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Abstract

In this thesis, we have established polynomial or exponential stability results for delayed or undelayed in-
terconnected systems governed by partial differential equations with boundary coupling (wave/wave,
Schrodinger /Schrédinger, wave/Schrodinger).  Multipliers technique, Lyapunov functionnals and fre-
quency domain approach are used for the proofs.

Keywords: Wave equation, Schrédinger equation, stabilization, boundary feedback, internal feedback,
transmission systems, time delay.
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Introduction

. The main aim of this thesis is to estabilish stability results for delayed or undelayed interconnected
systems governed by partial differential equations with boundary coupling.

Interconnected systems described by partial differential equations with distributed or boundary con-
nections arise in many physical process such as composite laminates in smart materials and structures
([77],178]), fuid-structure interactions ([36],[37], [25], [6]) and structural acoustic systems [31].

Kim [36] used energy methods combined with multipliers technique and compactness argument to show
the exponential decay of the energy of a thermoelastic bar and plate. Lebeau and Zuazua [42] ana-
lyzed the stability and controllability of two and three dimensional system of linear thermoelasticity
in a bounded and smooth domain with Dirichlet boundary conditions. Ammari and Nicaise [5] used
multipliers technique to estabilish under some geometric condition an exponential stability result for a
transmission wave-Kirchoff plate equation where boundary feedback controls are applied to both wave and
plate equations. Stability and controllability problems for a heat-wave system which arise in fluid- struc-
ture interactions are investigated in [86], [87], [25] and [6]. Guo et al [29] considered a two-dimensional
coupled wave-plate system with boundary coupling subject to a distributed dissipative feedback acting
either through the plate or through the wave equation. Using frequency domain method combiined with
multipliers technique, they showed under some assumptions on the geometry of the spatial domain that
the system energy decays exponentially when the damping acts through the wave equation and polyno-
mially when the damping acts on the plate equation.

A Riesz basis approach has been adopted in:

e [77] and [78] to establish analyticity, controllability and stability results for a three layer sandwich
beam,
e [35] and [79] to study stability of an interconnected system of Euler-Bernoulli beam or plate and

heat equation with boundary coupling.

[76] to show that the Cy-semigroup generated by the oprtator of the system governed the transmis-
sion Schrodinger-heat equation is exponentially stable and of Gevrey class § > 2,

[32] to study a stabilization problem for a coupled system of Euler-Bernoulli beam through boundary
coupling with an internally damped wave equation.

[64] to prove the uniform exponential stability of the multilayer Rao-Nakra sandwich beam with
boundary damping applied at one end point.

Time-delay appears in many practical systems such as biological and engineering systems ([1], [7],
[70]), and it may be a source of instability ([30]). In fact it is well-known that for systems described by
partial differential equations such as the wave equation an arbitrarily small delay in the feedback may
destabilize the system, see for instance [20], [21], and [57]. Stability analysis of wave type equations with
delay has been extensively studied over the past decades, we refer to [1], [8] and the references therein.
In the following, we give a brief review of some of the most relevant publications.

Nicaise and Pignotti [57] considered in a bounded domain of R, n > 2, the wave equation with a discrete
time delay term in the boundary or internal dampings. In both cases, they showed that if the coefficient
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of the delayed damping term is smaller than the one of the undelayed damping term, then the solution
decays exponentially in an appropriate functional space. These results are obtained by proving some
observability estimates. In the opposite case, they constructed sequences of delays that destabilize these
systems. Similar results were obtained in[60] for the Schrodinger equation with discrete-time delay in
the boundary or internal feedbacks. Xu et [33] established similar results for the one-dimensional wave
equation via the Riesz basis approach. Ning and Yan [61] and Ning et al [62] used Riemannian geometric
energy method approach to extend the results of [57] to the case of the wave equation with variable
coefficients in the principal elliptic part. Benseghir [9] proved exponential stability of the solution of the
one-dimensional transmission wave equation with internal damping and discrete delay by introducing
suitable Lyapunov functionals.

The thesis is organized as follows. In the first chapter, we recall basic properties of Cy-semigroups
of linear operators and their applications to abstract Cauchy problems in Hilbert spaces. We also define
some stability concepts for abstract Cauchy problems we are interested in and state some of their char-
acterizations.

Chapter two and three are devoted to the transmission Schrdinger equation with a time delay in the
Neumann boundary feedback. In chapter two, we consider the case where the delay is time-ivariant. We
prove under some assumptions that the solutions decay exponentially in an appropriate energy space. To
establish this result, we introduce a suitable energy function and use multipliers technique method and
compactness-uniqueness argument.

Chapter three analyzes the case of time-varying delay. By defining appropriate energy and Lyapunov
functionnals, we show subject to some conditions that the solution is exponentially stable.

In chapter four, we consider a system of transmission of the wave equation with Neumann feedback con-
trol that con- tains a distributed delay term and that acts on the exterior boundary. We prove under
some assumptions that the solutions decay exponentially by adopting the approach used in chapter two.
In chapters five and six, we study stabilization problems for the Schrodinger equation coupled by the
interface with a wave equation and with boundary or distributed damping. In chapter five we consider the
case where the dissipation is acting on the wave equation through the Neumann boundary condition. We
formulate the coupled system as an abstract evolution equation in an appropriate Hilbert space and use
linear semigroup theory to show the well-posedness of the system. Then under some assumptions on the
geometry of the spatial domain, we prove exponential stability of the solution. The proof of this result is
based on a frequency domain approach which consists in verifying that the imaginary axis is included in
the resolvent set of the system and analyzing the behavior of the resolvent operator of the system on the
imaginary axis. The analysis of the resolvent is carried out by combining contradiction argument with
the multipliers technique. This result extends Theorem 3.2 in [80] to multimensional spatial domains.
In chapter six, we treat the case where the damping is distributed and it acts either on one of the equa-
tions. We prove by using frequency domain method that the system is exponentially stable if the damping
acts on the wave equation but only polynomially stable if the damping acts on the Schrodinger equation.



Notations

N the set of positive integers.

R the set of real numbers.

C the set of complex numbers.

R real part.

R imaginary part.

u the conjugate of a complex number u.

|| the absolute value for a real number or the modulus of a complex number.

b'e dual space of a Hilbert space X.

(o) inner product.

II-Il the norm.

L(X) space of bounded linear operators from a Hilbert space X into itself X.

Q open bounded domain of R™.

C>(Q) the space of infinitely differentiable functions on .

Lr(Q)) class of Lebesgue measurable complex (or real) -valued functions with [, [u(z)[Pdz < 00,1 < p < oc.
L>(Q) class of bounded measurable functions from 2 to C or R with |u(z)| < Const a.e. in Q.
Wkr(Q) Sobolev space of order k.

C(]0,00); X) class of continuous functions from [0,00)t0 X .

\Y% the gradient operator.

A the Laplace operator.

div the divergence operator.
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C1([0,00); X) class of continuously differentiable functions from [0,00)to X
0. = % the first partial derivative

02. = 2722; the second partial derivative

0

is the normal derivative
ov



Chapter 1

Preliminaries

In this chapter, we recall for later use some well known results from the theory of semigroups of linear
operators on Hilbert space and their applications to abstract Cauchy problems in Hilbert spaces. We
also define the stability concepts for abstract Cauchy problems in Hilbert spaces we are interested in and
provide some of their characterizations.

1.1 Semigroups of continuous linear operators

Let H be a Hilbert space.

Definition 1.1.1. A one-parameter family S(t) = for 0 <t < oo of L(H) is a Cy -(or strongly continu-
ous) semigroup on H if

1) S(t+s)=5(t)S(s) for every t,s > 0.

2) S(0) =1, (T is the identity operator in H).

3)}22}0 I1S(t)x — || =0 for all z € H.

Definition 1.1.2. Let S(t) be a Cy-semigroup defined on H. The infinitesimal generator A of S(t) is
the linear operator defined by

Ax = lim M, for x € D(A),
r—h h
with D(A) = {x € H, lim M, exists inH}.
r—h h

Theorem 1.1.3. (Engel and Nagel [2/]) Let S(t) be a Cy-semigroup on H. There exist constants w € R
and M > 1 such that the following holds:

IS < M e

Ifw=0 and M =1, then S(t) is called a Cy-semigroup of contraction.

Theorem 1.1.4. (Lumer-Phillips)([05]) A linear operator A : D(A) C H — H generates a strongly
continuous semigroup of contractions (S(t))i>0 on H if and only if A is mazimal dissipative, i.e.,it satisfies

o R(Azx,x)y <0, ,Vx € D(A),

o A\ — A is onto for some (hence all) X > 0.
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1.2  Abstract Cauchy problems

Let H be a Hilbert space and let A : D(A) C H — H be a linear operator. Consider the homogeneous
Cauchy problem

{ df( )=Au(t), t>0, (1.1)

where ug € H.

Definition 1.2.1. A function u : [0,T] — H is a strong solution of (1.1) on [0,T] if u is continuously
differentiable on [0,T] and for all t € [0, T)u(t) € D(A) and satisfies (1.1).

Theorem 1.2.2. (Curtain and Zwart [19]) If A is the infinitesimal generator of a Cy semigroup S(t) on
H, then for all ug € D(A), the abstract Cauchy problem (1.1) has a unique strong solution given by

u(t) = S(t)uo, t>0. (1.2)

Definition 1.2.3. A function u € C([0,T]; H) is a weak solution of (1.1) on [0,T) if for every y € D(A*)
where A* is the adjoint of A, the function (u(t),y) is absolutely continuous on [0,T] and

d

%@L(t),y) = (u(t), A*y) a.e. on[0,T].

Theorem 1.2.4. (Curtain and Zwart [19]) If A is the infinitesimal generator of a Cy semigroup S(t) on
H, then for every ug € H, the problem (1.1) has unique weak solution given by (1.2).

1.3 Stability concepts

Consider in a Hilbert space H, the differential equation

du

= () =Au(t), t>0, (1.3)

where A : D(A) C H — H is the infinitesimal generator of a Cy semigroup S(t) on H.
Many concepts of stability have been defined for systems described by (1.3), and we are interested in the
following:

Definition 1.3.1. The system (1.3)is said to be

e uniformly exponentially stable, if there exist constants § > 0, M > 0 such that

IS £zey < Me™, ¥t >0,

e polynomially stable if there exist constants a > 0, M > 0 such that

M
1Sl z30) < o vt > 0.

We have the following results

Proposition 1.3.2. (Engel and Nagel [2/]) For a linear Co— semigroup (S(t))i>0, the following asser-
tions are equivalent.

o (S(t))t>0 ts uniformly exponentially stable.

o There exists T > 0 such that ||S(T)|| < 1.
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Definition 1.3.3. Let A be a closed linear operator on a(complex) normed linear space H. We say that
X is in the resolvent set p(A) of A, if (\ — A)~! emists and is a bounded linear operator on a dense
domain of H.

Theorem 1.3.4 and Theorem 1.3.5 caracterize the exponential or polynomial stability of Cy-semigroups
in terms of the hehavior of the resolvents of the generators.

Theorem 1.3.4. ([66], [52]) Let S(t) be a Co—semigroup of contractions on a Hilbert space H with
infinitesimal generator A. Then there exists M > 1 and w > 0 such that

Hs(t)”qy) < Me™“t forallt >0

if and only if
{iB: B eR} Cp(4) (1.4)

and

lim sup H(iﬁ] —A

< 400 (1.5)
|B]=+o0

-1
) Hcm)
Theorem 1.3.5. ([10]) Let S(t) be as in Theorem 1.3.4. Then there exist C > 0 and 6 > 0 such that,
C
1S@uolly, < 1 lluollpcay for allt > 0.

if and only if (1.4) is satisfied and

1
li — ||GBI — A)~* < 1.6
sl _sup g5 [|GAT = A7 ) < oo (1.6)
The following result due to Munoz Rivera and Racke [56] provides sufficient conditions for a Cp-

semigroup to be nonexponentially stable.

Theorem 1.3.6. Let H; be a Hilbert space and Ho a closed subspace of Hi. Let S; = (S;(t))i>0 be a
Co-semigroup on H;,j =1,2.
Let 1¢55(S2(t)) denote the essential spectral radius of (S2(t)) defined by

Tees(S2(t)) = sup{|A| : A € C; Sa(t) — A3, is not a Fredholm operator} (1.7)
Assume that there exist tg > 0 such that for t > tg, we have

(i)rees(SQ(t)) > 17
(ii)Sl (t) - SQ(t) : Ho — Hy is compact

Then S7 is not exponentially stable.



Chapter 2

Stability of the transmission
Schrodinger equation with a delay
term in the boundary feedback

2.1 Introduction and statement of the main result

The aim of this chapter is to present a stability result for the transmission Schrédinger equation with a
discrete time delay term in the boundary feedback.

Let Q be an open bounded domain of R” with a boundary I of class C? which consists of two non-empty
parts I'; and I'y such that I'y NTy = 0. Let Ty with To NI} = Tg N Ty = 0 be a regular hypersurface of
class C? which separates € into two domains €; and Qs such that I'; C 09 and T's C 8. Furthermore,
we assume that there exists a real vector field h € (C?(2))" such that:

(H.1) The Jacobian matrix J of h satisfies

éR/ dQ>a/|§ )2 de,

for some constant o > 0 and for all ¢ € L?(2; C");
(H.2) h(z).v(x) <0onI}y.
(H.3) (a1 —az)h(z).v(z) >0 on T.
where v is the unit normal on I" or I'y pointing towards the exterior of £ or €.
Let a1,as > 0 be given. Consider the system of transmission of the Schrédinger equation with a delay
term in the boundary conditions:

Oy (x,t) — tapAyg(z,t) =0 in Q x (0,400),k=1,2, (2.1)
yr(2,0) = yor () in Qp, k=12, (2.2)
y1(z,t) =0 on I'1 x (0, +00), (2.3)
W = _aatyQ(:Cat) - Baty2(z7t - T) on F2 X (Oa +OO)7 (24)
y1(z,t) = ya(z, t), on I'y x (0, 4+00), (2.5)
0 t Oya(x,t
a yla(j ) =as y28(f ) on I'y x (0, 400), (2.6)
Oyo(z,t —7) = f(x,t —7) on I's x (0,7). (2.7)

where:

10
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e « and [ are positive constants,
e 7 is the time-delay,

e Y, f are the initial data which belong to suitable spaces.

There has been extensive work on stabilization problems for the Schrodinger equation. Machtyngier
and Zuazua [53] adopted the multipliers method to prove an exponential decay result in the energy space
H'(Q) by means of a Neumann feedback control involving the velocity of the solution. Lasiecka et al [10]
used L?(Q)- Carleman estimates for the general linear Schrodinger equation to provide a stabilization
result in the energy space L?(Q2) with a Neumann dissipation involving the solution. For other stability
results related to Schrodinger types equations see [3], [37], [41], [63], [14], [L5] and the references therein.

Stabilization problems for the Schrodinger equation with time delay have also been studied and many
nice results have been obtained, see for example [27], [59], [84], [L7], [18], [16] and [28] among others. We
state in particular the reference [59], in which the authors considered the multi-dimensional Schrodinger
equation with a discrete time delay term in the boundary or internal feedbacks. In both cases, they showed
that if the coefficient of the delayed feedback term is smaller than the one of the undelayed damping term,
then the solution decays exponentially in an appropriate functional space. These results are obtained by
proving some observability estimates. In the opposite case, they constructed a sequence of delays that
destabilize these systems. Regarding the transmission Schrédinger equation, the only references we are
aware of are [13] and [2]. In [13], the authors proved exponential decay of the energy of the solutions
under linear boundary dissipation in the Neumann boundary condition by adopting a frequency domain
approach which is based upon a resolvent criterion. Reference [2] gives a uniform stabilization result with
a dissipative feedback acting in the Dirichlet boundary condition by establishing exact controllability of
the corresponding open-loop system.

In this chapter, we use multipliers technique method and compactness-uniqueness arguments to prove
that solutions of (2.1) — (2.7) decay exponentially in an appropriate energy space. To this aim, assume as
in [59] that in this chapter, we use multipliers technique method and compactness-uniqueness arguments
to prove the solutions of (2.1) — (2.7) decay exponentially in an appropriate energy space. To this aim,

assume as in [60] that
a>f (2.8)

and define the energy of a solution

_ 1(x,t), (z,t) € Q1 x (0,+00)
v(@,1) {zx@w, () € Dy x (0, +50)

of (2.1) — (2.7) by

E@:ﬂ/|wmmﬁm+%
(951

1
. Vi) do+ 5 [ [ oot —poP dpar (29
I's JO

Qo

where
asTf < € < ast(2a0 — ) (2.10)

The main result of this chapter can be stated as follows.

Theorem 2.1.1. In addition to (H.1), (H.2), (H.3) and (2.8). Then there exist constants M > 1 and w
> 0 such that
E(t) < Me “'E(0)

Theorem 2.1.1 is proved in Section 3. In Section 2, we investigate the well-posedness of system (2.1)—(2.7)
using semigroup theory.
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2.2  Well-posedness

Inspired from [57], we introduce the auxiliary variable
z(x, p,t) = Opy(x,t — 7p). (2.11)

With this new unknown, problem (2.1)-(2.7) is equivalent to

Oy (2, t) — tapAyg(z,t) =0 in Q x (0,400),k=1,2, (2.12)
Y (z,0) = yor () in Qp, k=12, (2.13)
y1(z,t) =0 on I'; x (0,400), (2.14)
1
Oz(x, p,t) + =0,2(z, p,t) =0 on I'y x (0,1)x(0, +00) (2.15)
T
W = —itaas Ays(z,t) — fz(x, 1,1) on I'y x (0, +00), (2.16)
v
y1(z,t) = ya(z, t) on Iy x (0, 4+00), (2.17)
oy1(x,t Ays(x,t
ai yl;y ) = as y28(1/ ) on Ty x (0, 400), (2.18)
z(x,0,t) = Opy2(x,t) on I'y x (0, 4+00), (2.19)
z(z, p,0) = fo(z, p, 3) on 'y x (0,1). (2.20)
Let
Ht (Q)={ue H(Q):u=0o0onT;} (2.21)
and

V= {(U1,’LL2) € Hl£1 (Ql) X Hl(Qg);ul = ug On Fo}
The space for well-posedness of (2.12)-(2.20) is taken to be the space
H =V x L*(I'y; L*(0,1))

‘H is a Hilbert space with the following norm inducing inner product

Ul (5%
ug | ;| ue = Vuq(z).Vuy (x)dx+ag
z z 22

1
o, Vug(x). Vg (z)dz+€ /Fz/o z(x, p)z(x, p)dpdl’

In H, define a linear operator A by

Aluy,ug, 2)" = (ia1 Auy, iagAug, —7710,2)7, (2.22)
D(A) = {(u1,uz,2)" €V x L*(To; H'(0,1)); Auy € Hy (1), Aug € H' (),

2(.,0) = iagAusg, satisfying (2.24), (2.25) and (2.27) below} (2.23)

al% = ag% on Iy, (2.24)

v v

alAul = U,QA’U,Q on Fo, (225)

z(.,0) = iagAug on I'y, (2.26)

% = —az(.,0) — Bz(.,1), on I's. (2.27)

Note that for (u1,us,z) € D(A), we have the following boundary regularity:
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o Augloq, € H'?(0Qk),k = 1,2, (trace theorem),
o Gitloa, € H™V2(00), Gi2lor, € H™'/*(Iy) (see e.g., [37] p. 71, Theorem. 3.8.1]),
. %h‘g € L%(Ty) since z € L?(I').

