0, i = 1,2} are relatively compact, so that (3.18) is

verified.
Al + A2
U

To prove (3.19), it suffices to show that T tends to

as the time goes to +oo.

The limit (3.18) permits to deduce that for any € > 0, there exists a large time ¢, such that,

forall >ty

(U1 +U2) <k, (3.23)
By the maximum principle, we prove that
T(t,x)=T(1),t>fh,xeQ, (3.24)
avec T'(¢) is the solution of the following ordinary equation
o) _ T +M+A
AT—A_IJ (HD+A+A2—1n¢, (3.25)
T'(t0) = To(2),
. A +A
with 0 < Ty < inf T(fy, x) < ———=.
xeQ H
Applying variation of constants formula, one can write
A A +A £
T=CeH 4+ L2 _pn=
H H
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with
N ~ AN +A
C:e_‘”"(To— L 2+ £
I
By letting t — +00 and then € — 0 in the inequalities (3.16) and (3.24), we obtain
A+ A
lim T =22 2
—+00 'u
This complete the proof. O

Proof. (Proof of theorem (3.4.2) )
(S, U}, S5, Uy) will be an equilibrium point of the system (3.7), if it verifies the system

below SHU* + UM
+
ST Uy +U,)
41 27 " 2 -oU; =0,
AZ_IBL*Z_HS; -0,
S5 Uy +U;) ~
T*

Thus, the addition of the four equations gives

oU; =0.

A+ A
(S +85)=—""2

_ E(Ul* +UD), 3.27)
u

and

A+ A —
S TR BT g o, (3.28)
7 7

*

In the other hand, the addition of the second and the fourth equation gives
(ST+S5) o . .
(%—B)wl +U;) =0,
then

(ST+8)) = %T*. (3.29)

We substitute the equations (3.27) and (3.28) in (3.29), we obtain

A+ Ao
H

I [0 [0

p
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So that, to prove the existence of a unique endemic equilibrium point to the system (2.4),
it suffices to prove that there exists a unique positive constant U* = (U} + U,) that verifies

the equation (3.30).

For that, we pose the following function

A+Ay O
( p _EU) o
Ji= (A1+A2 i o—uU) B 83D
u p

By the condition (3.17) on the basic reproduction rate, the function f is a decreasing func-

A+ A
tion on the interval (0, ! 2 ) and
o

o A+ Ay o
f(O):l—E>0,g( p ):—B<0. (332)

Then, by the mean value theorem, there existe a unique U* > 0 such that

fw*=o. (3.33)

By contradiction reasoning, we can easily show that U;" is unique. So, the fact that the sum
(U] + Uy) is unique, we deduce that for R > 1, (S7, U{’, S;, U;) is the unique equilibrium
point for the system (2.4).

Now, we will prove the limits (3.20).

(S, U7, S, Uy) is an endemic equilibruim point of the system (2.4), thus

Ay + Ay —uT* —nU; +U3) =0. (3.34)

By the equation (3.14) and (3.34)

oT
57~ DAT=—p(T =T =nU -U", (3.35)

with U = (U + Up), U* = (U + U;).
The addition of the second and the fourth equation of the system gives

0 ($51+S82) o
%(UlJrUz) ZDA(Ul+U2)+,5(T—B)(U1+U2), (3.36)
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Because (S7, Uy, S;, U,) is an endemic equilibruim point of the system (2.4), the equation

(3.29) permits to write
o (§1+S5)

= 3.37
; T (3.37)
Thus
ou = DAU + ﬁ(é—s—*)U (3.38)
dr T T* :
with S = (57 + S5), §* = (S*+S*).

T-T
Let G(T) = % U*. The function G is a positive function if 7 = T* and it is a negative

functionif T < T*.

Then we can rewrite (3.38) as follows

‘Zl(; = DAU + BG(T)U — ﬁ(U_—TU) U. (3.39)

We define the function H by

H(If):f (é G(s)ds+ U—U*—U*lni)dx. (3.40)
Q T* U~

Differentiating H with respect to t, using the equation (3.35) and (3.39), we get

* )
H'(t)=§DfATG(t)dx— fG(r)(T T )dx+DfAUU U - f—(U U .
Q

Then
/ _Bu (U-U*)?
H (1) = " G(t)(T T")dx-p —dx+H1+H2, (3.41)

avec

H = ED[ATG(t)dx,
n Ja

U-U*
dx.

