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Abstract

In this thesis, we deal with nonlinear integral equations using generalized contractions. Roughly
speaking, we use different approaches based on fixed point theory to provide the existence of so-
lutions for many integral equations in various functional spaces.






Résume

Dans cette these, nous traitons d’équations intégrales non linéaires, en utilisant des contractions
généralisées. De plus, nous utilisons différentes approches basées sur la théorie du point fixe
pour démontrer I'existence de solutions a de nombreuses équations intégrales dans divers espaces
fonctionnels.
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Introduction

In this thesis, we deal with nonlinear integral equations using generalized contractions. Roughly
speaking, we use different approaches based on the fixed point theory to prove the solvability
of solutions for the aforementioned integral equations. More precisely, we prove many results
through Wardowski-contractions in the context of b-metric spaces, generalized expansive map-
ping of Krasnosel’skii type, measure of noncompactness and generalized contractions in the bounded
variation space.

The starting point in the introduction of the setting of b-metric space is due to Bakhtin [7] (see
for instance Czerwik [18] as well). He generalized the standard metric space by supposing a weaker
assumption than the triangle inequality. Further, several investigations regarding the concept of
b-metric theory were established over these last years (see, e.g., [12, 13, 14, 16, 21, 23, 29, 35, 37,
39, 24, 44, 47, 52].

A powerful extension of the Banach fixed point [8] was given by Wardowski [59]. Its contribu-
tion is mainly based on an suitable function F, namely, F-contraction. The author established a
new fixed point result. Later on, many interesting generalizations concerning Wardowski’s fixed
point have been stated and proved in different directions by lot of mathematicians. For more
details and explanations dealing with F-contractions mappings, the following refernce [34] and
references therein may be consulted. Contractive conditions including rational expressions can
be found in [3, 27, 41, 42, 43] and references therein.

Schauder, Krasnosel’skii fixed point theorems and the measure of noncompactness play huge
roles in nonlinear functional analysis and especially in the solvability of various nonlinear integral
equations.

This thesis is organized as follows:

In the chapter 2, we introduce new kinds of Dass-Gupta-contractions. The aforementioned
contractions mappings are consequently utilized to establish new fixed point theorems in the con-
text of b-metric spaces. At the end of this chapter, we provide some applications, our obtained
results are therefore used to discuss the existence of solutions for various nonlinear integral equa-
tions.

The main goal of the chapter 3 is to prove a fixed point result of Krasnosel’skii type based on a
suitable generalization of expansive mappings. Some slight improvements of the works [54] and
[61] are given.

Chapter 4 is devoted to prove the existence of some integral equations using the the measure
of noncompactness. In this chapter, we introduce the notion of Proinov contraction of Darbo-type
through the measure of noncompactness ¢ and we prove the existence of the fixed point in some
bounded, closed and convex subset of a Banach space X.

In the chapter 5, we propose a contribution for solving nonlinear integral equations in the
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space of bounded variation. Roughly speaking, we utilize the composition operator and the notion
of Henstock-Kurzweil integrals on an unbounded interval and their properties to establish some
existence results of nonlinear Hammerstein integral equations.
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1.1 Notations

1.1 Notations

In this chapter, we use the symbol R = ]—o0, +oo[ is commonly used to indicate real numbers, and
No = Nu {0}, where N is the set of every one of the natural numbers.

In the subsequent sections, we will review the primary findings and foundational concepts that
are necessary to establish the results we will present in the future. Unless explicitly specified, let X
stand for any set that is not empty. An operator T : X — X initialized at xy € X possesses a Picard
sequence defined as x, = Tx,_1 = T" xy for whatever n € N, in which T" represents the n-iterates
of T.

1.2 Metric space

Herein, initially, by defining a metric space.

Definition 1.2.1. Let X have for any set that is not empty. A function d : X x X — [0,00) is consid-
ered to be a metric if it implies the following conditions, for any x, y,z € X:

(by) If and only if x = y, then d(x, y) = 0;

(b2) d(x,y) =d(y,x);

(b3) d (x,2) < [d(x,y)+d(y,2)].

A metric space consists of (X, d).

In the lemma below, we establish a different proof to the one given in [45].

Lemme 1.2.1. Have (X, d) stand for a metric space and {x,} for a sequence in X which include:
lim d (x”, Xn+1) = 0.
n—oo

If If the sequence of {x,} does not satisfy the Cauchy criterion in the metric space (X, d), then there
exists a positive value g, as well as two sequences {m (k)} and {n (k)} of positive integers that is why
n(k) > m(k) > k , and the resulting equalities are true:

lim d (X)), Xno) = UM d (Xm@+1, Xng+1)

k—o0 k—o0

_ . _ . _ +

= lim d (Xm+1, Xno) = im d (Xm@), Xng+1) = €7
k—o0 k—o0

Proof. If {x,} does not satisfy the Cauchy sequence criterion and nlim d (x,, Xn+1) = 0, then there
— 00

exist positive real numbers ¢ and sequences {x,)} and {x,x} consisting of positive integers
which means for each k = 1, n (k) is the smallest index including n (k) > m (k) > k, d (xm(k),xn(k)) >
e and d (X, Xn-1) < €

By employing the triangle inequality, we can establish the following:

e<d (xm(k)yxn(k)) <d (xm(k),xn(k)—l) +d (xn(k)—ly xn(k))
<e+d(Xny-1, Xnwk)) -

Taking k — oo, one can get
lim d (X, Xnky) =€
k—o0
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On the other hand, through again the triangle inequality and nlim d (x,, Xp+1) =0, we obtain
—00

d(xm(k);xn(k)) = d(xm(k),xn(kHl)+d(xn(k);xn(k)+1)
d (Xmwy, Xn(y) + 2 (Xneky Xniky+1) -

IA

Taking the limit as k — oo, we arrive at

d (Xmek), Xn(ky+1) — €

In the same manner, we obtain also

d (Xnky, Xmky+1) — €

The triangle inequality can be readily observed, indicating that

| (Xnw)+1 Xmey+1) = A (X Xnciy) | < A (Xnigy» Xnio 1) + A (Xmkys Xmiy41) -

This implies

lim d(xm(k)+1,xn(k)+1) = lim d(xm(k),xn(k)) = €+.
k—o0 k—o0

1.2.1 Reminder on b-metric settings

Definition 1.2.2. ([7] and [19]) Consider a nonempty set, denoted by X, and let s be a value greater
than or equal to 1. A b-metric function o : X x X — [0,00) is presented by the following presump-
tions; For each x,y and, zthatbelong to the set X,

(b o(x,y)=0iff x=y;

(b2) o (x,y) =0 (y,x);

(b3) 0 (x,2) < s[o(x,y)+0(y2)]

The pair (X, 0) is referred to as a b-metric space for coefficient (constant) s = 1.

In regard to definition 1.2.2, it is observed that the metric space can be classified as a b-metric
space with a coefficient of s = 1. However, it should be noted that the reverse is not necessarily
valid in the broader context, as indicated by references (see [1, 7, 24]). Moreover, it can be observed
that the class of standard metric spaces is encompassed within the larger set of b-metric spaces.

In the sequels, we provide some classical examples.

Example 1.2.1. ([52]) Let’s Take (X, d) be a metric space be considered a metric space, and let
04X x X — [0,00) satisfy the condition:
oq4(x,y)=(d(xy))" foralxyeX,

with p > 1. So, (X,0) is a b-metric space where s = 27 ~1 js the coefficient.
Next, we remind some topological properties in b-metric spaces.
Definition 1.2.3. ( [13, 14, 16]) Consider a b-metric space (X, o) at the coefficient s = 1. So a se-
quence {x,} in X is designated as:
(a) convergent iff there is a x € X for which lim o (x,,x)=0,i.e., lim x,=x;
n—+oo n—+oo
(b) Cauchy iff lim o (x,,x,)=0.
n,m—+oo
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Definition 1.2.4. ([13, 14, 16]) A b-metric space (X, o) is deemed complete when the convergence
of every Cauchy sequence in X is ensured.

The lemma presented herein is crucial for establishing the validity of one of our principal find-
ings.

Lemme 1.2.2. (/53]) Let us consider a b-metric space (X, d) with a coefficient s = 1, where X is a set
and {x,} is a sequence in X. It is assumed that

{d (xn, xps)J{O(n77):y > 1+10g, s}.
Consequently, {x,} is a Cauchy sequence.

According to the findings of [4], it has been established that the b-metric does not exhibit con-
tinuity. The subsequent illustration serves to underscore this assertion.

Example 1.2.2. ([24]) As an X = [0,00), the function is established as o : X x X — [0,00)

{ d(x,y), xy#o,

o(x,y)=
(%) 4d (x,y), xy=0,

with d (x, y) = |x - y|. After that, we get
1. (X,0) is a complete b-metric (s = 4);
2. The function o does not satisfy the metric properties on the set X;
3. The continuity in each variable for the function o is not satisfied.
The next lemma plays a vital part to correct the lack of the continuation for the b-metric.

Lemme 1.2.3. ( [44]) We define a sequence {x,} in X satisfying the next if and only if (X,0) is a
b-metric space where the coefficient s = 1:

lim o (x5, x,+1) =0.
n—oo

Ifthe sequence {x,} does not satisfy the Cauchy criterion in the sense of Lemma 1.2.1, so the following

holds
e <liminfo (X, Xneky) <limsup o (Xme), Xnw) < S€
k—o0 k—oo

o . 2 .
< llllcnll’lfU (Xm@), Xn(+1) <lHmsupo (Xmy, Xni+1) < $7€
- k—o0

o . 2
< hlgnmfa (Xm@)+1, Xn(ky) < Hmsupo (Xmy+1, Xnky) < 876
—0o0 k—o0

\w M v M

i<liminfa(x X ) <limsupo (x x )<s’e
5 = m(k)+1 Xn(k)+1) = p m(k)+1 Xn(k)+1) = S°€.

S k—o0 k—o00

In the next part, we revise important fixed point results for b-metric spaces.
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Theorem 1.2.1. Let (E, o) represent a complete b-metric space to a constant b-metric space where
the constant s = 1. Consider an operator T : E — E that verifies

o(Tu, Tv) < ko (u,v),

For any elements u, v belonging to the set E, and for some value k € [0,1). It is acknowledged that T
possesses a solitary fixed point u™ within the set E. Furthermore, it can be observed that the sequence
{T" u} converges towards this fixed point for every u within the set E.

Theorem 1.2.2. ([47]) Let (E,0) be a complete b-metric space with constant s=1 and T : E — E be
an operator. Suppose that there exist a, € [0,1), where as+ 8 < 1 such that the following is satisfied

o(Tu, Tv) < ao (u, U)+,60(v’ Tlul((lfz-uaxt, Tu)),

for every pair of elements u,v € E. Let T has a unique fixed point u € E and the sequence {T" u}
converges to this fixed point.

1.2.2 Fixed point results regarding F-contractions

The concept of F-contraction has been initiated by Wardowski [59] in 2012 as follows:

Definition 1.2.5. Let (X, d) be a metric space. An operator T : X — X is said to be an F-contraction
if there exist 7 >0and Fe & suchasforall u,ve X,

d(Tu, Tv)>0=>1t+F(d(Tu, Tv)) < F(d(u,v) (1.1)

with & is the entire set of all functions F : (0,0c0) — R such that the below condition is satisfied:
(Fy) F is strictly increasing;
(F») For every positive number sequence {«,}, we consist of:

lim a, =0 iff lim F(a,) = —oc;
n—oo n—oo

(Fs) 3k € (0,1) satisfying lim a*F(a) =0.
a—0"
Example 1.2.3. ([59]) Let a € (0,00). The following functions F; (@) =Ilna, F> (a) =lna+a, F3(a) =
-1
— and F, (@) = In(a? + a) belong to the family &.
NG 4 (@) =1In ) g y

Remark 1.2.1. If we take, in (1.1), F (a) = In@; a Banach contraction can be easily deduced.

The next result is established by Wardowski.

Theorem 1.2.3. (/59]) Consider (E,d) the complete metric space denoted, and let T : E — E be an
F-contraction. For every element xy € E the sequence {T " xo} converges to x*. Furthermore, it can
be noticed the value of x* is unique.

Later on, Wardowski [60], in 2018, generalized the class % as follows.
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Definition 1.2.6. ([60]) Let (X, d) be a metric space. An operator T : X — X is characterized by
()(, F)-contraction if there exist F: (0,00) — R and y : (0,00) — (0,00) thus, the next conditions are
valid:

1. F satisfies (F});
2. (F: lim F(1)=~oo;
=0+
3. (Hp): lim inf y (t) >0forall € = 0;
t—et
4. x(d(x,y))+F(d(Tx,Ty)) < F(d(x,y)) forall x,y € X where Tx # Ty.

1
Example 1.2.4. Let F,,F, : (0,00) — R be given by : F; (f) = In(¢+1) and F> () = — for all
t € (0,00). It is obvious that F; and F, belonging to the class & but do not fulfill condition (Fé).

In addition, Wardowski [60] established the next outcome

Theorem 1.2.4. (/60]) Let (X, d) be a complete metric space. So every (x, F)-contraction mapping
admits a unique fixed point.

We give below a detailed and slightly different proof to the one established in [58].

Proposition 1.2.1. Let a complete metric space (X,d) and T : X — X be an operator. If there exist a
nondecreasing function F : (0,00) — R and 1 satisfies (Hy) such that forall u,v € X,

d(Tu, Tv)>0=>1(d(Tu, Tv)+F(d(Tu,Tv)) < F(d (u,v)), (1.2)
Then for every xo € X the sequence {T " xo} converges to x*. Moreover x* is unique.

