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ABSTRACT

The purpose of this thesis is to study the question of global existence of solutions for some

non linear evolution equations.

In the first part, we are interested with the study of some reaction-diffusion systems

arising from the diffusion of an epidemic phenomena, with homogeneous Neumann bound-

ary conditions and nonlinearities of weakly exponential growth. We establish a result on

the global existence and the asymptotic behavior of these solutions via a Lyapunov func-

tional.

In the second part, a threshold condition, given by the basic reproduction number, de-

termines the global stability of the equilibrium points.

In the last, we deal with the stability analysis of equilibrium points of the ODE system

corresponding to the system studied in the first part.



LIST OF FIGURES

1.1 Parameters of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.2 Model structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11



CHAPTER 1
INTRODUCTION

To control the disease, mathematical epidemic models, was introduced to get informa-

tions about the disease in some population of individuals.

In this thesis, we are concerned with some evolution equations that describe the diffu-

sion in time and space of an epidemic in some population of individuals divided into two

groups.

In the second chapter, we establish the global existence and the boundedness of so-

lutions of some reaction diffusion systems with homogeneous Neumann boundary con-

ditions and nonlinearities of weakly exponential growth. Furthermore, we give a result on

the asymptotic behavior of the solutions. Our approach is based on a Lyapunov functional.

In the third chapter, we investigate the global stability and we give a threshold condi-

tion for the disease vanishing or spreading for some epidemic model depending on the

basic reproduction rate R.

We wil show that if R < 1 the free equilibrium point is globally asymptotically stable, and if

R > 1 this free equilibrium point is unstable and the endemic equilibrium point is asymp-

totically stable.

Finally, we investigate the local stability of free and endemic equilibrium points, where



CHAPTER 1. INTRODUCTION

the recruitment rates are supposed to be constants or variable paramaters.

1.1 The SIR model / Reaction-Diffusion systems

In the first part, we consider a reaction-difusion system of four equations

∂S1

∂t
−d1∆S1 =Λ1 −β1

S1ϕ(U1)

T
−β2

S1ϕ(U2)

T
−µS1 in R+×Ω

∂U1

∂t
−d2∆U1 =β1

S1ϕ(U1)

T
+β2

S1ϕ(U2)

T
−σ1U1 in R+×Ω,

∂S2

∂t
−d3∆S2 =Λ2 −β3

S2ϕ(U1)

T
−β4

S2ϕ(U2)

T
−µS2 in R+×Ω,

∂U2

∂t
−d4∆U2 =β3

S2ϕ(U1)

T
+β4

S2ϕ(U2)

T
−σ2U2 in R+×Ω.

(1.1)

with the homogeneous Newmann boundary conditions

∂Si

∂ν
= ∂Ui

∂ν
= 0 on R+×∂Ω, i = 1,2, (1.2)

and the continuous initial data S1,0, U1,0, S2,0, U2,0 such that

Si (0, x) = Si ,0(x) ≥ 0,Ui (0, x) =Ui ,0(x) > 0 inΩ, i = 1,2. (1.3)

The constants d1, d2, d3, d4, Λ1, Λ2, µ, σ1, σ2 are such that

d1 > 0, d2 > 0, d3 > 0, d4 > 0, µ> 0, σ1 > 0, σ2 > 0, Λ1 ≥ 0, Λ2 ≥ 0. (1.4)

The nonlinearity ϕ is assumed to be a nonnegative increasing and continuously differen-

tiable function on [0,+∞) such that

ϕ(0) = 0, ϕ(η) ≤Ceη
γ

, 0 < γ< 1. (1.5)

HereΩ is a bounded domain of class C 1 in Rn , with boundary ∂Ω,
∂

∂ν
denotes the outward

normal derivative to ∂Ω.

1.1. THE SIR MODEL / REACTION-DIFFUSION SYSTEMS 7
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In the second part, we consider the following reaction-diffusion system

∂S1

∂t
−D∆S1 =Λ1 −βS1(U1 +U2)

T
−µS1 in R+×Ω

∂U1

∂t
−D∆U1 =βS1(U1 +U2)

T
−σU1 in R+×Ω,

∂S2

∂t
−D∆S2 =Λ2 −βS2(U1 +U2)

T
−µS2 in R+×Ω,

∂U2

∂t
−D∆U2 =βS2(U1 +U2)

T
−σU2 in R+×Ω.

(1.6)

supplemented with homogeneous Neumann boundary conditions

∂Si

∂ν
= ∂Ui

∂ν
= 0 on R+×∂Ω, i = 1,2, (1.7)

and continuous initial data S1,0, U1,0, S2,0, U2,0

Si (0, x) = Si ,0(x) ≥ 0, Ui (0, x) =Ui ,0(x) > 0 inΩ, i = 1,2, (1.8)

where Ω is a bounded domain of class C 1 in Rn , with boundary ∂Ω and
∂

∂ν
denotes the

outward normal derivative to ∂Ω.

Those systems may be viewed as a generalisation of the model given by Piqueira, Cas-

tano and Monteiro in [35], by taking account of the diffusion terms

The SIR models, are known by the compartmental models, were introduced by Ander-

son Grey McKendrick1 and William Ogilvy Kermack2 [25] in 1927. They are based on the

division of some population of individuals on three elements, and the study of their num-

bers in time.
1Anderson Grey McKendrick(1876-1970) was a Scottish physician and epidemiologist pionnered the use

of mathematical methods in epidemiology.
2William Ogilvy Kermack(1897-1970) was born in Scottland, he studied advanced geometry and mathe-

matics and graduated in Mathematics and Natural Philosophy from Aberdeen University in 1918.

1.1. THE SIR MODEL / REACTION-DIFFUSION SYSTEMS 8
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The basic elements for the discription of the SIR model are the susceptible, infective and

removed individuals with unit of time, are respectively defined as

• S(t ) those individuals who are healthy and can be infected;

• I (t ) those individuals who are infected and are able to transmit the disease;

• R(t ) those individuals who are immune because have been infected and now have

recovered.

In 1981, Webb [39] was the first that included the spatial term to the SIR models, in one

dimensional spatial region

∂

∂t
S(x, t )− ∂2

∂x2
S(x, t ) =−aS(x, t )I (x, t ) in [−L,L]×R+,

∂

∂t
I (x, t )− ∂2

∂x2
I (x, t ) = aS(x, t )I (x, t )−λI (x, t ) in [−L,L]×R+,

∂

∂t
R(x, t )− ∂2

∂x2
R(x, t ) =λI (x, t ) in [−L,L]×R+,

(1.9)

with the homogeneous boundary conditions

∂

∂x
S(±L, t ) = ∂

∂x
I (±L, t ) = ∂

∂x
R(±L, t ) = 0, in R+ (1.10)

and the initial data

S(x,0) = S0(x), I (x,0) = I0(x), R(x,0) = R0(x)on [−L,L], (1.11)

where S(x, t ), I (x, t ) and R(x, t ) are the number of susceptible, infective, and recovered

individuals with respect to the position x and the time t .

He established the existence of solutions to the problem (1.9)–(1.11) and analyzed their

behavior as time goes to infinity, by using some tools of functional analysis and dynamical

systems. Specifically, the theory of semigroups of linear and nonlinear operators in Banach

spaces and Lyapunov stability techniques for dynamical systems in metric spaces.

1.1. THE SIR MODEL / REACTION-DIFFUSION SYSTEMS 9
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Some works have been established on the SIR moddels with diffusion terms for the global

existence and the asymptotic behavior of solutions, see Hamaya [16], Mezienne, Hattaf

and Yousfi [28]...etc and the references therein.

In [35], Piqueira, Castano and Monteiro considered a population divided into two groups,

and the model is presented with a pair of compartments in each group: the susceptible in-

dividuals S and the infected once that are not aware of their situation (Unware) U , where

the indices 1 and 2 designate which group they belong to.

The model is given by the ODE system bellow

∂S1

∂t
=Λ1 −β1

S1U1

T
−β2

S1U2

T
−µS1 in R+×Ω,

∂U1

∂t
=β1

S1U1

T
+β2

S1U2

T
−σ1U1 in R+×Ω,

∂S2

∂t
=Λ2 −β3

S2U1

T
−β4

S2U2

T
−µS2 in R+×Ω,

∂U2

∂t
=β3

S2U1

T
+β4

S2U2

T
−σ2U2 in R+×Ω.

(1.23)

With the homogeneous Newmann boundary conditions

∂Si

∂ν
= ∂Ui

∂ν
= 0 on R+×∂Ω, i = 1,2, (1.24)

and the initial data S1,0, U1,0, S2,0, U2,0 verify

Si (0, x) = Si ,0(x) ≥ 0,Ui (0, x) =Ui ,0(x) > 0 inΩ, i = 1,2. (1.25)

Λ1 and Λ2 denote the recruitments ratio in the susceptible class (the influx rates) in each

group. µ is the mortality rate, the ratio of the number of deaths from the disease to the

total number of cases of that disease.

The parameters β1, β2, β3, β4 describe the contamination rates, the rates at which the

disease is spread among the individuals per unit of time, the parameters σ1, σ2 are given

by σi =µ+ηi , i = 1,2, where 1/ηi is the average activity period of the infected individuals

1.1. THE SIR MODEL / REACTION-DIFFUSION SYSTEMS 10
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and T = S1 +U1 +S2 +U2 is the total population (See Figures 1-1, 1-2).

Figure 1.1: Parameters of the model

Figure 1.2: Model structure

Many models available in the literature represent dynamics of disease by system of

nonlinear ordinary differential equations. Tripathi et .al. [37] have proposed a nonlinear

model to study the effect of screening of unaware infectives on the spread of HIV/AIDS in

a homogenous population with constant immigration of susceptibles.

Al-sheikh et al. [3] have studied the local and global stability for the nonlinear system of

ordinary differential equations. They also studied the effect of screening of unaware in-

fectives on the spread of the disease. (See also [23], [14], [5] and [10],and the reference

1.1. THE SIR MODEL / REACTION-DIFFUSION SYSTEMS 11
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therein).

1.2 Boundedness and asymptotic behavior of solutions for
a diffusive epidemic model

1.2.1 Global existence and boundedness of solutions

The fundamental mathematical question for these problems is to establish the global

existence of solutions of system(1.1)–(1.3). Much works have been done in the literature

and positive answers have been under different forms for subgrowth nonlinearity.