Using the operator A, we rewrite (2.12) — (2.20) as an abstract Cauchy problem in H

{ CZY(;) =AY (?) (2.28)

where
Y(t) = (y,2)" and Y° = (4°(2), f(z,p))"

Proposition 2.2.1. The operator A defined by (2.22) and (2.23) generates a strongly continuous semi-
group on H. Thus, for every Yy € H, problem (2.28) has a unique solution Y whose regularity depends
on the initial datum Yy as follows:

Y() € C(0,+00);H) if Yo € H,
Y(.) € C(]0,400); D(A))NCL[0, +00); H) if Yo € D(A).
Proof. Let Y = Z; € D(A). Then
R(Y,AY) = —R{adi ; Vuy (2). V(AT (2))dr} — R{adi ; Vug(x).V(Aug(x))dz} —
€ ! _
§R; A2A z(x, p)0,Z(x, p, s)dpdsdl’ (2.29)

Applying Green’s theorem to the first two integrals on the right-hand side of (2.29) and using the fact
that the normal vector on I'g is oriented towards the interior of €25, we obtain

—R{ati [ Vui(z). V(AT (z))dr} — R{a3i | Vuas(z).V(Aly(z))dz} = —

Q1 Qo
R{a2i / O(E) \gi () + ai / Qus(®) \gi (VD — a2 / A (2)]? dz }—
T, aV I 81/ N
R{aZi / O2() \o ()T — a2 / Q) N ()T — a2 / Aus(2)|? da} (2.30)
Ts 8V T 81/ Qo

Note that the integrals over 'y (resp.I'g) on the right-hand side of (2.30) are to be interpreted in the
sense of duality pairing between H'/2(T';) and H~1/2(T'y) (vesp. HY/?(Ty) and H~1/2(Ty))
(2.30) together with (2.23) — (2.27) yields

— R{a}i ) Vuy (x).V (AT (z))dz} — R{a3i A Vus(2).V(Aug(x))dz} = —

aser | |2(z,0)]?dl — agBR [ z(x,1)Z(z, 0)dl (2.31)
1)

Ty

Integrating by parts in p the third integral on the right-hand side of (2.29), we get

e 00y U e (a0
g%/F/o 2@ p)0p2(@, P)Apdl = 5 | {J2(w DI = [2(z, O Jdl (2.32)
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Inserting (2.31) and (2.32) into (2.29) results in

R(Y,AY) = —asar [ |2(2,0)]*dl — apR | 2(x,1)zZ(z,0)dl—
FQ I_‘2

£ 2 )
e Ut D =l 0)par

from which follows after using the Cauchy-Schwarz inequality

R (Y, AY) < ~(asa — & — ) [ e o)ar - (- JECRR A CES

(2.33) together with (2.10) implies that
R(AY,Y) <0

Thus A is dissipative.
Now we show that A — A is onto for some A > 0. Given (f1, f2,9)T € H, we seek Y = (uy,uq,2)T € D(A)
such that

(M - A)Y = (f.9)" (2.34)
or equivalently

Aug(z) —iapAug(z) = fi(x) in Qp,k=1,2, (2.35)
Mz(z,p) +7710,2(z, p) = g() on I’y x (0,1), (2.36)
up(x) =0 on I'y, (2.37)
8u827£x) = —az(z,1) — Bz(z,0) on I's, (2.38)
up () = ug(x) on I'g, (2.39)
a a“(;ﬁx) — as 8“51556) on T, (2.40)
a1Auq(x) = asAus(x) on I'y. (2.41)

Suppose that we have found (u1,us) with the appropriate regularity, then we can determine z. Indeed,
from (2.36) and (2.26) we have

{ apz(xvp) = —Arz(z, p) + 79(z, p),
z(z,0) = ias Aus(z),

The unique solution of the above initial value problem is given by
P
2(z, p) = iage NP Aug(z) + Te_)‘Tp/ e g(x, s)ds
0

and in particular

1
2(x,1) = iage™ " Aug(z) + Te_’\T/ e og(x,8)ds, x €Ty
0

and
1
8u82(x) = —iag(a + Be ) Aug(x) — BT@"\T/ erg(x,s)ds  for x € Ty, (2.42)
v 0
From (2.35), we have
Aug(z) — a1 Auy (x) = fi(x), x € Qy, (2.43)

Aug(x) — tagAus(z) = fo(x), x € (o, (2.44)
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Let (p1,p2) € V. Then, multiplying (2.43) (resp. (2.44) by ;1 (resp. by ¢2) and integrating formally in
Q4 (resp. in Q3), we obtain after using (2.23) and (2.42)

Aay Vuy (2). V@, (2)de —ia? | Aui(z). 8%1( )dF +ia Auy(2)Ap, (z)dl' =
o To o
ay Vfi1(x). Ve, (z)dz (2.45)
Q1
AT —
_ aze dus(z) 0Py () . 9Py ()
Aag o, Vuz(x).Vo,(z)dx + a5 8 ), ov £ dl’ + ia A 2 (). 5 —=——=dl'+
ia%/ AUQ(I')A¢2(.’E)dF:a2/ V fa(2). V@, (z)de a2BT / / ATsg 7( )d dl’ (2.46)
Q2 Qs CMa+ B, v
Summing up (2.45) and (2.46) yields
A((u1,uz), (p1,92)) = Flp1, 42) (2.47)

where

A((u1, u2), (1, p2)) = Aaq Vuy(2). V@, (z)dz + Aag Vug(x). Vg, (z)dz+

Ql QQ
AT o
9 _ o _ ase ua(x) 0p,(x) -
ia] o Auq () AP, (2)dD + ia3 /Q2 Aug(z) Ay (x)dl + 0 58 ), ov oy dr
ia} [ Auy(z). 0 (@ )dl"—i— Auz(x).a¢2(x) dr (2.48)
To 3 o 31/

and F : ¥V — C is the linear form defined by

Flp1,92) = al/

Q

V f1(2).VE, (v)dz+as /Q V fo(z). V@, (z)d ;jzﬁlﬁ /F / Ams 39082( 2) 1sdl

We note that the bilinear form A is not continuous on V neither in F. To overcome this difficulty, we
adapt an idea of [14]. We introduce the space

Z = {(p1,02) €V : Ay € L*(U), k—1,2,a18501 —ag% on FO,% € L3(Ty)}

on which we define the inner product
((p1,02), (V1,92)) = a1 [o, Vi (). Vi (2)dx + az [, Vipa(x).Vipy(z)dz +
iaf fo, Ay (2) A, (x)dx + ia? Ja, Ao () Ahy(z)d + a?%iﬂa Jr, éwzu(l’ ‘9"’2 @) gr

Then Z is a Hilbert space.
Applying Cauchy-Schwarz inequality to each inner product on the right-hand side of (2.48), we obtain

[A((u1, u2), (01, 02))| < Aax [[Vur|[ 20,y VLl L2 (q,) T Aa2 [Vuzll 2, V2l 20, +
whr w98
erMa+ || ov ov

ai ||Au1HL2(Ql) ||A<P1||L2(Ql) + a3 ||Au2||L2(Qz) HAWHL?(Qg) + Lo Lo
2 2

(2.49)

(2.49) implies A(.,.) is continuous on Z.
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For the coercivity of A, observe that

A((ur, u2), (u1,u2)) = Aay [|Vua |72 q,) + Aaz [ Vuz |72, + iaf [|Au |72 q,) + i3 | Ausl2 g, +

Duz |
v

as BT

L2(T2)
Hence

1 as ST ou
M), (i,10) > 3001 (9l + Nea [Vl + ot | 52

Ao+ || av

LZ(F2

1 9 2
5{61% [AuL 720, + a3 [ Aug|72,

F is also continue on Z. Therefore, we conclude from the Lax-Millgram Theorem (see [71], p. 344)
that for all F € Z’, where Z’ is the dual of Z, there exists a unique solution (u1,us) € Z to (2.47) for
all (p1,p2) € Z. Since V' C Z’, then for all F € V', there exists a unique solution (ug, us) € Z to (2.47)
for all (p1,¢2) € Z.

Moreover, by restricting the variational forms (2.45) (resp. (2.46)) to functions for which a“"l =0
(resp. % = 0), we obtain

Aug(z) —ia1 Aug (x) = fi(x), x € Oy, (2.50)

Aug(x) — tagAus(z) = fo(x), x € Q, (2.51)

from which we deduce that (Auy, Aug) € V since (u1,uz) € V and (f1, f2) € V.
We return to the variational form (2.47) after using some integrations by parts:

Aaq Vuy (2). V@, (v)dx —ia? VAuy(z). Ve, (z)dr + Aag Vug(x). Vg, (z)dr—

ol Q Q
, _ : 9 () aze” Oua(x) Iy ()
2 2 2 2 _
ia; o, VAus(x). Vg, (z)dx + ia; . Aug(z) 5 ar a8, 0w = dl’ =
_ _ GQ/BT )\Ts ( )
. . ' (2.52
o [ VAR @ o | Vhe e - 2 [ Ba®) joar (252
(2.52) together with (2.50) and (2.51), yields
AT ) 1 .
age Oua(x) Ipa(x) o [ . o __afT Ars 9P (x)
0+ B Jn, v oy dar = Fz{zaQAuQ(x) el e %g(x, s)ds} ey ar (2.53)

(2.53) implies that

Oug ()
ov

1
= —iay(a + Be ) Aug(z) — BTe_’\T/ e g(x,8)ds  for x € I'y,
0

as desired and consequently (u1,us2) € D(A). Thus, by the Lumer-Phillips Theorem (see for instance [65],
Theorem 1.4.3), A generates a strongly continuous semigroup of contractions on H. O

2.3 Proof of the main result

We prove Theorem 2.1.1 for smooth initial data. The general case follows by a standard density argument.
First, we show that the energy function defined by (2.9) is decreasing.
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Proposition 2.3.1. The energy corresponding to any regular solution of problem (2.1)-(2.7) is decreasing
and there exists a positive constant K such that

d
4w < {aty2<a:,t>|2 +f
I

T1

T2

|8y (.t — 5| ds} dr (2.54)

where
K:min{aga—a——— = - —1
Proof. Differentiating E(t) with respect to time, we obtain
d

—E( Y=a1R | V7 (z,1).VOouy(z,t)dx + axR | VYy(x,t).VOrya(z,t)dr+
Ql 522

R /F 2 / Buyo(w,t — 7p)02ys (¢ — 7p)dpdl (2.55)

Applying Green’s Theorem to the first two integrals on the right-hand side of (2.55), we obtain

i _ 8?1 (93, t) 6?1 (1’, t)
th(t) =aR N o Oy1 (2, 6)dl + a1 R . o

ay2 (lL’, t ayZ ( )
ov

Ory1 (z,t)dT +

) Opy2(z, t)dl — asl
FQ v 1—‘0

1
«58‘%/ / Owya(x,t — Tp)OPya(x,t — 7p)dpdl (2.56)
r, Jo

asR —=—" L 0ya(z, t)dl" +

Recalling the boundary conditions (2.3)-(2.4) and the transmission conditions (2.5)-(2.6), we get
d
7E<t) = —a2 |8ty2(x7t)|2 dl—‘_aﬂﬁ% atyQ(x7t _T)atyQ(xat)dF+

Ty I'a
{?R/ / Oyya(,t — 7p)Ofya(x,t — 7p)dpdl (2.57)
s
Now we have

Opy(w,t —7p) = —TOy(x,t —7p),
8§y(sc, t—7p) 202y(x,t — Tp)

Therefore

1 1 1
8?/ / 0Ty (x,t — 7p)0?y2(2,t — Tp)dpdl = ——33?/ / 0, (2, t — Tp)('“)gyg(ac7 t — 7p)dpdl’
ry Jo T,

// Bya(it,t — 7p)|? dpdl

—73% [ 10020 = 10yt = 7)Phar
T Ty
1
=5 R {10uy2(z, ) = |0pyo(z, t — 7)[*}dT.  (2.58)
I

Inserting (2.58) into (2.57) yields

d
aE(t) = —Q2¢x |8ty2($, t)‘2 dl' — ax SR 615?2(37, t —7)0y2(x, t)dl+
Ty Iy

- [ U0nte. OF ~ (et~ 9*har (259)
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from which we obtain after using Cauchy-Schwarz’s inequality

d
Do) <~k [ {ownte. 0 + 0.t — )P par
I
where 5 ¢ ¢ 5
. as as
K= _BP s s B2F
min{aze = 5" = o T
O
Step 2.
Set
E(t) =&E(t) + Eq(t) (2.60)
where
E(t) = @/ V(s t) 2 d + %/ V(1) da (2.61)
2 Ja, 2 Ja,
and .
A(8) = g/ [ 10uetast = 7o) dpar
rs Jo
E,4(t) can be rewritten via a change of variable as
£ o 2
L(t) = 7/ / 1Ovys (2.t — 8|2 dsdl’ (2.62)
27_ ry Jt
From (2.62), we obtain
T
Eqt) <C / |8yy2(x,t — s)|* dl'ds (2.63)
0o Jr,

for 0 < t+7 < T . Here and throughout the rest of the chapter C is a positive constant different at
different occurrences.

Step 3.

We multiply both sides of (2.1) by h(z).V7,(x,t) and integrate by parts over Qj x (0,7),.k =1,2. We
obtain (see the Appendix A )

Oy (z,t)

o, OV (). Vg (x, t)dTdt—

T T
Qak%/ J(2)Vyg(z,t). VY, (x,t))dzdt = 2ak3‘%/
0 Jou

ak / /a o Yy (@, t))? h(z).v(z)dTdt + S / /6 o Yk (2, t)0eyk(z, t)h(z).v(z)dldt+

ak%/ / yi(z ( )d vh(x )dth—akﬂ%/ / yr(z, ) VY, (2, t).V(divh(z))dzdt—
6Qk Qlc
T
3 / o (2, Oh(2). VT, (2, £)da (2.64)
Q 0
Applying identity (2.64) with y, = y1 and with y, = y2 , we get respectively
T
2a1§R/ Vyi(z,t).J(x) VY, (z,t)dxdt = aﬂi/ / 3y1 z,) ‘ h(z).v(z)dTdt+
Ql F1
t
20, R / / ayl @28 1 (2).V, (2, )dTdt — ay / Vi (2, )| h(z).v(z)dTdt+
Fo 0 1_‘0
N _ T 07, (z,t) .
& y1(z, )0y (z, t)h(z).v(x)dldt + a1 R ——— 2y (x, t)divh(z)dldt—
0 JIo o Jr, Ov
T T
a1§R/ / 1 (z, t) VY, (x,t).V(divh(x))dDdt — S/ y1(z, t)h(x). VY, (z, t)dz (2.65)
0 Ql Q1 0
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T — T ayQ (xv t) _
2a2§R Vys(x,t).J(x)Vyy(z, t)dedt = 2a2§R 7h(x).Vy2(:c, t)dl'dt—
Qz 1—‘2

2a9R / / 83/2 ).V, (x, )dldt — as / / |Vya(z,t)|* h(z).v(z)dldt+
To Iy

ag/ Vo (2, )2 h(@) w(a )dl“dt+\s/ /F (2, )0 (2 ) (&) () AT dt—

/ / ya(x, )0y (x, t)h(z).v dI‘dt—i—aQ?R/ / 8y2 (z, t)divh(z)dldt—
Fo 1—‘2

agﬁ%/o /r Wy2($7t)divh($)dfdt—a2%/o /Q Yo (z,t) VY, (2, ).V (divh(z))dzdt—

T
%/ ya2(x, t)h(x). VY, (z, t)dx (2.66)
Qo 0
after using the boundary condition (2.3).
Summing up (2.65) and (2.66), we obtain
2a13‘3/ Vyi(z,t).J(x)VYy, (z, t)dmdt+2a23?/ Vyg(m,t).J(m)V@z(x,t)dxdt:
971
2a1§R/ / 3y1 @D by e )dth+2a1§R/ ayla(j ) (). V7, (2, ) dTd—
Iy To
o / Vyr (2, 8)[2 h(z)v(z)dTdt — 2R / / 9y2(&:1) ) ) g (o, )T+
0o Jro r, Ov
’ (
as / \Vya(a,t)|* h(x).v(z)dTdt + 2a,% / / ).V, (x, t)dDdt—
o Jro Ty
T
—ag/ [V (z, 1)) h(m).u(m)dfdt—i—%/ / y2(x, )0y (x, t)h(z).v(x)dldt+
0o Jry
T
aﬂ%/ / (z, t)divh(x )dth—%/ y1(z, t)h(x).Vy, (x, t)dz| —
0 JIy 0 0
T T
C\‘s/ ya(x, t)h(x).Vyy(z, t)dz —aﬂ?/ / y1(x, t) VY, (2, ).V (divh(z))dl dt—
Qo 0 0 (971
T
R / / v (2, )V (2, ).V (divh(z))dTdt (2.67)
0o Ja,

We conclude from the boundary condition (2.5) that

V(ya(x,t) —yr1(x,t)) = 6(y2(x,t)a; yl(x’t))u(x) on Ty x (0,T),

then

3y2(z,t)‘2 B ‘ayl(x,t) 2

Vi = [T a0 + [ 2250 S o x 0.1
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so on I’y x (0,7,

I (2,1) 92, 0) ) g 1)) — an [V a0 Ba) () +

ov ov
s — ay 2 1T, ?
as [Vya(z, 1) > h(z).v(z) = (ag — a1) [V (2, ) ]> h(z) .v(z) — ( - ) ‘57;(9(” t)‘ h(z).v(z) (2.68)

2a1 R( h(x).Vy,(z,t)) — 2a2R(

after using the boundary condition (2.6).

Insertion of (2.68) into (2.67) results in

T
2a1§)%/ Vyi(z,t).J(x)Vy,(z, t)dxdt+2a2§R/ / Vya(z,t).J(x)Vyy(z, t)dedt =
o Jo,

T
2(113%/ /
o Jry
S|
az 0 JIy

T T
as / / Vo (z,t)|* h(z).v(z)dldt + S/ / ya(x, )0y (x, t)h(z).v(x)dldt +
0o Jr, 0o Jr,

Oy1(x,t)

T
’ h(zx).v(x)dldt + (as — al)/o g \Vyi(z,t)|* h(z).v(x)dldt —

2 T
W‘ h(z).v(z)dldt + 2asR / / Wh(x)-vﬂg(x,t)dfdt—
0 s

T

0

T _
az%/ / Wyz(x,t)divh(m)dfdt—%/ y1(z, t)h(x).Vy, (z,t)dw
0o Jr, v o,

T

T
%/ ya(z, t)h(x). Vyy(z, t)dz —alﬂ?/ / y1(z, ) VY, (x,t).V(divh(x))dDdt —
Qo o Ja,

0

T
agﬂ%/ / y2(z, ) Vs (z,t).V(divh(z))dldt (2.69)
0o Ja,
Using the fact that
9y2 :
A e I (2.70)
L2(To)

where V9 is the tangential gradient of yo, (2.69) becomes

2a1§R/ / Vi (z,t).J(x)Vy, (z, t)dzdt+2a2§}?/ Vyg(x,t).J(az)V@Q(x,t)do:dt =
Q1

2&1%/ /
I

8y2 x t

2a2§R x).Vyy(x, t)dldt — ag \Vya(z, ) h(z).v(z)dDdi+
F2 1—‘2

s [ / 2, ), ().

Ty 1)

a1§R/ /Ql y1(z, )V, (z,t).V(divh(x))dldt —a2§R/ / yo(z,t)VTy(x,1).V (divh(z))dl dt—

Qo

6y1xt

T
‘ h(z).v(x)dldt — (ay —aQ)/O g (Vo (z, ) + 2 %

‘ Yh(z).v(z)dTdi+

x,t)divh(x)dldt—

T

T
—%/ Yoz, (). Vyy(z, t)dz
0 Qo

%/ y1(z, t)h(z).Vy, (z,t)dz
Q1

(2.71)
0
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It follows from Assumptions (H.2) and (H.3) that
T T
2a15R/ Vyl(x,t).J(:c)Vyl(:c,t)dxdt+2a2§R/ / Vya(z,t).J(2)Vyy(x, t)dedt<
Ql Q2

2@9%/ 5 8y28(f b) hx).Vyy(z,t)dTdt — 0,2/ /1“2 |Vya(z, t))* h(z).v(z)dldt+

/ / ya(x, t) 0y (x, t)h(z). (a:)dI’dt—i—ag%/ / ay%if’t)yg(x,t)divh(x)dfdt—
I's 0 I's

T
a1§R/O /Ql y1(z,t)Vy, (z,1).V(divh(z))dTdt — agéﬁ/o /Q2 yo(x, 1)V, (x,t).V (divh(z))dldt—

T T

(2.72)

3 /Q v (2, Oh(2). VT, (. £)dz

Step 4.
We now estimate both sides of (2.72). From (H.1), we have for the terms on the left-hand side of
(2.72)

—%/Q ya(x, t)h(x).Vyy(z, t)dx

0 0

T T
2a1§R/ Vyi(z,t).J(2)Vy, (x, t)dzdt + 2@3?/ Vys(x,t).J(2)Vyy(z, t)dedt >
0 Ql 0 QQ
T T
2min{a1,a2}§}f{/ / Vyi(z,t).J(x) VY, (z,t)dzdt +/ / Vya(z,t).J(x)Vyy(z, t)dedt} >
0 Qo
2m1n{a1,a2}§R{/ / Vy(z,t).J(x)Vy(z, t)dedt >
. 2 . 1 r 2 1 r 2
2min{a, as}a |[Vy(z,t)|” de > 2amin{a, as }{—a1 [Vyi(z,t)|" de + —aq [Vya(x,t)|” dx} >
0o JQ ai o Jo, az 0 J
T T
2amin{ay, as} max{ay, as }Ha; / / |V (z, t)|2 dx + ag / / |Vya(z, t)|2 dx} >
0 1971 0 Qo

T T
2aaraz{ay / / [Vyr (z, t)|2 dx + as / / |Vya(z, t)|2 dx}
0 Q1 0 Qo

Hence

T T
2a1§R/ / Vi (z,t).J(x) VY, (z, t)dxdt+2a2§R/ / Vya(z,t).J(x) VY, (2, t)dedt > 4aa1a2/ E(t)dt
o Jou 0

(2.73)
Now, we estimate each integral term on the right-hand side of the inequality (2.72) separately.
First term. We have by the Cauchy-Schwarz, Young and Poincaré inequalities

T

T
f%/ ya(z, t)h(x). Vyy(z, t)dx
0 Q2

<COEM) +E0) (274

& / y1(x, t)h(x).Vy, (z, t)dx
(o5

0

recalling (2.61).
Second term. Using Cauchy-Schwarz and Young inequalities yields

aﬂ?/o /Ql 1‘11(53,t)V@l(m,t).V(divh(w))dI‘dt—&-az%/o /Q2 yo (2, ) Vyy(2,1).V(divh(z))dldt| <
(2.75)

T T
ﬂ/ 5(t)dt+9/ ly(z, £)[ ddt
2 Jo nJo Ja
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where 7 is a positive constant that will be fixed later.
Third term. Recalling the boundary conditions (2.4) and using again Cauchy-Schwarz and Young
inequalities gives

/ / 8y2 (28 (). V5 (2, )dTdE| =
I'>

T
c/ /{\8ty2(x,t)|2—|—|8ty2(x7t—r)|2}dfdt+0/ / Vo (z, 8)|2 dTdt (2.76)
0 FQ 0 FQ

2(12

T
= 2a2/ {—adwya(z,t) — Oy (z,t — 7)}h(z). Vya(z,t)dldt <
0o Jr,

Fourth term. Proceeding as for (2.76), we obtain

.
5 / / 992(2:8) o 1) divh(z)dTdt| <
o Jr, ov

a2
T T
c/ |y2(w,t)|2d1‘dt+/ (Owa(a )2 + [y, t — 7)[2}dTdt (2.77)
0 Iy 0 Iy
Fifth term.
T T
3 / / o (2, )0, (@, )h(z) w(z)dTdt| < C / Uz, D12 + [0 (2, ) 2}d0dt (2.78)
0 Fg 0 FQ
Sizth term. . .
as / \Vya(z, 1) h(z).v(z)dldt < C / Vyo(z,t)|* dTdt (2.79)
0 F2 0 I—‘2
Inserting (2.73) — (2.79) into (2.72), we obtain
c [T 9
( a-— —|— ) z) |Vy(z, t)|* dedt < C{E(T) + £(0)} + o ly(x,t)|” dedt +
Q 0 Q

T
0/ |y2(x,t)|2dfdt+0/ / {\8ty2(x,t)|2+|8ty2(:r,,t—7)|2}d1"dt+0/ / Vya(z,t)|? dTdt
0 FQ 0 FQ 0 1—‘2
Choosing 7 sufficiently small to make a — n( + C) > 0, yields
/ EM)dt <C{ET)+E(0)} + — / /|yazt|dxdt+0/ /|y2xt|d1“dt+
C / (0@ ) + |0y, t — 7)[2}dTdt + C / Vo (a, £)|? dTdt (2.80)
0 FQ 0 1_‘2
Recalling (2.70) and (2.4), we readily obtain from (2.80)
T T
/ E)dt < C{E(T)+E(0)} + — / / ly(x, t)] dxdt+C/ lya(z, 1)) dTdt+
0 0 JI'p

T
C/ {|0wya(z, t)]> + |8ty2(:c,t—7)\2}d1“dt+0/ IVoy(x,t)|* dldt (2.81)
0 I'y 0 I's



2.3 Proof of the main result 23

Step 4.
For fixed € > 0 small we apply estimate (2.81) over the interval (¢, T — €) rather than (0,7). We obtain

T—e T—e
/ E(t)dt < CLE(T — &) + E()} + c/ / (s, )| dUdt+
€ € T
T—e T—e
c / (0o (@, 1) + [y (a, t — 7)[F}dTdt + C / IV, ya(, )| dTdt+
€ Ty € Ty

c / o /Q ly (e, 8)[2 dadt (2.82)

From Lemma 7.2, inequality 7.5 in [72], we have

T—e T 2
/ |Voya(z,t)|* dldt < C(e, 8, T){ / / { + |8yya (2, )|* YdDdt+
€ Fz 0 Fz

592(%”'
v

2
Hy2||L2(07T;H1/2+5(Q2))} (2.83)
where 4 is an arbitrarily small positive constants and C(e, §,T) denotes a positive constant that

depends on €,4 and T.
Inserting (2.83) into (2.82) and recalling the boundary condition (2.4), yields