Proof. First, we prove the existence of a fixed pointin T. Let xo € X and {x,} be the Picard sequence
with the starting point xp. If there exist ny € Ny, as a result, x,, = x,,+1, then x, is the fixed point
of T. If x,, # x,+1, for all n € Ny, we get

dy,:=dxn,xp+1) =d(Tx,-1,Tx,) >0, forallneN. (1.3)
When we use the contractive inequality (2.47), where x = x,—; and y = x,,, we get forall n e N
T(d (Xp, Xp+1)) + F(d (Xp, Xp41)) < F (d (Xp-1, Xp)) (1.4)
Since F is monotonically increasing and by the fact that 7 (¢) > 0,V ¢ > 0, one gets
d,<d,_;, forallmneN. (1.5)
It establishes that {0} is a strictly decreasing sequence below. So, there is / = 0 that gives
nh_r& dy=1".

Now, we are going to show that / = 0. By contradiction, we assume that / > 0. Since F is nonde-
ceasing, F doesn’t go down, it has a right limit, i.e.,

lim F()=F(r+0)=F(r"), forallre(0,00). (1.6)
t—rt
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Having in mind (1.6) and letting n — oo in (1.4), one gets
liminfz (¢) <liminft (d,)
—1* n—o0
< lim (F(dy-1) — F(dy))
n—oo

=F(I")-F(I")

=0,
which a contradiction. Hence,

lim d,, =0". (1.7)

n—oo
Next, it will be established that {x,,} is Cauchy. Consider that {x,} is not Cauchy.
By applying (2.47) to x = X,y and y = x,(x), we find

7 (A (TXmu Txnito)) + F (A (T Xt Txnii)) < F (A (X, Xncio)) -
By Lemma 1.2.1 with (1.7) and taking the limit inferior as k — oo, we get

lim inf 7(2) < lim inf 7(d (Xm@)+1, Xn@+1))
t—et k—o0

IA

lim inf [F(d (xmu, ¥n)) = F (d (Xmi 1 Xni+1))
F(e")-F(e") =0,

IA

which contradicts the fact that lim inf+ T(1)>0.
t—e€
In summary, it can be concluded that {x,} is a Cauchy sequence. Due to the completeness of

the metric space (X, d), the sequence {x,} converges to a certain point x* in X, .i.e.,

lim d (x,,x*) =0.
n—oo
Given that T is a continuous function, we can readily obtain

Tx* = T( lim xn) = lim Tx, = lim x;,; =x"
n—oo n—o0 n—oo

Therefore, x* is a fixed point of T.
The part about being unique is easy to get, as shown in [58]. O

Lukécs and Kajanto [40] studied the following class of functions in 2018:
Let F* be the family of all functions F : (0,00) — R satisfying (F;) and (F3).

Definition 1.2.7. Let s = 1 and 7 > 0. The condition that F € F* belongs to &%,, means that F
satisfies the following assumption
(Fsr) Suppose that inf F = —co and x, y, z € (0,00) such that 7+ F (sx) < F(y) and 7 + F(sy) <
F(z) then
T+F(s*x) < F(sy).

Theorem 1.2.5. Suppose that (X, o) is a complete b-metric space with constants =1 andlet T : X —
X be an operator. If there exist T >0 and F € 5, such that forall x,y € X, o (Tx, Ty) > 0 yields

(F)  1+F(so(Tx,Ty))<F(o(x,y)),

then T has a unique fixed point x* and for every xo € X the sequence {T" xo} converges to x”.
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1.3 Background on measure of noncompactness

Henceforth, X is a Banach space and D is a nonempty subset of X. We denote by Y and co (D) the
closure of Y and the convex hull of D, respectively. In addition, we denote by B (X) and RC (X) the
set of all nonempty bounded subsets of X and all relatively compact subsets of X, respectively.

Definition 1.3.1. ([9]) A mapping u: B (X) — [0,00) is called a measure of noncompactness in X
if the following holds

1) kerp={A€B(X):u(A) =0} # @ with ker u < RC (X).
2) ZSY = u(Z) < u(Y).

3) u(2) = p2).

4) p(co(A) = p(A).

5 pAZ+1A-A1)Y)<Au(Z)+ 1 -2)u(Y) for L€ [0,1].

6) If the sequence {D,} of closed sets starting from B (X) is such as D+ € D, for all n € N and

o0
lim w(D,) =0, we have a nonempty set Do := [ | Dj.
=00 n=1

o0
Remark 1.3.1. Let us observe that Do, := ] D, belongs to kerp as such p (Do) < pt(Dp) for all
n=1
n € N and we thus obtain u (Dy,) = 0. Therefore, it follows that D, € ker p.
Theorem of Schauder is a fundamental result needed for proving many theorems in integral
equations theory. The aforementioned theorem is given below.
Henceforth, unless otherwise stated, D stands for a nonempty closed, bounded and convex
subset of a Banach space E.

Theorem 1.3.1 (Schauder). IfL: D — D is an operator on D. So L has a fixed pointin D.

Let C(X) denote the space of all continuous functions on a compact metric sapace X. In C(X)
we always regard the distance between functions f and g in C(X) to be

d(f,g) = max{|f(x) —gx)|:x€ X}.

(@) F c C(X) is bounded means that there exists a positive constant M < oo where | f(x)| < M for
each x € X and each f € F, and

(b) F c C(X) is equicontinuous means that: for every € > 0 there exists 6 > 0 (depending upon only
on ¢) such that for x, y € X:

dx,y)<o=>|fx)-f(l<e VfeF

Theorem 1.3.2. (Ascoli-Arzela) Let X be a compact set. A subset F of C(X) is compact if and only if
it is closed, bounded, and equicontinuous.

Theorem 1.3.3. (Krasnosel’skii) IfL: D — E is a contraction and S : M — E is a continuous compact
mapping with L (D) + S (D) < D, then L+ S admits a fixed point.
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1.4 Some fixed point theorems by the measure of noncompact-
ness

1.4.1 Darbo fixed point

Definition 1.4.1. An operator S: D — D is called u-contraction if there exists a constant k € (0, 1)
satisfying
w(SX) < ku(X), (1.8)

where X is a subset of D.
Theorem of Darbo is stated as follows (refer to [9]).

Theorem 1.4.1. LetS: D — D be a continuous self-operator. Consider that S is a pu-contraction. So,
S admits a fixed point in D.

1.4.2 F-Darbo contractions

Definition 1.4.2. ([57]) A continuous operator S on D is known as a F-contract of Darbo-type if
there exists F and 7 that satisfies (F>) and (Hp), respectively and such that

T(U(X) + F(u(SX)) < F(u(X)) forany XcM with p(X),u(SX)>0. (1.9)
Consistent with [57, Remark 7.3], we have

Theorem 1.4.2. ([57]) Assume that S is an F -contraction of Darbo-type, so S admits a fixed point in
D.

Remark 1.4.1. By analysing the proof of the above theorem, we have observed that hypothesis
(Hp) cannot be assumed because {,u (Mn)} is only non-increasing and therefore we do not neces-
sarily have

lim p(M,)=r".
n—oo

Actually, the suitable hypothesis (stronger than (Hp)) to make Theorem 1.4.2 valid is given by

for every r >0, lirtninfr () >0. (Hy)
-7

1.4.3 0O-contractions

Let Q be the set of all functions p : (0,00) — (1,00) such that the next assumption holds:
(82): For any sequence {t,} < (0,00),

lim p(t;)=1< lim t,=0.
n—oo n—oo
The authors in [32] derived the theorem below.

Theorem 1.4.3. Let S: D — D be a self-continuous operator that satisfies for all subset Z of D

p(u(S2) < [p ()", with w(TZ),u(TZ)>0,

wherep € Q and k € (0,1). There, T admits at least one fixed point.
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The following lemmata play an important role in the sequel (see [46])
Lemme 1.4.1. Lety : (0,00) — R. So the following conditions are equivalent:

1) %r>1fu/(t) > —oo foranyr > 0;
r

2) ’111_{11 v (t,) = —oo implies ’111_{11 t,=0

Lemme 1.4.2. Let ¢ : (0,00) — (0,00). So the following two conditions are equivalent:
1) I]”r}i_{&(p (tn) =0 for a bounded sequence {t,}, thenlimt, = 0.
2) lillgirnf(p(t) >0 foranyr >0.
From the above lemma, it is easy to deduce the following result

Lemme 1.4.3. Let 8:(0,00) — (0,1). So the next two conditions are equivalent:

1) Ifr}im B (t,) =1 for a bounded sequence {t,}, thenlimt, = 0.

2) limsup () <1 foreveryr >0.

t—r

Remark 1.4.2. In view of Lemma 1.4.3, Proposition 1.2.1 remains valid if we consider 7(¢) =
—Inf(t), where § the function defined in Lemma 1.4.3 and satisfying either conditions 1) or 2).

1.5 The space of bounded variation BV

In this section we remind many relevant properties and advanced results dealing with the space of
bounded variation ([15], [33]).

1.5.1 General properties

Definition 1.5.1. f: [a, b] — R represents a given function and I' represents a given partition of
[a, b] given by
I'=s{a=xp<x1<..<Xx,=>b}.

Let us put
n-1
Ve (f) = 2 |f Goern) = f ()|
k=0

and
VE(f) :=var (f;la b)) := SI#p Ve (f),

so the supremum is caught over all the partitions of [a, b] . The quantity Vf (f) is defined the total
variation (in the sense of Jordan) on [a, b] of f over [a, b].

Definition 1.5.2. A function f: [a, b] — Ris called to be of bounded variation on [a, b] if Vf ( f ) < o0
and we write f € BV ([a, b]).
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Theorem 1.5.1. On [a, b], we have f a given non-decreasing function, so f € BV ([a, b]) with

VE(f)=f ) - f@.

Theorem 1.5.2. If f € BV ([a, b]), then there exist two nondecreasing functions g and h such that
f=8-h.

Theorem 1.5.3. If f € BV ([a, b]) and x € |a, b], so the function
L(x) =V (f)

is a nondecreasing function.

1.5.2 BV space on a unbounded interval
Proposition 1.5.1. Forall f :[a,+o0) — R, we find
Vi (f) = var (fila, +00) = lim VZ(f).
Proposition 1.5.2. Let h € BV ([a,+00)). Then ;}l—»ngo h (x) exists and is finite.
Proposition 1.5.3. Let h € BV ([a, +o0)). The space BV ([a, +o0)) endowed with the norm
Il gy := k(@) + V> (h)

is a Banach space.

1.5.3 Linear operators in BV spaces

In this part, let us recall some linear operators on BV spaces and their properties.
I. Multiplication operators
Given a function r : [a, b] — R, we define the linear operator m, on BV ([a, b]) as follows

my (x)(0):=r () x(t), telab]l, xeBV(a,bl).
The operator m; is said the multiplication operator by the function r.
Theorem 1.5.4. Ifr € BV (la, bl), then m, maps BV ([a, b)) into itself, i.e., m, (BV) < BV.

II. Fredholm operators
Given a function [ : [a, b] x [a, b] — R and we denote by K the linear integral defined as follows:

b
K(x)(t):f ft,s)x(s)ds, tela,bl, xeBV(la,b]).

The operator K is presented the Fredholm operator. Next, we recall the following results concern-
ing the operator K.

Theorem 1.5.5. Assume that the next conditions hold:
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e |. Foreverytela,b]: f(t,.) is measurable and f (a,.) € Ll

e AMell,Vse[a,b]:
var (f(.,s)) < M(s).

Then, the operator K maps BV ([a, b)) into itselfi.e., (K (BV) < BV) and is bounded.
Theorem 1.5.6. Assume that the subsequent condition is verified:

Vtela,bl: f(t,)ell (O).
So, the above two conditions are equivalent.

(A) f satisfies the following condition:

0
3L>0,V9€[a,b]:var(f f(.,s)ds)sL;

(B) K(BV)< BV and is K is bounded.

Remark 1.5.1. Under the hypotheses of the theorem below, we can deduce that

1Kl zBvy < 2L+ | f ()| -

IIL. Volterra operators
Given a function g: [a, b] x [a, b] — R and we denote by V the linear integral defined as:

t
V(x)(t):f g(t,s)x(s)ds, telabl, xe€BV(la,b].
a

The operator V is defined the Volterra operator. The corresponding properties for the operator V
can be deduced from the ones given for operator K with

g(tys), ifass<t<p,
f(ts)=
0, ifast<s<bh.
Due the particular form of the operator V, we find the next result.

Theorem 1.5.7. Assume that condition (C) is satisfied for the function g. Moreover, assume that
following condition holds

Vsela,bl: |f(s,9)|+var(f(s);ls1)<H(),

_P_
where heLP, p € [1,00). Then, for p € (1,00), the operator V- maps the spaceLr-1 into the space BV

and is bounded. In the case p = 1, the operator V : BV — BV is compact.
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1.5.4 Nonlinear operators in BV spaces

In this part, we introduce some nonlinear operators in BV ([a, b]) space.
I. Composition operators

For some functions x : [a, b] — Rand h : R — R, the non-linear operator is defined on BV ([a, b])
by
Cp(x)(8):=h(x(1)), tela,b]l, xeBV(la,Dbl).

The operator Cy, is called the composition (or autonomous) operator generated by the function h.