For the coupled system 2× 2, the system (1.1)–(1.3) is somewhat similar to the two-

component system below

∂S

∂t
−d1∆S = F (S,U ) in R+×Ω,

∂U

∂t
−d2∆U =G(S,U ) in R+×Ω,

a
∂S

∂η
= b

∂U

∂η
= 0 on R+×∂Ω,

S(0, x) = S0(x), U (0, x) =U0(x) onΩ.

(1.15)

Ω⊂ Rn is a bounded domain of class C 1, d1, ,d2 > 0 positive coefficients, F and G are two

continuous differential functions on R×R to R.

Some works have been done in literature, in order to study the maximum time of ex-

istence of the solutions for the system (1.15) (see Hollis, Martin and Pierre [22], Morgan

[31]and Kouachi [27]...etc).

In [22], Hollis, Martin and Pierre (1987) proved global existence and uniform bound-

edness of solutions for a class of reaction diffusion systems involving two unknowns.

1.2. BOUNDEDNESS AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR A DIFFUSIVE
EPIDEMIC MODEL

12
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They assumed that the unknown S is uniformly bounded,

1. There exists γ≥ 1, L0 > 0 such that |G(ξ,ζ)| ≤ (1+ξ+ζ)γ, for all ξ, ζ≥ 0.

2. There exists δ0 ≥ 0, such that F (ξ,ζ)+G(ξ,ζ) ≤ δ0(1+ξ+ζ), for all ξ, ζ≥ 0.

By using the famous method of duality arguments Lp , they established a result on the ex-

istence of solutions for any positive time.

For the particular case where

∂S

∂t
−d1∆S =−Sϕ(U ) in R+×Ω,

∂U

∂t
−d2∆U = Sϕ(U ) in R+×Ω,

(1.16)

Alikakos [2] in 1979, proved that solutions of (1.16) are global for |ϕ(ξ)| ≤ Cξγ and

1 ≥ γ< n+2
n .

Next, Masuda [29] in 1983, showed that the solutions of (1.16) are global for any γ> 1.

For nonlinearities with weakly exponential growth a.e ϕ(ξ) ≤ Ceξ
γ
, 0 < γ < 1, Haraux and

Youkana[19] in 1988, gave a positive answer for the global solution for any positive initial

data.

When the nonlinearities are as ϕ(ξ) = eξ, one can cite the works of Barabanova [4],

Kanel [24] and Herrero and Lacey et Velazquez [21].

In this section, we prove the global existence of solutions for the reaction-diffusion sys-

tem (1.1)–(1.3) with nonlinearities of weakly exponential growth. Our appraoch is based

on a Lyapunov functional argument which yields the uniform boundedness of solutions.

It is given by the following theorem

1.2. BOUNDEDNESS AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR A DIFFUSIVE
EPIDEMIC MODEL

13
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Theorem 1.2.1. Let ϕ satisfies the condition (2.8), then the solution (S1,U1,S2,U2) of the

system (2.4)–(2.6) with nonnegative and bounded initial data S0,1,U0,1,S0,2,U0,2 is global

and uniformly bounded on (0,+∞)×Ω.

1.2.2 Asymptotic behavior of solutions

For a population of one group of individuals, Hamaya [16] considered the following sys-

tem 

∂S

∂t
−D∆S =Λ−λC (T (t ))

S(t )I (t )

T (t )
−µS(t ) in R+×Ω

∂I

∂t
−D∆I =λC (T (t ))

S(t )I (t )

T (t )
−σI (t ) in R+×Ω,

∂S

∂η
= ∂I

∂η
= 0 on R+×∂Ω,

S(0, x) = S0(x), I (0, x) = I0(x) onΩ.

(1.17)

where C (T (t , x)) ∈C 1([0,∞)×Ω is an increasing function of T subject some conditions.

He proved that under conditions on the parameters Λ, µ, σ and the function C (T ), the

solution (S, I ) tends to (
Λ

µ
,0) as t goes to infinity

lim
t→∞‖S(t , .)− Λ

µ
‖∞ = lim

t→∞‖I (t , .)‖∞ = 0.

In [30], Melkemi, Mokrane, and Youkana studied the reaction-diffusion system
∂S
∂t −d1∆S =Λ−λ(t ) f (S, I )−µS in R+×Ω
∂I
∂t −d2∆I =λ(t ) f (S, I )−σI in R+×Ω,

(1.18)

with homogeneous Neumann boundary conditions

∂S

∂ν
= ∂I

∂ν
= 0 sur R+×∂Ω, (1.19)

and positive initial data

S(0, x) = S0(x), I (0, x) = I0(x) dansΩ. (1.20)

1.2. BOUNDEDNESS AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR A DIFFUSIVE
EPIDEMIC MODEL

14
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where d1, d2, Λ, µ, σ are constants such that

d1 > 0, d2 > 0, µ> 0, σ> 0,Λ≥ 0. (1.21)

with t 7−→ λ(t ) is a positive and bounded function in C (R+) verifies 0 ≤ λ(t ) ≤ λ̂ and the

nonlinearity f (ξ,η) is a nonnegative differentiable function inR+×R+ such that there exist

two increasing nonnegative functions ϕ and ψ in C 1(R+) with

ξ≥ 0, η≥ 0 ⇒ 0 ≤ f (ξ,η) ≤ψ(ξ)ϕ(η), (1.22)

ψ(0) = 0, ϕ(0) = 0, lim
η→+∞

ln(1+ϕ(η))

η
= 0. (1.23)

They proved that (S, I ) tends to (
Λ

µ
,0) as t goes to infinity

lim
t→+∞‖I (t , .)‖∞ = lim

t→+∞‖S(t , .)− Λ
µ
‖∞ = 0, (1.24)

if one of the two following hypothesis satisfied

(H −1) There exists a real number p ≥ 1, such that∫ +∞

0
(λ(s))p d s <+∞. (1.25)

(H −2) The function η→ ϕ(η)

η
is an increasing function on ]0,+∞[ and λ(t ) = λ̂ > 0 is a

positive constant indepandant of de t such that

λ̂

σ

ϕ(N )

N
ψ(
Λ

µ
) < 1, (1.26)

where N > 0 is a positive constant indepandant of t .

Our main contribution of this thesis cares with the asymptotic behavior of solutions of the

system (1.1)–(1.3).

1.2. BOUNDEDNESS AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR A DIFFUSIVE
EPIDEMIC MODEL

15
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By using a judicious Lyapunov functional argument, we will prove that

Theorem 1.2.2. Let (S1,U1,S2,U2) be the solution of (2.4)–(2.6) in (0,+∞)×Ω. Assume that

the nonlinearity ϕ satisfies

χ= sup
0≤ζ≤min(N1,N2)

ϕ
′
(ζ) ≤ min{

Λ1

η
,
Λ2

ξ
,

µ+σ1

max(β1,β3)
,

µ+σ2

max(β2,β4)
}, (1.27)

where

η = (2β1
Λ1

σ1
+2β3

Λ2

σ2
+β1

Λ2

σ1
+β3

Λ1

σ2
+β1θ1

Λ1

µ
+β3θ2

Λ2

µ
), (1.28)

ξ = (2β2
Λ1

σ1
+2β4

Λ2

σ2
+β2

Λ2

σ1
+β4

Λ1

σ2
+β2θ1

Λ1

µ
+β4θ2

Λ2

µ
), (1.29)

then

lim
t→+∞‖Si (t , .)− Λ1

µ
‖∞ = lim

t→+∞ ‖Ui (t , .)‖∞ = 0, i = 1,2. (1.30)

1.3 Threshold condition for global stability of an epidemic
model

One of the main problems proposed for epidemic systems is to understand the behavior

of the epidemic, its impact and possible future predictions about its spreading.

For such reason, we study the stability of solutions and to know where the solutions goes

and under which conditions.

The question of global stability is generally answered by a threshold quantity, called Basic

Reproduction Number (denoted by R), which measures the number of new cases an in-

fected individual will generate in a completly susceptible population.

If R < 1, the free equilibrium point is globally asymptotically stable, and if R > 1 the free

equilibrium point becomes instable and the endemic equilibrium point is gllobally asymp-

totically stable.

1.3. THRESHOLD CONDITION FOR GLOBAL STABILITY OF AN EPIDEMIC MODEL 16
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In 1999, Hamaya [16] showed the global stability of the equilibrium points of the diffu-

sive epidemic model below

∂S

∂t
−D∆S =Λ−λC (T (t ))

S(t )I (t )

T (t )
−µS(t ) in R+×Ω

∂I

∂t
−D∆I =λC (T (t ))

S(t )I (t )

T (t )
−σI (t ) in R+×Ω,

∂S

∂η
= ∂I

∂η
= 0 on R+×∂Ω,

S(0, x) = S0(x), I (0, x) = I0(x) onΩ.

(1.32)

where C (T ) is an increasing function of T verifying some conditions.

For this model, the reproductive number R is given by R =λC (
Λ

µ
)/σ.

Recently, Kim, Lin and Zhang [26], gave also a result on the global stability, according to

the basic reproducton rate for some reaction diffusion system with free boundary.

By means of Lyapunov functional, Lotfi, Maziane, Hattaf, and Yousfi [28] showed the global

stability of both equilibria for the system

dS
d I =Λ−µS − βSI

1+α1S +α2I +α3SI

d I
d t =

βSI

1+α1S +α2I +α3SI
− (µ+d + r )I

dR
d t = r I −µR

(1.33)

with homogeneous Neumann boundary conditions

∂S

∂ν
= ∂I

∂ν
= 0 on R+×∂Ω, i = 1,2, (1.34)

and initial conditions

S(0, x) =φ1(x) ≥ 0, I (0, x) =φ2(x) ≥ 0 inΩ, i = 1,2 (1.35)

We analyse the dynamics of the system (1.6)–(1.8) by giving the basic reproduction num-

ber and using a Lyapunov functional method.