T—e T
/ E)dt < C{E(T —€e)+E(e)} + C/O /F {10wya2(z,1)]> + |8yy2 (x, t — 7))* YdTdt+

T T
¢ [ [ maoraarc [ [ 0P dut+ Ces T i ey 289
0 T2 0

From (2.59), we have for 0 < S < T,

T

ES)=E(T) + aga/

T
|Orya (2, t)\2 dl'dt + agﬂﬂ?/ Yo (x,t — 7)0ya2(x, t)dsdldt—
S Fg S F2

g r 2 2
o Jo 00wl = Goun(e.t - ) yara (2:85)

(2.85) implies
T
E(S) < E(T)+C / {10wy2(x, )| + |0py2 (z, t — 7)|*}dTdt (2.86)
0 I's

Using (2.60) and (2.86), we deduce from (2.84)

T—e T
| ewa<cwm+ [ Qo + ot - )P

T T
| [ imteorads [ [ o e+ Clesm s ree@y 287
0 I's 0
On the other hand for a fixed € .
/ EWdt+ | () < 2eE(0)
0 T—e

and by (2.86),

T

/eg(t)dt—f— E(t) < C{E(T) +/T {10wy2(z,t)|> + |8py2 (z, t — 7)|* }dTdt}
0 T—e¢ 0 Iy
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Hence
T T T2
/ 8(t)dt§C{E(T)+/ {|8ty2(x,t)|2—|—/ |0yya (2, t — 7)|* }dDdt+
0 0 T T
T 2 T : 2 1 2
/0 [ (oo avir+ / / ly(@, )2 dudt + C(e,6,T) [yl 2o osonyt (258)

Notice that for any 6 > 0, (see [45], p. 112, Theorem 16.3)

T T
Hy2||2LZ(O’T;H1/2+5(Qz))ge/o /Q |Vy2(:v,t)|2dxdt+0(9)/0 /Q (1) dadt

and consequently

20 T T
O / E(t)dt + C(0) / /Q ly(, ) dcdt (2.89)
0 0

min{al, az}

Collecting (2.9), (2.74), (2.60), (2.61), (2.63), (2.88) and (2.89), we obtain for an appropriate choice of 4
and for T large enough

T
E(T)<C / / (100, O + 10ya, t — 7) 2}l dt+
0 I's

g 2 ’ 2
C(/O . ly2(x,t)] dl"dt—i—/o /Q|y(x7t)| dxdt) (2.90)

Step 6.
We prove by a compactness-uniqueness argument that there exists a constant C' > 0 such that

T
2 2 2 2
||y||L2(o,T;L2(Q)) + ||ZUHL2(0,T;L2(1“2,)) < C/o /1“ {10ey2(z,t)|” + [Ory2(x,t — 7)[" }dl'dt (2.91)
2

Assume that there exists a sequence y™ of solutions of problem (2.1) — (2.7) with
yl?(xao) = yZO(x)v T e ka
yp(z,t—71) = [z, t—71), xelyte(0,7),k=1,2.

such that

2 2
19" 220, 020)) + 1921220, 7,22(m0)) = s

T
/ / {10uy5 (z, 1) ]> + |0yy3 (x,t — 7)|*}dDdt — 0 as n — +oo (2.92)
0 Iy

Since each solution satisfies (2.90), we deduce from (2.86) and (2.92) that the sequence Y7* = (y&, f™)
is bounded in H. Hence there is a subsequence still denoted by Y;* which converges weakly to some
Yo = (yo, f)- Let y be the solution of problem (2.1) — (2.7) corresponding to such initial conditions. We
have from Proposition 2.2.1

y € C(0.T: H}, ()

Then

Yo — yin L®(0,T; HP () weak-star,
yn — 1y strongly in L?(0,T; L*(T'5)) N L?(0, T, L*(Q))
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This fact along with the compactness Hp (€2) — H'~¢(2) for € > 0, implies that there exists a subse-
quence still denoted by y" such that y™ — y strongly in L>(0,7; H'~¢(Q)). Then we have from (2.92)

2 2

9l 2207 0200)) + W2l z2(0,7502(r0)) =1 (2.93)
and
4 2 2
/ {100, )2 + |Bya(ar t — 7) Tt = 0
0 Jr,

Thus y satisfies

Oya(z,t) =0 on T x (0,T)

and

0 t
7‘1’2&;:’ )0 onTux(0,7)
Let
ug(z,t) = yi(x, t). (2.94)
Then
Opug(z,t) — apiAug(z,t) =0, (z,t) € Qx(0,7),k=1,2,
Ul(xat) =0, ({E,t) € Iy x (OaT)v
0 t
% = us(z,t) =0, (,t) € Ty % (0,7),
ur(x,t) = ua(z,t), (x,t) € Ty x (0,7),
0 t 0 t
aq ugf’ ) = a9 ui?(j’ ) ($,t) S Ty x (O,T)
From Holmgren’s uniqueness theorem (see [44] Thm. 8.2, p. 92, and Thm. 7.1, p.391) applied to problem
Opuz(z,t) — agiAug(x,t) =0, (z,t) € Q9 x(0,7),
0 ot
Qealtsl) _ () — o, (e.8) € Tax(0.7),
Oov
we obtain for T" large enough
UQ(J},t) =0, (IL',t) € Qg X (O,T) (295)
and hence 5 .
wi(z,t) = % =0, (z,t)€Tyx(0,7)
v
We apply again Holmgren’s uniqueness theorem this time to problem
Opuq (x,t) — ariAuy (x,t) = 0, (x,t) € Q1 x(0,7T),
ul(x7t) = Oa (Iat) € I—‘1 X (07T)a
ul(‘rat) = Oa (I’,t) € F0 X (O7T)a
0 t
% — 0, (z,t) € Tgyx (0,T)
we obtain
ui(z,t) =0, (z,t) € Q1 x (0,7) (2.96)
(2.94) together with (2.95) and (2.96) implies that
ye(z,t) = yr(z)
Thus yi, k = 1,2 verify
—apAyk(z) =0, r € U, k=12,
y1(x) =0, r € Iy,
Lygir) = O, T € FQ,
y1(r) = ya(x), T € Lo,
ai ayaliz) = az 8y321(,w) ) IS FOa
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and so y(x) =0 for € Qp, k = 1,2 and consequently y(x) = 0 for € Q. This contradicts (2.93).
Step 8.
The estimate (2.54) together with (2.90) and (2.91) yields

E(T) < ¢

< mE(O) (2.97)

The desired conclusion follows now from (2.97) and Proposition 1.3.2 since 0 < ,H_LC < 1.

2.4 Appendix A

. Proof of the identity (2.64)
We multiply both sides of (2.1) by h(z).Vy(z,t) and integrate over Qi x (0,7);k = 1,2,

T
/ v (2, (). VT (2, )t — iy / Age (@, £)h(2).V5, (@, )dwdt = 0 (2.98)
0o Jo, o Jo,

Integrating by parts in ¢, we obtain for the first term at the right of (2.98)

/ /@yk 2, h(z). Vg, (z, ) dedt = /yk(x Hh(z). Vg, (z, t)dz

/ / yi(z, 1) h(x).V Oy, (z, t)dxdt

(2.99)
Applying Green’s Theorem to the second integral on the right -hand side of (2.99), yields
/ / Y (2, 0)h(x).VOoiy, (v, t)dxdt = / / yi(z,6)0ugk (z, t)h(x).v(z)dldt—
Q o0
/ /yk (x,t)0uy (z, t)divh(x dxdt—/ /8tyk (z,t)h(z). Vy(z, t)dzdt =
/ / (@, )0, (@, ) h(x) v (z)dDdt — / / (2, 0T (2, ) divh(z)dwdt+
0 o0 0 Q
T
iak/ A (x,t)h(x). Vyg(z, t)dzdt (2.100)
0 Joy

Inserting (2.100) into (2.98), yields

T

Qakéﬁ/ A Ay(z,t))h(z )V?k(x,t)dxdt:S/Q yi(z, t)h(x).Vy, (x, t)de| —
k k 0

/ / yi(z, )0k (z, t)h(x).v(z)dldt — ak%/ / yi (2, t) Ay (z, t)divh(z)dzdt (2.101)
0y, 0 J

For the term at the left of (2.101), we have after using Green’s Theorem

Oyk(x t)

h(z).Vy,(x,t)dldt—
v

T

2ak3?/ Ayg(z, t)h(x).Vy, (z,t)dzdt = 2ak9%/ /
0 Qe O,
T

2a,R / Ve (e, 6).V (h(z). VG, (x, 1)) dadt (2.102)
0o Jo,

Applying the identity

R{Vw(z).V(h(z).Vw(z))} = R{J(x)Vw(z).Vw(x)} + %h(x)V(|Vw(x)|2)
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to the last integral on the right hand side of (2.102), we find

Oyx(z,t)

£ h(z).Vy,(x,t)dldt—

T
2ak§R/ Ayg(z, t)h(x).Vy, (2, t)dzdt = Qak%/ /
0o Ja, Iol

T
2R /0 /Q @) Tak(, )V )t a /0 W)V ([Vye (1))

Q.

Another use of Green’s theorem yields

Oyk(x t)
ov

2ak3?/ A Ayg(z, t)h(x).Vy,(z,t)dzdt = 2ak9%/ /BQ h(z).Vy, (z,t)dldt—

Qak%/ /Q 2)Vyp(x,t).Vy,(z,t))dedt — ak/ / [Vyr(z,t)|* h(z).v(z)dDdi+

0y,

ak/ / \Vyr(z, t)|° divh(z)dzdt (2.103)
0o Jo,
For the last integral at the right (2.101), using Green’sTheorem once more results in
T T -
0 t
akﬂ?/ / yi(z, t) Ay (z, t)divh(z)dxdt = akﬂ?/ / yk(x,t)Mdivh(x)dth—
0 Qe 0 oy, 81/

T T
apR Vi (z, t)|° divh(z)dzdt — apR k(x, ) VY, (z,1).V(divh(z))dzdt (2.104
Vi (z, 1) (z) yr (@, )V, (2,1).V (divh(
0 Qk 0 Qk

Inserting (2.103) and (2.104) into (2.101), we obtain identity (2.64).



Chapter 3

Stabilization of the transmission
Schrodinger equation with boundary
time-varying delay

3.1 Introduction and statement of the exponential stability re-
sult

In [59], Nicaise et al considered the multi-dimensional wave equation with a time-varying delay term in
the boundary condition. Under suitable assumptions they established the exponential stability of the
solution. This result is obtained by introducing suitable energies and suitable Lyapunov functionnals. In
this chapter, we adpot the approach of [59] to study the stability problem for the transmission Schrodinger
equation with a time-varying delay term in the boundary feedback.

Let 92,9,95,T',T9,I';y and I'y be as in Chapter 2, and assume that there exists zg € R™ such that for
m(x) =z — xg, we have:

m(z).v(z) <0 onT'; and on I'y (3.1)
m(z)v(z) >6>0 on I'y (3.2)

Let ai,a2 > 0 be given. Consider the system of transmission of the Schrédinger equation with a
time-varying delay term in the boundary conditions:

Oryr (2, t) — tapAyg(z,t) =0 in Q x (0,400),k=1,2, (3.3)
yr(x,0) = yor(x) in Qp,k=1,2, (3.4)
y1(z,t) =0 on I'y; x (0, 400), (3.5)
0 ,t

0200) (1) — BOuga(a (1) on T x (0, +20), (3.
y1(z,t) = ya(z, t), on Iy x (0, 4+00), (3.7)

0 ,t 0 ,t

a1 yla(: ) = ay yza(f ) on 'y x (0, 400), (3.8)
Opyz(x,t —7) = f(x,t — 1) on I'y x (0, 7). (3.9)

where:
e o and (3 are positive constants,

e 30 f are the initial data which belong to suitable spaces,

28
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e 7(.) is the time-varying which is as in [59] subject to the following assumptions:

There exist positive constants 7 and 7 such that

T<7(t) <7 forallt>0, (3.10)
(t)<d<1 forallt>0, (3.11)
7(.) € W2([0,T)). (3.12)
To state our stability result, we assume as in [59] that
avl—d>p (3.13)
and define the energy of a solution
(1) = y1(z,t), (x,t) € Q1 x (0, +00)
’ ya(z,t), (x,t) € Qg x (0,400)
of (3.3) — (3.9) by
1
BE(t) = ﬂ/ Vyi (2, 1)) dz + %/ Vya (@, 1)) dz + §r(t)/ / |0ry2(,t — ps)|* dpdl’  (3.14)
2 Ja, 2 Ja, 2 r, Jo
where and 3
as
<E<2 - 3.15
Vi—d ST A= (3.15)

The main result of this chapter can be stated as follows.

Theorem 3.1.1. In addition to (3.1), (3.2), (3.10), (3.11), (3.12) and (3.13), assume that
a; > as
Then there exist constants M > 1 and w > 0 such that
E(t) < Me “'E(0)
for any regular solution of (3.3) — (3.9)

Theorem 3.1.1 is proved in Section 3. In Section 2, we study existence, uniqueness and regularity of
solutions for system (3.3) — (3.9) using semigroup theory.

3.2 Well-posedness

Inspired from [57], we introduce the auxiliary variable

z(x, p,t) = Oy(x,t — 7(t)p). (3.16)
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With this new unknown, problem (3.3)-(3.9) is equivalent to

Oy (x,t) — iapAyg(z,t) =0 in Q x (0,400),k=1,2, (3.17)
yi(2,0) = yor () in Q,k=1,2, (3.18)
yi(z,t) =0 on I'y x (0,+00), (3.19)
T(t)Oz(x, p,t) + (1 — 7' (t)p)dpz(z, p,t) = 0 in Ty x (0,1)x(0,4+00) (3.20)
W — —iaasAys(z,t) — Bz(z,1,t)  on Ty x (0, +00), (3.21)
v
y1(z,t) = ya(z, t) on I'y x (0, 400), (3.22)
Oy (x,t Oya(x,t
ay yla(j ) = ay y%(f ) on I'y x (0, 400), (3.23)
2(z,0,t) = Opya(2, t) on I'y x (0,400), (3.24)
z(z, p,0) = fo(z, —p7(0)) in 'y x (0,1). (3.25)

Let
V= {(Ul,UQ) € Hll‘l (Ql) X Hl(QQ);Ul = Ug On FQ}

The space for well-posedness of (3.17)-(3.25) is taken to be the space
H =V x L*(I'y; L*(0,1))
‘H is a Hilbert space with the following inner product
U1 Uy 1
ug | 5| e =a Vuy(x).Vuy (x)dx+ag Vug (). Vg (x)dx—i—f/ / 2(x, p)Z(x, p)dpdl
z g Qs Qo I's JO

In #H, define a linear operator A(t) by

/ —
A(t)(u1, ug, 2)" = (ia1 Auy, iagAug, T(i)(pt)lapz)Ta (3.26)
D(A®) = {(u1,u2,2)" €V x L*(T2; H'(0,1)); Auy € Hf (1), Aug € H' (),
satisfying (3.28)-(3.31) below} (3.27)
ou ou
0,167V1 = agaiyz on Fo, (328)
alAul = (IQA’LLQ on FO7 (329)
2(.,0) = iasAus on T'y, (3.30)
% = —az(.,0)) — Bz(.,1), on Iy. (3.31)

Notice that for (ui,us,z) € D(A(t)), we have the following boundary regularity:

o Augloq, € H'/?(0Q,), k = 1,2, (trace theorem),

o ilng, € HV/2(0Q), Z2|r, € H-Y/2(Tg) (see e.g., [35] p. 71, Theorem. 3.8.1]),

* %h‘z € L?(T'y) since z € L2(T'y).
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Using the operator A(t), we rewrite (3.17) — (3.25) as an abstract Cauchy problem in H

{ 4y (1) :_A(t)Y(t) (3.32)

where
Y(t) = (y,2)" and Y° = (4°(2), fo(., —.7(0)))"

Notice that problem (3.32) is equivalent to

4V (t) = A()Y (1)
{ d F0) = ¥, (3.33)

where
A(t) = A(t) — w(8)T, 5(t) = (T(QT(;”

in the sense that if Y'(¢) is a solution of (3.33) then Y () = e?@Y (t) where 6(t) = fot k(s)ds is a solution
of (3.32).

To establish existence and uniqueness of solutions for problem (3.33), we employ the result stated
next.([34]).

Theorem 3.2.1. Let K(t) : D(K(t)) C H — H be a time-varying linear operator such that :
i. D(K(t)) is independent of t,
ii. D(K(0)) is a dense subset of H,
iii. For allt € [0,T] K(t) is the infinitesimal generator of a Cy-semigroup on H,

iv. There exist constants C' and m independent of t such that for allt € [0,T], the semigroup {S¢(s)}s>o0
generated by K(t) satisfies
1Se(s)ully, < Ce™ Jlully

for allu e H and s > 0,
v, 4KC(t) € L([0,T), BID(K(0)), H).

Then problem
{ U =KmU(t)

has a unique solution
U € C([0,T], D(K(#))) N C([0,T], H),
for any initial datum in D(K(0)).

Below, we prove that the conditions required by Theorem 3.2.1 are met by the operator E(t)

Since D(A(t)) = D(A(t)), then it follows from (3.27) that
D(A(t)) = D(A(0)), (3.34)
that is the domain of A(t) is independent of ¢.

Lemma 3.2.2. D(A(0)) is dense in H.



3.2 Well-posedness 32

Proof. Tt is sufficient to show that D(A(0)) is a dense subset of H. We proceed as in ([59]). Let (f1, f2,9)
€ H be orthogonal to all elements of D(A(0)),i.e.

. . 1
o /Q () VFila)s + o /Q ) V) + / 2 / 2@, 0)g(@)dpdl =0, (3.35)

for all (y1,y2,9) € D(A(0)).
For Y1 = 07342 =0and 7z € D(FQ X (07 1))7 (y17y27g) € D(A(0)>7 and

/1“2 /01 z(z, p)g(z, p)dpdl’ = 0

Since D(T'y x (0,1)) is dense in L?(T'y, L?(0,1)), we conclude that g = 0. In the same manner, we obtain
y2 = 0 if we take fi; =0 and z = 0. Therefore the identity (3.35) is reduced to

; Vii(x).Vfi(z)dr =0

By taking in (3.35), y2 = 0 and z = 0, we get

A Vyi(2).Vfi(x)dz =0 for all (y1,0,0)" € D(A(0)). (3.36)

But (y1,0,0)7 € D(A(0)) if and only if y; € D = {f € V;Au; € V,%lf, = 0 on I'g}. Since D; = {f C

VN H?(Q): g—f =0on I'g} C D and Dy is dense in V. Then D is dense in V. Combining this fact with
(3.36), we conclude that f; = 0. O

Lemma 3.2.3. Define on the Hilbert space H the following time-dependent inner product
Y1 fi o o 1
v |, | fo =a Vyi(x).V fi(z)dz+as Vya(x).V fo(x)dz+E7(t) / / z(x, p)g(zx, p)dpdl
z g . Ql Ql ' JO

Then g(t) is dissipative for fized t.
Proof. Let Y = (y1,v2,2)T € D(A(t)). Then

RY,AQ)Y), = —%{a%i/ﬂ Vyl(x).V(AM)dx}—ﬂ%{agi/ﬂ Vya(z).V(Ayz(x))dx} —

2

%fT(t)/F /0 z(x,p)%@,)z(x,p)dpdf‘ (3.37)

Applying Green’s theorem to the first two integrals on the right-hand side of (3.37) and using the fact
that the normal vector on I'j is oriented towards the interior of €2y, we obtain

— R{a?i Vi (2).V(Ayi (x))dey — R{a%i Vug(x).V(Ays(x))dz} = —

Ql Q2
R{ai / OW1(@) N yar + a2 / W) Ay Tvar — o / | Ay (2))? da }—
r 3V To 81/ [oN
wiazi [ 220 npayar — i [ 22 Ay yar — a2 / | Aus(z)[? da} (3.38)
Ts 81/ To 31/ Qs
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Note that the integrals over 'y (resp.I'g) on the right-hand side of (3.38) are to be interpreted in the
sense of duality pairing between H'/2(I';) and H~/2(I'y) (resp. HY/?(Ty) and H~'/2(Ty))
(3.38) together with (3.27) — (3.31) yields

— R{a?i A Vi (2).V (Ay (x))dzy — R{aZi ; Vuy(z).V(Ays(z))da} = —

asa / 22, 0)2dD — apBR [ 2(z,1)%(x, 0)dT (3.39)
F2 F2

Integrating by parts in p the third integral on the right-hand side of (3.37), we get

Q%E/F /0 Z(%p)%@z(%p)d;}dr :/F {l2(z,1))? (l—r’(t))—|z(m,O)|2}dF—T’(t)/F /O |2(x, p)|* dpdl
2 2 T (3.40)
Inserting (3.39) and (3.40) into (3.37) results in

R(Y,AR)Y), = —aga | |2(,0)]>dl — agfR [ 2(z,1)z(z,0)dl—
T

3 2 / 2 £r' () ! 2
5 F2{|Z(3L‘a1)| (1=7'(t)) — |2(z,0)["}dl" — 5 /rg/o |z(z, p)|” dpdl’

from which follows after using the Cauchy-Schwarz inequality

£ ap 2 £1—d) apvl—d 2 2
R(Y,A(1)Y), < —(a2a—§—m) . |2(2,0)f dl'~ (45— ~——F—) 5 |2(z, DI dl—x(2) [IY]];
(3.41)
where(3.41) together with (3.15) implies that
R(AML)Y,Y) <0 3.42
(Avy.y), < (3.42)
Thus the operator A(t) is dissipative. O

Lemma 3.2.4. The operator ﬁ(t) is mazimal for each fized t.

Proof. Since k(t) > 0, then the maximality of Z(t) follows from that of A(t). To this end, let (f1, f2,9)T €
‘H, and consider for some A > 0 the equation

(AL = A@W)Y = (f1, fa, 9)"

where Y = (y1,y2, 2) or equivalently

Ay () — iax Ay () = fir(z) in O,k =1,2, (3.43)
Az(@, p) + Wa,,z(z, p) = g(z, p) on Dy x (0, 1), (3.44)
yi(z) =0 on I'y, (3.45)
ay;f”) = —az(z,0) — Bz(z, 1) on T, (3.46)
1 (z) = ya(2) on T, (3.47)
a1 6y§£x) = as 8‘1’;1517) on To, (3.48)
ar Ay () = azAus(z) on L. (3.49)
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Suppose that we have found (y1,y2) with the appropriate regularity, then we can determine z. Indeed,
from (3.44) and (3.30) we have

0p2(x,p) = T2rths 2@, p) + =5, 9(x, ), z €T, pe(0,1),
z(z,0) = taz Aua(z), xz € Ts.