Theorem 1.5.8. The next two conditions are equivalent
1. h:R— R isalocally Lipschitz function(h € Lipj,. (R)), i.e.,

VR>0,3Lg>0,Yp,qe[-R,R]: |h(p)-h(q)|<Lr|p-4q|
2. The operator Cy, maps BV (|a, b)) into itself, i.e., C,, (BV) < BV.

II. Superposition operators

For some functions x : [a,b] — R and h : [a, b] x R — R, we define the nonlinear operator on
BV (la, b]) by
Sp(x)(8):=h(t,x(t), telabl, xeBV([a,b]).

The operator Sy, is said the superposition (or nonautonomous) operator generated by the function
h.

Theorem 1.5.9. The two conditions bolow are equivalent.
1. The mapping h: [a, b] x R — R satisfies

VYR > 0,3Kg>0,Y{t,..., tm} (apartition of [a, b)),

n n
va)---’pn €[-R,R]: Z |pk_pk—1| Kr= Z |h(tk)pk) _h(tk—l’pk” < Kg
k=1 k=1

n
and Z |h(tk—l)pk)_h(tk—lrpk—1)|
k=1

IA

IA

Kr.

2. The operator Sy, maps BV ([a, b)) into itself, (i.e., S, (BV) < BV) and is bounded.

Remark 1.5.2. If h € Lip;,. ([a, b] x R), then h satisfies condition (H).

1.6 Henstock-Kurzweil integral
This section is devoted to state the main results concerning Henstock-Kurzweil integrals (see [55],[56]).

Definition 1.6.1. Letbe a closed interval I in R and Let {1 j}?:l be a partition of /. A tagged partition
n

of I is a finite collection of pairs {(;, Ij)}j:1 ,

where ¢ € I; for each j.



1.6 Henstock-Kurzweil integral

Definition 1.6.2. We propose the function i: I — R and P = {(¢;,1 f)}?:l a tagged partition of I.
The Riemann sum of £ with respect to P is the quantity given as follows

n
R(h,P):=) h(t;)1(I;),
=1
where [ (I;) represents the length of the interval I;.

Definition 1.6.3. A gauge on [ is a function p: I — (a,b) c R with t € p (t) for any ¢ € I with p (1)
is bounded for finite . A tagged partition P = {(tj,Ij)}?zl of I is called p-fine if I; < p(t;) for
j=1,..,n.

Definition 1.6.4. Let I be a closed interval in R and % : I — R be a given function. 4 is colled to
be Henstock-Kurzweil -integrable on [ if there exists B € R such that for every € > 0 there exists a
gauge p on I where

|R(h,P)-Bl<e¢

with P is a p-fine of I. Henceforth, we denote by

B:fh(x)dx
I

the Henstock-Kurzweil integral of & on I, or HK -integral for short.

Theorem 1.6.1. Let I be a closed interval inR and h: I — R be HK -integrable function. Then h is
HK -integrable on any closed subinterval of I.

Theorem 1.6.2. Let g:[a,+oo] — R be HK -integrable function on each closed and bounded subin-
terval of [a,o0]. Then HK -integrability of g on [a, 0] is equivalent to the existence of the limit

b
L= lim f g (x)dx.
a

b—+00

In addition, if L exists, one has

+00 b
f gx)dx= lim f g (x)dx.
a b—+oo a
Theorem 1.6.3. Let g : I — R be HK -integrable function on each closed interval I of R. So, the
function G : I — R defined by
X
G(x) :f g ds,
a

where a € 1 is a.e. differentiable and
G =g ae

In the sequel, we introduce the suitable norm (Alexiewicz norm) for the functions s which are
HK -integrable on some closed interval I c R, as follows

fh(s)ds
J

where the supremum is taken over closed intervals belonging in the of domain of h.
Now, we make use the following Holder-type inequality dealing with the HK-sense.

IA]14 = sup
JjcI

)
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Theorem 1.6.4. Let h be HK -integrable function on each closed interval I of R and g € BV (INR).

Then
fh (s)ds
I

1.7 Denjoy-Perron-type integral

'fh(s)g(s)ds < Iinﬂ£|g(s)ds|+||h||}4var(g;InR)
I N

In this part, we remind some properties and new theorems of Denjoy-Perron integral (see [20],
(28]).

Definition 1.7.1. On S c [, let’s call the function g : I — R by AC" if for every ¢ there exists an § > 0
. n . . o o e . .
such as for every all family {[c;, d;] }j:1 of pairwise disjoint compact intervals in S where for

n
(cj—dj) <9,
=1

j
the following holds
n
2 supflg)-g()|: xyeledjl}<e.
j=1

Definition 1.7.2. Let’s call the function g : I — R by a generalized absolute continuity in the narrow
sense on S c I, or ACG” for short, if g is continuous on S and S can be expressed as a countable
union sets such that g is AC* on each of them.

Definition 1.7.3. Let [c,d] be a bounded interval in R and g : [¢,d] — R. the function g is said to
be Denjoy-Perron integrable on [c, d], if there exists an ACG™ function G: [c,d] — R where

G =g ae
Remark 1.7.1. The function G defined above is called the Denjoy-Perron integral of g and

d
Gd)-G(o)= (DP)f gx)dx
c

is called the definite Denjoy-Perron integral of g over [c,d] .

Henceforth, we will define as DP ([c, d]) the vector space of all functions DP-integrable.

1.7.1 Connection between HK-integral and D P-integral

Theorem 1.7.1. Let [c,d] be a bounded interval in R and g : [c,d] — R. The function g is HK -
integrable on [c,d] if and if only it on [c, d] we have DP-integrable and

d d
(HK) f g(x)dx=(DP) f g (x)dx.

In the sequel, we deal with the notion of DP-integrability on unbounded intervals.
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Definition 1.7.4. Let g: [a, +oo] — R. If g is DP-integrable on each [a, x] , where x > a and
X
lim (DP)[ gx)dx
x—+00 a
exists, we say that g is DP-integrable on [a, +oo] and we have
+00 X
(DP)[ gx)dx= lim (DP)f g (x)dx.
a X—+00 a

Theorem 1.7.2. Let g: [a,+oo] — R.Then function g is HK -integrable on [a, +oo] if and if only it is
DP-integrable on [a,+o0] and

+00 +00
(HK)f gx)dx = (DP)f g (x)dx.
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Chapter 2. New fixed point theorems of (D-G)-type in b-metric spaces

2.1 Main results

As of right now, if T only has one fixed point, x*, and the Picard sequence {T" x} converges to x*
forany x € X, then T : X — X is referred to as a Picard operator.
First, we recall the original fixed point theorem of Dass-Gupta.

Theorem 2.1.1. Consider a complete metric space (X, d) with an operator T : X — X. Let us consider
the existence of two real numbers, denoted as a and B, belonging to the interval [0,1) such that
a+pB<l1.

dw,Tv)(1+d(u, Tu))

1+d(u,v)

d(Tu, Tv)<a(u,v)+p
foranyu,ve X. So T is a Picard operator.

In the following discussion, we shall denote £ as a set of all functions y mapping from the
open interval (0,00) to itself, subject to the after set of conditions:

liminfy (£) >0 foralln>0. (H)
t—nt
Example 2.1.1. ([24] and [50])
(a) Assume y > 0 is a constant real number and y; (¢) = y for each t € (0,00). Then y; € £.
(b) Let y2 (£) =6t forall t € (0,00), where 6 > 0. Then y, € Z.
(c) Let y3(¢) = e’ forall £ € (0,00). Then y3 € Z.

Definition 2.1.1. Let (X,0) be a b-metric space where the constant s greater than 1. The oper-
ator T : X — X is called a ()(,F) -Dass-Gupta-contraction of type (A) if there exist two functions
F:(0,00) = Rand y : (0,00) — (0,00) such as for any x, y € X with o (Tx, Ty) > 0, the next condition
holds

¥ (0 (x.9)) + F(o (T, 7)) = F(m(x.5)), @D

with

o(y,Ty)Q+o(x, Tx))}

m(x,y):max{a(x,y), o (%))

Remark 2.1.1. If T is a (y, F) If we consider the A-type contraction proposed by Dass-Gupta, with
F being a non-decreasing function, we can determine

o(Tx,Ty) <m(x,y) (2.2)

for any x, y € X and we have Tx # TYy.

The following is our initial fixed-point result.

Theorem 2.1.2. Let (X,0) be a complete b-metric space with constant s =1 and T: X — X a(x,F)-
Dass-Gupta-contraction of type (A). Suppose:

(H,) F is non-decreasing;

(Hy) xe&;

(H3)3d ke (0, Togzs) satisfactory (xli_%kakF(a) =0.

So T is a Picard operator.
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Proof. The Picard sequence {x,} is considered for an arbitrary point xo € X as the initial point. If
there is a natural number ny such that x,, = x,,+1, then x,, can be considered as the fixed point
of the transformation 7. If x,, # x,+1 for any n belonging to the set of non-negative integers, then
one obtains

0n:=0Xp,Xns1) =0 (Txy-1, Tx,) >0 forall neN.

Therefore, by applying (2.1) where x = x,,—; and y = x,. Thus, we obtain

x (0 (xXp-1,x1) + F (0 (Xpn, Xn+1))

0 (Xp, Xp+1) 1+ 0 (Xp-1,%n)) })
1+0(xp-1,Xxn)

< F(max{a(xn_l,xn), (2.3)
= F (max{o (Xp-1,Xn),0 (Xn, Xn+1)})

for every n e N.
As aresult, (2.3) takes the form

X (0p-1)+F (o) <Fmax{o,-1,0,}). (2.4)

If there exists m € N then
max{o-m_lyo-m} = O-m.

Then from (2.4), we infer that
Flop)<x(om-1)+F(on) <F(om),
a discrepancy. Therefore, for every n e N,
max{0,-1,0,} = Op-1. (2.5)
In view of (2.4), (2.5) and the monotonicity of F, we get
op<0,-1 foreveryneN.

Hence {0} is a strictly decreasing sequence. Then, there exists 0 = 0 as

limo,=0". (2.6)

n—oco

First, we show that o = 0. Suppose that o > 0.
Furthermore, via (2.4) and (2.5), we find the next chain of inequalities

F(op) =F(0p-1)—x(0n-1)
<F(op-2)—x(on-2)—x(0n-1)
<... 2.7)

n-1
<F(00) - ) x(0)).
i=0

Through assumption (H>) and (2.6), there exist n; € N and > 0 such that

x(op)=zp forall n=n;.
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In order to express inequality (2.7), use the format below.

n1—1

n—-1
F(op) <F(og)- ) x@)— ) x(o)
i=0

i:n1

n—-1
< F(og) — x (o)
’ :Z ’ 2.8)

n-1
SUCHEDINT
=F(og)—(n—m)p

forall n= n;.
By using (2.6)and (2.8), along with the property of monotonicity of function E we can derive
the following result:
F(o)<F(oy)<F(og)—(n—-ny)pu foralln=n,. (2.9

Taking the limit as n approaches infinity in (2.9), the result is
F(o) < —-o00,

The statement presents a contradiction. Therefore, it follows that o = 0, indicating that

lim o, = 0*. (2.10)
Next, by (H3) and (2.10), there exists a value k € (0, ) that is so
1+log, s
lim oXF(0,) =0. 2.11)
n—oo
By (2.8), we obtain
Osalfl(n—nl),usal,fLF(ao)—U]le(an) for all n = n;. (2.12)

Owing to (2.10), (2.11) and (2.12), we get
r}ijgoal,i(n—n1)u=0,

which implies

lim naﬁ =0.
n—oo

Therefore, that there is n, € N in which case

on,<n

=

for every n = n,.

Hence, 1
{on} =10 (xp, Xp41)} € O(n™F). (2.13)
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1
Since p > 1+log, sin (2.13), Lemma 1.2.2 allow us to infer that {x,} can be deduced to be a Cauchy

sequence. It therefore results that the sequence {x;}, is complete from (X, o), It can be inferred
that the sequence converges to a certain element, x* in X, which can be denoted as

lim o (x,,x*) =0. (2.14)
n—oo

Next, we will prove that x* is a fixed pointof T, i.e., Tx* = x*. Assume o (x*, Tx*) > 0. Given (2.14),
it can be concluded that there is there a natural number n3 that corresponds to

o(x*, Tx*)

0 (xXp,x*) < oo Ynzns (2.15)
Alternatively, by employing the expression (b3), we find
o(x*, Tx") < so (x*, Txp) +so (Txn, Tx™). (2.16)

Utilizing (2.15), the inequality (2.16) gives

0 (Txp, Tx*)==(0(x", Tx*) = so (x*, Txy))

N

= Ea(x*,Tx*)—a(x*,an) (2.17)
> o(x*, Tx™) >0,
2s

for all n = n3. By (2.17), (2.2) is utilized in (2.2), where x = x* and y = x,,. Therefore, the formula
labeled as (2.16) transforms into

sm(x*, xp) (2.18)
x5, x )+smax{0(x Xn),0 M}
yAn+1 yAn)r»Un 1+0_(x*’Xn)

for every n = ns.
Tending to infinit with 7 in (2.18) and utilizing (2.10) and (2.14) in conjunction, we discover

o(x*, Tx") <0,

a contradiction. As a result, xx is a fixed point of T, where Tx* = x*.
In conclusion, we demonstrate the uniqueness of T’s fixed point. Consider x* and y* to be two
distinct fixed points of T, i.e., Tx* = x* # y* = Ty". Therefore

o(Tx*,Ty*)=0(x",y")>0. (2.19)

Based on (2.19), the contractive inequality (2.1) can be derived by substituting x = x* and y = y*,
and we have

x(o(xy"))+F(o(x",y") < Flo (x",y*),
a contradiction with y (o (x*,y*)) > 0. Hence, we deduce that x* = y* and the demonstration has
been completed. O
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Remark 2.1.2. Assuming the value of s = 1, then assumption (Hs3) coincides with (F3).
Theorem 2.1.2 reduces to the theorem below in the case when s = 1.
Corollary2.1.1. Consider acomplete metric space (X, d), where X is the set and d is the metric. Let T
be a self-mapping on X. Let us consider the hypothetical scenario in which there is a nondecreasing
function F : (0,00) — R that satisfies condition (F3). Additionally, let y € £ be a variable that belongs

to the set £. Under these assumptions, for any x and y in the set X such that the distance between
Tx and Ty is greater than zero, the following condition holds:

x(d(xy)+F(d(Tx Ty)) < F (ma(x,y)),

where

d(y, Ty)1+d (x, Tx))}

md(X»J’):maX{d(x’y)’ 1+d(x,y)

So T is a Picard operator.