The main results of this section are the following

1.3. THRESHOLD CONDITION FOR GLOBAL STABILITY OF AN EPIDEMIC MODEL 17
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Theorem 1.3.1. If R < 1 then for each continious positive intial data S1,0,U1,0,S2,0,U2,0 the

solution of the system verifies

lim
t→+∞‖Ui (t , .)‖∞ = 0, (1.36)

lim
t→+∞‖Si (t , .)− Λi

µ
‖∞ = 0. (1.37)

Theorem 1.3.2. If R > 1 then the system (3.7)–(3.9) has a unique endemic equilibrium point

(S∗
1 ,U∗

1 ,S∗
2 ,U∗

2 ) and for each continious positive initial data S1,0,U1,0,S2,0,U2,0 the solution

of the system verifies

lim
t→+∞‖Ui (t , .)−U∗

i ‖∞ = lim
t→+∞‖Si (t , .)−S∗

i ‖∞ = 0, (1.38)

Thus, the endemic equilibrium point is gobally asumptoticaly stable.

1.4 Local Stability of equilibrium points of an ODE system

In [35], Piqueira, Castano and Monteiro studied the local stability of equilibrium points for

the system below 

∂S1
∂t =Λ1 −β1

S1U1

T
−β2

S1U2

T
−µS1, in R+

∂U1
∂t =β1

S1U1

T
+β2

S1U2

T
−σ1U1, in R+

∂S2
∂t =Λ2 −β3

S2U1

T
−β4

S2U2

T
−µS2, in R+

∂U2
∂t =β3

S2U1

T
+β4

S2U2

T
−σ2U2, in R+.

(1.39)

They gave some results on the local stability analysis according to the value of the basic

reproduction rate R.

They showed that if R < 1, the free equilibrium points are locally asymptotically stable,

and if R > 1, the free equilibrium points become instable, and the endemic equilibrium

points are asymptotically stable.
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Here in our work, we generalize the above results of Piqueira, Castano and Monteiro

[35] to a class of strong nonlinearities

∂S1
∂t =Λ1 −β1

S1ψ(U1)

T
−β2

S1ψ(U2)

T
−µS1

∂U1
∂t =β1

S1ψ(U1)

T
+β2

S1ψ(U2)

T
−σ1U1,

∂S2
∂t =Λ2 −β3

S2ψ(U1)

T
−β4

S2ψ(U2)

T
−µS2,

∂U2
∂t =β3

S2ψ(U1)

T
+β4

S2ψ(U2)

T
−σ2U2,

(1.40)

with homogeneous Newmann boundary conditions

∂Si

∂ν
= ∂Ui

∂ν
= 0 on R+×∂Ω, for all i = 1,2. (1.41)

and positive initial data

Si (0, x) = Si ,0(x) > 0,Ui (0, x) =Ui ,0(x) > 0 inΩ, for all i = 1,2. (1.42)

We assume here thatψ is a nonnegative and continuously differentiable function on [0,+∞)

satisfies

ψ(0) = 0.

Here, we consider that the influx rates Λ1, Λ2 are constants or they change their values

exponentially with respect to the susceptible individuals values

Λ1 = κ1S1e−κ2S1 ,Λ2 = κ3S2e−κ4S2

1.4. LOCAL STABILITY OF EQUILIBRIUM POINTS OF AN ODE SYSTEM 19
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The result is given as follow

Theorem 1.4.1.

1. Assume thatΛ1, Λ2 are constants, then the basic reproduction rate R0 is given by

R0 =
(β1

Λ1

Λ1 +Λ2
ψ

′
(0)+β4

Λ2

Λ1 +Λ2
ψ

′
(0))(β2β3

Λ1Λ2

(Λ1 +Λ2)2
(ψ

′
(0))2)

(σ1 +σ2)(β1
Λ1

Λ1 +Λ2
ψ

′(0)−σ1)(β4
Λ2

Λ1 +Λ2
ψ

′(0)−σ2)
. (1.43)

If R0 < 1, then the disease free equilibrium point (S1,U 1,S2,U 2) = (
Λ1

µ
,0,
Λ2

µ
,0) is lo-

cally asymptotically stable and if R0 > 1, then the disease free equilibrium point is un-

stable and the disease endemic equilibrium point (S1,U 1,S2,U 2) = (S1,
Λ1 −µS1

σ1
,S2,

Λ2 −µS2

σ2
)

is locally asymptotically stable.

2. Assume that the influx rates are given byΛ1 = κ1S1e−κ2S1 and Λ2 = κ3S2e−κ4S2 .

Then R0 is given by

R0 =
(β1

S1

S1 +S2

ψ
′
(0)+β4

S2

S1 +S2

ψ
′
(0))(β2β3

S1S2

(S1 +S2)2
(ψ

′
(0))2)

(σ1 +σ2)(β1
S1

S1 +S2

ψ
′(0)−σ1)(β4

S2

S1 +S2

ψ
′(0)−σ2)

. (1.44)

If R0 < 1, then the disease free equilibrium point (S1,U 1,S2,U 2) = (
ln κ1

µ

κ2
,0,

ln κ3
µ

κ4
,0) is

locally asymptotically stable and if R0 > 1, the disease free equilibrium point is unsta-

ble and the disease endemic equilibrium point

(S1,U 1,S2,U 2) = (S1,
(κ1e−κ2S1 −µ)S1

σ1
,S2,

(κ3e−κ4S2 −µ)S2

σ2
) is locally asymptotically

stable.
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CHAPTER 2
Boundedness and asymptotic behavior

of solutions for a diffusive epidemic
model

2.1 Introduction

Epidemiology is the science that study the distribution and determinants of diseases health

conditions, or events among populations and the application of that study to control health

problems. In mathematics, this study conducted on the models that arise from epidemio-

logical phenomena to know some data on the behavior of the disease.

The authors Piqueira, Castano and Monteiro studied the following ODE system given in

[35] where they gave some results on the analysis stability

∂S1

∂t
=Λ1 −β1

S1U1

T
−β2

S1U2

T
−µS1 in R+×Ω,

∂U1

∂t
=β1

S1U1

T
+β2

S1U2

T
−σ1U1 in R+×Ω,

∂S2

∂t
=Λ2 −β3

S2U1

T
−β4

S2U2

T
−µS2 in R+×Ω,

∂U2

∂t
=β3

S2U1

T
+β4

S2U2

T
−σ2U2 in R+×Ω,

(2.1)

with homogeneous Newmann boundary conditions

∂Si

∂ν
= ∂Ui

∂ν
= 0 on R+×∂Ω, i = 1,2, (2.2)
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and the initial data S1,0, U1,0, S2,0, U2,0 verify

Si (0, x) = Si ,0(x) ≥ 0,Ui (0, x) =Ui ,0(x) > 0 inΩ, i = 1,2. (2.3)

This system arises as a model of a diffusive epidemic in some populations. The population

concidered contains susceptible individuals S1,S2 and infected ones U1, U2 divided into

two groups, where the indices 1 and 2 indicate which group they belong to. The constants

Λ1 and Λ2 represent the influx rates of new susceptible individuals in each group. µ is the

mortality rate, the ratio of the number of deaths from the disease to the total number of

cases of that disease. The parameters β1, β2, β3, β4 describe the rate at which the dis-

ease is spread among the individuals per unit of time, the parameters σ1, σ2 are given by

σi = µ+ηi , i = 1,2, where 1/ηi is the average activity period of the infected individuals

and T = S1 +U1 +S2 +U2 is the total population (See [9], [12], [35] and [39]).

In our work, we deal with the same model as in [35], but in reaction-diffusion systems

and more general nonlinearities. We consider the following reaction-diffusion system of

the form 

∂S1

∂t
−d1∆S1 =Λ1 −β1

S1ϕ(U1)

T
−β2

S1ϕ(U2)

T
−µS1 in R+×Ω

∂U1

∂t
−d2∆U1 =β1

S1ϕ(U1)

T
+β2

S1ϕ(U2)

T
−σ1U1 in R+×Ω,

∂S2

∂t
−d3∆S2 =Λ2 −β3

S2ϕ(U1)

T
−β4

S2ϕ(U2)

T
−µS2 in R+×Ω,

∂U2

∂t
−d4∆U2 =β3

S2ϕ(U1)

T
+β4

S2ϕ(U2)

T
−σ2U2 in R+×Ω,

(2.4)

with homogeneous Newmann boundary conditions

∂Si

∂ν
= ∂Ui

∂ν
= 0 on R+×∂Ω, i = 1,2, (2.5)
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and the continuous initial data S1,0, U1,0, S2,0, U2,0 are such that

Si (0, x) = Si ,0(x) ≥ 0,Ui (0, x) =Ui ,0(x) > 0 inΩ, i = 1,2. (2.6)

The constants d1, d2, d3, d4, Λ1, Λ2, µ, σ1, σ2 are such that

d1 > 0, d2 > 0, d3 > 0, d4 > 0, µ> 0, σ1 > 0, σ2 > 0, Λ1 ≥ 0, Λ2 ≥ 0. (2.7)

The nonlinearity ϕ is assumed to be a nonnegative increasing and continuously differen-

tiable function on [0,+∞) such that

ϕ(0) = 0, ϕ(η) ≤Ceη
γ

, 0 < γ< 1. (2.8)

HereΩ is a bounded domain of class C 1 in Rn , with boundary ∂Ω,
∂

∂ν
denotes the outward

normal derivative to ∂Ω.

In the case where d1 = d2 = d3 = d4, using maximum principle, one can see that

T ≤ max(
Λ1 +Λ2

σ
,‖S1,0 +U1,0 +S2,0 +U2,0‖∞), (2.9)

where σ = max(σ1,σ2). It is clear that in this case, the global existence and the bounded-

ness of the solutions are verified.

In the other case where the coefficients of the diffusion are different and with nonlin-

earities of polynomial growth Hollis, Martin and Pierre [22], Alikakos [2], Masuda [29] gave

the global existence of the solutions. But with nonlinearities more than polynomial growth

the problem becomes more difficult and these methods will be ineffective.

We will show that the solutions of the system (2.4)–(2.6) are global and uniformly bounded

on (0,+∞)×Ω and under suitable assumptions on the parameters of this system, we have

an extinction of the epidemic. This study generalizes the results in [35].
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2.2 Notations and preliminary results

2.2.1 Local existence of solutions

Throughout this study, we denote by

‖u‖p
p =

∫
Ω
|u(x)|p d x, 1 ≤ p <+∞

‖u‖∞ = esssupx∈Ω |u(x)|,
‖u‖C (Ω) = max

x∈Ω
|u(x)|,

(2.10)

the usual norms in spaces Lp (Ω), L∞(Ω) and C (Ω) respectively.