The unique solution of the above initial value problem is given by

2(z,p) = e 7O 2(2,0) 4 7(t)e 7O /p Wy (x, 5)ds, if 7/(t) =0,
0
z(x, p) = z(x,0) eXp()\T(t) 1n7(-/1(t—) (D)) )+
AT(8) In(l — 7' (t)p), [ g(x,s)7(t) =A7(t) In(1 — 7'(¢)s) )
exp( 0 )/0 = s exp( 70 )ds, otherwise.
Therefore
Byagix) = —ias(a + ﬂe_)‘T(t))Ayg(x) — Bre=*™® /1 eM(t)sg(m, s)ds, x€Tlq, if 7'(t) =0,
0
8y821(/x) — 2(2,0) exp()\T(t) 1171_(/115) T (t)))Jr
M) In(1 =7 (t). [* gz, s)7(t) =A7(t) In(1 — 7'(t)s) .
exp( 0 )/0 = s exp( 70 )ds, x €Tq, otherwise.
From (3.43), we have
Ay1(z) — a1 Ay () = f1(z), z € Q, (3.50)
Ay2(x) — iagAya(z) = fa(z), x € Qo, (3.51)

and we proceed as in the previous chapter to prove that (3.50)-(3.51) has a unique solution (yi,y2) €
{(u1,u2) € VX L2(To; H'(0,1)); Auy € HE (1), Aup € H'(Q2)} and satisfying (3.28)-(3.31), and conse-
quently (3.43)-(3.49) has a unique solution (y1,y2) € D(A(t)) and thus AI — A(t) is onto for some A > 0
and for all ¢ > 0. This shows that A(¢) is maximal for each fixed ¢. O

From Lemma 3.2.3 and Lemma 3.2.4, we obtain the following result.
Proposition 3.2.5. For each fized t € [0,T], the operator Z(t) generates a Cy-semigroup gt(s) on H.

Lemma 3.2.6. There exist constants C' and m independent of t such that for allt € [0,T), the semigroup
{S:(s8)}s>0 generated by L(t) satisfies

[Se(s)ully < Ce™ Jully (3.52)
for all w € H and s > 0.

Proof. Let v = (y1,y2,2) € D(K(), then

2
el

1
o [ V@)oo | (Vi) dotr(s) [ [ et )P dpdr,
Q1 Qo I's JO

1
o [ Vn@Pdstar [ [Vi@Pderero) [ [ o) dpar.
1951 Q2 r, Jo

2
Il
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and

2
el |, )= 7()
2 _—
el 7(r)
From the mean value theorem, we have

7(s) —7(r) = 7'(a)(s — ), where a € (r,s)

and thus )
!/
||90||§ <14 7@
Il 7(r)
By (3.11), 7’ is bounded and therefore

2 ’
lells o, I7(a)]

|s = |

d
|s—7r| <1+ =|s—r]
T

lelly = ()
which gives
4 S—r
ez < e#l*=Hiell7 - (3.53)
and the desired inequality (3.52) follows from (3.53) with C =1 and m = £. O

Lemma 3.2.7. For the operator A(t) we have

%K(t) € 1°((0, T, B(D(A(0)), 2).
Proof. We have
%A(t) = %A(t) — K (1
where PO L OB UG OGR!
RN O ST
and

d oy ") 7()p — T () (t)p — 1))
%A(t) - ( ’07 T(t)Q )T

By (3.11) and (3.12), k/(¢) and TN(t)T(t)p_:(/t()tQ)(T/(t)p_l)) are bounded on [0, 7. Thus

%ﬁ(t) € L2((0,T], B(D(A(0)), H).

as desired. O
The main result of this section can now be stated.
Theorem 3.2.8. For any initial datum Yy € D(A(0)), problem (3.32) has a unique solution
Y € C([0, +o0), D(A(0))) N C* ([0, +00), H). (3.54)

Proof. Tt follows from (3.34), Lemma 3.2.2, Proposition 3.2.5, Lemma 3.2.6, Lemma 3.2.7 that g(t)

satisfies all the hypothesis of Theorem 3.2.1. Therefore for any initial datum Yy € D(A(0)) problem
(3.33) has a unique solution

Y € ([0, +00), D(A(0))) N C([0, +00), H). (3.55)

and the desired conclusion follows from the equality Y (¢) = 69(’5)}7(75) O
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3.3 Proof of the exponential stability result

We proceed in several steps.
Step 1.
First, we show that the energy function defined by (3.14) is decreasing.

Proposition 3.3.1. The energy corresponding to any regular solution of problem (3.3)-(3.9) is decreasing
and there exists a positive constant K such that

4B < K [ {1020 0P + (et =)} ar
where
K = min{asa 2 a12,5_)d 3 g)é(l —; t)— azﬁ\/Ql —d} () 0,
K = aa+p) if () = 0.

Proof. Differentiating E(t), we obtain

d
@E(t) =R [ VY (x,t).Vouyr(z,t)dr + ax®R [ Vyy(x,t).VOya(z,t)dz+
Ql Q2
1 1
e [ [ et~ r019)Ruatast - 01~ Tp)dpdl + 570) [ [ founlent - r(t)o)] dpar
ry Jo r, Jo
(3.56)
Applying Green’s Theorem to the first two integrals on the right-hand side of (3.56), we obtain
d oy, (x,t oy, (x,t
GEPO=aR | %@m(x,ﬂdmal% 5 %atw(x,t)dm
as N M&gyg(x, t)dl' — asit M@yg (z,t)dT +
I ov Ty
1
£T(t)5‘?/ Bya (.t — 7(1)p)D7y2(a,t — T(t)p)(1 — 7' (1) p)dpdl +
r, Jo
f ! ! 2
57 (t) |0ry2 (2, t — 7(t)p)|” dpdl’
ry Jo
Recalling the boundary conditions (3.5)-(3.6) and the transmission conditions (3.7)-(3.8), we get
d
%E(t) = —a2t |aty2(z7 t)‘Q dr — a2[3§R atyQ(‘ra t— T)aty2(xa t)dr+
Fz 1_‘2
1
ET(t)%/ / 0y (.t — T(t)p) 37 ya(x,t — 7(t)p)(1 — 7' (t) p)dpdl'+
ry Jo
5 / ! 2
57 () Owy2(,t = 7(t)p)|” dpdl’ (3.57)
I's JO
Now we have
Dpy(z,t = 7(t)p) = —7(t)dy(z,t — 7(t)p), (3.58)

Opy(x,t — 7(t)p) = T(8)*0Fy(,t — 7(t)p) (3.59)
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Therefore

1
R [ 0ga(x,t = 7(t)p)07ya(x,t — 7(t)p)(1 — 7'(t)p)dpdl’ =

5% [ Oatet = 709l = 7(0p) (1~ 7 (Op)dpar

T

1
= gt [ (L= 00 L Ot = ()9) dper

=- 27(116)3 RI(1 — 7/ (t)p) [9py2(@,t — T(t)p)[*]§ — T/(t):g / 10,52 (.t — 7(t)p)|* dp

27(t
= 50 O = (1= 7 (0) Dyt t = (O 2((;’ / Bpys(st — T(O)p)|? dp
! T )
2T(t)“aty2($ )P = (1= 7(1) 10eya(z, t — 7(t) T2 ) /o |Ovy2(z,t — 7(t)p)|”" dp (3.60)

Inserting (3.60) into (3.57) yields
d

@E(t) = —ascx |Ory= (2, 1€)|2 dl’ — as SR 0o (x,t — 7(t))Opya(x, t)dl+
Ty 1)

g (10w (2, )7 = (1 = 7/(1)) Oy (x, t — 7(¢))[*]dT
I

from which we obtain after using Cauchy-Schwarz’s inequality

iE(t) < —ager | |0wye(x, )P dl + a2/ |0yy2 (2, )|* dT + asfv1—d

e N T G T
1—7/(t
W/ |8ty2(x,t77(t))|2dr+g/ [Oeyo(a, £)[* dT
Iy =

|Ory2 (¢ — 7(t))[* T —

and consequently

iE(t) < —K [ {102, 0) + [0ye(z,t — 7(t))* D

dt - Ty
with
1—7'(¢))— 1—
K = minfaga — 220 £ E0-TW)=  wpVi-d,
2/1—d 2 2 2

Assumption (3.15) implies that the constant K is positive, which concludes the proof of Proposition
3.3.1. g
Step 2.
Set

E(t) = E(t) + 7{%/9 y1(x)m(z).Vyy (z)dx + 3/ ya(x)m(z). Vya(z)dx + E(t) }

Qs

where v is a positive constant that will be chosen later and £(t) is given by

E(t) = (1) / / e 00 By (.t — (8)p)|? dpdT (3.61)

Lemma 3.3.2. For v small enough, the functional E is equivalent to the energy E, that is there exist
two positive constants p1 and po such that

mE() < E(t) < p2E(2)
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Proof. See the Appendix B. O

Lemma 3.3.3. For any regular solution of problem (3.3)-(3.9), there exist positive constants Coy and Cy
such that

(t) < —CoFs(t) + Cof g {102 (@, )” + |0uya (@, t — 7(t))[}dT'} (3.62)
where )
(t) = kz_:ls/ﬂ ye(t, 2)m(z).Vy(t, z)dz
and

Proof. We have
Z {8tyk (t, x)m(z).Vyg(t, ) + y (£, 2)m(z). Vo (¢, ) }dx

By using Green’s theorem, we get after using the boundary condition (3.5)

%/ﬂ y1 (¢, )m(x).V oy (t, x)dx = 3/89 yl(t,x)@tyl(t,x)m(x).u(x)dF—%/ﬂ y1 (¢, )0y (¢, x)div m(z)dz—

S [ O (t,x)m(x).Vyi (¢, x)dx
1951

= _%/ Y1 (t7 x)atyl (t7 x)m(m)y(l‘)dF - ’I’L%/ Y1 (t? m)atyl (t> .CL')d.’L’ + R} 8ty1 (t> x)m(x)Vyl (t> .CL')d.’L’
F() Ql Ql
(3.63)

and
S/Q oya (t, x)m(x).Vopya(t, z)dx = S/Em yg(t,x)atyg(t,m)m(x).y(a:)df—S/Q ya(t, ©)0pya (t, x)div m(z)dr—

S| Owye(t,x)m(x).Vysa(t, z)dx
Qs

=3 [ vt Batmm(a) o)l + 3 [ (b0l Dy m(e) v (o)l 03 [ ya(t,2)0alE )da+
To r

2 Qo

S [ Owye(t,x)m(x).Vya(t, x)dx (3.64)
Qo

Summing up (3.63) and (3.64) and recalling the boundary conditions (3.7) and (3.8), we obtain

d < — —
pn ZS/ yg (t, 2)m(x). Vo (t, x)dx = S/ y2(t, ) 0pya (t, x)m(x).v(z)dl+
=1 Slk F2

Z { nyk(t, ©)yx (t, ©) + Opyi(t, x)m(z).Vyi (¢, z) }dx
On the other hand, using equation (3.3), we get

%/ y1 (¢, )0y (, x)de = —a R y1 (¢, ) Ay (¢, z)dx
o o

E— I
o [ o2 e o [ v o) de (3.65)
To ov 0
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and
%/ Y2(t, )02 (t, 2)dz = —az® | ya(t, ) Aya(t, x)dx
Qo Q2
Oya(t Oya(t
=—aR [ yalt, x)wdl" —aR [ yalt, x)#dl" + as [Vya(t, x| da
o v Ty v Qo
O0ya(t, x) — —
=—axR [ ya(t,x) % dl' + agaR [ ya(t, )0y (x, t)dl + a2BR | ya(t, z)Owy2(x,t — 7(¢))dl+
I'o Iy Iy
(3.66)

ag/ \Vya(t, z)|* da
Q2
Combining (3.65) and (3.66) and using the transmission conditions (3.7) and (3.8) gives

ya(t, )0yya (.t — 7(t))dT+

Yo (t, ) Oy2 (v, t)dl + az fR
Iy

2
Z R Oy (t, ©)yi(t, z)dr = azaR
s

k=1 7%

Zak/ [V (t, z)|* do

We also have from (3.3)
Ay (t, z)m(x).Vyg(t, v)dx

Z 8tyk (t,z)m(x).Vyi(t,z)dx = Zak%
k=1 Q

Thus
jt\I/( =S [ Owe(t,x)y2(t,x)m(x).v(x)dl — nasa®R | yo(t, )0rya(z, t)dl —
Ty I
2
nagﬁﬂ?/ ya(t, x atyg(x t—7(t))dl — Znak/ |Vy(t, z)|” de +
k=1 2
QZa;ﬁR Ay (t, z)m(x).Vyi(t, v)dz
Qi
Now we have
2R [ Ayi(t,z)m(z).Vyi(t,x)de = 2R Mm(m).Vyk(t, x)dl' + (n — 2) / \Vyr(t,z)|* de—
Qp o, ov Qp,
/ Vyk(t,z)|> dT
oy,
Specializing this identity to k = 1 and k = 2, we find
—— 2 Iy (,t) —
2R [ Ay (t, z)m(z).Vyr(t, z)dx = [Vyi(t, z)|” m(z).v(z)dl — 2R Tm(m).Vyl(t, x)dl' +
Q1 Iy T'o
IVy (t,2)|° m(z).v()dl + (n—2) [ |Vyi(t,2)]* da
F() Ql
e L Iy (1) — 2
2R [ Aya(t,z)m(z).Vya(t, z)dr = 2R Tm(x).Vyg(t, x)dl' — [Vya(t, z)|” dl +
Qo I Iy
Vya(t, )2 dl + (n—2) | |Vya(t,z)]* da

oR Mm(m).vmdr -
v o ;

To
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and consequently

22%3‘% Ayk (t, z)m(z).Vyr(t,x)dz = al/ IV (t, 2)|* m(z).v(z)dD—

ry
2a1 R Wm(m).Vyl (t,z)dl + a; / [V (t, 2)]> m(z).v(x)dl + 2a,R %Z’t)m(x).Vyg(t, x)dl—
I'o o I,
0 t —
Vya(t, ) dT + 2a2R @m(az).vw(t, 2)dl —ay | [Vya(t,) dl+
I's To To

(n—2) Zak/ \Vyr(t, z)|* de (3.67)

We conclude from the boundary condition (3.7) that

O(y2(z,t) —
v

V() — (1) = B 1) 2y on T x (0,7),

then

Oya(x,t) ’2 B layl(x,t) 2

Vya(a, ) = [V (2, 1) + ‘ ‘ on To  (0,T),

ov ov
so on Iy x (0,7T),
2(11%(Wm(x).v;yl(x,t)) — 2a2Re(Wm(m).Vy2(x,t)) —ay |Vy1(a:,t)\2 m(x).v(z)+

m(x).v(x) (3.68)

a2 |V, D2 ma) () = (az — ar) [V (2, 0) m(z).v(z) — 22— %) ‘8%@’0

as ov

after using the boundary condition (3.8).

Inserting (3.68) into (3.67) yields
2Zak§R Ayk (t,x)m(x).Vyi(t, z)dx = al/ IV (t, 2))* m(z).v(a)dD+
ry

Oya(x,t)

I v

2a5R m(x).Vys(t, z)dl — ag/
o

Vya(t,2) [ m(z).v(@)dl + (n —2) Y ax / \Vyr(t, z)|* de+
k=1 /%%

8y18(f’ 2 ’2 m(z).v(z)dl (3.69)

(a1 —az) [ |Vyr(z,t)]? m(z).v(z)dl + (as ;;n) /F

To
From (3.62) and (3.69), and invoking assumption (3.1), we deduce that

;ltllf( ) <S Oy (t, )y (t, )m(x).v(z)dl + 2a9R Wm(m).vtyg(t, x)dl — agd |Vya(t, gc)|2 dl'—
Ty Ty Iz

nasaR Yo (t, )0y (x, t)dl — nas SR yg(t x)Opy2(x,t — 7(t))dl — QZak/ |Vyi(t, z \ dx
Fz FQ

(3.70)

For the first term on the right-hand side of (3.70), we use Young’s inequality, trace theorem and Poincaré’s
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inequality to get the following estimate

M2 €
102 (t, ) > dl + = [ |y2(t,2)|* dT

o
’\s 26 1) 2 s

[ Ot 0l o) <>dr\

M
< |6ty2(t,x)\2df‘+%/ \Vyg(t,z)|2dx+§ lya(t, )|? dT
(9

26 Ty s
M2 2 € 2 € 2

< — |0cy2(t, 2)|” dT' + —az (Vya(t,z)|" dov + ——Cpay |Vyi(t,z)|” do (3.71)
2¢ Jr, 2as Qs 2a1 Q

where M =sup |m(x)|,Cp is the Poincaré’s constant and e is an arbitrary positive constant.
For the second term, we have

Oya(x,t) 2 2
5 : ’ dl 4+ a2d [ |Vya(t,z)|” dl (3.72)
14 Ty

2&2%

- 2
Ol ) oy Vit ayar < 2V /
Ty v d Ty

Inserting (3.71) and (3.72) into (3.70) leads to for € small enough

Aya(z, )|
1“ _
ov d

d 2 M2
)< -Co > a / IV (t, 2))? dx+—/ 0yya(t, )2 dl + 22
k=1 g I

nasaf y2(t, )0y (z, t)dl — nas SR ya(t, )0y (x, t — 7(t))dD
Fg FQ

Recalling the boundary condition (3.6) and using the Cauchy-Scwarz and Young inequalities give us the
desired estimate (3.62).

Lemma 3.3.4. For any regular solution of problem (3.8)-(5.9),

jtg( t) < =26(t)+ & [ Oy, t)|* T
s

Proof. Differentiating both sides of (3.61) yields

1
(1) / / 700 10,0z, t — 7(t)p)|2 dpdT
I's JO

1
%sz&'(ﬂ / =210,y (2, t — 7()p) [ dpdT — 267 (t) // 2100 | o,y (w, t — 7(t)p) |2 dp T+
) /

2 J0

1
27 ()R /0 e TP, yy (z,t — 7(t)p)OPya (.t — 7(t)p) (1 — 7' (t)p)dpdl. (3.73)
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We have from (3.58) and (3.59)
1
» / / 00,5 (T — (D) By, — 7(D)p)(1 — 7' (1)) dpdl
Iy

_s%/r / =200 s T — 7 0)) 02 (.t — (1)) (1 — 7' (8)0)dpdT

/ / 200910, (.t — (1)) 2 (1 — '(£)p)dpdT
>
=—1<r<t>> / (72702 0,5 (2t — 7(B)p)| (1 — 7' (1) p)hdT +
/ / (= (12702 10, (i, t — 7(1)p) > — 27(H)e 2702 [0, alx, t — 7(t)p)|* (1 — 7/(t)p) }dpdT
I
— |8, ya(, 1) }dr

r (e |0pya(a, t — ()" (1 = 7'(1))

() (T(t))_g/r / e~27Mp 10,y2(x, t — T(t)p)|2dpdf—

1
- /p /o TP 10,ys(w,t — (t)p)|* (1 — 7' (1)p) }dpdl

and then
1
» / / e~ Org, 5t — T (Op) 02 (st — T(B)p) (1 — 7 ()p)dp
F2

/ {27 0o (.t = 7(8))]* (1 = 7/(1)) — |Oyyo (1)}l —

t—7(t)p)|* (1 — 7'(t)p) }dpdl

1
T; o) [ [ O et @) dpar — [ [ 200
I'z JO Iy JoO
(3.74)

Inserting (3.74) into (3.73) leads to
d

Sew) =& /F/ €200 Oy, £ — 7(8)p) [ dp dT — 267 (8)

& | eV st — r(#)* (1= 7' (1) — Drga (e, )] }dF*T’“)f/F / e 2700 Dy, t — 7(t)p)|” dpdl —

“o) [ [ e plontet 0 dpar -
I

267(t) [ [0 ot (0 (L= Op)dpar

and so
et =26 [ [ O (ot = 0P dpdt ¢ [ O it~ (1~ (00 +
¢ [ 1o ar
O

which gives the desired estimate.
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Completion of the proof of Theorem 3.1.1.
From Proposition 3.3.1, Lemma 3.3.3 and 3.3.4, we have

d
dt

gl { —CoEs(t) + (C1 + E)/ {10wy2(, 1)) + [Opya (@, t — 7(t))*}dI — 25(??)}
Iy

L < -k /F {100y (2, 8) 2 + |0y, t — 7(2))P}dl+

Then for v(Cy + &) < K, we get from (3.75)

thE( t) < —yCoEs(t) — 27E(%)

On the other hand, from the assumption (3.10), on 7(t), we deduce that

Et) > 57'(75)6_2;/1“ /0 |0vy (2,1 — T(t)p)|2 dpdl

Therefore

—oF

(3.75)

GB(1) < ACB.(1) ~ Er(D)e > / 2 / Ouya(t = 7(2)p)|? dpdl < —min{yCo, -} B(t) < ~CE(1)

where _
—27

C = ag min{yCy, %}

This implies

and consequently

3.4 Appendix B

. Proof of Lemma 3.3.2
Using Cauchy-Schwarz’s, Young’s and Poincaré’s inequalities, we obtain

‘%/Ql y1(z, t)ym(z). Vy, (x, t)dz

gConstm{%/ Vyi (@, 1) da}
Q1

‘% /Q 1 ya(z, t)ym(z). Vo (x, t)da

< C’onstm/ {yz(z, ) + |Vya(z, t)|* }da
Qo

But
/ (ol ) + Ve, £) 2 < Const / Va2 dz+ [ Jyale,t) dr)
QQ l—‘O

< Const{ [ |Vya(z,t)]? d:rJr/ ly1(z,))* dT'}
Qo

< Const{ [ |Vya(z,t)]? da:Jr/ V1 (z,t)]* da}
QQ Q1

(3.76)

(3.77)

SC’onst{aQ—Q/ |vy2(x,t)|2dx+%1/ Yy (z,t)?dz}  (3.78)
Qz Q1
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Combining (3.76), (3.77) and (3.78) gives us
|s [ e tm(e). Vi 0de +3 [ (e tim(e). Viale. D | <
Ql QQ
Constm{% / |Vy2(x,t)|2dx+% / [V (z, 1)) da} (3.79)
QQ Ql

On the other hand, it follows from (3.10), that

1
e <ert) [ [ 1omstet~ rp)dpar)
rs Jo
which together with (3.79) implies
mE() < B(t)

Now from (3.10), we have

E(t) > Er(t)e T / / Orys (¢ — 7(8)p)dpdT

and

|s [ e tym@) Vit tidn +8 [ galas (o). Ve ids] >
Q1

Q1

fConstm{%/ |Vy2(x,t)\2dx+%/ |Vy1(:c,t)|2d:c}
Qz Q1

Therefore for « small enough,
E(t) < paE(t)



Chapter 4

Exponential stability of the
transmission wave equation with a
distributed delay term in the
boundary damping

4.1 Introduction and statement of the stability result

In [58], Nicaise and Pignotti considered the wave equation with distributed delayed boundary or internal
feedbacks. Adopting the approach they developed in [57], they proved exponential stability of the solu-
tion for both systems. Furthermore, for the internal delayed feedback case, they showed some instability
results. Liu [49] used Riemannian geometric energy method approach to extend the results of [58] to
the case of the wave equation with variable coefficients in the principal elliptic part. Ghecham et al [20]
investigated the exponential stability property of compactly coupled wave equations with a distributed
delay term in the boundary or internal feedbacks by applying inequalities obtained from Carleman esti-
mates for a system of coupled non-conservative hyperbolic equations due to Lasiecka and Triggiani [39].