H, = D[AU
Q
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Using Green’s formula, we obtain
H, = éDf ATG(t)dx,
n Ja
= pU Df AT(—)dx,
nT* Ja T
Uu* oT (T-T* T-T*
L BU ([ LUT [y T10) )
nT* 50 OV T Q T
= _pU f vT —dx
U
Thus
U* VT
H = —'B D VI dx =<0,
n T* Q T2
By the same reasoning
|VU|2
H, = Df AU Df
We conclude that
U-uU* 2
H’(r):—ﬁ—“f G(t)(T—T*)dx—ﬁf (—)dx+H1+H250, (3.42)
n Jo o T
Then, the limits (3.20) are verified and the theorem is completely proved. O
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Local stability of equilibrium points of

an ODE system

This chapter is devoted to the stability of the disease equilibrium point which determines
the epidemic behavior in a local neighborhood of the equilibrium point for the following

ODE system below coressponding to the system (2.4)—(2.6)

S1y(Uh) S1y(U>)
as, _ 1 1 1
L =A - - —uS
37 1— b1 T B T uS1
Sy (U S1y (U
%:,61 11//; L + B2 11V]E 2 —-o01Uy,
4 4.1)
Soy (Uy) Say (U>)
%:Az—ﬁg ZWT 1 _ B, 21//T 2 — uSs,
Sow(Uy) Sayp (U>)
66%2::53 zll/T 1 vy ZWT 2 oy Us.
with the homogeneous Newmann boundary conditions
0S; 0U;
—=—=0 onR* x8Q, foralli =1,2. (4.2)
ov  ov
and the positive initial data
Si(0,x) =S;0(x) >0,U;(0,x) = Ui p(x) >0 inQ, foralli=1,2. 4.3)

We assume here that 1 is a nonnegative and continuously differentiable function on [0, +00)
satisfying

w(0) =0.
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Here, we consider that the influx rates A;, A, are constants or they change their values

exponentially with respect to the susceptible individuals values

A1 = 1<181 e‘Kle, Az = ‘Kgsze_K452 (4.4)

4.1 Equilibrium points

Before stating our main result of this chapter, we start our analysis by calculating the equi-
librium points of the system (4.1)-(4.3).

Resolving the system

SiyUn)
T

S1y(Uy) N
T

S1y(Us)

A1 =B T

P2

S U.
B2 11//1{ 2 —01U; =0,
Soy(Un)

T

Sy (Ur) N
T

—u81:0

B

(4.5)
Szw;Uz) 1S, =0,

3s
St =NM—P3

Pa

Soy (Uy)
T

,B —O'2U2:0.

U
57 = Ps

We get the disease free equilibruim points corresponding to the different influx rates A, A,

wich referred to the case where the infected populations are zero.

X1 X3

(§1,g1,§2,g2):(ﬂ,0,2,0) and (ln—“,o,ln—“,O),
H H K2 K4
with A; and A, are constants or A = x1S1e7*25! and A, = k3S,e7%452,
It is also possible to obtain the endemic equilibrium points corresponding to the situation
in which the disease is settled in the population. In this case, we consider that the number

of susceptible individuals achieves the equilibrium for the values S; and S.

Thus _ _
A —uS1 - Ao—puS

(§1)Q1y§21g2) = (Sly o1 Sz, oy )
if the influx rates are constant, and
= e 25 NS — (ke 52— )S
(81, U;,5,,U,) = (S1, (1 ) 1,52, (ks ad %)
(8] (o)
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if the influx rates are A = x;S;e7%251 and A, = k3 S,e7%452,

4.2 Local Stability of equilibrium points
Our main result is as follows

Theorem 4.2.1.

1. Assume that Ay, A, are constants, then the basic reproduction rate Ry is given by

(b1 Tl/( )+ Pa W (0))(,32,53—2(11/( )?)
Ry = Ay A A+ (A1 +Ay) . (4.6)

©@1+02) (1 1A2u/(0)—ol)(ﬁ4 n Azw’(m—oz)

A A
If Ry < 1, then the disease free equilibrium point (S,,U,,S,,U,) = (71,0, 72,0) is lo-

cally asymptotically stable and if Ry > 1, then the disease free equzlzbrzum point is un-

_ S; — Ap,—uS
stable and the disease endemic equilibrium point (S,,U,, S,,U,) = (81, —Ho1 ,So, 27 H 2)
01 ()

is locally asymptotically stable.

2. Assume that the influx rates are given by A = k1817250 and Ay = k3S,e7¥452,

Then Ry is given by

21 4 _1§2 ! 2
(B v (0) + ,54 w( ))(,52,53—2 (y (0))7)
§1 +§2 2)
Ry = . (4.7)
=1 l _ =2 ! _
(01+02)(,31§1+§21//(0) 01)(,54§1+§21/J(0) 02)
In® In%
If Ry < 1, then the disease free equilibrium point (S,,U,,S,,U,) = (K—'U,O, K—”,O) is
2 4

locally asymptotically stable and if Ry > 1, the disease free equilibrium point is unsta-

ble and the disease endemic equilibrium point

4.2. LOCAL STABILITY OF EQUILIBRIUM POINTS 48



CHAPTER 4. LOCAL STABILITY OF EQUILIBRIUM POINTS OF AN ODE SYSTEM

_ %281 _ S, — %482 _ S
($,,U,,8,,U,) = (81, e > ol LS,, (Kse - ad 2) is locally asymptotically
1 2

stable.