It is clear that from the general theory of semigroup and the abstract semilinear differential

equations, we can deduce the local existence of solutions to the system (2.4)–(2.6) in some

interval ]0,T ∗[ ,where T ∗ is the eventual blowing-up time in L∞(Ω) (see Henry [20] or Pazy

[34]).

2.2.2 Positivity of the solutions

Since the initial data S0,1,U0,1,S0,2,U0,2 are nonnegative on Ω, it follows from the maxi-

mum principle that the solution (S1,U1,S2,U2) remains nonnegative on (0,T ∗)×Ω and for

strictement nonnegative initial data S0,1,U0,1,S0,2,U0,2, we have for all i = 1,2

Ui (t , x) ≥ min
x∈Ω

Ui ,o(x) e−σi t > 0. ∀(t , x) ∈ (0,T )×Ω (2.11)

Again, maximum principle applied to the first and the third equation of (2.4) permits to de-

duce that the components S1,S2 are bounded on (0,T ∗)×Ω, so that for all (t , x) ∈ (0,T ∗)×Ω

0 ≤ Si (t , x) ≤ Ki = max(‖S0,i‖∞,
Λi

µ
), i = 1,2. (2.12)
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2.3 Boundedness of the solutions

It is well known that to prove global existence of the solution to the system (2.4)–(2.6), it

suffices to derive a uniform estimate of ‖β1
S1ϕ(U1)

T
+β2

S1ϕ(U2)

T
−σ1U1‖p and ‖β3

S2ϕ(U1)

T
+

β4
S2ϕ(U2)

T
−σ2U2‖p on ]0,T ∗[, for some p > n

2
.

Before stating the results, let us define for any t ∈ (0,T ∗) the functional

J (t ) =
2∑

i=1

∫
Ω

(1+ωi (Si +S2
i ))eεiUi d x, i = 1,2 (2.13)

where ω1, ω2, ε1, and ε2 are positive constants such that

o <ω1 ≤ mi n(
σ1

2Λ1(1+2K1)
,

8d1d2

(1+2K1)2(d1 +d2)2
), (2.14)

o <ω2 ≤ mi n(
σ2

2Λ2(1+2K2)
,

8d3d4

(1+2K2)2(d3 +d4)2
), (2.15)

0 < εi ≤ ωi

(1+ωi (Ki +K 2
i ))

, (2.16)

for all i = 1,2.

Our main results can be stated as follow

Theorem 2.3.1. Let (S1,U1,S2,U2) be a solution of (2.4)–(2.6) on (0,T ∗), then there exist

two positive constants a1, a2 such that

d

d t
J (t ) ≤−a1 J (t )+a2, for all t i n(0,T ∗). (2.17)

Corollary 2.3.2. Let ϕ satisfies the condition (2.8), then the solution (S1,U1,S2,U2) of the

system (2.4)–(2.6) with nonnegative and bounded initial data S0,1,U0,1,S0,2,U0,2 is global

and uniformly bounded on (0,+∞)×Ω.

Proof. (Proof of theorem 2.3.1)

Let (S1,U1,S2,U2) be a solution of (2.4)–(2.6) on (0,T ∗). Differentiating J with respect to t
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and a simple use of Green’s formula yields

d

d t
J (t ) =G +H ,

such that

G = G1 +G2, (2.18)

H = H1 +H2, (2.19)

with

G1 = −2ω1d1

∫
Ω
|∇S1|2 eε1U1 d x −ε1 (d1 +d2)ω1

∫
Ω

(1+2S1) ∇U1 ∇S1 eε1U1 d x

− d2 ε
2
1

∫
Ω

(1+ω1(S1 +S2
1)) |∇U1|2 eε1U1 d x,

G2 = −2ω2d3

∫
Ω
|∇S2|2 eε2U2 d x −ε2 (d3 +d4)ω2

∫
Ω

(1+2S2) ∇U2 ∇S2 eε2U2 d x

− d4 ε
2
2

∫
Ω

(1+ω2(S2 +S2
2)) |∇U2|2 eε2U2 d x,

and

Hi =
∫
Ω
ρi (1+ωi (Si +S2

i ))eεiUi d x, i = 1,2 (2.20)

where

ρi = (εi − ωi (1+2Si )

(1+ωi (Si +S2
i ))

) li + (Λi
ωi (1+2Si )

(1+ωi (Si +S2
i ))

−µSi
ωi (1+2Si )

(1+ωi (Si +Si
i ))

− σi )

+ σi (1−εi Ui )eεi Ui e−εi Ui , (2.21)

with

li =


(β1

Siϕ(U1)

T
+β2

Siϕ(U2)

T
) ≥ 0 if i = 1,

(β3
Siϕ(U1)

T
+β4

Siϕ(U2)

T
) ≥ 0 if i = 2.

(2.22)

We start with the term G1,

G1 ≤ −2ω1d1

∫
Ω
|∇S1|2 eε1U1 d x +|ε1 (d1 +d2)ω1

∫
Ω

(1+2S1) ∇U1 ∇S1 eε1U1 d x|

− d2 ε
2
1

∫
Ω

(1+ω1(S1 +S2
1)) |∇U1|2 eε1U1 d x,
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Applying Young inequality, we get

|ε1 (d1 +d2)ω1

∫
Ω

(1+2S1) ∇U1 ∇S1 eε1U1 d x| ≤ d2ε
2
1

∫
Ω

(1+ω1(S1 +S2
1))|∇U1|2 eε1U1 d x

+ 1

4

(d1 +d2)2

d2
ω2

1

∫
Ω

(1+2S1)2

((1+ω1(S1 +S2
1))

|∇S1|2 eε1U1 d x.

Thus

G1 ≤ −2ω1d1

∫
Ω
|∇S1|2 eε1U1 d x + 1

4

(d1 +d2)2

d2
ω2

1

∫
Ω

(1+2S1)2

((1+ω1(S1 +S2
1))

|∇S1|2 eε1U1 d x,

≤ −2ω1d1

∫
Ω
|∇S1|2 eε1U1 d x + 1

4

(d1 +d2)2

d2
ω2

1(1+2K1)2
∫
Ω
|∇S1|2 eε1U1 d x

= (−2ω1d1 + 1

4

(d1 +d2)2

d2
ω2

1(1+2K1)2)
∫
Ω
|∇S1|2 eε1U1 d x,

where K1 is given by (2.12).

So that, by the hypothesis (3.7), we can conclude that

G1 ≤ 0 for all t ∈ (0,T ∗). (2.23)

We use the same raisonning for G2.

Consequently, for all i = 1,2

Gi ≤ 0 for all t ∈ (0,T ∗).

On the other hand, concerning the terms Hi , i = 1,2, we can deduce from (2.12), (3.7), (3.8),

and (3.9) that for all i = 1,2

εi − ωi (1+2Si )

(1+ωi (Si +S2
i ))

≤ 0, (2.24)

Λi
ωi (1+2Si )

(1+ωi (Si +S2
i ))

−µSi
ωi (1+2Si )

(1+ωi (Si +S2
i ))

− σi ≤−σi

2
. (2.25)

Application of the mean value theorem for all x ∈]0,1[ gives

ex ≤ 1

1−x
. (2.26)
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In the other cases where x = 0 or x ≥ 1, the inequaity (2.26) is verified.

Then from (2.26), for all ξ≥ 0

(1−εi ξ)eεi ξ ≤ 1, i = 1,2. (2.27)

Hence from (2.24), (2.25) and (2.27) there exist two positive constants bi , i = 1,2

bi =σi (1+ωi (Ki +K 2
i ))|Ω|,

such that

Hi ≤−σi

2

∫
Ω

(1+ωi (Si +S2
i ))eεiUi d x +bi , i = 1,2 (2.28)

from which we infer that there are two constants a1, a2 such that

d

d t
J (t ) =G +H1 +H2 ≤−a1 J (t )+a2 t ∈ (0,T ∗), (2.29)

with

a1 = max(
σ1

2
,
σ2

2
), a2 =

2∑
i=1

bi . (2.30)

Whence, (2.17) is satisfied.

Thus, the proof of the theorem is completed.

Proof. ( Proof of corollary 2.3.2 ) Letϕ satisfies the condition (2.8) and let (S1, U1, S2, U2)

be the solution of the system (2.4)–(2.6) in (0,T ∗).

From (2.8), it is easy to prove that there exists a constant Ci (n), i = 1,2 such that

‖ϕ(Ui )‖n
n ≤Ci (n)+ J (t ) f or al l t i n (0,T ∗). (2.31)

Hence, thanks to the theorem 2.3.1 and as it has been mentioned above, the result estab-

lished in [18] or [20] permits to deduce that there exist two postive constants Ni , i = 1,2

such that for all i = 1,2

‖Ui (t , x)‖∞ ≤ Ni . (2.32)

Consequently, the solution of the system (2.4)–(2.6) is global and uniformly bounded

on (0,+∞)×Ω, and the proof of the corollary is completed.
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2.4 Asymptotic Behavior of solutions

In this section, we discuss the asymptotic behavior of the solutions for the system (2.4)–

(2.6).