Corollary 2.1.2. Consider a complete b-metric space (X,0) with coefficient s=1. Let T : X — X be
a mapping. Let us consider the existence of two functions, denoted as F : (0,00) — R and yx : (0,00) —
(0,00). These functions are subject to the condition that for any x and y belonging to a set X, where
o (Tx, Ty) >0, the following inequality holds:

x(o(x,y))+F(o(Tx, Ty))<F(o(x,)). (2.20)
Furthermore, assume that (H,), (H») and (Hs) are satisfied. So T is a Picard operator.
Proof. Obvious from o (x,y) < m(x, y). O

Remark 2.1.3. Corollary 2.1.2 greatly extend and improve Theorem 1.2.5.
Taking F (t) = In(f) and y (¢) = y in Theorem 2.1.2, for some y > 0, we recover the following
result.

Corollary 2.1.3. ([42]) Consider a complete b-metric space (X, 0) with coefficients=1. Let T : X —
X be a mapping that satisfies
o(Tx, Ty)<Am(x,y) (2.21)

forallx,ye X, with A €1[0,1). So T is a Picard operator.
Remark 2.1.4. (1) Explicitly, A =e™* €[0,1) in Corollary 2.1.3.
(2) Corollary 2.1.3 is reduces to Theorem 1.2.1.

Next, we deduce the corollary below.

Corollary 2.1.4. (Dass-Gupta fixed point in b-metric spaces). Consider a complete b-metric space
(X,0) with a constant s = 1. Let T : X — X be an operator. Let us consider the existence of two real
numbers, a and [, both belonging to the interval [0,1), such that their sum is less than 1. These
numbers are chosen such that the following condition holds for all elements x and y in the set X,

o(Tx, Ty)<M(x,y),
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where

o(y,Ty)Q+0(x,Tx))

2.22
1+0(x,y) (2.22)

M(x,y)=ao(x,y)+p
So T is a Picard operator.
Proof. Obvious with M(x,y) <Am(x,y)and A=a+ 8, wherea,f€[0,1)and a+ < 1. O

Corollary 2.1.5. Consider a complete b-metric space (X,0) withaconstants=1. LetT: X — X bea
mapping. Let us consider the existence of two functions F : (0,00) — R and y : (0,00) — (0,00). These
functions satisfy the condition that for all x, y € X witho (Tx, Ty) > 0, the following condition holds

x(o(x,y))+F(o(Tx, Ty))<F(M(x,y)),

where M (x, y) is given by (2.22) and a, € [0,1) such that a + p < 1. In addition, we assume that F
is nondecreasing. So T is a Picard operator.

Proof. As F is nondecreasing, we get
o(Tx,Ty)<M(x,y)

for any x and y belonging to the set X, where T x is equal to Ty. Given that the inequality remains
valid when Tx = Ty, it can be deduced that the result is evident based on the Corollary 2.1.4. [

Remark 2.1.5. If the sum of a and f is equal to 1, it is not possible to deduce the conclusion of
Corollary 2.1.5.

Example 2.1.2. Let us consider

nn+1)
X= xn:T, neN

and the mapping 0 : X x X — [0,00) is defined as o (x,y) = (x— y)z. Based on the information
provided in Example 1.2.1, it can be inferred that the pair (X, o) constitutes a complete b-metric
space with a coefficient value of s = 2. Define the mapping T : X — X as follows:

Xp—1, ifx=x,,n=2,
Tx=
X1, if x = x;.

It is evident that the function T does not fulfill the contractive condition (2.21) as stated in Corol-
lary 2.1.3 due to properties

2
o(Txp, Tx1) . (xp1-x)? (n®-n-2)
lim ——— == lim - = lim PPN Y
n—co Mm(xp,X1) "~ (X, —X1) = (2 +n-2)

Thus, Corollary 2.1.3 can not be applied.
Now, we prove that T is a (x, F)-Dass-Gupta-contraction of type (A). Next, let us remark that
forany n, keN,
0(Txps1,Txp) >0 (k=z2An=1)v(keNARn>1).
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Case 1. For any k=2 and n =1, we get

0 (Txps1, Tx1) — M (Xpq1, X1) < 0 (Xk, X1) — 0 (X471, X1)
2 2
= (X —x1)" = (Xg41 — X1)

_(k2+k—2)2_(k2+3k)2

2 2
=—(k+1) (kK*+2k-1)
<-21<- !

0 (Xgp1, X1) +1°

Case 2. For any k € N and n > 1, we obtain

O(Txpsi, Txp) —m(Xpik, Xn) <0 (Xp4k=1,Xn-1) — 0 (Xp+kr Xn)

= (k-1 =~ Xn-1)" = Ok = Xn)°
k2
= (@n+k-1*-2n+k+1)?)

=—kK*@2n+k
1

<-5=<- .
O (XptkrXn) +1

Based on the aforementioned cases, it can be observed that T is a ()(, F)-Dass-Gupta-contraction

1
of type (A) with y (7) = 137 and F(t) = t for all £t > 0. Moreover, all the conditions outlined in

Theorem 2.1.2 have been satisfied. Therefore, the operator T possesses a distinct and singular
fixed point denoted as x* = x; = 1. Furthermore, it should be noted that the function F does not
fulfill assumption (Fy).

Remark 2.1.6. Through Example 2.1.2, Corollary 2.1.3 greatly generalize Theorem 2.1.2.
Example 2.1.3. Let us consider

1
X:{xn: — ,neI\I}U{O}
27 yn

and 0 : X x X — [0,00) be the function given by o (x, y) = (x— y)2 )
DefineT: X — X

Tx=

Xn+l, ifx=x, neN,
0, if x=0.

Now, we are going to establish that Theorem 1.2.5 is not applicable.

Assuming that all the conditions stated in Theorem 1.2.5 are satisfied. Therefore, there exists a
nondecreasing function F : (0,00) — R and a positive real number 7 > 0 such that for any x equal
to x,, for some n € N and y equal to 0, the following holds:

T+ F 2o (Tx,,T0)) <F(0(x,0),
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which leads to
T+F(2x5,,)<F(x3) forallneN. (2.23)

n+1

Putting a, = xi +1- Hence we get
T+F(2"a,)<F(2" 'ay-1) VneN.

Setting r,, = 2" a,, one gets

p p
Y 1<) [Frn-1)—F(rw)l, peN,
n=1 n=1

which implies

1
TS;(F(rO)—F(rp)), peN,

or, equivalently

T< % (F(l) - F(ﬁ)) (2.24)

According to condition (F3), there exists a value k within the interval (0, 1) such thatAccording to
condition (F3), there exists a value k within the interval k € (0, 1) that corresponds to

Consequently,

k
1
limlF(L):lim (p+) ! kF( ! ):0.
p—op \p+1 p—eo p (p+1) p+1

Letting p — oo in (2.24), we obtain 7 < 0, which is a contradiction. Hence, inequality (F) from
Theorem 1.2.5 is not verified.

In this section, we will demonstrate that the mapping T satisfies the properties of a (y, F)-Dass-
Gupta-contraction of type (A). In this analysis, we shall consider the following case study:
Case 1. If x = x,,, n e N with y =0, we get

VO (Txp, TO) = /0 (X4,0) = Xps1—Xn

_ n

- Ve2m+p™ "
1

< (__1)xn
2
1

= (——1) 0 (x5,0)
2
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Case 2. If x = x4 with y = x,, for any n, k € N. Given that {x,} .\ is @ sequence that is decreas-
ing in nature, the following holds:

\/‘7 (Txpn+k, Txn) — \/(7 (Xntko Xn) = [ Xpake1 — Xnt1l = | Xpak — Xnl

=Xn+l — Xn — Xptk+1+ Xn+k

(/" _1) |tk
“WV2msp 2ntk+D R

n
2(n+1)

IA

- 1) (Xn— Xn+k)

1
E - 1) [ X541k — Xnl

Based on the aforementioned cases, it can be observed that T exhibits characteristics of a (x, F)-

IA

1
Dass-Gupta-contraction of type (A), where y (¢) = (1 - E) V't and F (t) = vt for all £ > 0. More-

over, it can be observed that all the conditions stated in Corollary 2.1.2 are verified. Therefore, the
operator T possesses only one fixed point denoted as x* = 0. It can be observed that the function
F does not verify assumption (Fy).

Inspired by Remark 2.1.5, we will try to analyse Corollary 2.1.5 whenever a + = 1.

Definition 2.1.2. Consider a b-metric space (X, 0) where a constant s = 1. Amapping 7: X — X is
defined as a ( 1, F ) mapping if it verifies the next conditions: the contraction of type (B), known as
Dass-Gupta contraction, is characterized by the existence of a nondecreasing function F : (0,00) —
R and y € . This contraction satisfies the next assumption for all x, y € X with d (T'x, Ty) > 0:

¥ (0(%,3) + F(0 (Tx,Ty)) = F (%ap (x.)), 2.25)
where
Rap(%y)=ao(x,y)+p ol le 1(; Erxa;;c 1) (2.26)
with a, = 0.
Remark 2.1.7. Immediately we get
o (Tx,Ty) < Ra,p(x,y) (2.27)

for every x, y € X where Tx # TYy.
Given a real number s such that s = 1, we consider the following set
1
%a,ﬁ:{(a,ﬁ)eR2:0<a<—2,0<ﬁ<1,a:+,6:1}.
s

Next, we will prove the theorem below.
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Theorem 2.1.3. Let (X,0) be a pair consisting of a set X and a o. Consider a complete b-metric
space X with a constant s = 1. Let T : X — X be a mapping that satisfies the conditions (x,F). The
contraction of Dass-Gupta, specifically of type (B), Let («, ) be an element of the set B, p-SoT isa

Picard operator.

Proof. Let us make the assumption, without any loss of generality, that for every natural number

n, the value of x; is not equal to the value of x,,;;. Therefore,
0,=0 Xy, Xps1) =0 (Txy-1,Tx,) >0 forallneN.
Therefore, by utilizing (2.25) with the substitution x = x,,_; and y = x,, we derive
x¥(On-1)+Fop) <F(aop-1+Po,) forallneN.
By virtue of the property of monotonicity possessed by the function F, we obtain
Opn<aon_1+pPo, foreveryneN.
Under assumptions of our theorem, (2.29) turns into
op<0,-1 foreverynmeN.

Therefore, there exists a non-negative value o = 0 which means

limo,=0".

n—oo
Next, we prove that o = 0. Assume on the contrary, o > 0. As F is nondecreasing, we find

lim F(£)=F(r+0)=F(r") foreveryr e (0,00).
t—rt

Substituting (2.30) into (2.28) using the monotonicity of F with a + § = 1, one gets
xX(0n-1)+F(op) <F(op-1) forallmeN.
Bearing in mind (2.31), we obtain

htrE(l;I}fX (1) < hrrlrllor.}f)( (On-1)

< nh_r& (F(op-1)—F(op)
= F(0*)-F (o)
=0,

which contradicts (H). Hence,

limo,=0".
n—oo

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

We'll demonstrate that {x,} is a Cauchy sequence. However, {x,} is not Cauchy. By (2.33) and
Lemma 1.2.3, there exists € > 0 and two sequences {m(k)},{n(k)} of positive integers that match

€ <liminfo (x,,k), Xnky) < Hmsup o (X, Xnw ) < se.
k—o0 k—o0
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Then, there exists k; € N such that {0 (Xp k), Xn)} is bounded for all k = k; and thus it has a
convergent subsequence. Consequently, there exist a real number p and a subsequence {k (j)}
of {k} >, that satisfies

jzki

Jim o (xm(k(j))’ xn(k(j))) = (2.34)
where
0 < & <liminfo (Xpy k), Xn) < p < lUmsupo (xmu), Xni) < S€. (2.35)
-0 k—o0

1
Via the fact that a < 2 with u > 0, the equation below

Bs*t?+2s°t—p(1-as®)=0, teR, (2.36)

has a positive root, noted gs.
As g, >0, (2.33) yields that there exist j; = ky, j» = k; satisfying