Proof. 1. The analysis can be done with calculating the eigenvalues for the Jacobian

matrix of the system (4.1) evaluating at our disease free equilibrium points. Since

L+ AN = (a+p)A+ap—7d] (4.8)
where
Al / A2 l Al I A2 i
= — , = — , = 0 ’6: .
a '61A1+A2w 0)-0o1,p [34A1+A21V 0)-02,y ﬁ2A1+A2w( ) ,53A1+A21// (0)

The double multiplicity eigenvalues A, » = —p are always real and negative. Then the
study is refered to know the sign of the roots of the other term (12— (a+p)A+ap—7y0),
for that we use the Routh-Hurwitz criterion [33],testing if there are roots with posi-

tive real part in a polynomial equation without solving it, then it suffices that

—(a+p) > 0,

and ap—y6 > 0.

Consequently, the stability criteria are expressed by the inequalities:

V)
A1 +A2

A

o v (0) <01 +0), (4.9)

B

~ W (0) + s

Ao
A+

A
A+

B2 B3
(A1 + Ap)?

A Ay (0)) < (B Au/’(m—al)(m Aw'(m—az), (4.10)
2 2

In epidemiology literatures, we usually analyse the model by examining the num-
ber of individuals that become infected from introducing one infected into a totally
susceptible population during an infectious period [7], [13], [35]. We find that if the
number of new infections is greater than one, then the disease will persist. Alterna-
tively, if the number of new infections is less than one, then the disease will die out.

We refer to this number as the basic reproduction number (Ry) and it determines the
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stability of the system. From (4.9) and (4.10), we obtain the expression of R, given by

(b1 1//( )+ s 1//( ))(,32,53—2(1V 0)?)
Ry = M A A+ (AL + As) win

(01 +02)(B1— 3bw%m—aﬂMMA wa%m—a»

2. Ifthe influx rates are A; = x1S; %25 and A, = k3S,e7¥452, with the same reasoning,

the polynomial equation corresponding to the eigenvalues of the Jacobian calcu-
In¥  In%2

lated in the equilibrium point (S,,U,,S,,U,) = (—”, 0, —“, 0) is given by:

Ko Kg
K1 K3.1,2
(/1"'#111?)(/“'#111?)[/1 —(a+p)A+ap—7y6] (4.12)
where a, p,y and 6 in this case are given by
= 0)-01, (0)-02, = Pa=—"a'(0), § = f3———1 (0.
a= ,38+SW()01,0 ,34 1+ ZW()UzY ,52§1+§21V() ,53§1+§21//()

The immediately eigenvalues 1; = —,uln(ﬂ), Ay = —uln(ﬁ) obtained from
H H

canbenon negative ifx; > pand x3 > y, and this is possible according to our model’s

paramaters.

By using the Routh-Hurwitz criterion the stability conditions are reduced to

v (0) <0y +0), (4.13)

W (0) + s

b1 = =
5, +S, 5, +5,

,Bzﬁs (W (0)° < (,31 w 0)—01)(Ba ¥ (0) - 0). (4.14)

52) S5, +5, 5 +5,

Consequently, the expression of Ry in this case is given by

= ! _1_2
(ﬁ1§1+§2w( ) + ﬁ4 1//( ))(ﬁzﬁg—s )2(1//( %)
Ry = . (4.15)

=1 ! _ =2 ! _
(01 +02)(ﬂ1§1 +§21l/ 0) 01)(,34§1 +§2U/ 0)-02)
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Finally, in the two cases, if Ry is less then 1, the disease free equilibrium point is
asymptotically stable and the disease disapears, if Ry is greater than 1, the disease

goes into the endemic equilibrium situation and the theorem is completly proved.

O
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CONCLUSION

In this thesis we are interested by a general Susceptible-Infected-Recovered (SIR)model
which describes the diffusion of an epidemic in a population.

Our first contribution is devoted to the proof of the global existence of solutions for a
reaction-diffusion system, and the establishment of sufficient conditions that lead to the
eradication of the disease from population.

By using the theory of Lyapunov function, we study in the second contribution, the global
asymptotic stability for a particular reaction diffusion system of the system in the first part,
with a threshold condition.

In the third contribution, we discuss the stability analysis of the epidemic model. We
present both disease-free equilibria and the endemic equilibria of the proposed model.
The local dynamics of a general SIR is determined by the basic reproduction number Ry
which depends on the parameter values. For Ry < 1 the disease-free equilibrium is locally

asymptotically stable while for Ry > 1 the endemic equilibrium exists.
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