Before we state our main result of this section, let us define for any t ∈ (0,+∞)

F (t ) =
∫
Ω

U1S1d x +
∫
Ω

U2S2d x +
∫
Ω

S1U2d x +
∫
Ω

S2U1d x

+ θ1

2

∫
Ω

(S1 − Λ1

µ
)2d x + θ2

2

∫
Ω

(S2 − Λ2

µ
)2d x + 1

2

∫
Ω

U 2
1 d x + 1

2

∫
Ω

U 2
2 d x

+ 2
Λ1

σ1

∫
Ω

U1d x +2
Λ2

σ2

∫
Ω

U2d x + Λ1

σ2

∫
Ω

U2d x + Λ2

σ1

∫
Ω

U1d x, (2.33)

where θ1 and θ2 verify

θ1 ≥ max(
9

4

(d1 +d2)2

d1d2
,

9

4

(d1 +d4)2

d1d4
,1), (2.34)

θ2 ≥ max(
9

4

(d3 +d4)2

d3d4
,

9

4

(d2 +d3)2

d2d3
,1). (2.35)

Theorem 2.4.1. Let (S1,U1,S2,U2) be the solution of (2.4)–(2.6) in (0,+∞)×Ω. Assume that

the nonlinearity ϕ satisfies

χ= sup
0≤ζ≤min(N1,N2)

ϕ
′
(ζ) ≤ min{

Λ1

η
,
Λ2

ξ
,

µ+σ1

max(β1,β3)
,

µ+σ2

max(β2,β4)
}, (2.36)

where

η = (2β1
Λ1

σ1
+2β3

Λ2

σ2
+β1

Λ2

σ1
+β3

Λ1

σ2
+β1θ1

Λ1

µ
+β3θ2

Λ2

µ
), (2.37)

ξ = (2β2
Λ1

σ1
+2β4

Λ2

σ2
+β2

Λ2

σ1
+β4

Λ1

σ2
+β2θ1

Λ1

µ
+β4θ2

Λ2

µ
), (2.38)

then

lim
t→+∞‖Si (t , .)− Λ1

µ
‖∞ = lim

t→+∞ ‖Ui (t , .)‖∞ = 0. i = 1,2 (2.39)
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Proof. Differentiating F with respect to t and using Green’s formula, we can show that

F
′
(t ) = I1 + I2, (2.40)

where

I1 = −d2

∫
Ω
∇U1∇S1d x −d1

∫
Ω
∇S1∇U1d x −d4

∫
Ω
∇U2∇S2d x −d3

∫
Ω
∇S2∇U2d x

− d1

∫
Ω
∇S1∇U2d x −d4

∫
Ω
∇U2∇S1d x −d3

∫
Ω
∇S2∇U1d x −d2

∫
Ω
∇U1∇S2d x

− d2

∫
Ω
|∇U1|2d x −d4

∫
Ω
|∇U2|2d x −d1 θ1

∫
Ω
|∇S1|2d x −d3 θ2

∫
Ω
|∇S2|2d x,

and

I2 =
∫
Ω

(β1
S1

T
ϕ(U1)+β2

S1

T
ϕ(U2))S1d x −θ1

∫
Ω

(β1
S2

1

T
ϕ(U1)+ S2

1

T
ϕ(U2))d x

+
∫
Ω

(β3
S2

T
ϕ(U1)+β4

S2

T
ϕ(U2))S2d x −θ2

∫
Ω

(β3
S2

2

T
ϕ(U1)+β4

S2
2

T
ϕ(U2))d x

−
∫
Ω

(β1
S1

T
ϕ(U1)+β2

S1

T
ϕ(U2))U1d x −

∫
Ω

(β3
S2

T
ϕ(U1)+β4

S2

T
ϕ(U2))U2d x

+ Λ1

∫
Ω

U1d x +Λ1

∫
Ω

U2d x +Λ2

∫
Ω

U2d x +Λ2

∫
Ω

U1d x

− 2Λ1

∫
Ω

U1d x −2Λ2

∫
Ω

U2d x −Λ2

∫
Ω

U1d x −Λ1

∫
Ω

U2d x

+
∫
Ω

(β3S2
S1

T
ϕ(U1)+β4S2

S1

T
ϕ(U2))d x +

∫
Ω

(β1S1
S2

T
ϕ(U1)+β2S1

S2

T
ϕ(U2))d x

− µ

∫
Ω

S1U1d x −µ
∫
Ω

S2U2d x −µ
∫
Ω

S1U2d x −µ
∫
Ω

S2U1d x

− σ1

∫
Ω

U1S2d x −σ1

∫
Ω

U2S1d x −σ2

∫
Ω

U1S2d x −σ2

∫
Ω

U2S1d x

−
∫
Ω

(β1
S1

T
ϕ(U1)+β2

S1

T
ϕ(U2))U1d x −

∫
Ω

(β3
S2

T
ϕ(U1)+β4

S2

T
ϕ(U2))U2d x

+
∫
Ω

(β1
S1

T
ϕ(U1)+β2

S1

T
ϕ(U2))U1d x +

∫
Ω

(β3
S2

T
ϕ(U1)+β4

S2

T
ϕ(U2))U2d x

+ θ1
Λ1

µ

∫
Ω

(β1
S1

T
ϕ(U1)+β2

S1

T
ϕ(U2))d x +θ2

Λ2

µ

∫
Ω

(β3
S2

T
ϕ(U1)+β4

S2

T
ϕ(U2))d x

+ 2
Λ1

σ1

∫
Ω

(β1
S1

T
ϕ(U1)+β2

S1

T
ϕ(U2))d x +2

Λ2

σ2

∫
Ω

(β3
S2

T
ϕ(U1)+β4

S2

T
ϕ(U2))d x

+ Λ2

σ1

∫
Ω

(β1
S1

T
ϕ(U1)+β2

S1

T
ϕ(U2))d x + Λ1

σ2

∫
Ω

(β3
S2

T
ϕ(U1)+β4

S2

T
ϕ(U2))d x

− µθ1

∫
Ω

(S1 − Λ1

µ
)2d x −µθ2

∫
Ω

(S2 − Λ2

µ
)2d x −σ1

∫
Ω

U 2
1 d x −σ2

∫
Ω

U 2
2 d x.
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We start with the term I1, we can rewrite it as follow

I1 = −1

3
d2

∫
Ω
|∇U1|2d x − (d1 +d2)

∫
Ω
∇S1∇U1d x − 1

3
d1θ1

∫
Ω
|∇S1|2d x

− 1

3
d4

∫
Ω
|∇U2|2d x − (d3 +d4)

∫
Ω
∇S2∇U2d x − 1

3
d3θ2

∫
Ω
|∇S2|2d x

− 1

3
d2

∫
Ω
|∇U1|2d x − (d2 +d3)

∫
Ω
∇U1∇S2d x − 1

3
d3θ2

∫
Ω
|∇S2|2d x

− 1

3
d4

∫
Ω
|∇U2|2d x − (d1 +d4)

∫
Ω
∇U2∇S1d x − 1

3
d1θ1

∫
Ω
|∇S1|2d x

− 1

3
d2

∫
Ω
|∇U1|2d x − 1

3
d1θ1

∫
Ω
|∇S1|2d x − 1

3
d4

∫
Ω
|∇U2|2d x − 1

3
d3θ2

∫
Ω
|∇S2|2d x.

We can observe that I1 involves four quadratic forms Q1, Q2, Q3, Q4

Q1 = 1

3
d2|∇U1|2 + (d1 +d2)∇S1∇U1 + 1

3
d1θ1|∇S1|2,

Q2 = 1

3
d4|∇U2|2 + (d3 +d4)∇S2∇U2 + 1

3
d3θ2|∇S2|2,

Q3 = 1

3
d2|∇U1|2 + (d2 +d3)∇U1∇S2 + 1

3
d3θ2|∇S2|2,

Q4 = 1

3
d4|∇U2|2 + (d1 +d4)∇U2∇S1 + 1

3
d1θ1|∇S1|2,

where their discriminants are

∆1 = (d1 +d2)2 − 4

9
d1d2θ1, ∆2 = (d3 +d4)2 − 4

9
d3d4θ2,

∆3 = (d2 +d3)2 − 4

9
d2d3θ2, ∆4 = (d1 +d4)2 − 4

9
d1d4θ1.

So that, by the hypothesis (2.34) and (2.35) the discriminants are negative and by that the

quadratic forms are positive.

Consequently

I1 ≤−1

3
d2

∫
Ω
|∇U1|2d x− 1

3
d1θ1

∫
Ω
|∇S1|2d x− 1

3
d4

∫
Ω
|∇U2|2d x− 1

3
d3θ2

∫
Ω
|∇S2|2d x. (2.41)

Now, we will treat the term I2, we have for all i = 1,2

Si

T
≤ 1. (2.42)

2.4. ASYMPTOTIC BEHAVIOR OF SOLUTIONS 31



CHAPTER 2. BOUNDEDNESS AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR A
DIFFUSIVE EPIDEMIC MODEL

As ϕ(0) = 0, the mean value theorem and (2.42) imply

I2 ≤ (1−θ1)
∫
Ω

(β1
S1ϕ(U1)

T
+β2

S1ϕ(U2)

T
)S1d x + (1−θ2)

∫
Ω

(β3
S2ϕ(U1)

T
+β4

S2ϕ(U2)

T
)S2d x

+ (β1χ− (µ+σ1))
∫
Ω

S1U1d x + (β2χ− (µ+σ2))
∫
Ω

S1U2d x

+ (β3χ− (µ+σ1))
∫
Ω

S2U1d x + (β4χ− (µ+σ2))
∫
Ω

S2U2d x

+ [(β1
Λ1

σ1
a +β3

Λ2

σ2
b +β1

Λ2

σ1
+β3

Λ1

σ2
+β1θ1

Λ1

µ
+β3θ2

Λ2

µ
)χ−Λ1]

∫
Ω

U1d x

+ [(β2
Λ1

σ1
a +β4

Λ2

σ2
b +β2

Λ2

σ1
+β4

Λ1

σ2
+β2θ1

Λ1

µ
+β4θ2

Λ2

µ
)χ−Λ2]

∫
Ω

U2d x

− µθ1

∫
Ω

(S1 − Λ1

µ
)2d x −µθ2

∫
Ω

(S2 − Λ2

µ
)2d x −σ1

∫
Ω

U 2
1 d x −σ2

∫
Ω

U 2
2 d x.

If θ1, θ2 and χ verify the estimates (2.34), (2.35), and (2.36), then

I2 ≤−µθ1

∫
Ω

(S1 − Λ1

µ
)2d x −µθ2

∫
Ω

(S2 − Λ2

µ
)2d x −σ1

∫
Ω

U 2
1 d x −σ2

∫
Ω

U 2
2 d x, (2.43)

then, by (2.41) and (2.43)

F
′
(t ) = I1 + I2

≤ −1

3
d2

∫
Ω
|∇U1|2d x − 1

3
d1θ1

∫
Ω
|∇S1|2d x − 1

3
d4

∫
Ω
|∇U2|2d x − 1

3
d3θ2

∫
Ω
|∇S2|2d x

− µθ1

∫
Ω

(S1 − Λ1

µ
)2d x −µθ2

∫
Ω

(S2 − Λ2

µ
)2d x −σ1

∫
Ω

u2
1d x −σ2

∫
Ω

u2
2d x,

≤ 0. (2.44)

By integrating over (0, t )

F (t )+µθ1

∫ t

0

∫
Ω

(S1 − Λ1

µ
)2d x +µθ2

∫ t

0

∫
Ω

(S2 − Λ2

µ
)2d x +σ1

∫ t

0

∫
Ω

u2
1d x +σ2

∫ t

0

∫
Ω

u2
2d x

+ 1

3
d2

∫ t

0

∫
Ω
|∇U1|2d x + 1

3
d1θ1

∫ t

0

∫
Ω
|∇S1|2d x + 1

3
d4

∫ t

0

∫
Ω
|∇U2|2d x + 1

3
d3θ2

∫ t

0

∫
Ω
|∇S2|2d x ≤ F (0).