Um(k(])) = O'(xm(k(])), xm(k(]))+1) < qs for all] = jl,

(2.37)
O-H(k(])) = O'(xn(k(])),xn(k(]))+1) < qs fOI‘ all ] => ]2.
Using (2.34) with g > 0, we infer that there exists js = k; satisfying
a(xm(k(j)),xn(k(j))) <pu+gqs forallj=js. (2.38)
Besides, by (b3), we get
o (xm(k(j)),xn(k(j)))
=0 (xm(k(j)wxm(k(j)m) +so (xm(k(j))H’xn(k(j)))
2
=so (xm(k(j))’xm(k(j))ﬂ) +so (xm(k(j))+1’xn(k(j))+l)
+520' (xn(k(j)),xn(k(j))+1)
_ 2 2
= SOmk(j) +50 (xm(k(j))+1,xn(k(,-))+1) + SO nk(j)
forall j = k.
This implies
U(xm(k(j))+1>xn(k(j))+1)
(2.39)
1 2
=32 (0 (xm(k(j)wxn(k(m) = SOmk(j) —$ C’n(k(j)))
forall j = k.
By taking limit inferior as j — oo in (2.39) with (2.33) and (2.34), we arrive at
. 7
hjrgglfa (xm(k(j))+1,xn(k(j))+1) > rE (2.40)
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Therefore, in view of (2.40) and g, > 0, there exists j; = k; such that

u ..
a(xm(k(j))ﬂ,xn(k(j))ﬂ) > 2 gs forall j= jj. (2.41)
Hence 7 7
S_Z_qsz?(1_a52)—qs:ﬁq§+qs>0. (242)

Consequently, (2.41) and (2.42) imply that

o (Txm(k(m, Txn(k(]-))) >0 forall ] = j4. (2.43)

Putting u; = o (xm(k(j)),xn(k(j))) andvj=0 (xm(k(j))+1,xn(k(j))+1), then by (2.43), inequality (2.25)
with x = X, () and y = X)) turns into

L+ 0 m(k(j))

forall j = j,. 2.44

X(u]) +F(Uj) = F(auj +ﬁ0n(k(j)) (
We set N = max{j1, j2, j3, ja}. Then, using (2.37), (2.38), (2.41), (2.42) and (2.44), we obtain
u
x (1) +F(§ ~q5) =F(a(p+as)+pas(1+4))

= F(au+qs+Bq%)

:F(ap+%(1—asz)—qs)

=Fg-af

For all values of j greater than or equal to N, this statement contradicts the given information.
As (X, 0) is complete b-metric space, there exists x* in X such that

lim o (x,,x*) =0. (2.45)

n—oo

Similarly as in the proof of Theorem 2.1.2, we derive that there exists n4 € N such that for all n = ny4,
o (Tx,, Tx*)>0. (2.46)

By utilizing equation (2.46), one can apply inequality (2.27) in the case where x is equal to x* and
y is equal to x,. Therefore, we have

1+o((x* Tx™)
1+0(x* xp)

o(x*, Tx") < so(x*, Txp) +so (Txp, Tx™)
=50 (x*, Txp) +so (Tx*, Txp)
<50 (x*, Txp) + $Rap(x", Xn) (2.47)
(

=50 (x*, Xp41) + sao (x*, xn) + sPop
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for all n = ny.
Taking the limit as n approaches infinity in (2.47) and combining it with (2.14) and (1.7), we
obtain
o(x*, Tx") =<0,

which is a contradiction. Therefore, x* is a fixed point of T. Let us consider the scenario where x*
and y”* represent two distinct fixed points of the transformation T. Then

o(Tx*, Ty*)=0(x",y*)>0. (2.48)
From (2.48), we deduce that

x(o(x*y)+F(o(x*,y")) = Flao (x*, y*))
<F(o(x*,y")),

a contradiction. Therefore, we have proved the uniqueness of the fixed point of T. O

Remark 2.1.8. Assumptions (Fé), (Hs3) and the strictness of the monotonicity of F are not needed
in Theorem 2.1.3.

1
Taking y (f) =In(t+a+1) (with0O< a < —2) and F (f) =In(¢), we deduce the following corollary.
s

Corollary 2.1.6. Consider a complete b-metric space (X,0), where s = 1 is a constant and let T :
X — X be a mapping
e%a:rﬁ (x’ y)

I'x, Ty)s ————,
o(Tx J/)<a(x,y)+oé+1

where (&, B) € Ba,p. So T is a Picard operator.

1
Example 2.1.4. Let X = [5,5] and the function d : X x X — [0,00) provided by

max{x,y}, x#y,
d(x,y)={

0, x=y.

For all x and y belonging to the set X. Consider the metric space (X,d), which we assert to be
complete (see [30]).
Define 0 : X x X — [0,00) as follows

o(x,y)=(d(x y))2 for x,y € X.
The function T : X — X is defined as follows:

1
) x€[§,3)U(3,5],
Tx=

, x=3.

WIN W -
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First, we observe that

4
J(Tx,Ty):§>0©

(x:3/\y€ [%,3)u(3,5]

V(y:BAxe [%,B)U(B,S])].

For x, y € X, designate

70(y,Ty)(1+0(x,Tx))

iy = %0(x,y)+—

R
8 1+0(x,y)

In both two cases

1 1
(x:?)/\ye [5,3) U (3,5]) v (y:3Ax€ [5,3) U (3,5])] , we easily obtain

1 1
201250 (6y) = ¢ (max{r )= <.
Further, using the inequality

h+%22 forall >0,

we obtain
, 1y “1)9+1)0(Tx, T ,
olxy), (1n7-1 2+(( )7+1)0(Tx,Ty) _o(x Y)+0(Tx,Ty)

26 2(0(Tx, Ty)) 2 26
2.4, (2.49)
26 9
<%11(xy)+ L
=AY %%y%(x,y)

4 9
From o (Tx, Ty) = 5 <1 and %%,% (x,y) = 3 > 1, one can consider y : (0,00) — (0,00) given by

t
x () = % and definition of F: (0,00) — R

-17-1 (=D7+1)¢
_|_

, ifo<r=<1, € Ny,
212 2 q< Mo

F(1) =

1
l'+;, ift>1.

Therefore, T isa ( 1, F ) -Dass-Gupta-contraction of type (B) and all the conditions of Theorem 2.1.3

are fulfilled for a = 3 and § = rt Hence, T has a fixed point x*.

2.2 Applications

2.2.1 Nonlinear Fredholm integral equation in a space endowed with a com-
plete b-metric

Let W =% (]0,1];[0,00)) and the function d : W x W — [0,00) defined by

doo (x,y) = sup |x()—y ()| foreveryx,yeW.
te[0,1]
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For some p > 1, we define

Ooo(%,¥) = (doo (x,¥))P = sup |x () - y(t)|p for every x,y € W. (2.50)

te[0,1]
According to Example 1.2.1, the pair (W, 0,) can be classified as a s = 2P~ 'A b-metric space that is
complete.

We are going now to discuss the solvability of a particular nonlinear Fredholm integral equation
given by:

1
u(t):f G(t,r)f(r,u(r)dr, ueWw,tel0,1], (2.51)
0

where f:[0,1] x [0,00) — R and

Theorem 2.2.1. Let us consider an important assumption:
(A) Foranyr €[0,1] and for any z, w € [0,00),

|f(rna) - f(rhw)|<pe lz—wl,

where 4
= (2.52)

( 11 )%
—+—— e
p p-1
Then (2.51) admits a unique solution in W.

Proof. Let T: (W,04) — (W,04) be the mapping defined as follows

1
(Tu)(t):f G, f(ru(r)dr, ueWw, tel0,1].
0

Setting
p . 1 1
q=——>1, 1l1e, —+—=1.
p-1 p q
Suppose now that u, v € W where Tu # Tv and t € [0, 1]. By Holder inequality with condition (A),
we find

1 L
|(Tu)(t)—(Tv)(t)|”s(f0 G(r,r)"dr)qf0 lfrour) = fva)|Pdr

1 o
sup(supf G(t,r)qdr)qf e’ lu(r)—v(nIPdr
ref0,11J0 0
(2.53)

P
1 ¢ rl
s,u”aoo(u,v)(supf G(t,r)"dr) fe”rdr

te[0,11J0 0

p 1
p te[0,11J0
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A straightforward calculation, we arrive at

t9(1-n9

1
fG(t,r)qdr:
0 q+1
and so .
1 1 1 1
sup G(t,r)qdr:—T: 5 —.
t€[0,11J0 q+12°4 ﬁ+122ﬁ

Hence, (2.53) turns into
p-1

1P oo (U, v) (ep—l) 1 1

2p
1

|(Tw) (£) = (Tv) ()P <

L+12F
| p-1
Pooo (U, 1 1
UL ) PR
P LH)
p-1
1 uPos(u, 1
<t T gy L
P +1)
p—-1
Oo (U, ) (eP =1) 1
< o1
eP(—p +1) (—p +1)
p-1 p—-1
<0, v)(1—eP)

=0 (U, V) —0s (U, v) e P.

Therefore
Oco (T, TV) S 0o (U, V) — 0o (U, V) €77,
or, equivalently,
Ooo (V) e P +05(Tu, Tv) < 0o (1, V).
As aresult, forany ¢ >0 F () = ¢ and y (¢) = e~ Pt satisfy all of the conditions of Corollary 2.1.2 . As
aresult, T possesses a special fixed point, u* in € ([0, 1];[0,00)). O

Example 2.2.1. Let us consider r € [0,1], u € W and u given by (2.52). Obviously, assumption (A)

is satisfied for the following function

pe'u

1+u’

frhu =

satisfies .

2.2.2 Nonlinear Volterra integral equation in a space endowed with a complete
b-metric

This section deals with the nonlinear Volterra integral equation as follows:

t
x(t):h(t)+f G(t,r)f(r,x(r)dr, tel, (2.54)
0
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with I=[0,A]and A >0, f: IxR—R,G:Ix [ —Rand h: I — R are functions.
Let X = €6 (I;R) be the space of all continuous functions x : I — R. For every x € 6 (I;R) and
fixed arbitrary 7 > 0, we introduce the following norm

lxll; =supe " lx (D).
tel

From [49], the space (X, |.ll;) is a space of Banach . Therefore, X endowed with the metric d;
defined by

dr (x,y)=supe ' |x(1)—y(t)| foreveryx,yeX,

tel

with the given space is a metric space that satisfies all the necessary conditions for completeness.
Next, we define

o:(x,y) =(d: (x, y))2 =supe *"'(x () - y(1)* forallx,ye X. (2.55)
tel

We immediately have, (X,0;) is a complete s = 2-metric space.
Theorem 2.2.2. Assume that the given conditions are fulfilled:
(A1) h is a continuous function;

(A2) G is a continuous function and there exist T > 0 and K > 0 satisfying

t
supf IG(t,r)| e’ Pdr <K; (2.56)
tel JO

. . . 1 .
(A3) the function f is continuous and there exists a constant « € (0, Z) that satisfies for any

r € I and for any z, w € R,

Valz—w|

. (2.57)
KvV1+a+(z— w)?

|lf(na) - fhw)|=<

So the integral equation (2.54) admits a unique solution in X.

Proof. Let T: (X,0;) — (X,07) be the mapping defined as follows:

t
(Tx)(t):h(t)+f G(t,r)f(rhx(r)dr, xe€X, tel.
0
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Let x, y € X with Tx # Ty. By assumptions (A,) and (As), one can get
t
|(Tx)(r)—(:ry)(t)|sf0 G, DI|f (r,x(r) = f (r,y(0)|dr

t —
S%f Gl X0 YOl
0 \/1+a+(x(r)—y(r))2

¢ _ —Tr ,Tr
S%f IG(r,r)| 0 -yleer
0 1+0¢+(x(r)—y(r))2 —2tr

\/a d (x,y)
K \/1+a+ar(x
d t
sﬁ r(oy)e sup | 1G(t, e’ " Ddr
K \/1+a+0 (x,y) el 0
vad; (x,y)e

- \/1+a+0,(x,y)'

I/\

f |G(¢t,r)| e’ dr
y

This leads to
ao(x,y)

T (T 2 —2‘rt_ .
(Tx) (1) = (Ty)(£)e <1+C¥+0'r(x’y)

Hence
ao;(x,y)

) 2.58
l+a+o;(xy) (2:58)

o(Tx,Ty) <

which further implies that

%Zp(x’y)

or(x,y)+a+1’

0. (Tx, Ty) <

where
o:(y, Ty) A+ 07 (x, Tx))

1+0.(x,)

Ry p(%y)=aor(x,y)+ B

with g € (0,1) satisfiesa + =1.
Therefore, the equation labeled as (2.54) admits only one solution in the function space X =
€ (LR). ]

Example 2.2.2. In this study, we will examine the initial value problem as presented in the refer-
ence [51].

@Jrﬁ@—f(r u(n), rel=][0,27]
d2  mdt ’ ST (2.59)
1(0)=0, t' (0) =

with k> 0and a e R.
The choice of the function f as stated by

1 |1
ft,u) = —max{sm(t), 1+u2}’ tel, ue ¢ (I;R).
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Let us observe that problem (2.59) is equivalent to solve the next integral equation .

t
u(t):f G(t,r)f(r,u(r)dr, tel (2.60)
0
where G: I x I — R is the function of Green given by
(t-re'" " o0sr<t<2nm,
G(t,r)=
0, O0<t<r<2m,

where 7 > 0.
First, assumption (A;) is immediately holds with # (t) = 0 for every t € I.

Next, since
2

t
sup | 1G(t,r]e™""dr =sup L 272,
tel JO tel
we deduce that hypothesis (A7) holds with K = 272,
It remains to check the condition (A3). Let z, w € R and utilizing the following inequality (refer
to [38])
|max{a, b} —max{c,d}| <max{la—cl|,|b—dl}, a,b,c,dER,

we get

w|

1 . F4 . |
|f(r,z)—f(r, w)| < @‘max{sm(r), 1_|_Z2}—max{sm(r), s wz}

<Lmax{0' lzl  lwl
~ 8n? 11+22 1+ w?
1 lz| — (wl
82|14z 1+ w?