Benseghir [9] and Liu [48] proved exponential stability of the solution of the one-dimensional transmission
wave equation with internal damping and discrete or distributed delay by introducing suitable Lyapunov
functionals. Rebiai and Sidiali [68] considered a multidimensional transmission wave equation with a

Neumann feedback control that contains a discrete delay term and that acts on the exterior boundary.
They showed, under some assumptions, that the solution decays exponentially in some appropriate en-
ergy space. To obtain this result, they used multipliers technique and compactness uniqueness argument.
Motivated by the references [48] and [68], we study in this chapter stability problems for the system of
transmission of the multidimensional wave equation with a distributed delay term in the linear boundary
feedback.

Let 2,Q4,Q9,T, 'y, T'1, I'; and v be as in Chapter 2 and assume the following:

(H)There exists a real vector field h € (C?(£2))" such that:

(H.1) The Jacobian matrix J of h satisfies

/ J(@)¢(2).C(2)dD > o / C(a) de2,
Q Q

for some constant a > 0 and for all ¢ € L2 (Q; R™);
(H.2) h(z).v(z) <0on Ty,

Let a1, a2 > 0 be given. Consider the system of transmission of the wave equation with a delay term

45
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in the boundary conditions:

D2yi(x,t) — a; Ay (z,t) =0 in ©; x (0,+00),i=1,2, (4.1)
yi(z,0) = y?(x), Owyi(z,0) = y'(x) inQ,i=1,2, (4.2)
y1(x,t) =0 on I'y x (0, +00), (4.3)
L IC) = — 116D " (58 d r 4.4
T + (x)yg(x,t) = —Ho tyQ(zvt) - ,LL(S) ty?(xat - S) s onlg X (Oa +00)7 ( . )
y1(x,t) = ya(x,t), on Iy x (0, 400), (4.5)
0 ot 0 ,t
ay yla(f ) = ay yi,;f ) on Iy x (0, 400), (4.6)
Oya(z,t — 1) = fo(z,t —7) on I's x (0,7). (4.7)

where:
e b(.) is an L>°(T'9)-function that satisfies b(x) > bg > 0 a.e. on 'y,
® (i is a positive constant,
e 7 and 7o are two real numbers with 0 < 7 < 79,
e 4 :[r,T2] = R is an L°function nonnegative almost everywhere,
e ¥, yl, fo are the initial data which belong to suitable spaces.

From the physical point of view, the transmission problem (4.1) — (4.7) describes the wave propagation
from one medium into another different medium, for instance from air into glass (see [22]) and [47]).

In the absence of delay, that is = 0, Liu and Williams ([46]) have shown that the solution of (4.1) — (4.6)
decays exponentially to zero in the energy space H%l () x L%(Q) provided that {Q,T¢,T';,2} satisfies
(H.1),(H.2) and (H.3) (a1 — az)h(x).v(z) > 0on Ty, (H.4) h(z).v(x) >y >0 on Is.

In the presence of discrete time delay that is the boundary condition (6.6) is replaced by

8:1/2 (.17, t)
ov

the solution of (4.1)-(4.7) decays exponentially in an appropriate energy space provided that py > g

(65

The purpose of this chapter is to investigate the uniform exponential stability of problem (4.1) — (4.7).
To this aim, assume as in [53] that

+ b(.’l?)y(l',t) = _MoatQQ(x7t> - Mlaty2($7t - T) on FQ X (07 +OO)7

Lo > /T2 wu(s)ds, (4.8)

1

and define the energy of a solution

_ 1(x,t), (z,t) € 1 x (0, +00),
y(a,t) = { Zg(x,t), (z,t) € Uy x (0, +00),
of (4.1) — (4.7) by
E(t) = %/Q [Iaty(x,t)|2+a(:v) IV(y(:v,t)IZ] dzx + %2 A b(x) [y2 (2, t)|* dT+

T2 1
% / / s(u(s) + co)/ |0yy2(x,t — ps)|? dp dsdl, (4.9)
I's Jry 0

where
ay, S le

a,(x) - { az, T€ 927
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and c¢g is a positive constant chosen so that

T2 C

1o — / (u(s)ds — EO(TQ —7) > 0. (4.10)
T1

We show that if in addition to (4.8), {Q,T0,T'1,T2} satisfies (H.1),(H.2) and (H.3), then there is an

exponential decay rate for FE(t). The proof of this result combines multipliers technique and compactness-

uniqueness argument.

The main result of this chapter can be stated as follows.

Theorem 4.1.1. Assume (H.1), (H.2),(H.3) and (4.8). Then there exist constants M > 1 and w > 0
such that

E(t) < Me “'E(0).
Theorem 4.1.1 is proved in Section 3. In Section 2, we study the existence, uniqueness and regularity of
solutions to problem (6.1) — (6.8) using semigroup theory.
This chapter was published in [54].

4.2 Well-posedness

Inspired from [58], we introduce the auxiliary variable z(z, p, t, s) = Opy(x, t—ps). With this new unknown,
problem (4.1) — (4.7) is equivalent to
02yi(x,t) — a; Ayi(z,t) =0 in Q; x (0,+00),i =1,2, (4.11)
yi(z,0) = y¥(z), Oyyi(x,0) = y' () in Q,i=1,2, (4.12)
yi(z,t) =0 on I'y x (0, +00), (4.13)
1
O z(x, p,t,s) + gﬁpz(x,p,t,s) =0 on I'y x (0,1) x (0, 400), (4.14)
0 ,t 2
% + b(m)yQ(mut) = _:U/Oaty2(x7t) - / /L(S)Z(LE7 17t7 S)ds on FQ X (Oa +OO)7 (415)
T1
1 (CC, t) = y2($7 t) on 1—‘0 X (Oa +00)7 (416)
Oy1(z,t Oya(x,t
ay yl(éy ) = ay y2a(y ) on I'y x (0, 400), (4.17)
Z(.’E, 07t7 S) = aty2(x7t) on FQ X (07 +OO) X (7—1;7_2)7 (418)
z(z, p,0,5) = folz, p, s) on I'y x (0,1) x (11, 72). (4.19)

Now, we endow the Hilbert space
H =Hp, () x L*(Q) x L*(T2; L*((0,1) x (11, 7))

with the inner product

u
)
z
To 1
a2// SH(S)/ (@, p, s)Z(x, p, s)dpdsdl’,
I's Jmy 0

and define a linear operator in H by

D(A) = {(u,v,2)" € H*(0,Q2,T1) x HE (Q) x L*(Ty x (11, 72); H'(0,1));
81;5/3:) + b(z)u(x) = —pov(x) — /T1 w(s)z(z, 1, s)ds,v(x) = z(x,0,s) on 'y}
: (4.20)

w2 RN

> = /Q(a(x)Vu(x)Vﬂ(a:) +o(2)0(x))dz+ay | b(x)u(z)u(z)dl +

s
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A ( 15 ) = ( a(xz))Au ) . (4.21)
z —s710,2

The spaces used for the definition of H and D(A) are
HE (Q)={ue H'(Q):u=0o0nT},

0 Oug
H(,0,Ty) = {u € HL (Q) : u; € H*(Q),i = 1,2, and a; 8“; = ay 81: on To}. (4.22)
Then we can rewrite (4.11) — (4.19) as an abstract Cauchy problem in H
Ly (t) = AY (1)
dt ’
{5 (4:23)

where
Y(t) = (y7 at% Z)T and YO = (yO(l,)7 yl(x)7 ) fo(xv P S))T
Proposition 4.2.1. The operator A defined by (4.20) and (4.21) generates a strongly continuous semi-

group on H. Thus, for every Yo € H, problem (4.23) has a unique solution Y whose regularity depends
on the initial datum Yy as follows:

Y(.) € C([0,400);H) if Yo € H,
Y(.) € C([0,+00); D(A)) N CH([0, +00); H) if Yy € D(A).

u

Proof. Let Y = ( v

z

) € D(A). Then

(AY)Y) = / a(x)Vu(z).Vu(z )dx—|—a2/r b(x)u(x).u(x) dF—|—/Q7J(:c)(a(x)Au(z))dx—

/ / / z,p, 8)s 1 0,z(z, p, s)dpdsdl. (4.24)
Iy Jm

Applying Green’s theorem to the third integral on the right-hand side of (4.24) and recalling (4.20), we
obtain

=a v () —a uy(z). Vo (z)dx
/Q(a(x)Au(x))v(x)dx— 1/F1 1(x) 5 dr 1/le 1(z). Vi (z)dr +

ag/r vg(x)augsx)dF—ag A Vus(z).Vug(x)dz
— [ v (b)) - por(e) ~ [ us)x(o.1,5)ds)ar -

/Qa(x)Vu(x).Vv(az)dx. (4.25)

Integrating by parts in p the fourth integral on the right-hand side of (4.24), we get

/ / / 0pz(x, p,8)z(x, p, s)dpdsdl’ = / / s){2%(x,1,5) — 2%(x,0,5)}dsdl.  (4.26)
Ty Jmy Iy Jm

Inserting (4.25) and (4.26) into (4.24) results in

T2

(AY)Y) = ag/r o () {—pov2(x) —/ wu(s)z(z, 1, s)ds}Hdl —

T1

// (){z°(x. 1,5) = 2%(z,0, ) }dsdl".
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Using Cauchy-Schwarz inequality, we obtain

/F2 v () /T2 M(s)z(x,l,s)dr‘ < ;/FQ v%(x)(/:z 1u(s)ds)dD+

T1 1
1 2
5/11 / w(s)z%(x, 1, s)dsdr, (4.27)
2 T1
and consequently
T2
(AY)Y) §a2(—uo+/ u(s)ds)/ v3(x)dl . (4.28)
T1 Iz
(4.28) together with (4.8) implies that
(AY,Y) <O0.

Thus A is dissipative.
Now we show that for a fixed A > 0 and (g, h, k)T € H, there exists Y = (u,v,w)? € D(A) such that

(M — A)Y = (g,h, k)T, (4.29)
or equivalently
Au—v=g, (4.30)
A — a(z)Au = h, (4.31)
Aw + %8,)111 =k. (4.32)

Suppose that we have found u with the appropriate regularity, then we can determine w. Indeed, from
(4.20) and (4.32) we have
dpyw(z,p,s) = —Asw(z, p) + Tk(z, p, s),
{ w(z,0,s) = v(x).

The unique solution of the above initial value problem is given by
P
w(z, p,s) = e Pu(z) + se_/\Sp/ Mk (x, 0, 8)ds,
0

and in particular
w(z, 1,8) = e Muv(x) + wo(x,s), = €Ty,

where L
wo(z,s) = se_’\s/ erk(z, 0,5)ds.
0

From (4.30) and (4.31), we have
Nau(z) — div(a(z)Vu(z)) = h(z) + Ag(z), (4.33)
or equivalently

Ny (z) — ay Aug (z) =
Ny (z) — agAug(z) =

1(z) + Agi(z), x €y, (4.34)

h
hQ(SC) + )\92(17)7 xr € QQ. (435)

Let (¢1,¢2) € V where

V = {(¢1,92) € Hp () x H' () : 1 = @2 on T}
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Then, multiplying (4.34) by ¢1 (resp. (4.35) by ¢2) and integrating in ©(resp. in €s), we obtain

0
a1 / ()\2’&1(,01 + Vul.Vgol)dm + ai %@ﬂlr = /(h1 + )\gl)galdx, (436)
oh r, oV Q
2 8UQ
as (M ugpa + Vua. Vo )dr — as a—gpgdl‘—l—
QQ 1—‘0 v

T2

/ (b(z) + poX — )\/ p(s)e™ 4 ds)ugpadl
Iy

T1

= /Q(hz + Ag2)padr + a2/r (—Hog2 + /T2 p(s)(wo(x, 8) — e ga)ds)padz. (4.37)
Summing up (4.36) and (4.37), and recalling (4.20) and (4.22), yields
A((ur, u2), (p1,92)) = Flp1, ¢2), (4.38)
where
A((u1,u2), (¢1,92)) = a1 /Q (ANuyp1 + Vuy .V )dx + ag/Q (Nugpy + Vug. Vo )do+
[ 0@ ox = [ o) dsyugar,
and

F(p1,02) = / (h1 4 Ag1)p1dx + / (ha + Aga)pada+-
Q Q

ag/ (—M092+/ u(s)(wo(x,s)—e_”\sgg)ds)gpgdaz.
I's T

1

Since A is a continuous bilinear coercive form on Hy. (@) x H'(Q) and F is a continuous linear form on
HE (1) x H' (), the Lax-Milgram Theorem guarantees the existence and the uniqueness of the solution
(ur,uz) € HE (1) x H'(Q2) of (4.38). It follows from (4.36) and (4.37) after using some integration by
parts, that (ug,us) satisfies

)\2’LL1 — alAul = hl + Agl,

Nug —agAuy = ha + Aga,
as well as the boundary conditions once we have set v1 = Au; — g1 and vo = Aug — go. This means that

(4.29) holds and consequently AT — A is surjective. Thus, by the Lumer-Phillips Theorem (see for instance
[65], Theorem 1.4.3), generates a strongly continuous semigroup of contractions on H. O

4.3 Proof of the stability result

We prove Theorem 4.1.1 for smooth initial data. The general case follows by a standard density argument.
First, we show that the energy function defined by (4.9) is decreasing.

Proposition 4.3.1. The energy corresponding to any regular solution of problem (4.1)-(4.7) is decreasing
and there exists a positive constant K such that

d
GE0 <& [ fomCor+ |
I

T1

T

Dugal,t — 5) ds} i, (439)

where .
. C asc
K = min{as(uo — / wu(s)ds — 50(7'2 —-1)), %

T1

1.
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Proof. Differentiating E(t) with respect to time, we obtain
d
@E(t) = o {atyl (l‘, t)afyl (SC, t) + alvyl (1‘7 t)'vatyl (1‘7 t)}d:l? +
1
/ {0y, ) 02y2 (2, t) + aaVya(x, ).V Osya(x, t) }da +
Qo

as b(x)ya(z,t)0ya(x, t)dl +
I'>

T2 1
o2 [ [ stuts) + co)( | Duntat - ps) (et~ ps)dp)dsar
I'y 0

Applying Green’s Theorem and recalling the boundary conditions (4.3)-(4.4) and the transmission con-
ditions (4.5)-(4.6), we get

d
—Et) = —aguo/ |8yy2 (2, )| dT —az/ / 8)O0yo(x,t — $)Osya(x, t)dsdl +
s

dt
a2 / / $) + co) ( / By )8§y2<x,t—ps>dp) ds.
Iy Jm

(4.40)
Now we have
Opy(z,t —ps) = —soy(x,t— ps),
6§y(a:,t —ps) = s20%y(x,t — ps).
Therefore
/ / ) + o) (/ Oy (x p8)0%ya (z,t — ps)dp) dsdl’ =
Ty Jm
T2 1
- / / )+ ¢o) (/ Opy2(z,t — ps)@ﬁyg(x,t - ps)dp) dsdl’ =
Ty dm
1 =]
2 /r / 37(“(5) + ¢co) ((apy2($a t—s))” - (prg(x,t))Z) dsdl’ =
1 2
§/ / (1(5) + co) ((Orya(@, 1)) — (Dryala,t — 5))?) dsd. (4.41)
Tadm
Inserting (4.41) into (4.40), we obtain
d
%E( ) = —astio |8ty2(x t) | dl’ — ag/ / $)O0y2(x,t — )Orya(x, t)dsdl+
/ / )+ co) (@yg(ﬂc, )% — (Owya(z,t — s))Q) dsdl. (4.42)
Ty Jm

For the second integral on the right-hand side of (4.42), we have from the Cauchy-Schwartz’s inequality

/ / $)Orya(x,t — 8)Osya(x, 1) deF‘ / / $) |0y (x,t — s)|2dde+

F2 T1 F2

/ / $) |0y (z, t)|* dsdT. (4.43)
Py Jm
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Combining (4.43) and (4.42) yields

d = c
GE0 < —aalpo — [ uteds = Dz =) [ ot dr-
t 2 -
agc()/ / |8yy2 (2, t — 5)|* dsdr,
I
which implies
d =
GE® <K [ (om0 + [ oaa.t - o) dspar,
Iy T1
where -
. 2 c asc
K = min{as(po — / w(s)ds — 50(7'2 —-71)), %}
O
Step 2.
Set
B(t) = £(t) + Ea(t) + 5 / b(z) ly(x, 1) dT, (4.44)
s
where )
&0 = 5 [ {ole) Va0 + (. )} (4.45)
and
= a2/ / s) + ¢o) / |Ory2 (x t—ps)\ dpdsdl.
s
E4(t) can be rewritten via a change of variable as
a2 t+s 5
= / / s)+co) / |0y2(z, k — s)|” drk dsdl. (4.46)
Iy t
From (4.46), we obtain
T T2
t)y<C / / / |8yy2(z,t — s)|* dsddt, (4.47)
0 FQ T1

for 0 < t+ 1 < T . Here and throughout the rest of the chapter C is a positive constant different at
different occurrences.

Step 3.

We multiply both sides of (4.1) by 2h(x).Vy;(z,t) + (divh(z) — a)y;(z,t) and integrate by parts over
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Q; % (0,T),.i = 1,2. We obtain (see the Appendix C)
/ / 2)Vy(a,1).Vy(e, t)dadt+
o / / {0 (e, O — al@) [Tyl 1) }dedt =
{ / {20y, )h(2) Vy(x, 1) + (divh(z) — a)aty(x,t)y(x,t)}dm]:—

/ / y(z, t)Vy(z,t).V(divh(x) — a)dzdt+

T
ay / / 32/1 v(z)dl'dt — (a1 — az)/ Yy (2, 6)|% h(z) v () dTdt—
o Jr,

0 Ty

(011—a2)2/ (81116( ))2h(x),y(x)dth+/T Oy (x, t)h(x).v(x)dldt+
To 14 0 1)

8yz z, t T 2
2as x).Vyz(x,t)dldt — ay |Vya(z,t)|” h(z).v(x)dldt+
Iy 0o Jrs
t
ag/ / ay%ij’)(divh(x) — a)ys(z, t)dldt, (4.48)
Iy

after using the boundary conditions (4.3),(4.5) and (4.6).
It follows from Assumptions (H.2) and (H.3) that

/ / 2)Vy(x,t).Vy(z,t)dedt+
o / / (0w, DI = alw) [Vy(z, O] dadt<

T

[/ {201y(z, t)h(x).Vy(z,t) + (divh(z) — a)Owy(z, t)y(z, t) }de| —
0

/ / y(z,t)Vy(z,t).V(divh(z) — a)dzdi+
/ / 33/2 - t x).Vya(z,t)dldt+
s
az/ / ay%ixt)(dwh(x) — a)ya(z, t)dldt+
o Jr, v

/ Oy (x, t)h(x).v(x)dldt—
0 Jrs

T
a /0 [ V() ha) (@ ir (4.49)

Step 4. We now estimate both sides of (4.49). From (H.1), we have for the terms on the left-hand side
of (4.49)

/Q a(2)J (2)Vy (). Vy (@, t)dz = /Q T(2)(Va@ V(. 0).(v/a@) Vi, 1)d
> oz/Q a(x) |Vy(z,t)|” de.
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Hence
/ / x)Vy(x,t).Vy(z,t)dedt+
a/o /Q{|8ty(a:,t)\2 — a(@) [Vy(a, )| }dwdt > a&(T).

Now, we estimate each integral term on the right-hand side of the inequality (4.49) separately.
First term. We have by the Cauchy-Schwarz, Young and Poincaré inequalities

T

[/ {20:y(z, t)h(z).Vy(z,t) + (divh(z) — )0y (z, t)y(x, t)}dx}
(E(T) + £(0)),

0

recalling (4.45).
Second term. Using Cauchy-Schwarz and Young inequalities yields

/ / ) IVy(z, t)|? dedt+

y(z, t)Vy(z,t).V(divh(z) — a)dzdt

:AQAM%W%ML

where 7 is a positive constant that will be fixed later.