(2.45)

From (2.45), we can deduce that, for all (t , x) ∈ (0,+∞)×Ω and i = 1,2, we have∫
Ω

(Si (t , .)−Λi

µ
)2d x <+∞,

∫ +∞

0

∫
Ω

(Si (t , .)−Λi

µ
)2d xd s <+∞,

∫ +∞

0

∫
Ω
|∇(Si (t , .)−Λi

µ
)|2d xd s <+∞,
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and ∫ +∞

0

∫
Ω

U 2
i (t , .)d xd s <+∞,

∫ +∞

0

∫
Ω
|∇Ui (t , .)|2d xd s <+∞. (2.46)

So that, by Barbalate’s lemma, we conclude that

lim
t→+∞‖Si (t , .)− Λi

µ
‖2 = 0, i = 1,2 (2.47)

lim
t→+∞‖Ui (t , .)‖2 = 0. i = 1,2 (2.48)

Combining (2.47), (3.38) and the fact that the orbits {Si (t , x), t > 0, i = 1,2} and {Ui (t , x), t >
0, i = 1,2} are relatively compact on C (Ω) [18], we conclude that

lim
t→+∞‖Si (t , .)− Λi

µ
‖∞ = 0 for all i = 1,2, (2.49)

lim
t→+∞‖Ui (t , .)‖∞ = 0 for all i = 1,2, (2.50)

and the theorem is completely proved.
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CHAPTER 3
Threshold condition for global stability

of an epidemic model

3.1 Introduction

Over the last years, the infectious disease models had a huge interest in both biological

and mathematical researches. More investigations on the use of mathematical models

to understand the dynamic of infectious diseases (such us HIV/AIDS, tuberculosis (TB),

malaria, etc) were carried out.

In a population, the interaction between the individuals causes the widespread of the

infectious disease.

Mathematically, this interaction best discribed by the so-called SIR model, wich was ini-

tially studied by Kermack and McKendrik (1927) [25], where the population is divised into

three componants :

S (Susceptible individuals) : individuals that are able to catch the disease, once they have

it, they move to the infected compartement.

I (Infected individuals): can spread the disease to susceptible individuals.

R (Recovered individuals): in this compartement the individuals are assumed to be im-

mune for life.

These models were studied by several reasearchers, and in many different forms. They
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start by the simple SIR model: 

∂S

∂t
= −βSI in R+,

∂I

∂t
=βSI −γI in R+,

∂R

∂t
= γI in R+,

(3.1)

Here β and γ are two positive constants, where β indicates the contact rate, and γ repre-

sents the recovery rate.

As a result of the contact between infected and susceptible individuals, new infections

occur with the rate βSI , they move from the susceptible class to the infected one. In other

process, the infected individuals can enter the removed class (they will acquire an immu-

nity from the disease) at the rate γI .

Other more general model, is a model where the susceptible class is generated by birth

at a rate Λ (new recreatement in the susceptible class) and all the classes decrease with a

natural death at the rates µS, µI and µR. We describe it with the following model

∂S

∂t
=Λ−βSI −µS in R+,

∂I

∂t
=βSI −γI −µI in R+,

∂R

∂t
= γI −µR in R+.

(3.2)

In this direction, many researches has been done, where the mathematicians have

given results on the existence and the stability of the solutions, of the ordinary systems

(see [6], [35] and [38]).

Including the spatial diffusion, Webb [39] assumed that spatial mobility is governed

by random diffusion coefficients respectively DS , D I , DR for the suscebtible, infected and
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recovered classes. The spatial factors are used to describe the mobility of the population

∂S

∂t
−DS∆S =−βSI in R+×Ω,

∂I

∂t
−D I∆I =βSI − r I in R+×Ω,

∂R

∂t
−DR∆R = r I in R+×Ω,

(3.3)

(Ω is a bounded domain of class C 1 in Rn) with homogeneous Neumann boundary condi-

tions and the initial data S0(x) ≥ 0, I0(x) ≥ 0, R0(x) = 0 for all x inΩ.

Recently, Kim, Lin and Zhang in [26] gave a result of global existence, uniqueness of

solutions and sufficient conditions for the vanishment or spread of the disease of an SIR

model with free boundary. Lotfi, Maziane, Hattaf and Yousfi [28] showed the global exis-

tence, positivity and boundedness of solutions for the reaction diffusion system below
∂S

∂t
= DS∆S1 +Λ−µS − βSI

1+α1S +α2I +α3SI
in R+×Ω,

∂I

∂t
= D I∆I1 + βSI

1+α1S +α2I +α3SI
− (µ+d + r )I in R+×Ω,

(3.4)

with homogeneous Neumann boundary conditions

∂S

∂ν
= ∂I

∂ν
= 0 on R+×∂Ω, i = 1,2, (3.5)

and initial conditions

S(0, x) =φ1(x) ≥ 0, I (0, x) =φ2(x) ≥ 0 inΩ, i = 1,2. (3.6)

We consider the following reaction-diffusion system

∂S1

∂t
−D∆S1 =Λ1 −βS1(U1 +U2)

T
−µS1 in R+×Ω,

∂U1

∂t
−D∆U1 =βS1(U1 +U2)

T
−σU1 in R+×Ω,

∂S2

∂t
−D∆S2 =Λ2 −βS2(U1 +U2)

T
−µS2 in R+×Ω,

∂U2

∂t
−D∆U2 =βS2(U1 +U2)

T
−σU2 in R+×Ω.

(3.7)
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supplemented with the homogeneous Neumann boundary conditions

∂Si

∂ν
= ∂Ui

∂ν
= 0 on R+×∂Ω, i = 1,2, (3.8)

and the continuous initial data S1,0, U1,0, S2,0, U2,0

Si (0, x) = Si ,0(x) ≥ 0, Ui (0, x) =Ui ,0(x) > 0 inΩ, i = 1,2. (3.9)

HereΩ is a bounded domain of class C 1 in Rn , with boundary ∂Ω and
∂

∂ν
denotes the out-

ward normal derivative to ∂Ω, ∆ is the Laplacien, it presents the spatial diffusion of the

epidemic in the population and the homogeneous Neumann boundary conditions (2.5)

implies that the system in question is self-contained and there is no emigration across the

boundary.

This system is coming as a model of a diffusive epidemic phenomena in some popula-

tion of individuals. The population considered contains susceptible individuals S1,S2 and

infected ones U1, U2 divided into two groups, where the indices 1 and 2 indicate which

group they belong to. D is the coefficient of the spatial diffusion. The constants Λ1 and

Λ2 represent the influx rates of new susceptible individuals in each group. µ is the mor-

tality rate, the ratio of the number of deaths from the disease to the total number of cases

per unit of time of that disease. The parameter β describes the rate at which the disease is

spread among the individuals per unit of time, the parameterσ is given byσ=µ+η, where

1/η is the average activity period of the infected individuals and T is the total population

(See [9], [12], [35] and [39]).

So, the constants D, Λ1, Λ2, µ, σ are such that

D > 0, µ> 0, Λ1 ≥ 0, Λ2 ≥ 0, σ≥ 0. (3.10)

In this paper, we will show that the solutions of the system (3.7)–(3.9) are global and uni-

formly bounded on (0,+∞)×Ω. Besides of that, we will give a threshold condition defined
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by the reproduction number R, allow us to obtain the extinction or the persistence of the

epidemic in the population.

The basic reproduction number, denoted R, is the expected number of secondary cases

produced, in a completely susceptible population, by a typical infective individual.

If R < 1, then on average an infected individual produces less than one new infected indi-

vidual over the course of its infectious period, and the infection cannot grow. Conversely,

if R > 1, then each infected individual produces, on average, more than one new infection,

and the disease can invade the population.

3.2 Notations and preliminary results

3.2.1 Local existence of solutions

Throughout this study, we denote by

‖u‖p
p =

∫
Ω
|u(x)|p d x, 1 ≤ p <+∞

‖u‖∞ = esssupx∈Ω |u(x)|,
‖u‖C (Ω) = max

x∈Ω
|u(x)|,

(3.11)

the usual norms in spaces Lp (Ω), L∞(Ω) and C (Ω) respectively.

The study of local existence and uniqueness of solutions to the problem (3.7)–(3.9) in C (Ω)

is classical. As a consequence of the theory of analytical semigroups the solutions are clas-

sical on (0,T ∗), where T ∗ denotes the eventual blowing-up time in L∞(Ω). (see Henry [20]

or Pazy [34]).

3.2.2 Positivity of the solutions

It follows from maximum principle that if the initial data S1,0,U1,0,S2,0,U2,0 are nonnega-

tive, then the solutions S1,U1,S2 and U2 are nonnegative on (0,T ∗)×Ω, and we introduce

the following lemma
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Lemma 3.2.1. If (S1,U1,S2,U2) is a solution of the system (3.7)–(3.9), then for all (t , x) ∈
(0,T ∗)×Ω, we have

0 ≤ Si (t , x) ≤ Ki = max(‖S0,i‖∞,
Λi

µ
), ∀(t , x) ∈ (0,T )×Ω, i = 1,2. (3.12)

Ui (t , x) ≥ min
x∈Ω

Ui ,o(x) e−σ t > 0. ∀(t , x) ∈ (0,T )×Ω, i = 1,2. (3.13)

Proof. Immediate from the maximum principle.

3.3 Boundedness of the solutions

Lemma 3.3.1. For nonnegative and bounded initial data S0,1,U0,1,S0,2,U0,2, the solution

(S1,U1,S2,U2) of the system (3.7)–(3.9) is global and uniformly bounded on (0,+∞)×Ω.

Proof. We add all the equations of the system (3.7)–(3.9), we get

∂T

∂t
−D∆T =Λ1 +Λ2 −µT −η(U1 +U2). (3.14)

Maximum principle applied to the above equation may give

T ≤ max(
Λ1 +Λ2

σ
,‖S1,0 +U1,0 +S2,0 +U2,0‖∞), (3.15)

which achieves the global existence and the boundedness of the solutions S1,U1,S2,U2 of

the system (3.7)–(3.9) on (0,+∞)×Ω.