1 |z—w||1-|zw||
8712 (1+2%) (1+ w?)

1 lz—wl|1-]zwl||
- 2
7% J(1+22) (1+ w)y /(1+ 22) (1 + w?)
1 lz—wll1-|zwl|
<
87[2 2 1 2
vV(+zw) 1+§(z—w)
1 |z — w|
<
2712V/8 \/2 + (z — w)?
1 |z — w|
<
27%V/8 g+(z—w)2
8

1
Hence, assumption (As3) holds with a = 3 and K = 27°.
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Integral equations via Krasnosel’sKkii
fixed point-type

Abstract

This chapter allows us to establish a new theorem concerning a fixed point result for a
generalized expansive mappings. The aforementioned results looks like Krasnosel’skii fixed point.
More precisely, we propose a slight improvement of the work [54] and we give an application to
rational integral equations to illustrate the validity of our results.



3.1 Preliminaries and auxiliary results

3.1 Preliminaries and auxiliary results

In this section, we would like to draw attention to several crucial tools and present supporting
evidence that will be utilized in the subsequent analysis.
Let us consider the set S, which comprises all functions § : (0,00) — (0,1) that adhere to the
aforementioned assumption:
limsupf(t) <1, forallr>0

t—rt

Proposition 3.1.1. Let € S. Let (E,d) be a complete metric space and S : E — E a self-map that

fulfills
d(xy)

1-d(x,y)In(p(d(Sx,Sy)))

This convergence property holds regardless of the initial point chosen in the set E. The uniqueness
of the fixed point x* on S guarantees that the sequence {S" xo}neN will always converge to the same
value, providing a stable and predictable behavior for the system.

d(Sx,Sy) < 3.1)

1
Proof. Applying Proposition 1.2.1 with F () = -7 and 7 () = -In (,B (t)), it is easy to get (3.1). In-

deed, we have

lim inf 7(#) = lim inf (~In(B(1))

t—nt t—n*

= —lim sup (In(B(1))

t—nt

= -In (lim sup ,B(t)) >0
t—nt

O

For the sake of convenience, we would like to bring to mind an additional lemma (refer to
Lemma 1.4.3 in Chapter 1).

Lemme 3.1.1. Let 5:(0,00) — (0,1). The two conditions stated below are equivalent:

1) Ifnlim B (ty) =1 for a bounded sequence {t,}, thenlimt, = 0.
2) limsup () <1 foreveryr >0.
t—r

Remark 3.1.1. In view of previous lemma, Proposition 3.1.1 remains valid if the function f satis-
fying either conditions 1) or 2).

3.2 Krasnosel’skii fixed point-type

The objective of this section is to investigate the presence and singularity of the fixed point for
various types of generalized expansive mappings. In other words, we generalize and improve some
results existing in the paper [54].
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For the given metric space (X, d) and subset M c X, the expansive mappings 7T: M — E, i.e.,
satisfying the following state
d(Tx,Ty) = hd(x,y)

For every of x, y€ M and some h > 1.
The authors in [54] , proposed the following condition
(A) : T is injective and exists H > 0 such that for any x, y € M, H > 0 holds. x # y, the subsequent

holds: . )
H< — . 3.2
=d(ny) d(TxTy) >

Let L be the family of all functions f: (0,00) — (0, 1) satisfying the following properties:

(L,) For abounded sequence {f,}, we obtain

(Lo)
limsup (1) < 1.

t—o0

In our work, we propose the following assumption
(A*): Let T be an injective function and let § be an element of the set L. For all x and y in the
set M, where x is not equal to y, the subsequent condition holds:

1 1
Bld(x,y) = edTx,Ty) d(x,y) (3.3)

Remark 3.2.1. Taking (1) = e H with H>0in (3.3), we obtain (3.2).

Theorem 3.2.1. Let M be a nonempty closed subset of a complete metric space (X, d). If a mapping
T : M — E satisfies the condition (A*) and M is a subset of T(M), then the mapping T possesses a
single fixed point.

Proof. The condition denoted as (A*) is indicative of the existence of the inverse T~': T(M) — M
for the mapping T. Taking a,b € T(M) such that a # b, one can find x,y € M,x # y with Tx =
a, Ty =b. By (A"), there exists § € L such that

1 1
Bld(x,y) = ed4TxTy)  d(x,y), (3.4)
or, equivalent to
1 1

~In(B(d (T ta, T7'D))) < - . 3.5
npa(T"a T D) = G o " daD) (3:5)

Due to the fact that M < T (M), the above inequality leads to

d(a,b

d(Sa, Sh) < (@ 2) Va,be M. 3.6)

1-d(a,b)In(B(d(Sa,Sh)’

with §= 77"
Since M is closed, we obtain that M is a complete subspace of E. Applying Proposition 3.1.1,
we deduce the existence of a unique x* € M and hence Tx* = x*. O
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Example 3.2.1. Let ¢ > 1 and consider E = [0, c] equipped with the Euclidean metric. Let p€]1,c],
M =[0,1] and Tx = ux, x € M. Then T satisfies (A*) and M c T (M).

It is evident that the mapping T : M — E is well-defined due to the fact that p€]1,c] and T is
injective. Also, we get, M = [0,1] < [0, ] = T (M).

In contrast, it holds true that for every pair of distinct elements x and y belonging to the set M;

1 B 1 1 B 1
|Tx—Ty| |x-y| plx—=yl |x-yl

1 1
i
o) |x—y|

IA
I
I
[a—
——
=
|
=

The last inequality holds through the fact that |x - y| < 1.
Therefore, we acquire

[F=ar)
Blx-y)) = Tl o),

1

where (:(0,00) — (0, 1) is a function defined as f (f) = eCt, where C = (— - 1) < 0. Itis evident that
I

the element f belongs to the set L. Therefore, the assumption denoted as A* is fulfilled.

Remark 3.2.2. Consider a metric space (E, d) and a non-empty subset M of E. If the linear trans-
formation T : M — E satisfies the condition (A*), then the set M is bounded.

Proof. First, we make the assumption that M is unbounded. In this case, we can conclude that
the supremum of the distance function over all pairs (x, y) in M is equal to infinity, denoted as

sup d(x,y) = oco. Consequently, there exist two sequences (x,) and (y,) contained in M, where
(x,y)eM
X, is not equal to yy,, such that:

nh—I>Ic}od (xn’J/n) =00,

that is )
lim ——=0.
n—00 d (xy, ¥n)

Next, since T is injective, Tx, # Ty, for all n and hence, by (A*), one has:

(@) > (Pl )~ gt
1
> _m, Vn,

or, equivalently,
1

B(d(xn yn))>e d(x”’y”), vn.
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By defining the upper limit as nrightarrowinfty, we gain

lim sup (B (1)) = lim sup B(d (xn, yn)) =1,

t—o0 n—oo
a contradiction. O

Proposition 3.2.1. Let us Consider a normed space (E,|.ll) , ¢ # M < M and let T : M — E verify
(A*) then the inverse: (I1- T)™': (I - T)(M) — M exists and is continuous.

Proof. Let x and y be elements of the set M, where x # y. We will denote B as the difference
between the identity matrix I and the matrix 7. Via (A*), we get for f e L

||x J’“
1+ |[x=y|In(B(|[x-y|) =2 ———=>0, (3.7)

However, it is important to consider the alternative perspective:
0<|Tx—Ty| <|Bx=By|+]x-y.

Combining (3.7) and the last inequality, we deduce

S SR U P 77, o)
[Bx=By[+[x=y] ~ [T <=1

Again, through (3.7), we obtain

—|lx =y B x - y|»
1+ | x -y In(B(|x— y|))

|Bx-By| =

Therefore for all x, y € M, one gets

|Bx=By| = - x-y|*In(6(|x - y|». (3.8)

F is immediately injective ; otherwise, for some x # y and Fx = Fy, we get

~Jx=yI* (B (|- y])) =0,

a contradiction.
Consequently, B is invertible. Moreover, through the fact that g € L, (3.8) and for every x, y €
(I - T)(M), it can be observed that there is C > 0 that is so

1B x-B 'y’ <C|x-y|, (3.9)
which ensures the the continuity of B, O

Theorem 3.2.2. Consider a nonempty closed convex subset M of a Banach space E. Let T and S be
mappings from M to E that satisfy the following conditions:

1. S is continuous and the set S(M) is contained within a compact subset of the space E.
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2. T satisfies (A™)
3. forevery ue€ S(M), the inclusion M c u+ T (M) holds.

Subsequently, there exists an element z belonging to the set M such that the equation Sz+ Tz = z
holds true.

Proof.
First, let us observe that for any u € S(K) the mapping T + u, due to (2) and (3), satisfies: all the
assumptions of Theorem 3.2.1. Thus, the equation

Ty+u=y (3.10)

has a unique solution y € M. Let w a function such that for any u € S (M) which corresponds y € M
and the above equation holds. Therefore for every u € S (M) we have:

T(w(w)+u=w(u (3.11)

Consider u;, up € S (M).Without loss of generality, it can be assumed that w(u;) # w(u2). From the
fact that T satisfies (A*) and since g € L, we have

1

-1 — < — 3.12
Nl = w2l < 3 S = ol T T @ @) = T )] 6.12)

fence, IT (@ () - T (@ ()]

wl(Uy)) — w (U
— < . 3.13
oo ) =0 )l < 4 o i) T @ () - T @ ()] G.13)
Further, in view of T (w (1)) + u = w (1), the following holds:

I T (w(u1) =T (W)l < llw(uy) —w (u2) | + lluy — uzll (3.14)

Thus, we obtain
lw (u1) — ()l + 1wy — uz |l
1 -In(B(llur — u2)) llw (11) — w (u2) | = In(B(llur — uz1D) lug — uzl
lw (1) —w (w)
1-In(B(llur — u2)) llw (11) — @ (u2) | = In(B(llur — u21D) lug — uzl
luq — sl
1-In(B(lug — uz2 D) lw (u1) — @ (u2) | = In(Blug — u21)) luy — uz |l
lw (u1) —w ()| N llu; — w2l
1-In(B(lug — w2 D) lw (u1) —w (Ul 1 -In(Bllur — u21)) g — w2l

lw (1)) —w W)l =

Consequently, we get

~In(Bluy — uz ) llo (1) —w (W) I* _ Iy = u |

1-In(B(llur — uz2l)) lw (1) —w (u2) |l ~ 1—=In(Bllur — uzlD) llug — uall’
which leads to have |[u; — uz|l — 0 implies || (u;) —w (u2)|| — 0, and therefore w is continuous
on S(M). By the continuity of S, consequently, it can be inferred that the mapping denoted as
wS : M — M exhibits continuity. Moreover, (wS) (K) resides in a compact subset of E. Through to
Schauder’s fixed point theorem, there exists z € M such that w (S(z)) = z. Through T (w (w)) + u =
w (1) one has

(3.15)

T(w(S(2)+S(2) =w(S(2), (3.16)

which allows us to conclude that Tz + Sz = z. O
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3.3 Nonlinear integral equation of rational-type

Herein, we deal with the following integral equation including delay rational type.

_ aHu(t-r)
u(t) = 1-b(Du(t-r)

t
+f k(t—s)h(u(s))ds, (3.17)

where r > 0 is fixed, the mappings a,b : R — R are continuous and periodic with period T > 0,
h, k : R — R are continuous. In this analysis, we will examine the following assumptions.

(Hy)
by, = min b(t) >0,by;= max b(t) <1;
t€[0,T] te[0,T]

(H>)
a(t)= b +1)%+2rb ()

for all £ € R, where

b
O<r:=—2<1
ay
and
ay = max a(t);
£€[0, T
(H3) ,
L::supf lk(t—38)|ds<oo
teR J—o0
and ,
d:= supf |k’(t—s)|ds<oo
teR J—o0
for all t e R;
(Hy)
LM, < ray +r’by — r
1- TbM
where
My, —maxh(t)
tI=Sr

Let us consider the Banach space E of all continuous periodic self-mappings on R with period
T >0, For any u € E, we denote by | u|| the supremum norm over [0, T], i.e.,

lull= sup |u(f)l.
tel0,T]

Let M denote a subset of E that is defined by
M:={ueE;llull =r},

where r is from condition (H»).
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Theorem 3.3.1. Ifthe conditions (Hy) — (Hy) are fulfilled then equation has a T—periodic solution.

Proof. For ue€ M, we set

au(t—r)
1-b(Hu(t-r)

(Tw) (1) =

and

t
(Su) (1) :f k(t—s) h(u(s))ds.

Using (H;), we immediately have 1 - b (¢) u(¢—r) >0 forall t € Rand u € M. The problem is equiv-
alent to finding a fixed point of the equation

u=Tu+ Su.

Let us consider u, v € M with Tu # Tv. Let t € [0, T], then we get

1 1
lu@®—v@l  [(Tw) (t+1)— (Tv) (t+7)]
_ 1 A-bE+nu@®)A-b(t+r)v(D)
T lu@-vol a(t+r)u@®-v@
b(t+7) S +u) + v —b(+r) u®) v ()
- a(t+r) lu () —v (2l
Utilizing (H>), we obtain
1 1

(@) - vl [(Tw) (t+1r)—(Tv)(t+71)]
rrzb(t+ N=b+nNu@®v)+4r+u(®)+v)

lu(t)—v (1)l
ar +u? () + v (1)
lu (1) —v (1)l
4r?
———=lu-v|.
lu(t)—v (1)l
Therefore, we get
| Tu— Tv| - [(Tw)(t+1r)—(Tv)(t+T1)]
1+u=-viTu-Tvl ~— 1+u—-vITw) (t+r)—(Tv)(t+71)|
=|u(t) - vl
forall £ € [0, T]. Consequently, we find
| Tu—To|
=u-v.