(4.50)

(4.51)

(4.52)

Third term. Recalling the boundary conditions (4.4) and using again Cauchy-Schwarz and Young

inequalities gives

/ / 3y2 (=, t x).Vya(x,t)dldt| =
I

/ {=b(x)y2(x, t)—pody2(x, t) — /T2 w(8)Opy2(x, t — s)ds}th(xz).Vys(x, t)dl'dt
o Jr,

T1

2CL2

2(12

T
< 2 / b(@)ys (2, (). Vi (2, £)dTt| +
0 I's

T2

T
/ {100y2(z,t) + / w(8)0rya(x,t — 8)ds}th(x).Vya(x,t)dldt
0o Jr,

T1

2&2

T2

T T
gc/' |mwwfﬂw+/ {@muwf+/ Orya(a,t — 5 ds}dTdi+
0 I's 0 Ty T

1

T
C / (Vya(z, )| dUdt.
0 Ty

(4.53)
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Fourth term. Proceeding as for (4.53), we obtain
/ / 3y2 (z, ) d (divh(z) — a)ys(z, t)dldt =
s
/ {=b(@)y2(, 1) =poBeya(, 1)~
0o Jry
T2
/ 1(8)0rya(z,t — s)ds}(divh(x) — a)ya(z, t)dldt =
T
ag/ / b(z) |y (z, t)|* (divh — o)dtdT+
0o Jry

T T2
a2/ {—poOy2(x,t) — / 1(8)0rya(x, t — s)ds}(divh(x) — a)ya(x, t)dldt <
0 Ty T1

T T2
C’/ lya (2, t)[? dtdF+/ / {18y (z, 1)|? —|—/ |8yy2 (z,t — s)|* ds}dDdt. (4.54)
0 T T1
Fifth term.
T T
/ (Opya(z,1))?h(x).v(x)dTdt < C/ |8ty2(x7t)|2 dl'dt. (4.55)
Ty 0 JTs
Sixth term.
T T
as / |Vya(z,t))* h(z).v(z)dldt < C / (Vya(z, )| dUdt. (4.56)
0 Fz 0 FZ

Inserting (4.50) — (4.56) into (4.49) we obtain
(o — 77 +C / / ) [Vy(z, t)|* dedt+

/ Ouy(z, )| dUdt < CLET) + £(0)}+
s

—/ / x,t)) dzdtJrC'/ ly2(a, 1) dDdt+
s

C/ {|5ty2(x,t)|2 + / |Ory2(z,t — s)\2 ds}dldt+
0 JIz e

T
C / |Vya(z,t)|* dUdt.
0o Jry
Choosing 7 sufficiently small to make o — (3 + C) > 0, yields
T C
/ E(T)dt < C{E(T)) + £(0)} + 5/ /(y(x,t))zd:pdt+
0 0o Jo

T
c / |y (z, t)|? dTdt+
0 T

T2

T
C/ {102 (2, t)|* + / |0yy2 (2, — 8)|° ds}dDdt+
0 s T

1

T
C / |Vya(z, )| dUdt. (4.57)
0 Iy
Using the fact that
Qy 2
2 _ ||9%2 2
193 20e,) = | S o HI¥elE.
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where V,y9 is the tangential gradient of yo, (4.57) becomes
T C T
/ E(t)dt < C{E(T) + £(0)} + —/ /(y(x,t))dedt—i—
0 nmJo Ja
T
c/ (o, 1) i+
o Jr,
T T2
¢ [ [ ot + [ owate.t — o) ds}ras
0 I's T1
T
C/ Vo (2, )| dDdt. (4.58)
o Jr,

Step 5.
For fixed € > 0 small we apply estimate (4.58) over the interval (¢, T — €) rather than (0,7). We obtain

T—e T—e¢
/ E(t)dt < CLE(T — ) + E(€)} + c/ lya(, )| dTdt+
€ € I's

T—e T2
c/ /{|8ty2(x,t)|2+/ 0pya (2, t — 5)|° ds}dDdt+
€ I's T

1

T—e T—e
C / |V oya(z,t)|* ddt + C / / 2 (2, t)dadt. (4.59)
€ T's € Q
From Lemma 7.2, inequality 7.5 in [38], we have
T—e¢
/ / IV oya(z,t)|* dUdt <
€ I'y
T 8y2(I,t) 2 2 2
C(e,0,T){ - (=570 + Oualw, ) 1dTdt + 1Yol 0 1,123 () - (4.60)
2

where § is an arbitrarily small positive constants and C(e, §,T) denotes a positive constant that depends

one¢,dand 7.
Inserting (4.60) into (4.59) and recalling the boundary condition (4.4), yields

/T_e E(t)dt < CLE(T — ¢) + E()}+

T T
c / {|0vya(z, ) + / 0yya (2, t — 5)|* ds}dDdt+
0 JTy ,

T ' T
C/ Iyz(x,t)|2drdt+c/ /y2(x,t)d:rdt+
0 Ty 0 Q

2
C(e,0,T) Hy||L2(O7T;H1/2+5(Q2)) . (4.61)

From (4.42), we have
T T T2
BO) =B +azpo | [ ot ddtvaz [ [ [ u()0uatast - )0l idsdrat-
0o Jr, 0 JI2Jm
T T2
3/ / / (n(5) + o) ((Brya(w,1)* — (Duya(w, t — 5))%) dsdldt. (4.62)
0 Iy Jm
(4.62) implies

E(0) < E(T) + C’/T {|0wya(z, t)]> + / |8yy2(x,t — s)|* ds}dTdt. (4.63)
0 T's T

1
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Combining (4.44), (4.61), (4.39) and (4.63), yields
T—e
/ £(t)dt < C(E(T)+
/ /{|a,§y2 z,t))? +/ 0yy2 (2, — 5)|° ds}dDdt+

/ lya (2, 1) > dth+/ / (z,t)dxdt+
I

0(67 (5, T) ||y||L2(07T;H1/2+5(92)) . (464)
On the other hand for a fixed € ’
/ e+ [ ) < 2E(0),
0 T—e
and by (4.63),

T2

€ T T
/ s+ [ &) < C{EM) + / (O ()2 + / 1Ouys (2.t — 5|2 ds}dDdt).
0 T—e 0 T T

1

Hence

/T E(t)dtdt < C(E(T)+
0

T T2
/ {|0ya(z, t)* + / |0yy2 (@, t — s)|° ds}dTdt+
0 I'y T1

T T
/ lya(x, t)|* dDdt +/ / ly(x,t)|” dodt+
0 T 0 Q

2
C(e,6,T) ||y||L2(0,T;H1/2+6(92)) ) (4.65)
Notice that for any 8 > 0 (see [45], p. 112, Theorem 16.3)

T T
19202 02450y < 6 / / Vs (e, 1) duedt + C(6) / / (e, )2 dvdt,
0 2 0 2

and consequently

0 T
Hy2||2L2(0 T, H/2+6 () < :A /Qa(x) |Vy(x,t)|2dxdt+

/ / ly(w, t)|* dadt. (4.66)

Collecting (4.9), (4.44), (4.45), (4.47), (4.65) and (4.66), we obtain for an appropriate choice of 6 and for
T large enough

T2

E(T) < C{|0sy2(z,t))* + / |0ey2 (z, t — s)|* ds}dDdt+

T1

T T
o /0 [ a7 v + /O /Q ly(z, £)[2 ddt). (4.67)

Step 6.
We prove by a compactness-uniqueness argument that there exists a constant C' > 0 such that

2 2
197207 22(0)) + 192207 02(r0)) <

T T2
c / {10y (z, ) + / |0yya (2, t — 8)|° ds}dTdt. (4.68)
0 I's T1
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Assume that there exists a sequence y,, of solutions of problem (4.1) — (4.7) with

yln(x70) = yzon(x)?atyin(‘r70) = yzln(x)v x € LY,
Yin(z,t —7) = fO(2,t—7), x€Q,te(0,7),i=12,

m

such that

2 2 .
Winl[z2 0 7i200)) + WinllL2 rin2 )y =1, 1=1,2,

T T2
/ {10y (z,1))* + / |0yyan (2, — 5)|* ds}dTdt — 0 as n — +oo. (4.69)
0 F2 T

1

Since each solution satisfies (4.67), we deduce from (4.63) and (4.69) that the sequence V) = (y2, yl, f0)
is bounded in H. Hence there is a subsequence still denoted by Y," which converges weakly to some
Y0 = (4%, 4!, f°). Let y be the solution of problem (4.1) — (4.7) corresponding to such initial conditions.
We have from Proposition 4.2.1

y € C(0,T; Hy, (2)) N CH(0,T; L*(9)).
Then
Yo — yin L®(0,T; HE () weak-star,
yn — ystrongly in L?(0,T; L*(T3)) N L*(0,T, L*(Q)).

This fact along with the compactness Hf () — H'~=(Q) for ¢ > 0, implies that there exists a subse-
quence still denoted by y,, such that y,, — y strongly in L°>°(0,T; H'=¢(£2)). Then we have from (4.69)

||y||i2(0,T;L2(Q)) + ||y||2L‘2(0,T;L2(F2)) =1 (4.70)

and .
T2
/ / {|3ty2(x,t)|2 + / |Orya(z,t — s)|2 ds}dldt = 0.
0 Iy T1

Thus y satisfies
Ory2(x,t) =0  onT9 x (0,7),

and 5 .
% +b(z)ya(z,t) =0  on Ty x (0,7).
v
Let
Then
O2u;(z,t) — a;Au(x,t) = 0, (x,t) € Q;x(0,T),i=1,2,
Ul(mvt) =0, (xat) € Iy x (OaT)v
Mj’“ = us(z,t) = 0, (z,t) € T, % (0,7),
ul(x7t) = UQ(J?,t), (.I,t) € Ty x (OaT)a
0 ,t 0 ,t
ay ula(j ) = as Uza(f ) (x,t) € Ty x (0,T).

From Holmgren’s uniqueness theorem (see [141] Thm. 8.2, p. 92, and Thm. 7.1, p.391) applied to problem

O2ug(w,t) — agAug(x,t) =0, (z,t) € Q9 x(0,T),
W = uy(z, 1) = 0, (@,t) € T2x(0,T),
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we obtain for T' large enough

ug(z,t) =0, (x,t) € Qo x (0,7, (4.72)
and hence 5 .
ul(z,t):%zo, (Z',t)EF()X (O,T)
We apply again Holmgren’s uniqueness theorem this time to problem
O2uy(z,t) — a1 Auy(z,t) = 0, (z,t) € Qx(0,1),
ul(xvt) = 03 (:L',t) € Fl X (OvT)v
up(x,t) =0, (x,t) € Tox(0,T),
Ouq(x,t
% =0, (z,t) € Tox(0,7),
we obtain
ur(x,t) =0, (z,t) € Q1 x (0,T). (4.73)
(4.71) together with (4.72) and (4.73) implies that
yi(w,t) = yi().
Thus y;, (i = 1,2), verifies
—a;Ay;(x) =0, x € Q;,i=1,2,
y1(r) =0, x € Iy,
duax) — z € Ty,
yi(z) = y2(z), T € Lo,
ay 248 = ay 2200 T € Lo,

and so y;(z) =0 for z € Q;,i = 1,2, and consequently y(z) = 0 for € Q. This contradicts (4.70).
Step 8.
The estimate (4.39) together with (4.67) and (4.68) yields

E(T) < ¢

< 5P (4.74)

The desired conclusion follows now from (4.74) since 0 < H% <1

4.4 Appendix C

Proof of the identity (4.48).
We multiply both sides of (4.1) by 2h(x).Vy;(z,t)+ (divh(z) —a)y;(z,t) and integrate over Q; x (0,T"),4i =
1,2; we have

T T
2/0 /97 Oy (x, t)h(x). Vy;(z, t)dzdt + /0 /Ql 07 yi(x, t)(divh(z) — a)y;(z, t)dxdt—

T T
2 /0 /Q g, 1)) Gy, /O /Q g, ) (divh(x) — o)y, ot =0, (475)
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We sum up (4.75) for i, we obtain

/ /afy x,t)h(x).Vy(z, t)d:z:dt+/ /afy x,t)(divh(z) — a)y(z, t)dodt—
2 /O /Q 01 8gs (e, )h(a). T,

/O ! /{ g, 0) divh(x) — @)y . )it~
2 /O ' /Q 02 ya(e D) (2) Tyl )t

T
/ / asAys(z,t))(divh(x) — a)ya(z, t)dadt = 0. (4.76)
0o Ja,
Below, we compute the terms on the left-hand side of (4.76).

e Term 2fOT Jo O2y(x, t)h(x).Vy(z, t)dxdt
Integration by parts in ¢ yields
T

/ / O2y(z, t)h(x).Vy(z,t)drdt = 2 [ A Oy(z, t)h(x).Vy(z,t)de| —
0

/ / Oy (z, t)h(x).Vory(z, t)dxdt =

[/ Owy(z, t)h(x).Vy(z,t daz} / / V((0py(x,t))?)dzdt. (4.77)

Applying Green’s theorem to the second integral on the right-hand side of (4.77), we obtain

T

/ /Q?y z,t)h(z). Vy(z, t)dzdt = 2 [/ Owy(z, t)h(x).Vy(z, t)de| —

0

/ /(8ty($,t))Qh(x).u(m)dth—&—/ /(Bty(m,t))Qdivh(m)dxdt. (4.78)
o Jr o Jo

e Term fOT Jo Oy (a, t)(divh(z) — a)y(z, t)dzdt
Using again integration by parts in ¢, we obtain

T
/ / Oy (x,t)(divh(x) — a)y(z,t)dzdt =

U Oy, ) (divh(z) — @)y(w, t)d ] / / vy, 1)) 2div(h(z) — a)dadt. (4.79)

o Term
2 fOT le a1 Ay (z,t))h(x).Vyy (z, t)dzdt + 2 fOT fQQ asAys(z,t))h(x).Vya(z, t)dzdt

From Green’s theorem, we have,

2aq /T Ay (z, t)h(z). Vyi (z, t)dzdt = 2aq / /F (9y1 (@ t) h(x).Vyi(x,t)dldt+

/ / 8y1 ).V (2, t)ddt—
o

2aq / Vi (z,t).V(h(z).Vyi (z,t))dzdt. (4.80)
0 (951
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Applying the identity
Vw(z).V(h(z).Vw(z)) = J(z)Vw(z). Vw(z) + %h(x)V(\Vw(m)\z)

to the last integral on the right hand side of (4.80), we find

2a1/ / Ay (z, t)h(z). Vyi (z, t)dzdt = 2aq / / Oy (@ )h(:c).Vyl(x,t)dth+
Ql F1
8y1 (z, t
2aq x).Vyi(z,t)dl'dt — 2a, ()Vyi(x,t).Vyi(x,t))dedt—
Lo

al/ RCAGE 2).

Another use of Green’s theorem yields

aylxt

T
2a1/ Ayl(x Hh(x).Vyi (x, t)dzdt = 2a, / / x).Vyi(z,t)dldt+
Iy

2a1/ / 3y1 o t x).Vy(z,t)dldt — 2a1/ / x)Vyi(x,t).Vyi (x,t))dedt—
T'o o
ay / / Vs (2, 1) h(z).v(z)dldt — ay / / (Vs (2, t)* h(z).v(z)dDdi+
o Jr, 0o Jro
T
ay / IV (z, )| divh(z)dzdt. (4.81)
0o Jou
For the intgral term 2 fOT Ja, a2By2(x,t))h(2). Vys(z, t)dzdt, we proceed as above to find
r ay2 (z,t)
2az Ayg(os th(x).Vyz(x,t)dedt = 2a ————=h(x).Vya(z,t)dT'dt—
Iy
Byg x, t
2az x).Vya(z,t)dldt — 2as ()Vya(z,t).Vya(z, t)dedt—
To
T
as / Vo, 8)[2 h(x).v(z)dTdt + a / |Vy2(x,t)\2h(x).u(m)dfdt—i—
2 0 To

0 r
T
as / |Vya(z,t)|? divh(z)dzdt. (4.82)
0 Qo
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Summing up (4.81) and (4.82) yields
/ /dw 2)Vy(x,t))h(x).Vy(z,t)dzdt =

T
2a, / / ayl“ 2).Vyy (z, t)dldt + 2a, / / ayla(w’t)h(m).Vyl(:v,t)dth—
Iy 14

o Jrg

2a1/ / 2)Vyi(z,t).Vyi (x,t))dedt—
ol

T
'y 0 o

T
al/ [V (z, 1)) divh(z dxdt+2a2/ / ay2 x).Vys(z,t)dldt—
0o Jr,

/ / 83/2 2).Vys (2, t)dldt—
o

2a2/ / J(x)Vyz(x,t).Vya(x,t))dedt—
0 Jo,

T T
as / \Vya(z,t))* h(z).v(z)dldt + ay / IVya(z, 1)) h(z).v(z)dldt+
0 Jr, 0

To
T
as / IV (a, £)[2 divh () dadt. (4.83)
0 Qs

We conclude from the boundary conditions (4.3) and (4.5) that

Oy1(x,t)

Vyi(z,t) = ey v(z),

on 'y x (0,7), (4.84)

and
Ol t) ~ (1)

V(ya(,t) =y (@, 1) = v

on Ty x (0,7).
Then

. 2, o Oua(est) _ Opi(wt) O (w,1)
Vala, ) = Vi (e, ) + 222 e

(ayi;f,t) 3 3@/16(;6715))2 V() + (8yza(;c,t))2_
(8916(57&)2’
so on I'g x (0,7),
Iy (, t)
v

as |Vya(z, t)|° hz).v(z) = 20,

ov
QDD OB ) hia) — |93 2 O Bw) (@) + 0oV O +

(At (D)) = 201 (2 = DD P+
(2 = 1) [V, 0)* b)) + (.~ ) (PSP i) ) =

on 'y x (0,7),

2(x’t)h(x).Vy2(:c,t) — ay |Vyi (2, 8)* h(z).v(2)+

ov
8y1 (l‘, t) ay? (1‘, t)
v

2aq h(x).Vyi(x,t) — 2a9 %

h(x).Vyi(x,t) — 2a9 (Vyi(z, t)+

(a5 — a1) [V (2, )| () () — L2 D@D yap 0y oy (4.85)

as ov
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Insertion of (4.84) and (4.85) into (4.83) results in

T ) 8y1 x, t
2/0 A div(a(z)Vy(z,t))h(z).Vy(z, t)dzdt = al/ /Fl (z).v(z)dldt—

W . e _(e2—a)? Wu(,t) oy
(a1 2/ : Vi (z, )| h(x).v(x)dTdt - /O /FO( )2 h(a).v (@) dTdi+

T
/ / 8y2 D) 1(2) Ty (2, £)dTdE — as / Wy, )% h(z).v(z)dDdt—
s

0 'y

/ /Q )Vy(@,t).Vy(@,t))ddt + / / ) [Vy(z, )2 divh(z)dadt.

e Term
a fOT Jo, Ayi(z,t)(divh(z) — )y (2, t)dzdt + az fOT Ja, Ayz(z,t)(divh(z) — a)yz (z, t)dzdt

It follows from Green’s theorem that

T
a; / Ayr (z, t)(divh(z) — a)yr (z, t)dxdt+
o Jau

T
ag/ Ays(z,t)(divh(z) — a)ya(z, t)dzdt =
0 Ja,
T
a1/ / W1, 1) (divh(z) — a)yi(x, t)dldt+
0 T aV
a1/ / 8y18($7t) (divh(z) — a)y1 (x, t)dTdt—
0 JTo v
T
al/o /Ql [Vyi(z,t)|” (divh(z) — a)dxdt—
T
al/ / y1(x,t)Vyi (x,t).V(divh(z) — o)dzdt+
0 Q1
az/ / 8y2(9($7t) (divh(z) — a)ya(x, t)dldt—
0 JTy v
r Oya(z,t) , .
ag/o /FU ey (divh(z) — @)y (z,t)dldt—
T
as / / |Vya(z,t)|? (divh(z) — o)dadi—
0 Qo
02/ / ya(z, t)Vya(z,t).V(divh(z) — o)dzdt.
0 Qo

(4.86)
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Thus from (4.3), (4.5) and (4.6), we conclude that
T
al/ Ayq(z,t)(divh(z) — o)y (x, t)dedt+
o Jo,
T
112/ Ays(z,t)(divh(z) — a)ya(x, t)dxdt =
0 Qo
T ayg(ac t)
ag/ / "~ (divh(x) — a)ya(z, t)dldt—
T

/ /ﬂ ) [Vy(z, )| (divh(z) — a)dzdt—

/ / y(x,t)Vy(x,t).V(divh(z) — a)dzdt.

The desired identity follows now from (4.76), (4.78), (4.79), (4.86) and (4.87).

(4.87)



Chapter 5

Stabilization of an interconnected
system of Schrodinger and wave
equations with boundary coupling

5.1 Introduction and statement of the main result

The aim of this chapter is to study the stability of an interconnected system of Schrodinger and wave
equations with boundary coupling subject to a dissipative boundary feedback acting on the wave equation
through the Neumann boundary condition in multidimensional situations. In the case of one space
dimension, Wang and Wang [30] used a frequency domain approach to prove that the solution decays
exponentially in an appropriate Hilbert space. They also showed that if the dissipative boundary feedback
is designed only at the Schrédinger equation then the system is polynomially stable but not exponentially
stable.

Let 2,01,Q5,T, g, T"; and I's be as in Chapter 2

Consider in 2 the Schrodinger equation coupled with the wave equation in s,

Opz(x,t) —ilAz(z,t) =0 in Oy x (0, +00), (5.1)
2y(z,t) — Ay(z,t) =0 in Q2 x (0, +00), (5.2)
2(x,0) = 20(x) in Q4, (5.3)
y(x,0) = yo(x), Oy(x,0) = y1 (x) in Q, (5.4)
z(z,t) =0 in T’y x (0, +00), (5.5)
aygi, D _ () in Ty x (0, +00), (5.6)
z(z,t) = y(a, t), in Ty x (0, +00), (5.7)
82((;;’ D _ 83’52’ ) in T x (0, +00), (5.8)

where
e 4 is a positive constant,
® 29,%0,Yy1 are the initial data which belong to suitable spaces.

(5.7) and (5.8) are the transmission or interface conditions while (5.6) is a standard dissipation law for
the wave equation.

65
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The energy of a solution (y, z) of (5.1)-(5.8) at time ¢ is defined by

1
E(t) = 2/ \Vz(z,t)|° da + = / {10ey (=, 1))* + |Vy(z, 1) }da.
Q

Formally, we have

d

B =~ | ol 1) dr,

1)

which shows that system (5.1)-(5.8) is dissipative.

Set
Hi () ={feH'(N): f=0onTy},
V={(f1.f)" € H: () x H'(Q) : fi = f> on I},
and consider system (5.1)-(5.8) in the Hilbert space
H =V x L*(y)

with the inner product induced norm

I1(f1, f2, f3) 15 :/Q IVfl(JU)I%lacﬂL/Q {1V fo(@)* + | f(a)[*}da. (5.9)

Remark 5.1.1. In H, the norm (5.9) is equivalent to the norm of Hp (Q1) x H'(Qa) x L*(Qy).
The operator A : D(A) C H — H generating the dynamics described by (5.1)-(5.8) is given by

Az, y,u)" = (iAz,u, Ay)", (5.10)
D(A) = {(z,y,u)" € H;z € H*(Q),y € H*(M),iAz € H} (Q1),u € H'(Q)
satisfying (5.12)-(5.14) below}. (5.11)
0z Oy
5 = 5 on I‘O7 (5.12)
u=1iAz on I'y, (5.13)
0
a—z = —pu on Iy, (5.14)
Note that for (z,y,u)? € ( ), we have by trace theory the following boundary regularity:
o z|r, € H¥*(Ty),j =

o Az|r, € HY?((T'y),j = 0,1,
« %ln, € HV2(T)),j=0,1,
. y|p, € H¥*(T;),j =0,2,
o Sp, € HY(T;),5 =0,2,
e ulp, € HY/*(I;),j =0,2.

(

Then system (5.1)-(5.8) can be re-written as an abstract Cauchy problem in H as follows

LY (t) = AY(2),
{ dy(o) . (5.15)
where

Y(t) = (2('7t)7y('7t)aaty("t))T and Yb = (zO>yanl)T'

The main result of this chapter can be stated as follows.
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Theorem 5.1.2. Assume that there exists x° € R", such that for m(x) =z — 29,

m(z) - v(xz) >~y >0 on Ty, (5.16)
m(z)-v(x) <0 onTy and onT;. (5.17)

Then there exist constants M > 1 and w > 0 such that
E(t) < Me “'E(0)  for allt >0

for all solutions of (5.1)-(5.8) with (20,v0,y1) € H.

The proof of Theorem 5.1.2 combines frequency domain method and multipliers technique and is
given in Section 3. In Section 2, we formulate the coupled system (5.1) — (5.8) as an abstract evolution
equation in an appropriate Hilbert space and use linear semigroup theory to establish its well-posedness.
This chapter is the subject of the paper [55].