3.4 Global stability

Without lose of generality, we assume in this section that

T (t , x) ≤ Λ1 +Λ2

µ
, (t , x) ∈ (0,+∞)×Ω (3.16)

Before we state the main results of this section, let

R = β

σ
. (3.17)

R is the basic reproduction number. The main results of this section are the following
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Theorem 3.4.1. If R < 1, then for each continuous positive intial data S1,0,U1,0,S2,0,U2,0 the

solution of the system verifies

lim
t→+∞‖Ui (t , .)‖∞ = 0, (3.18)

lim
t→+∞‖Si (t , .)− Λi

µ
‖∞ = 0. (3.19)

Theorem 3.4.2. If R > 1, then the system (3.7)–(3.9) has a unique endemic equilibrium

point (S∗
1 ,U∗

1 ,S∗
2 ,U∗

2 ) and for each continuous positive initial data S1,0,U1,0,S2,0,U2,0 the

solution of the system verifies

lim
t→+∞‖Ui (t , .)−U∗

i ‖∞ = lim
t→+∞‖Si (t , .)−S∗

i ‖∞ = 0, (3.20)

Thus, the endemic equilibrium point is globally asymptotically stable.

Proof. (Proof of theorem 3.4.1)

Adding the second and the fourth equation of the system (3.7), we get

∂

∂t
(U1 +U2)−D∆(U1 +U2) = β

(S1 +S2)

T
(U1 +U2)−σ(U1 +U2),

≤ σ(
β

σ
−1)(U1 +U2).

We set U =U1 +U2, then
∂

∂t
U −D∆U ≤σ(R −1)U , (3.21)

where R is the reproduction number defined by (3.17).

Now, we define the following function for all t ∈ [0,T ]

L(t ) = 1

2

∫
Ω

U 2d x. (3.22)

Differentiating L with respect to t

L′(t ) =
∫
Ω

U
∂U

∂t
d x,

≤
∫
Ω

U (D∆U +σ(R −1)U )d x
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Green’s formula yields

L′(t )+D
∫
Ω
|∇U |2d x +σ(1−R)

∫
Ω

U 2d x ≤ 0.

Integrating over (o, t )

L(t )+D
∫ t

0

∫
Ω
|∇U |2d x +σ(1−R)

∫ t

0

∫
Ω

U 2d x ≤ L(0).

By Barbalate’s lemma and the condition that R < 1, we get

lim
t→+∞‖U (t , .)‖2 = 0.

Thus

lim
t→+∞‖Ui (t , .)‖2 = 0.

Beside of that, the orbits {Ui (t , .), t > 0, i = 1,2} are relatively compact, so that (3.18) is

verified.

To prove (3.19), it suffices to show that T tends to
Λ1 +Λ2

µ
as the time goes to +∞.

The limit (3.18) permits to deduce that for any ε> 0, there exists a large time t0, such that,

for all t > t0

(U1 +U2) < ε, (3.23)

By the maximum principle, we prove that

T (t , x) ≥ T̂ (t ), t > t0, x ∈Ω, (3.24)

avec T̂ (t ) is the solution of the following ordinary equation ∂T̂ (t )

∂t
=−µT̂ (t )+Λ1 +Λ2 −η ε,

T̂ (t0) = T̂0(t ),
(3.25)

with 0 < T̂0 ≤ inf
x∈Ω

T (t0, x) ≤ Λ1 +Λ2

µ
.

Applying variation of constants formula, one can write

T̂ = Ĉ e−µt + Λ1 +Λ2

µ
−η ε

µ
,
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with

Ĉ = e−µt0 (T̂0 − Λ1 +Λ2

µ
+η ε

µ
).

By letting t →+∞ and then ε→ 0 in the inequalities (3.16) and (3.24), we obtain

lim
t→+∞T = Λ1 +Λ2

µ
.

This complete the proof.

Proof. (Proof of theorem (3.4.2) )

(S∗
1 , U∗

1 , S∗
2 , U∗

2 ) will be an equilibrium point of the system (3.7), if it verifies the system

below 

Λ1 −β
S∗

1 (U∗
1 +U∗

2 )

T ∗ −µS∗
1 = 0,

β
S∗

1 (U∗
1 +U∗

2 )

T ∗ −σU∗
1 = 0,

Λ2 −β
S∗

2 (U∗
1 +U∗

2 )

T ∗ −µS∗
2 = 0,

β
S∗

2 (U∗
1 +U∗

2 )

T ∗ −σU∗
2 = 0.

(3.26)

Thus, the addition of the four equations gives

(S∗
1 +S∗

2 ) = Λ1 +Λ2

µ
− σ

µ
(U∗

1 +U∗
2 ), (3.27)

and

T ∗ = Λ1 +Λ2

µ
+ µ−σ

µ
(U∗

1 +U∗
2 ), (3.28)

In the other hand, the addition of the second and the fourth equation gives(
(S∗

1 +S∗
2 )

T ∗ − σ

β

)
(U∗

1 +U∗
2 ) = 0,

then

(S∗
1 +S∗

2 ) = σ

β
T ∗. (3.29)

We substitute the equations (3.27) and (3.28) in (3.29), we obtain

Λ1 +Λ2

µ
− σ

µ
(U∗

1 +U∗
2 ) = σ

β

(
Λ1 +Λ2

µ
+ µ−σ

µ
(U∗

1 +U∗
2 )

)
. (3.30)
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So that, to prove the existence of a unique endemic equilibrium point to the system (2.4),

it suffices to prove that there exists a unique positive constant U∗ = (U∗
1 +U∗

2 ) that verifies

the equation (3.30).

For that, we pose the following function

f (U ) =

(
Λ1 +Λ2

µ
− σ

µ
U

)
(
Λ1 +Λ2

µ
− σ−µ

µ
U

) − σ

β
. (3.31)

By the condition (3.17) on the basic reproduction rate, the function f is a decreasing func-

tion on the interval

(
0,
Λ1 +Λ2

σ

)
and

f (0) = 1− σ

β
> 0, g (

Λ1 +Λ2

σ
) =−σ

β
< 0. (3.32)

Then, by the mean value theorem, there existe a unique U∗ > 0 such that

f (U∗) = 0. (3.33)

By contradiction reasoning, we can easily show that U∗
1 is unique. So, the fact that the sum

(U∗
1 +U∗

2 ) is unique, we deduce that for R > 1, (S∗
1 , U∗

1 , S∗
2 , U∗

2 ) is the unique equilibrium

point for the system (2.4).

Now, we will prove the limits (3.20).

(S∗
1 , U∗

1 , S∗
2 , U∗

2 ) is an endemic equilibruim point of the system (2.4), thus

Λ1 +Λ2 −µT ∗−η(U∗
1 +U∗

2 ) = 0. (3.34)

By the equation (3.14) and (3.34)

∂T

∂t
−D∆T =−µ(T −T ∗)−η(U −U∗), (3.35)

with U = (U1 +U2), U∗ = (U∗
1 +U∗

2 ).

The addition of the second and the fourth equation of the system (3.7) gives

∂

d t
(U1 +U2) = D∆(U1 +U2)+β(

(S1 +S2)

T
− σ

β
)(U1 +U2), (3.36)
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Because (S∗
1 , U∗

1 , S∗
2 , U∗

2 ) is an endemic equilibruim point of the system (2.4), the equation

(3.29) permits to write
σ

β
= (S∗

1 +S∗
2 )

T ∗ . (3.37)

Thus
∂U

d t
= D∆U +β(

S

T
− S∗

T ∗ )U , (3.38)

with S = (S1 +S2), S∗ = (S∗
1 +S∗

2 ).

Let G(T ) = (T −T ∗)

T T ∗ U∗. The function G is a positive function if T ≥ T ∗ and it is a negative

function if T ≤ T ∗.

Then we can rewrite (3.38) as follows

∂U

d t
= D∆U +βG(T )U −β (U −U∗)

T
U . (3.39)

We define the function H by

H(t ) =
∫
Ω

(
β

η

∫ T

T ∗
G(s)d s +U −U∗−U∗ ln

U

U∗

)
d x. (3.40)

Differentiating H with respect to t , using the equation (3.35) and (3.39), we get

H ′(t ) = β

η
D

∫
Ω
∆T G(t )d x − βµ

η

∫
Ω

G(t )(T −T ∗)d x +D
∫
Ω
∆U

U −U∗

U
d x −β

∫
Ω

(U −U∗)2

T
d x.

Then

H ′(t ) =−βµ
η

∫
Ω

G(t )(T −T ∗)d x −β
∫
Ω

(U −U∗)2

T
d x +H1 +H2, (3.41)

avec

H1 = β

η
D

∫
Ω
∆TG(t )d x,

H2 = D
∫
Ω
∆U

U −U∗

U
d x.
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Using Green’s formula, we obtain

H1 = β

η
D

∫
Ω
∆T G(t )d x,

= βU∗

η T ∗ D
∫
Ω
∆T

(T −T ∗)

T
d x,

= βU∗

η T ∗ D

(∫
∂Ω

∂T

∂ν

(T −T ∗)

T
d x −

∫
Ω
∇T ∇

(
(T −T ∗)

T

)
d x

)
,

= −βU∗

η T ∗ D
∫
Ω
∇T

∇T

T 2
d x,

Thus

H1 =−βU∗

η T ∗ D
∫
Ω

|∇T |2
T 2

d x ≤ 0,

By the same reasoning

H2 = D
∫
Ω
∆U

U −U∗

U
d x,=−D

∫
Ω

|∇U |2
U 2

d x ≤ 0,

We conclude that

H ′(t ) =−βµ
η

∫
Ω

G(t )(T −T ∗)d x −β
∫
Ω

(U −U∗)2

T
d x +H1 +H2 ≤ 0, (3.42)

Then, the limits (3.20) are verified and the theorem is completely proved.
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CHAPTER 4
Local stability of equilibrium points of

an ODE system

This chapter is devoted to the stability of the disease equilibrium point which determines

the epidemic behavior in a local neighborhood of the equilibrium point for the following

ODE system below coressponding to the system (2.4)–(2.6)

∂S1
∂t =Λ1 −β1

S1ψ(U1)

T
−β2

S1ψ(U2)

T
−µS1

∂U1
∂t =β1

S1ψ(U1)

T
+β2

S1ψ(U2)

T
−σ1U1,

∂S2
∂t =Λ2 −β3

S2ψ(U1)

T
−β4

S2ψ(U2)

T
−µS2,

∂U2
∂t =β3

S2ψ(U1)

T
+β4

S2ψ(U2)

T
−σ2U2.