1+lu—v|ITu—- Tv|

Let us remark that T is one-to-one mapping on M. So, (A*) is satisfied for () = e l.



Chapter 3. Integral equations via Krasnosel'skii fixed point-type

Conversely and in order to check that (1) of Theorem 3.2.2, we follow the same method devel-
oped in [61] and we demonstrate that S is fully continuous. We only highlight the main points of
the proof.

Let ze M then | z|| < r and

t
||(Sz)(t)||sf k(t—s)h(z(s)ds| < LM,.

First, a basic change of variable allows us to get :

t+T
f k(t+T—-5s)h(z(s)ds

(e.0]

(S2)(t+ 1)

t
f k(t—s)h(z(s)ds=(Sz) (1)

From above, we infer that the operator S maps K into E and S (M) is uniformly bounded.
Next, for z € M, differentiating (Sz) (t) with respect the variable ¢ (using Leibniz formula), we
obtain

t
(S2)' () = k(O)h(z(t))+f k' (t—s)h(z(s) ds,

which yields
[(S2)'|| = Uk (0)] + d) M.

Through the mean value theorem, the above inequality implies that S(M) is an equicontinuous
subset of E. Then using the Ascoli-Arzela Theorem, we obtain that S is a compact mapping.
On the other hand, as / is a continuous function, we have

ISzl = C(M) llzll,

where C (M) is postive constant which depends on M. Thus, S is continuous. Consequently, S :
M — E is completely continuous and hence the condition (1) of Theorem 3.2.2 is satisfied.

Finally, we are going to prove that inclusion (3) in Theorem 3.2.2 holds. Let z € S(M). Hence,
there exists w € M with z (t) = (Sw) (t) for all £ € [0, T]. Take u € M. In view of (Hy), we get

lu—=zll =< llull+[Swl
< r+LMjy
ram
=< )
l—rbM
which indicates
u—-z€B(O,R),
where
BO.R = {yeEi|y] =R}
with

_ rapy
'_l—rbM'
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Initially, we note that for every y € M,
|7yl <R,

which yields that ye B(0,R).
On the other hand, taking any y € E such that || y|| < R, and setting

0(1) = y(E+r)
a(t+r)+b(t+r)y(t+r1)
for t € [0, T], we get |0l < R and
neo(t—
oy (5 = —DOE=D g

1-b(0(—1)

Hence 0 € T (M) . Therefore
T(M)=B(,R).

This yields u -z € T (M). Thus the condition (3) of Theorem 3.2.2 is satisfied and the proof is
completed. O
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Chapter4

Proinov contraction of Darbo-type

Abstract

In this chapter, a generalization of Darbo fixed point using the Proinov contraction and the
measure of noncompactness is provided. Our results furnish some improvements of some results

existing in the literature.

NB: This chapter is a join work with master’s students Hadjer Boudjemaa and Amel Laiche from
Khenchela university and which will be submitted in a near futur.
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4.1 Proinov contraction of Darbo-type

In this section, we present the concept of Proinov contraction of Darbo-type utilizing the measure
of noncompactness p. Additionally, we establish the existence of a fixed point within a bounded,
closed, and convex subset of a Banach space X.

In the following discussion, unless explicitly specified, the symbol D denotes a nonempty
closed, bounded, and convex subset of a Banach space X.

Definition 4.1.1. A self-operator that operates continuously. The mapping T : D — D is consid-
ered a Proinov contraction of Darbo-type if there exist two mappings ¢,y : (0,00) — R such that
for any nonempty subset Z of D, the following condition is satisfied:

Y (u(T2D))<p(pu2) with u(2),u(Tz)>0. 4.1)

4.2 Proinov-Darbo fixed point

Theorem 4.2.1. Let us consider a continuous Proinov contraction T : D — D of Darbo-type. We
assume that at least one of the following three conditions is satisfied:

(i)
limsup g (1) < liII;nirnfl//(t) forall r>0;

t—r

(ii) @ (1) <y (1) foranyt >0, ¥ nondecreasing and

limsupg (t) <y (r*) forall r>0;

t—rt
(iii) theexpression @ (t) <y (t) if and only if t > 0 and the following conditions hold:

(a)
itr>1£u/(t) >—oco forall r>0,

(b) If{y (tn)} and {¢ (t,)} are two convergent sequences with the same limit for a bounded
sequence {t,}, then t, — 0 as n — oo.

Thus, T admits a minimum of one fixed point in D.

Proof. We shall proceed to establish a sequence denoted as {D,}, where the initial term is defined
as Dg =D and
D, =co(TD;,_;), forn=1.

We are going to prove that

Dyy1€D, and TD,<D, foranyneN.

For the first inclusion, we use the mathematical induction. From the fact that Dy = D and D is
convex and closed with T : D — D, we obtain

Dy =co(TDy)=co(TD)< D=Dy.
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Now suppose that D, < D,,_; for n = 1. It follows that

Dypy1=co(TDy) s co(TDyp-1) =Dy,

and we are done.
From the first inclusion D, € D,, we immediately get

Hence the second inclusion is proved.

Next, we distinguish two cases:

Case 1. If ny € N is a non-negative integer, then u(Dy,) = 0. As a result, D, is a condensed set
in X. The theorem of Schauder states that since TD,, < Dy, T has a fixed point in D,, < D.

Case 2. If for any n € N, u(Dj,) > 0. Based on the properties of the noncompactness measure
and the contractive inequality (4.1), we deduce that

w{u(wTTD)
Y (u(TDp) <¢(puDy), foranyneN. 4.2)

W (1 (Dns1))

In contrast, it can be observed that 0 < u(D,+1) < p(Dy,), thereby indicating that the sequence
{,u (Dn)} exhibits a decreasing trend and is bounded from below. Therefore, there exists a non-
negative real number r such that

lim p(Dy) =r. (4.3)

Now let us prove that r = 0. Assume r > 0.
Suppose that condition (i) holds. From (4.2) and (4.3), we get

hrtrilrnfw(t) Sllrgﬂ}ngJ(ﬂ(Dn))
<limsup ¢ (u(Dy))
n—oo
<limsup ¢ (1),
t—r
a contradiction. Hence r = 0 and r}gn w(Dy) =0.

If condition (i7) holds. In view of the fact that ¢ () < y (¢) for any ¢ > 0, the monotonicity of v
and (4.2), we obtain that {u (Dn)} is a strictly decreasing sequence and boubded below. Therefore,
there exists a non-negative real number r that is such

lim p(Dp) =17
Again from (4.3), we have
v (r') = limy (u (D))
<limsup¢ (1 (Dy))

n—oo

<limsup ¢ (1),

t—rt
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a contradiction. Therefore nlim w(Dy) =0.
—00

Now assume that condition (iii) holds. In this case, we consider the following subcases.
Subcase 1. If {y (@)} is not bounded below, where @, := u (D). It follows that

nh—l:n v (ay,) = —oo.

Due to Lemma 1.4.1, we obtain lim a, = lim u(D,) =0.
n—oo n—oo

Subscase 2. If {y (a,)} is bounded below. Utilizing the fact that ¢ (r) < w (¢) for any ¢ > 0, we
get
Y(ans1) =@ (ay) <y(agy).
This implies that {y (@)} is strictly decreasing. Then, { (a,)} is a convergent sequence and there-

fore {(p (a n)} is also a convergent sequence with the same limit. Consequently, we obtain

lim a, = lim u(D,)=0.
n—oo n—oo

In conclusion, in each case, we have obtained that r}im @ (Dy) = 0. It follows from property (6) in
—00
Definition 1.3.1, that

o0
Doo=[) Dn
n=1

is nonempty and compact subset. Furthermore, we have

(0 0] (o0
TDo = T(ﬂDn)gﬂTDn
n=1 n=1

8
=)

=

n :Dw-
1

N
Il

In conclusion, the existence of a fixed point in the subset D, < D for the operator T : Do, — Do
can be established by virtue of Schauder’s theorem. The proof of the theorem is now concluded.
0

Remark 4.2.1. Taking v = Id and ¢ (t) = k¢, with 0 < k < 1, we recover Theorem 1.4.1.
Setting v (f) = t in Theorem 4.2.1, we obtain the following result (Boyd-Wong’s type):

Corollary 4.2.1. Assume that T : D — D be a continuous operator verifying
p(r2)<e(p2) with wu(2),u(Tz)>0.
Moreover, we assume that the following assumption holds:
(i) ()< tforanyt>0and

limsupe (t) <r forevery r>0.
t—rt

So T admits at least one fixed point in D.
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Corollary 4.2.2. Assume that T : D — D be an operator and ¢ : (0,00) — R a nondecreasing and
upper semicontinuous from the right with ¢ (t) < t for any t > 0 and satisfying

[Tx-Ty|se@(|x-y|) forTx#Tyandx,yeX.
The set T possesses at least one fixed point within the domain D.
Proof. Let pu: B(X) — [0,00) be a set quantity given by
p(Z)=diamZ =sup{|x-y|,x ye Z}.

diamZ (the diameter of X) is evidently a measure of noncompactness in the space X. Taking into
account the assumptions of the Corollary, we get

sup |[Tx—Ty|| < supo(|x-y|) ¢
X, yeZ X, yeZ

sup [3-51)
X, yeZ
which implies that

p(rz)<e(u(2), withu(T2)>0.

In addition, ¢ is right continuous since ¢ is nondecreasing and upper semicontinuous from the
right. Hence, we obtain
limsupe (t) =@ (r)<r; foreveryr>O0.

t—rt
Consequently, all the hypotheses outlined in Corollary 4.2.1 are fulfilled, thereby implying that T
possesses at least one fixed point within the set M. O

Let Delta represent a set of functions §: (0,00) — (0, 1) meeting the following criteria:

limsupfB(t) <1 forany r>0,

t—rt
Let f € A. Taking ¢ (¢) = f(f) w (¢) in Theorem 4.2.1, we get the result below (Geraghty’s-type).

Corollary 4.2.3. Assume that T : D — D be a continuous operator that satisfies

v (R(T2D)<ppD)y (kD) with p(Z),u(TZ)>0.
It can be concluded that the operator T possesses at least one fixed point within the domain D.

Leta: (0,00) — (0,1) and y : (0,00) — (0,00). In Theorem 4.2.1, when ¢ (¢) = a () y (¢), we obtain
the following result.

Corollary 4.2.4. Suppose that T : D — D be a continuous operator satisfying
v (u(T2) <a(u@)y(u(2) with p(2),u(T2)>0,

wherey is nondecreasing, y is a right continuous function withy (t) <y (t), forall t > 0 and

. v(r')
1 1<
e <

forany r>0. (4.4)

So T admits at least one fixed point in D.
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Remark 4.2.2. Corollary 4.2.3 is an improvement of [6, Corollary 3.10]. Indeed, the condition
w(rr)
y(r®)

B € A is replaced by the weaker condition (4.4) since > 1. Moreover, the continuity of y is

weaken to the continuity from the right.

Corollary 4.2.5. Assume that T : D — D be a continuous Proinov contraction of Darbo-type where
@ (1) <y (1) for any t > 0. Furthermore, if at least one of the following conditions holds:

(i) v is lower semicontinuous and ¢ is upper semicontinuous;
(ii) w nondecreasing and ¢ is upper semicontinuous from the right.
So T admits at least one fixed point in D.

Proof. Assume first that (i) holds. Then, we get

limsupg () <@ (r)<wy(r) < liItninfu/(t) for every r > 0.
—r

t—r

If (i7) holds. In this case, we have

limsupp (D <)<y @) <y (r*) foreveryr>0;

t—rt

Setting ¢ = ¥ — 1, where 7 : (0,00) — (0,00) in Theorem 4.2.1, we obtain the following result

Corollary 4.2.6. Assume that T : D — D be a continuous operator satisfying

v(u(T2D)) <y () -1(u2) with puZ),u(TZ)>0.
Moreover, we assume that at least one of the three following conditions holds:
(@)

lirtninfr (£) > limsupwy (1) —lirtninfw(t) forevery r>0;
-r t—r -r

(ii) v nondecreasingandt € £;

(iii) The following conditions are satisfied:

(a)

itr>1fw(t) >—-oo0 forevery r>0,
:
(b) If,}iIEOT (tn) =0 for a bounded sequence {t,}, thenlimt, = 0.

So T admits at least one fixed point in D.

Remark 4.2.3. Combining Corollary 4.2.6 with Lemmas 1.4.1 and 1.4.2, assumption (iii) is re-
placed by the two following conditions:

(a) lim (2,) = —oco implies lim #, =0.
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(b) 1 satisfies (H;).

Remark 4.2.4. It follows from the above remark that Corollary 4.2.6 is a generalization and an
improvement of Theorem 1.4.2.

Corollary 4.2.7. Let T : D — D be a continuous operator such that there exist0 : (0,00) — (1,00) and
for every subset Z of M

0(u(T2)=<[0(u@)*"“  with w2, wT2) >0,

Moreover, we assume that the following conditions hold:

(a)
itI>1f9 ()>1 forevery r>0,
:

(b) If’}im x (ty) =1 for a bounded sequence {t,}, thenlimt, = 0.
—00
So T admits at least one fixed point in D.