5.2 Well-posedness

Proposition 5.2.1. The operator A defined by (5.10) — (5.11) is maximal dissipative. Hence it generates
a contraction Co—semigroup on H. Consequently, for every Yy € H, problem (5.15) has a unique solution
Y whose regularity depends on the initial datum Yy as follows:

Y(.) € C([0, +o0); H) if Yo € H,
Y (.) € C([0,400); D(A)) N CY([0, +00); H) if Yo € D(A).

Proof. Let Y = (z,y,u)’ € D(A). Then

(AY)Y) = A V(iAz(x)) - Vz(z)dz + A Vu(z) - Vy(z) dz + A Ay(x)u(x)dz. (5.18)

Applying Green’s theorem to the first and the third integral on the right-hand side of (5.18) and using
the fact that the normal vector on I'y is oriented towards the interior of 5, we obtain

= 1 Zx@z(m) - ? Zx@z(x) —1 2(z)|? da
(av.y) = [ i T - [ i /91|A()|d+
—— y(z)—— y(r) ——
/92 Vu(z) - Vy(z) der/FQ o u(:z:)dFJr/FO 5y u(x)dl— (5.19)

Vy(z) - Vu(x)dx.
Qo

It follows from (5.19) and (5.11) — (5.14) that

(AY, V) =2i{ [ Vu(e) - Vy(@) da} i /Q A () o

Qo
2iR Az(m)%dF —p | |u(z))?dr.
Ty ov T>
Hence
R(AY,Y) = —p [ |u(z)]*dD (5.20)

I

which shows that A is dissipative.
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Now we show that A\I — A is onto for some A > 0. Given (f,g,h)T € H, weseek Y = (z,y,u)T € D(A)

such that
()‘I - A)Y = (fagv h)T

or equivalently

Az(z) —iAz(x) = f(x) x € Qy,
Ay(z) — u(x) = g(x) z € §y,
Au(z) — Ay(z) = h(x) x € Qg
z(z) =0 rxely,
2(2) = y(2) e,
0z(z)  Oy(x

) z €T,
8%(:) = —pu(x) z €.

From (5.23)-(5.24), we have
Ny(z) — Ay(w) = h(z) + Ag(@).

(5.21)

(5.29)

Let (¢,v) € V. Then, multiplying (5.22) by (1—14)% (resp. (5.29) by (1+1i)1) and integrating in Q4 (resp.

in Q2), we obtain

(1—")/\/Q A@)p@)dr+(1+4) | V(o) Ve@)dr+(1+6) | az(j)

¢(z)dl

=(1=i) | [flo)p(z)d,
1951

(1410))2 /Q (@) 0@z + (1+1) | Vy(z) - Vo@)de — (1 + 1) /F W) s ear

Qs ov

+(1+ z)u/ u(2)Y(z)dl = (1 +14) /Q (h(z) + Ag(x))Y(x)da.

>

Summing up (5.30) and (5.31), and recalling the transmission conditions (5.7) and (5.8), yields
A(z,9), (v, ) = Flp, ),

where
M), () = W= [ s(ea@de+ (1+) [ Va- Volaides
(o 1951
(1+i)>\2/ y(x)p(x)dr + (1 + 1) Vy'Vde—f—u)\(l—}-i)/ y(x)p(z)dr,
Qo Q2 I
and

Flew) =(1=1) [ f@pta)da+(1+0) [ (ha)+ dg(o)Ta)da+
(1+4) [ gty

A is a continuous bilinear form on V and F is a continuous linear form on V. Moreover

RA((z,9), (2,9)) = min{1L, A\, X}z, )15

By Lax-Milgram Theorem, for all (f, g,h) € H, problem (5.32) has a unique solution (z,y) € V.

(5.30)

(5.31)

(5.32)
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If we consider in (5.30) (resp. (5.31)) ¢ € D(Q)(resp.yp € D(Q2)), then (z,y) is a solution of
(5.22), (5.29) in the sense of distribution, and from the regularity of f, g and h, we have z € Hlll ()N
H?(Q1),Az € HE (Q1),y € H*(Q2),u € H* (). Using Green’s theorem in (5.32) and exploiting (5.22)
and (5.29), we obtain for all (¢,9) € V

: ag(f)go(x)dm = a%(yx) b(x)dz, (5.33)
o _ _
[+ wu@)taie = [ gyt (5.34)
from which follows
6‘?3(5) + pAy(z) = pg(x) on I['y. (5.35)
(5.35) together with (5.23) yields
a%(f) = —pu(x) on I's.

Moreover, (5.22), (5.23) and (5.26) and combined with the fact that (f,¢)T € V, imply that
u(x) = 1Az (x) on T.

So, we have found (z,y,u) € D(A) for which (5.21) holds and consequently AI — A is onto. Therefore A
is maximal dissipative. Thus, by the Lumer-Phillips Theorem (see for instance [65], Theorem 1.4.3), A
generates a contraction Cy— semigroup on H. O

5.3 Proof of the main result

By Theorem 1.3.4, it is sufficient to prove (1.4) and (1.5).
Lemma 5.3.1. The imaginary axis is a subset of the resolvent set of A, that is iR C p(A).

Proof. The resolvent of A is compact by Sobolev embedding theorem. Threfore the spectrum of A consists
only of the eigenvalues of A. Assume \ = i3, with 8 € R*, is an eigenvalue of A and let W = (z,y,u)”
€ D(A) be a corresponding eigenvector. Thus

AW = ifW (5.36)
or equivalently

iAz(z) = iBz(x) in , (5.37)
u(r) = ify(z) in Qy, (5.38)
Ay(x) = ifu(x) in Qa, (5.39)
z(x) =0 onI'y, (5.40)
z(z) = y(z) on Iy, (5.41)
af‘)(j) = 8%(50) on T, (5.42)
dy(x)

B —pu(zx) on I'y. (5.43)
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Taking the inner product of (5.36) with W and using the equality (5.20), we get
u(z) =0 on Iy,

which together with (5.43) and (5.38) yields

Hence y satisfies

y(w) = 2 on T,
By the unique continuation principle (see for example [33], [74] and [43] ), y = 0 in Q3. Consequently z
satisfies

—Az(z)+ Bz(x) =0 in O,

z(x) =0 on Ty,

z(x) = 82(58) =0 on Ty,
and again by the unique continuation principle z = 0 in ;. Therefore W = (0,0,0)7 and this contradicts
that W is an eigenvector of A. O

Lemma 5.3.2. The resolvent operator of A satisfies (1.5).

Proof. Suppose that (1.5) is not satisfied. Then by the Banach-Steinhaus Theorem ([12]), there exists a
sequence of real numbers S with |8x| — +oo and a sequence of vectors Wy, = (zx, yi, ur) € D(A) with
|[Will;, = 1 such that

lim |[(iBx — A)Will;, =0

k—+o0
that is
zﬂkzk — ZAZk = fk —0 in HI1~1 (Q1)7 (544)
Zﬂkyk —ur =g —0 in Hl(Qg), (545)
iBrur — Ay, = hy — 0 in L*(Qy), (5.46)
zp(x) =0 on I'y, (5.47)
k(@) =y () on Ty, (5.48)
Ozk(z) _ Oyr(x)
= o on I'g, (5.49)
0
yglix) = —pug(z) on I's. (5.50)
Since
IRk — A)Wi, Wi)| < [[(iBk — A) Wil
and
R((iB — AWi, W) = p | ug(z)]*dD
)
then
up — 0 in L*(Ty). (5.51)

Consequently, combining (5.45) and (5.51) and applying trace theory yields
yr — 0in L*(Ty). (5.52)
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We split the remaining part of the proof into four steps.
Step 1. From (5.44) and the assumption ||W}|,, = 1, we have

lim {?R Brze,m - Vi) r2(0,) — R(Azg, m - V) 2 Ql)} =0.

k—+o00

Applying the identities (5.75) and (5.76) in the Appendix D with O = Q;,§ = ToUT'1,n = Bk, w =
2z, h =m, H(x) = I,, we obtain after using the boundary condition (5.47)

Oz (x)

k@@{—;ﬁk /Fo|zk<x>2m<x>-u<m>dr+% [ 2 me) - va G-
o [ IVa@ P m) @ - 5 [ 9@ m) v (5.59)
To 'y
Q/QI(ﬁMzk(x) + V(@) )da:—&—/ﬂl Vi ()] da;} _
and
i { [, Gl vt} < i {w [ P0G 6o

Inserting (5.54) into (5.53), we get

Jim_ {—;Bk /FO 2(2) > m(z) - v(2)dl + R 5 azakiz)m(x) Vg (2)dD —
% V2 (2))* m(x) - v(z)dl — % |V 2 (2))* m(x) - v(z)dl+ (5.55)
To Iy

n Oz () / 2
— T = 0.
2§R N o z(x)dl + o |Vzi(z)|” dz 0

Step 2. We have from (5.45), (5.46) and the fact that ||[Wy||,, = 1,

kk&)m {?R Uk, 10k - vyk>L2(Qz) — R{ug, m - Vuk>L2(92)} =0, (5.56)
kﬁTm {3% iBrur, m - Vyr)r2(0,) — R(Ayk, m - Vi) 12 QZ)} =0. (5.57)

Combining (5.56) with (5.57) yields

lim { §R uk, m - ka>L2(Q2) §R<Ayk, m - vyk>L2(Q2)} =0. (558)

k—+oco

Using Green’s theorem and the identity (4.81) in the Appendix D with O = Q5,8 = To U Ty, w = yy,
h=m and H(z) = I, we get

. 1 2 1 2
lim {_5 [ @ miz) - v@)dr =5 [ @) me) - vy

k—+oco 2 T'o
8 3 2
R ). Vyg(z)dl — R m(z) - Vy(z)dl + |Vyr(z)|” de+
To To Qo
(5.59)

1 1

— | [ Vyr@))Pm(x) - v(@)dl + = [ |[Vye(z)|]? m(z) - v(z)dD+

2 Iy 2 o

5 [ @ = 9nasf o
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Step 3. Multiplying (5.45) (resp. (5.46)) by uy (resp. yx), yields

kl_l;Too {RGBrYk, uk) L2(05) — Rlup, ur) 1205y} =0,

lim {RiBrwk, Yi) 12(95) — R(IAYR, Yr) 12(05) } = 0.

k— oo
the identities (5.60) and (5.61) imply

lim {—?R(uk,uk)m(%) - %<Ayk7yk>L2(Qg)} =0

k—-+o0

from which we obtain via Green’s theorem

tim { [ (@) - [9no) e |

k— 400 R
o Oyr () —— dyk(r) ——
_kﬁToo{—ﬂ? v yp(z)dl — R v yr(z)dl p .

Inserting (5.62) into (5.59), gives

1 1
lim §—= lug ()| m - vdl — = lu ()| m - vdl—
k—+oco 2 T's 2 o

w [ 2@ ey V@ - [ 258 00 g@ar + / V()| dot
v v T'o ov Qo

1 1

5 | IVu@)® m(@) v(@)dl + 5 | [Vy(@)]” m(z) - v(z)dl -
Iy ro

n Oyp(r)——~ . N Oyr(@) —— | _

3 R b o yi (z)dl 5 R o yr(z)dl > = 0.

(5.60)

(5.61)

(5.62)

(5.63)

Step 4. Summing up (5.55) and (5.63), results in after using the boundary conditions (5.48) and (5.49)

) 1 2 1 2
kl_ﬁ_noo {_Eﬂk . |2k (2)|" m(z) - v(z)dl — 3 . |uk(2)|” m(z) - v(z)dl—

L Va@Pm@)  v@dr + [ Va@) P de— 2 [ jus(@) m(z) - v(@)dr—
2 J/r, Q 2 J/r,
Oy () — 1 9 5
R oy m(z) - Vyg(x)dl + = |[Vyi(x)|” m(x) - v(z)dl + |Vyi(x)|” de—
Iy v 2 Iy Qs
ny [ ow) L e e e
5t N v yr(z)dl' + 5 . [Vyr(2)|" m(z) - v(z)dl’
AC J—— N I—
R W v m(x) - Vyg(x)dl + R o m - Vzi(x)dl
1

= |V zi () > m(z) - u(:r)dl"} =0.

2 Jr,
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Thus
lim { |Vzk(x)|2dx+/ |Vyk(:c)|2dx}
k——+o0 ol}
= lim { Bk/ |z (2 m x)dl + = / |ug (z m
k——+o00
1
3 |Vzk(m)\ m(x) - v(z)dl + 5 |uk(ac)|2 m(x) - v(z)dl'+
Fl l—‘2
Iy () 2
R 3 m(x) - Vie(z), )dI‘— - |Vyr(z)|” m(x) - v(x)dT+ (5.64)
T 4 2 Ty
n Oyp(@) —— . 1 2
S O / V(@) m(z) - v(z)dr+
Iy () Oz ()
B[ Vi~ [ ) Vs
1 |Vzk(x)2m(:v).1/(:c)df}.
2 To
We conclude from the boundary conditions (5.47) — (5.49) that
Ve (z) = azk(x)l/(:r), onTy, (5.65)
v
and
_ _ Oy () — 2k (7))
=0 onTy.
Then
Vyi()” = |Vze(z)[*  on Ty,
so on I'g,
v v
. : (5.67)
2 Vs (@)* m(z) - v(x) + 3 |Var(@)* m(x) - v(z) = 0.
Inserting (5.67) into (5.64) and recalling (5.45) and (5.48) yields
lim { V2 ()| da + |Vyk(x)2dz}
k— o0 o} Qs
) 1
— lim {/Ml 160 [ (@) P i) - viw)dr+
k—+oo 2 To
1
o[ IVe@F mia) v (5.68)
I
1 2 Y —
= lug ()" m(z) - v(z)dT + R [ ——=(x)m(x) - Vyi(x)dl'—
2 Ty s 87/

5 V)l mia) sty + 50 [ 2y ).
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Applying the Cauchy-Schwarz and the Young inequalities to the fourth integral on the right-hand side of
(5.68) and recalling assumption (5.16), we get

lim {/ |Vzk(x)|2dx+/ |Vyk($)|2d$}
k—+o00 N Q

2

< lim {iﬂkaw) [ @)l mia) - vla)dr+

k——+oo To

1 , (5.69)
3 |Vzi(z)|”" m(z) - v(z)dl+
I
C 2 C? Oy(z) |2 n Oyg () ——
3 [ e ar+ o= 20 dF+2§R/F2 ) (ar

where
C = sup |m(z)|
xE€Q

Since Bi(1 + ) is positive for |G| large, then it follows from (5.50), (5.69) and assumption (5.17) that

lim {/ \Vzk(x)|2dx+/ Vyk(x)|2dx}
k—4o00 N Q

) o 2 (5.70)
. n 2 n 2
<1 S(CH+ (—+ ) dl' + — dr 5.
< tim {5+ (G g [ m@Par [
By (5.70), (5.51) and (5.52), we conclude that
Jim {19522, + 176 a0} =0 (5.71)
From (5.54) and (5.62), we have
0
tim { [ (@) - (Do) P+ [ 2 Gar |
k—+oo | Jq, r, Ov (5.72)
— lim {/ (B ()2 + Vzk(x)|2)d$}.
k—>+OO Ql
Employing (6.36), (5.52) and (5.71) in (5.72), we obtain
, 2 ; 2
i ooy = lim B4l 22, (5.73)
Now we apply Lemma 5.4.2 of the Appendix D to the function zj to get
2 2 2
|B| ||Zk||L2(Ql) < C{Hvzk”LZ(Ql) + ||fk||L2(Ql)}
which together with (5.44) and (5.71) gives
) 2
kﬁTMWH 2kl 720, =0
and consequently ,
lim_|lug|[72(q,) =0 (5.74)

k— 400

(5.71) and (5.74) show that kliT [Wikll;; = 0. This contradicts the assumption that |[Wp|,, = 1. O
—+o0
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5.4 Appendix D
Lemma 5.4.1. Let O be an open bounded domain of R"™ with a smooth boundary S. Let h(.) € (C?*(O))"
be any real vector field. If w € H?(O), then the following equalities hold
(4)
ace/ (mu(z) — Aw(z))h(z) / e 1)dS—
@)
1 > dw(z)
— | {nw(@)]® + |Vw()|* }divh(z)dr — R h(zx) - Vw(z)dS+ (5.75)
2 o S ov
— 1
§R/ H(z)Vw(z) - Vw(z)dz + 5/ IVw(a)|? h(z) - v(z)dS
o s
where H(.) is the Jacobian matriz of h.
(i)
3‘%/ (nw(z yw(z)divh(z d:c—/{n|w 2)|? + |Vw(z)|* divh(z)—
5 (5.76)
§R/ W) divh(2)dS + §R/ w(z)Vu(z) - V(divh(z))dz.
Proof. (i) We multiply nw(x) — Aw(z) by 2h(z) - Vw(z) and integrate over O;
2R | (nw(z) — Aw(x))h(z) - Vw(z)de = 2§R/ nw(z)h(x) - Vw(z)dx—
o o
(5.77)
2R | Aw(z)h(z) - Vw(z)dz.
o
For the first integral on the right-hand side of (5.77), we have after using Green’s theorem
2%/ (e wiz)de = n/ h(z) - 9 (jw(z)?)dz
9 (5.78)
—n/|w )P h(x x)dS — n/\w )|? divh(z)dz.
For the second integral on the right of (5.77), we have also from Green’s theorem,
— ow(x) —
2R | Aw(z)h(z) - Vw(z)de = 2R | ——=h(z) - Vw(z)dS—
o s v (5.79)

2R . Vw(z) - V(h(z) - Vw(z))dz.

Applying the identity

2R{Vw(z) - V(h(z) - Vw(z))} = 2R{H (2)Vuw(z) - Vw(@)} + h(z) - V(|Vw(z)*)

to the last integral at the right of (5.79), we find
2%/ Aw(@)h(x) - Vio(z)de = 23%/ u(z, t)h(x)  Vw(z)dS—

2§R/OH x Vw(:c)~Vw(x))da:f/ h(z) - V(|Vw(z)|*)dz.

o
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Another use of Green’s theorem yields

— ow(x)

25}%/ Aw(z)h(z) - Vw(z)dr = 2R h(x) - Vw(z)dS—
o

S 61/

2R /O H(z)Vuw(z) - Vw(z)dz — /S [Vw(z)]* h(z) - v(z)dS+ (5.80)

/ [Vw(z)|? divh(z)dz.
o

Combining (5.78) and (5.80), we obtain (5.75). L
(49) Identity (5.76) is proved by multiplying nw(x) — Aw(x) by w(x)divh(z) and integrating by parts over
0. O
Lemma 5.4.2. Let w € HY(Q) satisfy the following elliptic problem

nw — Aw = w* € L*(Q4),

w=0 onTy,

w(z) = g € HE(Ty).
Then

Il lwl 72, < CUIVWITa0) + 0" (720 }- (5.81)

for some constant C > 0.

Proof. This lemma is proved in [6] (Lemma 5.2.) but for completeness we give the details here. We define
wy € HY(Q1) to be the solution of the following boundary value problem

Awi(z) = Aw(z) + w*(z) in Oy,

wy(z) =0 on 99;. (5.82)
Then
<Aw1,w1)Lz(Ql) = <Aw—|—w*,w1>Lz(Ql). (583)
Applying Green’s theorem to both sides of (5.83) and using the boundary condition (5.82), we obtain
||V’LU1 Hiz(gl) = <V’LU, V’LU1>L2(Ql) + <U}*, w1>L2(Ql). (584)
From (5.84) together with the Cauchy-Schwarz and the Poincaré inequalities, we have
2 *
IVwillz20,) S IVwll 20 VWil L2,y + Clw (| 2@, VWil 2o,y - (5.85)
The estimate (5.85) combined with Young’s inequality gives
IVwill72(,) < CLIV@lZ2 () + w7200} (5.86)
Since Aw; = nw, we have
I lwll -1,y = A0l g1,y < CIVwLll2q,) - (5.87)

after using Poincar’s inequality. On the other hand, by interpolation, we have
2
Inl ”wHLQ(Ql) = [n] ”wH[Hl(Ql),H—l(Ql)]
< Clnllwll -1 lwll g o,y - (5.88)
The interpolation inequality (5.88) along with the estimate (5.87) and Poincaré’s inequality yields
2
InHlwlize .y < CIVwill 2, IVl L2 g,y - (5.89)

Consequently, combining (5.89) and (5.86) and using the Young inequality we arrive at the desired
estimate (5.81). O



Chapter 6

Energy decay estimates for the
transmission Schrodinger wave
equation with distributed damping

6.1 Introduction and system description

We consider the Schrodinger equation in €27 coupled with the wave equation in s,

Opz(z,t) —ilAz(x,t) + az(z,t) =0 in 4 x (0, +00), (6.1)
O2y(z,t) — Ay(x,t) + pdyy(x,t) = 0 in Qg x (0, +00), (6.2)
z(x,0) = zo(x) in 4, (6.3)
y(,0) = yo(2), Duy(, 0) = 92 () in 0, (6.4
z(z,t) =0 on I'y x (0, 400), (6.5)
y(z,t) =0 on I'y x (0, +00), (6.6)
z(z,t) = y(z,t), on Iy x (0, 400), (6.7)
8‘2((;: D _ ay((;i, 2 on Ty x (0, +00), (6.8)

where
e 2,0,,05, 1T, Ty, 'y and I's are as in Chapter 2,
e « and p are positive constants,
® 20,Yo,%y1 are the initial data which belong to suitable spaces.

The aim of this chapter is to study the asymptotic behavior of the solutions of (6.1)-(6.8). Similar
problems have been investigated in the case of one space dimension in [50], [51], [75] and [81] . In [51],
the authors adopted an approach based on spectral analysis to establish a strong stability result for the
system (6.1)-(6.8) with & = 0 and u > 0. Spectral methods have also been used in [50] to study the
stability of the system (6.1)-(6.8) with o = 0 and the wave equation is subject to a distributed Kelvin-
Voigt damping. In the authors used the Green function to obtain an estimate for the resolvent of the

operator of the system studied in [51] from which an improvement of the stability result of [51] is deduced.
Wang et al [31] proved by a Riesz basis approach that the system decribed in [51] with a wave equation
subject also to a negative displacement is exponentially stable. Here in agreement with [81] we obtain an

exponential stability result in general space dimension when o = 0 and p > 0. However when « > 0 and
= 0. the system is polynomially but not exponentially stable.