(4.1)

with the homogeneous Newmann boundary conditions

∂Si

∂ν
= ∂Ui

∂ν
= 0 on R+×∂Ω, for all i = 1,2. (4.2)

and the positive initial data

Si (0, x) = Si ,0(x) > 0,Ui (0, x) =Ui ,0(x) > 0 inΩ, for all i = 1,2. (4.3)

We assume here thatψ is a nonnegative and continuously differentiable function on [0,+∞)

satisfying

ψ(0) = 0.
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Here, we consider that the influx rates Λ1, Λ2 are constants or they change their values

exponentially with respect to the susceptible individuals values

Λ1 = κ1S1e−κ2S1 ,Λ2 = κ3S2e−κ4S2 (4.4)

4.1 Equilibrium points

Before stating our main result of this chapter, we start our analysis by calculating the equi-

librium points of the system (4.1)–(4.3).

Resolving the system

Λ1 −β1
S1ψ(U1)

T
−β2

S1ψ(U2)

T
−µS1 = 0

β1
S1ψ(U1)

T
+β2

S1ψ(U2)

T
−σ1U1 = 0,

∂S2
∂t =Λ2 −β3

S2ψ(U1)

T
−β4

S2ψ(U2)

T
−µS2 = 0,

∂U2
∂t =β3

S2ψ(U1)

T
+β4

S2ψ(U2)

T
−σ2U2 = 0.

(4.5)

We get the disease free equilibruim points corresponding to the different influx ratesΛ1,Λ2

wich referred to the case where the infected populations are zero.

(S1,U 1,S2,U 2) = (
Λ1

µ
,0,
Λ2

µ
,0) and (

ln κ1
µ

κ2
,0,

ln κ3
µ

κ4
,0),

withΛ1 andΛ2 are constants orΛ1 = κ1S1e−κ2S1 andΛ2 = κ3S2e−κ4S2 .

It is also possible to obtain the endemic equilibrium points corresponding to the situation

in which the disease is settled in the population. In this case, we consider that the number

of susceptible individuals achieves the equilibrium for the values S1 and S2.

Thus

(S1,U 1,S2,U 2) = (S1,
Λ1 −µS1

σ1
,S2,

Λ2 −µS2

σ2
)

if the influx rates are constant, and

(S1,U 1,S2,U 2) = (S1,
(κ1e−κ2S1 −µ)S1

σ1
,S2,

(κ3e−κ4S2 −µ)S2

σ2
)
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if the influx rates areΛ1 = κ1S1e−κ2S1 andΛ2 = κ3S2e−κ4S2 .

4.2 Local Stability of equilibrium points

Our main result is as follows

Theorem 4.2.1.

1. Assume thatΛ1, Λ2 are constants, then the basic reproduction rate R0 is given by

R0 =
(β1

Λ1

Λ1 +Λ2
ψ

′
(0)+β4

Λ2

Λ1 +Λ2
ψ

′
(0))(β2β3

Λ1Λ2

(Λ1 +Λ2)2
(ψ

′
(0))2)

(σ1 +σ2)(β1
Λ1

Λ1 +Λ2
ψ

′(0)−σ1)(β4
Λ2

Λ1 +Λ2
ψ

′(0)−σ2)
. (4.6)

If R0 < 1, then the disease free equilibrium point (S1,U 1,S2,U 2) = (
Λ1

µ
,0,
Λ2

µ
,0) is lo-

cally asymptotically stable and if R0 > 1, then the disease free equilibrium point is un-

stable and the disease endemic equilibrium point (S1,U 1,S2,U 2) = (S1,
Λ1 −µS1

σ1
,S2,

Λ2 −µS2

σ2
)

is locally asymptotically stable.

2. Assume that the influx rates are given byΛ1 = κ1S1e−κ2S1 and Λ2 = κ3S2e−κ4S2 .

Then R0 is given by

R0 =
(β1

S1

S1 +S2

ψ
′
(0)+β4

S2

S1 +S2

ψ
′
(0))(β2β3

S1S2

(S1 +S2)2
(ψ

′
(0))2)

(σ1 +σ2)(β1
S1

S1 +S2

ψ
′(0)−σ1)(β4

S2

S1 +S2

ψ
′(0)−σ2)

. (4.7)

If R0 < 1, then the disease free equilibrium point (S1,U 1,S2,U 2) = (
ln κ1

µ

κ2
,0,

ln κ3
µ

κ4
,0) is

locally asymptotically stable and if R0 > 1, the disease free equilibrium point is unsta-

ble and the disease endemic equilibrium point
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(S1,U 1,S2,U 2) = (S1,
(κ1e−κ2S1 −µ)S1

σ1
,S2,

(κ3e−κ4S2 −µ)S2

σ2
) is locally asymptotically

stable.

Proof. 1. The analysis can be done with calculating the eigenvalues for the Jacobian

matrix of the system (4.1) evaluating at our disease free equilibrium points. Since

(µ+λ)2[λ2 − (α+ρ)λ+αρ−γδ] (4.8)

where

α=β1
Λ1

Λ1 +Λ2
ψ

′
(0)−σ1,ρ =β4

Λ2

Λ1 +Λ2
ψ

′
(0)−σ2,γ=β2

Λ1

Λ1 +Λ2
ψ

′
(0),δ=β3

Λ2

Λ1 +Λ2
ψ

′
(0).

The double multiplicity eigenvaluesλ1,2 =−µ are always real and negative. Then the

study is refered to know the sign of the roots of the other term (λ2−(α+ρ)λ+αρ−γδ),

for that we use the Routh-Hurwitz criterion [33],testing if there are roots with posi-

tive real part in a polynomial equation without solving it, then it suffices that

−(α+ρ) > 0,

and αρ−γδ > 0.

Consequently, the stability criteria are expressed by the inequalities:

β1
Λ1

Λ1 +Λ2
ψ

′
(0)+β4

Λ2

Λ1 +Λ2
ψ

′
(0) <σ1 +σ2, (4.9)

β2β3

(Λ1 +Λ2)2
Λ1Λ2(ψ

′
(0))2 < (β1

Λ1

Λ1 +Λ2
ψ

′
(0)−σ1)(β4

Λ2

Λ1 +Λ2
ψ

′
(0)−σ2), (4.10)

In epidemiology literatures, we usually analyse the model by examining the num-

ber of individuals that become infected from introducing one infected into a totally

susceptible population during an infectious period [7], [13], [35]. We find that if the

number of new infections is greater than one, then the disease will persist. Alterna-

tively, if the number of new infections is less than one, then the disease will die out.

We refer to this number as the basic reproduction number (R0) and it determines the
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stability of the system. From (4.9) and (4.10), we obtain the expression of R0 given by

R0 =
(β1

Λ1

Λ1 +Λ2
ψ

′
(0)+β4

Λ2

Λ1 +Λ2
ψ

′
(0))(β2β3

Λ1Λ2

(Λ1 +Λ2)2
(ψ

′
(0))2)

(σ1 +σ2)(β1
Λ1

Λ1 +Λ2
ψ

′(0)−σ1)(β4
Λ2

Λ1 +Λ2
ψ

′(0)−σ2)
(4.11)

2. If the influx rates areΛ1 = κ1S1e−κ2S1 andΛ2 = κ3S2e−κ4S2 , with the same reasoning,

the polynomial equation corresponding to the eigenvalues of the Jacobian calcu-

lated in the equilibrium point (S1,U 1,S2,U 2) = (
ln κ1

µ

κ2
,0,

ln κ3
µ

κ4
,0) is given by:

(λ+µ ln
κ1

µ
)(λ+µ ln

κ3

µ
)[λ2 − (α+ρ)λ+αρ−γδ] (4.12)

where α,ρ,γ and δ in this case are given by

α=β1
S1

S1 +S2

ψ
′
(0)−σ1, ρ =β4

S2

S1 +S2

ψ
′
(0)−σ2, γ=β2

S1

S1 +S2

ψ′(0), δ=β3
S2

S1 +S2

ψ
′
(0).

The immediately eigenvalues λ1 = −µ ln(
κ1

µ
), λ2 = −µ ln(

κ3

µ
) obtained from (4.12)

can be non negative ifκ1 >µ andκ3 >µ, and this is possible according to our model’s

paramaters.

By using the Routh-Hurwitz criterion the stability conditions are reduced to

β1
S1

S1 +S2

ψ
′
(0)+β4

S2

S1 +S2

ψ
′
(0) <σ1 +σ2, (4.13)

β2β3
S1S2

(S1 +S2
2)

(ψ
′
(0))2 < (β1

S1

S1 +S2

ψ
′
(0)−σ1)(β4

S2

S1 +S2

ψ
′
(0)−σ2). (4.14)

Consequently, the expression of R0 in this case is given by

R0 =
(β1

S1

S1 +S2

ψ
′
(0)+β4

S2

S1 +S2

ψ
′
(0))(β2β3

S1S2

(S1 +S2)2
(ψ

′
(0))2)

(σ1 +σ2)(β1
S1

S1 +S2

ψ
′(0)−σ1)(β4

S2

S1 +S2

ψ
′(0)−σ2)

. (4.15)
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Finally, in the two cases, if R0 is less then 1, the disease free equilibrium point is

asymptotically stable and the disease disapears, if R0 is greater than 1, the disease

goes into the endemic equilibrium situation and the theorem is completly proved.
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CONCLUSION

In this thesis we are interested by a general Susceptible-Infected-Recovered (SIR)model

which describes the diffusion of an epidemic in a population.

Our first contribution is devoted to the proof of the global existence of solutions for a

reaction-diffusion system, and the establishment of sufficient conditions that lead to the

eradication of the disease from population.

By using the theory of Lyapunov function, we study in the second contribution, the global

asymptotic stability for a particular reaction diffusion system of the system in the first part,

with a threshold condition.

In the third contribution, we discuss the stability analysis of the epidemic model. We

present both disease-free equilibria and the endemic equilibria of the proposed model.

The local dynamics of a general SIR is determined by the basic reproduction number R0

which depends on the parameter values. For R0 < 1 the disease-free equilibrium is locally

asymptotically stable while for R0 > 1 the endemic equilibrium exists.
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