77
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6.2 Well-posedness
Set
Hi () ={f€H' (Q): f=0o0nT5}
and consider system (6.1)-(6.8) in the Hilbert space
H =L*() x Hp,(Q2) x L*(92)

with the inner product induced norm

s ol = [ 1@ det [ (95@F + 1) o (69)
The operator A : D(A) C H — H generating the dynamics described by (6.1)-(6.8) is given by

Az, y,u)T = (iAz — az,u, Ay — pu)” (6.10)

D(A) = {(z,y,u)T € H;Z € H2(91)7y € H2(QZ)7U € HII’Q(QQ)

satisfying (6.12)-(6.13) below} (6.11)
0z 0Oy
'Lg = 5 on F07 (612)
u =z on Iy, (6.13)

Note that for (z,y,u)” € D(A), we have by trace theory the following boundary regularity:
. AZ|391 S Hl/z(é)Ql),
o %Z|yq, € HY2(0)),

o $loq, € HY/?(0Ds),

u € Hl/z(agz)

Then system (6.1)-(6.8) can be re-written as an abstract Cauchy problem in H as follows

{ jty(;) = AY(?) (6.14)

where
Y(t) = (z(.,t),y(.,t),(f?ty(.,t))T and Yo =Y (0) = (zo,yo,yl)T

Proposition 6.2.1. The operator A defined by (6.10) — (6.11) s mazimal dissipative. Hence it generates
a contraction Co—semigroup on H. Consequently, for every Yo € H, problem (6.14) has a unique solution
Y whose regularity depends on the initial datum Yy as follows:

Y(.) € C([0,+00);H) if Yo € H,
Y(.) € C(]0,400); D(A))NCL[0, +00); H) if Yo € D(A).
Proof. Let Y = (z,y,u)T € D(A). Then

(AY,Y) :/Q (iAz(x))z(z)dz — a . | () da + ; Vu(z).Vy(z) dx + A Ay(x)u(z)dr—

w | | u@)) de (6.15)
Qo
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Applying Green’s theorem to the first and the third integral on the right-hand side of (6.15) and using
the fact that the normal vector on I'y is oriented towards the interior of 25, we obtain

(AY,Y}z/ ia';f)z(:c)dr—/r iaz(f)z(x)dl"—i/ﬂ \Vz(x)Fdx—a/ | 2(2)|? dz+

1N 1

— y(r)—— y(r)—— —
o, Vu(z).Vy(z) dz + /F2 Wu(x)dF + Y u(z)dl — /92 Vy(z).Vu(z) de—

2
u/% | u(z)|” dz (6.16)

(6.16) together with (6.12) — (6.13) yields

(AV.Y) = 253( | Vul) Tyl de) /Q Ve de —a /Q 1

|4wﬁw—u/\wwfm

Qo

Hence
R (AY,Y) = —a/ | 2(@) dz — M/ u(z)? do (6.17)
Q1 Qo
which shows that A is dissipative.
Now we show that A is onto. For this purpose, we fix (f,g,h)T € H, and we look for Y = (z,y,u)T €
D(A) such that
AY = (f,9,h)" (6.18)

We have g € H%Q(Qg) and z = g on I'g. We solve the following system

1Az(z) — az(x) = f(x) x € Q, (6.19)
2(x) =0 x ey,
z(x) = g(x) x € Ty. (6.20)

Obviously, z € H} (1) and 92 € H=/2(9).
Now, we consider the boundary value problem

Ay(x) = pg(x) + h(x) x € Qg (6.21)
8?3(;6) _ ﬁz(;) reTy, (6.22)
y(z) = x €Ty (6.23)

The variational formulation of problem (6.21)-(6.23) is to find y € Hf, (€22) such that

Aly, @) = F(#) (6.24)
where
My.o)= | Vy().Vi(z)dz
and D2()——
Fie) = [ (ha) + agla)e@ide — [ ZD G

A is a continuous bilinear form on Hp, (€22) and F is a continuous linear form on Hy, (Q;). Moreover

2
RAW ) = [yl o)

By Lax-Milgram Theorem, for all h € H} (), problem (6.24) has a unique solution y € Hp, (22).
If we consider in (6.25) ¢ € D(€2), then y is a solution of (6.21), in the sense of distribution, and from
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the regularity of h, we have y € H?*(Q2) NH}_(Q2). Using Green’s formula in (6.24) and exploiting (6.21),
we obtain for all p € Hf (Qs)

from which follows

. i 3 on Iy,
(6.25)
Moreover, (6.19), (6.21) and (6.20)imply that
u(z) = z(x) on Ty.

So, we have found (z,y,u) € D(A) for which (6.18) holds and consequently A is onto, so 0 € p(A).
Therefore by the contraction principle we obtain R(A — A) = H for A > 0 sufficiently small Thus, by the
Lumer-Phillips Theorem (see for instance [65], Theorem 1.4.3), A generates a contraction Cp— semigroup
on H. O

6.3 Exponential stability

In this section, we establish an exponential stability result for system (6.1)-(6.8) in the case o = 0 and
w>0.

Theorem 6.3.1. Let « =0 and p > 0. Then there exist constants M > 1 and w > 0 such that
E(t) < Me “'E(0)  for allt >0

for all solutions of (6.1)-(6.8) with (20,y0,y1) € H., where E(t) is the energy of a solution (y,z) of
(6.1)-(6.8) at time t defined by

1

B =y [ 1ol des g [ Qote.0f + Vo0 s

To prove this result, we use Theorem 1.3.4.
Lemma 6.3.2. The operator A satisfies condition (1.4), that is iR C p(A).

Proof. By Sobolev embedding Theorem, A has a compact resolvent. As a consequence, its spectrum
consists only of eigenvalues of A. Assume \ = i3, with 8 € R*, is an eigenvalue of A and let W = (z,y,u)T
€ D(A) be a corresponding eigenvector. Thus

AW = ifW (6.26)

or equivalently

(z) =
u(z) = ify(x) in Qa, (6.27)

Ay(z) — pu(z) = ifu(x) in o,
z2(x) =0 onI'y,
z(z) = u(x) on Iy, (6.28)
Z@z(x) _ Ay(x on Ty
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Taking the inner product of (6.26) with W and using the equality (6.17), we get
u(z) =0 in Qo

which together with (6.27) and (6.28) yields
y(x) =0 in Q.

and
z(x) =0 on Ty.

Consequently z(.) satisfies

—Az(z)+ Bz(x) =0 in O,
z(x) =0 on T4,
z(x) = 8‘;(53) =0 on Ty.
and by the unique continuation principle ([33], [74], [43]).
z(z) =0 in Q.
Therefore W = (0,0,0)7 and this contradicts that W is an eigenvector of A. O

Lemma 6.3.3. The resolvent operator of A satisfies condition (1.5).

Proof. Suppose that (1.5) is not satisfied. Then by the Banach-Steinhaus Theorem, there exists a sequence

of real numbers |B;| — 400 and a sequence of vectors Wy = (zg, y, ur) € D(A) with ||Wy| = 1 such
that
lim (i85~ AWl = 0
that is
1Przr — 1Az = fr >0 in LQ(Ql), (6.29)
iﬂkyk — Uk = gk — 0 in Hl{z (QQ), (630)
(iBr + p)ur — Ayp = hy — 0 in L*(Qy), (6.31)
2z =0 on I'y, (6.32)
2 = U on Iy, (6.33)
Oz Oyy
E = E on FO, (634)
vk =0 on I'y. (6.35)
Since
IR<(@Bk — A)Wi, Wi >[ < [[(iBx — A)Wil|y
and
R<(ify — A)Wy, W, >= f,u/ lug()|* dT,
Qo
then
up — 0in L2(Qy) (6.36)
By (6.30) and (6.31), we have
18kyk 720y < Ulurll 2oy + 19kl L2 (0y) (6.37)

and
_ 2
Hﬁk lAkaLz(Qz) < ((T+p) HukHL2(Q2) + ||hk||L2(§22))2' (6.38)
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Combining (6.36),(6.37) and (6.38) yields

. _ . —1 _
kﬁz-noo ”ﬁkkaL?(Qz) - kl—Z>Too H/Bk AkaLZ(QQ) = 0. (6.39)

On the other hand, by classical theory of elliptic boundary value problem, there exists a positive constant
C > 0 such that
9kl 20,y < CUAYEN L2(00)) + 9kl L2 (02y))- (6.40)

(6.39) together with (6.40) implies that

lim ||5k_1kaH2(Qz) =0.

k—+oco

and by interpolation, we have
2 -1
Hyk”H%Q(QQ) <c ||Bkyk||L2(Q2) ||ﬁk kaHZ(QZ)

Therefore
Lm 1IVyall e, = 0. (6.41)

and consequently
i 1l 1200,y =0

Now let h € (C*(£2))" be a vector field satisfying h = v on 9Q. We have from (6.30) and (6.31)
kl_l;Too{Wka?wkh “Vyr)r2(01) — (Uk, 2h - Vyr) 20y} =0
and
kl_z;Too{@ﬁkuk, 2h - Vyr) 120, + mur, 2h - Vyr) — (Aye, 20 - V) 120, = 0
Hence

lim {(—(ux,2h - Vyr)r2(0,) + pulur, 2h - Vyr) — (Ayg, 2h - Vyr) 2} = 0

k—+o00

By Green’s theorem, we have

. 2 2 5. 8yk(x) —
kl—%Too{ o, |ug (z)|” dl’ — /Qz lug(z)|” divh(x)dx + 2R o, Th(x) - Vyg(x)dz—
2R [ H(x)Vys(z) - VY, (x)ds — / V(@) ? |h(z).v(z)dD + / V()| divh(z)da} = 0. (6.42)
Qo 0 Qo

From (6.36) and (6.41), we deduce that

lim lug (2)|? divh(z)dz = 0
k—+4oc0 Qs

lim 2R [ H(z)Vyi(z) - Vy,(z)de = lim \Vyr(z)|? divh(z)dz = 0

k—4oc0 Qs k—-+o0 Q
, Ayi(x) —— 2 o Dy ()|
Jim 2 [ P e Tyaar - / V@) ) @ry = tim [P ) v
(6.43)
Inserting (6.43) into (6.42) yields
. 2 Ayr(x) ’ —
kl_w_@oo{ o, |ug(x)|” dI" + /892 ey dl'} = 0. (6.44)
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(6.44) together with (6.33) and (6.34) implies that

Oz (x)

2
— 0. 4
S| dr=0 (6.45)

lim |z ()|? dl” = /

k——+o00 o} To

By elliptic regularity we have for system (6.29), (6.32), (6.33) and (6.34), zx € Ha(Q1)NH{ (Q1). Because
of (6.45), we deduce from the unique continuation theorem for elliptic operators, see for example [74],
Corollary 15.2.2, that z, — 0 in H}\ (Q;) and consequently

ze — 0 in L2(Qy). (6.46)
Therefore, by (6.36), (6.41) and (6.46), kliT ||Wk\|,2H = 0 and this contradicts the assumption that
— o0
[Willy = 1. N

6.4 Lack of exponential stability

Now let us consider the case where a > 0 and g = 0. We show that the solution of our system is not
expoentially stable. The proof follows an idea from ([56], Theorem 3.5).

Theorem 6.4.1. For o > 0 and p = 0, the system (6.1)-(6.8) is not exponentially stable.

Proof. We consider the closed subspace
Ho = {0} x H%\Z(QQ) x L?()
of H. On Hy, we consider the operator
A:D(A) C Ho — Ho
defined by

A(Z’yvu)T - (Zvua Ay)Ta
D(A) := {0} x (H?(Q2) N Hy(Qa)) x Hy(Qa)

Let (z,y,0ry) be the solution of (6.1)-(6.8) and (0,7, 9;3) be the solution of the problem

D2 — A =0 in Qy x (0,+00), (6.47)
7J(z,0) = yo(x), 6:g(z,0) =y1(x) in Qo (6.48)
g(z,t) =0 in .00y x (0,+00) (6.49)

It is well-known that the problem (6.47)-(6.49) is energy conserving, i.e.

(V3. 6) + [0, D2} d = / (IV90(@)]? + |y () 2

Q
Hence the semigroup S(t) associated with (6.47)-(6.49) and defined on the Hilbert space
Ho = {0} x HE,(Q2) x L* ()

by

S(t) (07 Yo, yl) = (Oa g(t)7 atg(t))

is a unitary group. Thus, its essential spectral radius equals to one.

We will show that S(t) — S(t) : Ho — H is compact, where S(t) is the Cp-semigroup generated by A. It
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is enough to prove that S(t) — S(t) : H; — H is compact for some dense subspace #; of Ho.
Set

Hl = {0} X D(Qg) X D(Qg)

Then #, is dense in # and H; C D(A) N D(A).
For Yy € H1, consider for ¢t > 0

F(t) = 5 [[s@ve - s

Let (z,y,0)T := S(t)Yy and (0,7, ,5):= S(t)Yy. Then

%F(t) _R< %(S(t)Yo — 3(1)Y0), S — S(t)Ye >
=R < AS(t)Yy — AS(t)Yy), S(t)Yy — S(t)Yy >
=R < AS(t)Y, S(1)Yy > +R < AS(1)Yy), S(t)Yy > —R < AS(t)Yy, S(t)Yy > —R < AS(t)Yo, S(t)Y, >
From (6.17), we have

R < AS(t)Yo, S(H)Yo >= —a [ |2(x)]* dz
Q

and since S(t) is a unitary group, ® < AS(t)Yy), S(t)Yy >=0

Therefore J
T F(t) = =R < AS(1)Ys, S(t)Yy > —R < AS(t)Yy, S(t)Yy >
Moreover
< AS(t)Yy, S(t)Yo > + < AS(t)Yo, S(t)Yy >= | Vow(x,t) - Vi(z, t)de + [ Ay(x,t)0y7(x, t)dz+
Qz 92
/ Vog(x,t) - Vy(z, t)dx + Ay(x,t)0y(z, t)dx (6.50)
QQ QZ

Applying Green’s Theorem to the second and the fourth term on the right-hand side of (6.50), we obtain

< AS(t)Yo, S(t)Yy > + < AS(t)Yy, S(H)Yo >= | Vow(z,t) - Vi(z, t)de — | Vy(z,t) - Vg(x, t)dz+
QQ QZ
. _ - _ 0y(x,t)
Vorg(x,t) - Viy(z, t)dx — Vij(z,t) - Vorg(x, t)dx + 3 20 y(x, t)dl (6.51)
Qg QQ I‘0

where we used y = 0 on I's and § = 0 on 9.
Inserting (6.51) into (6.4) yields

Ly = - 2gp— [ 20Dy
th(t)f oz/Ql |z(x)|” dz /ro 5 0y(zx,t)dl

This imlpies that

+a/ / 2z, 1)) dadt = 3%/ / ay iz, t)dldt (6.52)
Q To

Let (Y¢)ren be a bounded sequence in Hi, and let Y*(t) = S(t)YF and Y*(t) = S(t)Y{. Since Y* €
C([0, +00), D(A)), the sequence (%yu Jken C L2([0, 1], L2( 0)) is uniformly bounded. Therefore there ex-
ists a subsequence denoted also by (§*)ren such that (2L e )keN converges weakly in L2([0,t], L*(Ty)).
Moreover, because Y* € C'([0,+00),H)) the sequences (2¥)ren C L2([0,t]; H?(21)) and (2F)ren C
L2([0,t]; L3(£21)) are both uniformly bounded. By the Aubin-Lions theorem ([11]), there exists a subse-
quence of (z¥)ren still denoted by (2%)gen such that (2%)ren € L2([0,t]; Hf (Q1)) converges. Using the
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trace theorem we conclude that (2*|po)ren C L2([0,t]; L?(To) and is convergent.

For k,l € N, set
1 ~ 2
PR = 5 |soed - v - Se v - 19|

By (6.52), we have

O (x,t
P < D G 1) ool = 0 (ki +0), (6.53)

where Y*!(t) = S(t)(YF — Y{) and Y (t) = S(t)(YF — YY) for k,1 € N. (6.53) implies that (S(t) — S(t)Yy
is a Cauchy sequence in H and thus convergent. Therefore, the operator S(t) —S(t) : H1 — H is compact
and so is S(t) — S(t) : Ho — H.

Since 7es5(S(t)) = 1, Theorem 1.3.6 (Theorem 3.3 in [56]) implies that r..5(S(¢)) = 1, and thus (S(¢)):>0
is not exponentially stable.

6.5 Polynomial stability
Theorem 6.5.1. Assume that there exists z° € R™ such that for m(z) = x — 2°

m(z) - v(z) <0 on 00, (6.54)
Then there exists a constant M > 0 such that for all Yy € D(A) the corresponding solution to (6.1)-(6.8)
with =0 and o > Osatisfies the following estimate

M
Y Ol < ¥l for it >0

Theorem 6.5.1 follows from Theorem 1.3.5 once we have verified that the hypothesis (1.4) and (1.6)
holds for the operator A.

Lemma 6.5.2. The spectrum of A contains no points on the imaginary axis, that is iR C p(A).

Proof. By Sobolev embedding Theorem, A has a compact resolvent. As a consequence, its spectrum
consists only of eigenvalues of A. Assume \ = i3, with # € R*, is an eigenvalue of A and let W = (z,y,u)”
€ D(A) be a corresponding eigenvector. Thus

AW =W (6.55)
or equivalently

1Az(x) — az(x) = ifz(x) in Q4,

(
u(z) = ify(x) in Qg, (6.56)
Ay(z) = ipu(x) in Qo,
z(x) =0 on I'y,
Az)=ulx)  onTy,
0z(z)  Oy(x)
“ov T ow on Lo,

y(x) =0 on .
Taking the inner product of (6.55) with W and using the equality (6.17), we get

z(z) =0 in Qy,
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which together with (6.56) yields
u(z) =0 onTY.

Consequently y satisfies

—Ay(x) = fy(z) =0 in O,

y(z) =0 on Iy,

y(z) = 8%(;) =0 on T.
and by the unique continuation principle

y(x) =0in Qs (6.57)

Therefore W = (0,0,0)7 and this contradicts that W is an eigenvector of A. O

Lemma 6.5.3. The resolvent operator of A satisfies condition (1.6).

Proof. Suppose that (1.6) is not satisfied. Then by the Banach-Steinhaus Theorem, there exists a sequence
of real numbers S — +oo and a sequence of vectors Wy, = (zj, yi, ui) € D(A) with |[IWg]| = 1 such that

Jim |85 — AW, = 0. (6.58)
It then follows from (6.58) as k — +oo that
Br(iBrzy — iAzg + azgp) = fr > 0 in L*(y), (6.59)
Br(iBrye —uk) = g — 0 in HE (Q), (6.60)
Br((iBr — Ayx) = hy — 0 in L*(Qy), (6.61)
Furthermore by (6.58) and the fact that
R(BR(iBr] — A)Wy, W) = Bia ||Zk|\2Lz(Ql) (6.62)
we have
Biecllzklz20,) = 0 (6.63)
This leads by (6.59) to
Az, — 0 in L?(Q). (6.64)

By the theory of elliptic boundary value problems ([23]), there exists a constant C' > 0 such that

126l 200y < CUIAZR] L2 (0yy + [128]] 22(02,))- (6.65)

On the other hand by interpolation ([415]) we have

2
2 Nl 272 o) <C 12| 2 Q1) ”ZkHH?(Ql) : (6.66)
ry (1) (

From (6.63)-(6.66), we find
”ZkHHlll(Q]) —0

By the trace theorem and (6.67), we see that
12kl L2(ry) = O-
Moreover, we conclude from (6.64) and (6.67) that (see [15], |

Oz(x)
ov

‘H—l(aﬂl)

— 0.

(6.67)

(6.68)

(6.69)
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Therefore
luellp2rgy = O, 19kl 2y — O (6.70)
0
v () 0. (6.71)
v Nla-r)
We split the remaining part of the proof into two steps.
Step 1.
We multiply (6.60) (resp. (6.61) by uy (resp. yx) and integrate over 2y to find
li?f R Bryr, ur) 12 (00) — R(ur, ur) 12(0,) = 0, (6.72)
kﬁiﬂm%@ﬁkuk,uwllz(gﬂ §R<Ayk,/€k>L2(Qz) = 0, (6.73)

Applying Green’s theorem and using the boundary condition y, = 0 on I'y gives

0
lim (Jug(z)|* = |V (2)|P)dz = lim {— §R/ G yr(x)dl'} (6.74)
k—+o00 Qs k—+4o00
from which follows via (6.68) and (6.69)
; 2 ) 2
kl_ﬁToc lukllz20,) = kl_fToo IVYklL2q,) (6.75)
Step 2.
We have from (6.60), (6.61) and the fact that ||[Wy[l,, = 1,
kk&;Tw {?R(uk, iBkm - vyk>L2(Qz) — Rug, m - V’uk>L2(92)} =0, (6.76)
klj;Too {% iBrur, m - Vyr)r2(0,) — R(Ayk, m - Vi) 12 92)} =0. (6.77)
Combining (6.76) with (6.77) yields
kﬁToo { % uk, m - VUk>L2(QQ) — %(Ayk, m - Vyk>L2(Q2)} =0. (6.78)

Using Green’s theorem and the identity (4.81) in the Appendix C of Chapter 5 with O = Q5,8 =
ToUT2,w=1yg, h=m and H(z) = I, we get

) 1 2 1 2
tim {5 [ 1@ (o) v@ar =5 [ ) me) - vt

k—+oco 2 T'o

w [ D) vy - % [ 280 Gy@ar+ [ V) e

%AQ |Vyk($)\2 m(z) - v(z)dl + % /FO |Vyk(x)\2m(;r) (@)l +

T fuw(@)]? - |Vyk(x)\2}dx} — 0.
Q2

Using the boundary condition (6.35) and the limits (6.70) yields

2
kﬁanoo {—; . luk (z)|* m(z) - v(z)dl — R s 8y57£x) m(z) - v(z)dl—
(6.79)
ye () |* 2 e b —
R m(zx) - v(z)dl + |Vyr(x)|” dz p = 0.
T'o ov Qo
Recalling assumption (6.54), we obtain by (6.75) and (6.79)

ol = B 190l =0 630

Identities (6.63) and (6.80) contradict the assumption that ||[W||,, = 1 for all £ € N.



Conclusion

In this thesis we have established stability results for
e The transmission Schrédinger equation with discrete time delay in the Neumann boundary feedback,
e The transmission Schrédinger equation with time-varying delay in the Neumann boundary feedback,
e The transmission wave equation with distributed delay in the Neumann boundary feedback,

e The transmission Schrodingerr/wave equation with a dissipative boundary feedback acting on the wave
equation through the Neumann boundary condition,

e The transmission Schrédinger/wave equation with a dissipative feedback acting either on the wave equation
or on the Schrodinger equation.

The approach we adopted uses one or more of the following tools:
e Multipliers technique
e Lyapunov functionals
e Frequency domain method

There are several extensions of the results obtained in this thesis. For example the following questions can be
considered for future work:

e Stability of the transmission Schrédinger/wave equation with a boundary feedback acting on the Schrédinger
equation.

e Stability of the transmission Schrédinger/wave equation subject to a delayed feedback acting either on the
Schrédinger equation or wave equation.

e Stability of the transmission Schrédinger/wave equation subject to a non linear (boundary or internal)
feedback acting on one of the equations.
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