Proof. The result derived from Corollary 4.2.6 with v (f) =Inlnf () and 7 (£) = —Iny (). O

Remark 4.2.5. Combining Remark 4.2.3 with Corollary 4.2.7, assumptions (a) and (b) are replaced
by the two following conditions:

(a) nh_m 0(t,) = 1 implies nlgn t, =0.
(b yeA.

Remark 4.2.6. It follows from the above remark that Corollary 4.2.7 is a generalization and an
improvement of Theorem 1.4.3.

4.3 An application to a nonlinear integral equation

In this part, we discuss the existence of various integral equations using the results obtained in the
previous chapter.

4.3.1 Measure of noncompactness in BC(R")

In this part, we focus on the existence of solution for the the integral equation of Volterra type:
t
u(t) = f(t,u(t))+g(l‘,u(t))f K(t,s,u(s)ds, teR"=[0,00), (4.5)
0

where K:R* xR* xR— Rand f,g:R" x R — R are suitable functions.

Roughly speaking, we utilize our obtain results in the previous section to prove at least one so-
lution of (4.5) in the space BC(R™) consisting of all bounded and continuous real functions defined
on R*. The space BC(R") is equipped with the standard supremum norm given as follows:

| ull=sup{lu(®|: reR"}.
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Now, let us define the measure of noncompactness in the space BC(R") (see [10]). Let us consider
Z be a nonempty, bounded subset of BC(R") and a positive number R > 0. For u € Z and £ > 0, let
us denote pR( u, €) the modulus of continuity of the functional « on the interval [0, R], that is

pR(u,e) =sup{|l u(t)—u(s)|:t,s€[0,R],| t—s|<€}.

Moreover, we put
pR(Z,e) = sup{pR(u,s) cueZzt,

po(2) =limp"(Z,2),
po(Z) = lim pf(2).
L—oo
In addition, for a fixed number t € R*, we denote
Zt)={ult):uez}.
Henceforth, we can define the measure of noncompactness y on B(BC (R™)), as follows:

w(Z) =po(Z) +limsupdiamZ(t), (4.6)

t—+o00

where diamZ(t) is the diameter of Z(t).

4.3.2 Integral equations via Proinov contractions

In this section we use Corollary 4.2.5 to establish the existence of the integral equation (4.5).
Let @ be the set of all nondecreasing functions 7 : (0,00) — (0,00) that satisfies the following
conditions:

(a)
n(t)<t foranyt>0;

(b) nissuperadditive, i.e.,
N +n(s)<n(t+s) fortr,seR".

In the sequel, we consider equation (4.5) under the following assumptions:

(1) f and g are continuous functions such that both ¢t — f(¢,0) and ¢ — g (t,0) are elements of
the space BC (R*);

1
(2) There exists an upper semicontinuous function ¢ € ® and a constant k € (0, E) such that for

any x,y€ Rand € R*, we have

[ft0-f(ty)|<kn(lx-y

);

(3) Additionally, there exists a continuous function p : R* — R* with respect to each of x, y € R
and t € R", we have

lg(t,0-g(t,y)|<p@n(|x-y]);
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(4) The function K is continuous, and there also exist continuous functions i, m : R — R* so

that .
lim h(t)f m(s)ds=0,
[—00 0
t
tlim p(t)h(t)f m(s)ds=0
and

K (t,s,x)|<h(t)ym(s) forallxeRandt, seR";

5)
p(t)h(t)fotm(s)dss k foranyteR";
(6) Additionally, there exists a positive solution [ for the given inequality
nih+A<l, [>0,
where

t
A:sug{|f(t,0)| +|g(t,0)|h(t)f0 m(s)ds}.
=

Theorem 4.3.1. Under assumptions (1) — (6), integral equation (4.5) admits at least one solution
u=u(r)inBC(R").

Proof. Let's contemplate the operator on the space BC (R") as follows
t
(Tw) () = f (¢, u (1) +g(t,u(t))f K(t,s,u(s)ds, teR",ueBC(R").
0
Because of the conditions that were established, we easily observe that Tu is continuous on R
with every function u € BC (R*), then T is well- defined.

Further, through our assumptions, we get the following inequality

|(Tw) (1)

IA

t
|f(t,u(t))|+|g(t,u(t))|f0 K (t,s,u(s)|ds

IA

t
!f(t,u(t))|+Ig(t,u(t))lh(t)fo m(s)ds
|f (u@®) - f(,0)]+]|f(2,0)]
t t
+|g(t,u(t))—g(t,0)|h(t)f0 m(s)ds+|g(t,0)|h(t)f0 m(s)ds

IA

IA

t t
kn(lu(t)|)+|f(t,0)|+n(|u(t)|)p(t)h(t)f0 m(s)ds+|g(t,0)|h(t)f0 m(s)ds

IA

t
2]cn(|u(t)|)+|f(t,0)|+|g(t,0)|h(t)f0 m(s)ds
n(lu () + A.

IA

As @ is nondecreasing, we obtain
I Tull = n(lull) + A. 4.7)
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Since A < oo (by assumptions (1) and (4)), we infer that Tu is bounded on R*. Hence, T maps the
space BC (R") into itself. In addition, T (By,) < B;, where

B, ={ueBC(R"), |x-y|=l}.
Indeed, in view of (4.7) and assumption (6), we deduce
ITull<n()+As< .

Now, we discuss the continuity of the operator T on By,. Let us fix an arbitrary € > 0. and take
u, v € By, such that | u — v| < e. Therefore, for t € R*, we get

|(Tw) (1) — (Tv) (D]

IA

|f(tu@)—f v

+

t t
g(t,u(t))f K(t,s,u(S))ds—g(t,v(t))f K(t,s,u(s)ds
0 0

+

t t
g(t,v(t))f K(t,s,u(S))ds—g(t,v(t))f K(t,s,v(s)ds
0 0

IA

t
kn(lu(t)—v(r)|)+|g(t,u(t))—g(t,u(t))|f0 K (t,s,u(s)|ds

t
+|g(t,u(t))|f0 |K (t,s,u(s)—K(t,sv(s)lds

IA

kn (1u(0) - v (D) + (1 (1) - v(t)l)p(r)h(t)fotm(s)ds
+[|g(t,v(t))—g(t,0)|+|g(t,0)|]f0t|1<(t,s,u(s))—K(t,s,v(smds

< 2kn(|u(t)—V(t)|)+[p(t)n(lu(t)l)+Ig(t,O)I]fOtIK(t,s,u(S))—K(t,s,V(S))Ids
< n(£)+2[p(t)r](lo)+|g(t,0)|]h(t)f0tm(s)ds. (4.8)

Taking into account assumptions (1) and (4), we infer that there exists R > 0 such that for = R,
the following inequalities hold

t
2P(t)n(lo)h(t)fo m(s)dssg
and t t
2|g(t,0)|h(t)f M(S)dSSBh(t)f m(s)dssg,
0 0
where

B::sug{|g(t,0)|}<oo.
=

Consequently, we deduce

I(Tw) (8) = (Tv) (2)] Sn(e)+§+§52£ forall £ = R.
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Next, we discuss the case 0 < ¢ < R. In this case, we consider the quantity
ok (K, e) = sup{|K(t,s,x) —K(t,s,y)| :1,5s€[0,R], x,y €[l L], |x—y| <¢}.
From the fact that K (¢, s, x) is uniformly continuous on the [0, R] x [0, R] x [=1y, ly], we deduce that
lim pR(K,e) =0.
Coming back to (4.8), we obtain for ¢ € [0, L]

R
I(Tw) (1) = (Tv) ()] < n(s)+[p(t)n(|u(r)|)+|g(t,0)|]f0 pf (K, e)ds
n(€)+[n(lo) C1 + C] Rp® (K, ),

IA

where

Cy:=sup{p (1)} <oo
t<R

and

C :=sup{|g(£,0)|} < oo.
t<R
Hence, we conclude that T is continuous on the closed ball By, .

Let's take a nonempty set Z < By,. Then, for u, v € Z and for ¢ € R" is a fixed value and following
the same steps as those used in (4.8), one gets

t
[(Tw) (1) = (Tv) ()] < 17(|u(t)—v(l‘)l)+2p(t)17(lo)h(l‘)fO m(s)ds
t
+2|g(t,0)|h(t)f m(s)ds.
0
Hence, the above estimate turns into
t
diam(TZ)(t) < n(diam(Z)(t))+2p(t)<p(lo)h(t)f m(s)ds
0
t
+2|g(t,0)|h(t)f m(s)ds.
0
Using assumption (4) and the upper semicontinuity of the function 7, we find

limsupdiam (TZ) (t) <n (limsup diam(2) (t)). (4.9)

t—o0 t—o0

On the other hand, let us fix € > 0 and R > 0 and take arbitrarily ¢, s € [0, R] so that |t —s| < €. Itis
assumed, without loss of generality, that s < ¢. Ainsi, pour u € Z, et en se basant sur les hypothAIses
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dAlveloppAles, nous obtenons.

I(Tw) (1) = (Tw) (3)]

IA

|F(u@)—f(su@)|
t t

‘g(t,u(t))f K(t,r,u(r))dr—g(s,u(snf K(t,7t,u(r)dr
0 0

IA

+

t N

g(s,u(S))f K(t,r,u(r))dr—g(s,u(S))f K(s,t,u(r))dr
0 0

|f @ u@) = f @, uls)|+|f @& uls)—fsuls)

IA

t
+|g(r,u(r))—g(s,u(s))|f0 K (t,7, u ()| dt

t N
+|g(s,u(s))|U0 K(t,r,u(r))dr—fo K(s,7,u(r)dr

IA

kn (lu(t) - u(s)) + 7}, (f.€)
+(|g (@, u () — g (t,u ()| +|g (1, u(s) — g (s, uls)|] h(t)fotmmdr
+[|g (s, u () - g(s,0)]+|g (s,0)|]

fstIK(t,T,u(r))ldr+fos|1((t,r,u(r))—K(s,r,u(r))ldr

X ’

where
pp (f€) =sup{|f(t,x) = f(s,%)|: t,s€ [0,R], x € [l o], |11 — 5| < €}.

It follows that
(Tw) (1) = (Tw) (s)] < kn(u@®)—u©)+py (f.€)

t
+[p(sm(lu(t)—u(S)|)+p§f)(g,£)]h(t)fo m(7)dr
+[p)nlu)) +|g(s0)]|]

t S
fIK(t,r,u(r))IdHf IK(t,7,u(1))-K(s,7,u(r)ldr
s 0

X

)

where
pf) (g.€) =sup{|g(t,x)—g(s,%)|:t,s€[0,R],x €[l lp], |t — s| < €}.

This yields that

t
|(Tw) () = (Tw) (s)| < zkn(lu(t)—u(s)|)+pf§(f,s)+p§f)(g,s)h(t)fo m(t)dt
t
+[p(s)n(lo)+|g(s,0)|]h(t)f m(1)dt
+[p ()0 o) +|g (5,0)]] RpE (K,¢), (4.10)

where
pp (K,€) =sup{IK (t,7,%) =K (5,7, : £,5,7 € [0, R, x € [~Io, Lo}, |t — s| < &}..
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Hence, we find

p"(TX,e) < n(p®(X,0)+p% (f.€)+Ro7 (g.€) D
+e[p(s)n o) +|g(5,0)|] D1
+Lp7 (K, €) Dy,

where
Dy:= sup {h(f)m(r)}<oo0

0<71,t<R

and

D, := sup {p(s)n o) +|g(s,0)]} <oo.
0<t=R

Moreover, due to the uniform continuity of functions, f and g on [0,R] x [-ly, ly] as well as the
function K on [0, R] x [0, R] x [— 1, lp], we infer that

lim oy (f.€)=0, lim Py (g€ =0, and lim pp (K,e)=0. (4.11)
In view of (4.10) and (4.11), it follows that

po (TZ)<limn(p"(Z,€)).

Again, through the upper semicontinuity of i, we get
& (TZ)<n(pk(2)),

which yields
po(TZ) =n(wo(2)). (4.12)
Combining (4.9), (4.12) and the superadditivity of 7, we get

po(TZ)+limsupdiam (T Z) (t) <n|po(Z) +limsupdiam (Z) (t) |,

t—o0o t—o0

or, equivalently
p(TZ)=n(p(2).

Hence, due to Corollary 4.2.5-(i) with w(#) = t. In conclusion, it can be inferred that the operator
T possesses at least one fixed point within the ball By, thus establishing the completion of our
argument. O

Remark 4.3.1. Based on the research paper referenced as [2], it is possible to substitute the hy-
pothesis regarding the superadditivity of the function ¢ with the following alternative hypothesis:

"n is a concave function."”
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4.4 Example
In this study, we shall examine the functional integral equation presented below
t et I se~!sinx(s)
H=———In(1+|u))+ In(1+|u(t — - ds, teR". 4.13
u(z) R n(l+{u()) Tz Iu()l)f0 Tl & (4.13)
Let us observe that ;
t,x) = ——In(1+]x]),
f(t,x) 2070 n(l+|xl)
-t
8(t,x) =173 In(1+|x)
and
se”'sinx
K(t,s,x)=——
1+]x|

It is evident that the integral equation (4.13) can be identified as a specific instance of the inte-
gral the formula (4.5). Indeed, the functions f, g, and K exhibit continuity over their respective
domains. Also, if we take

n()=In(1+1),

we have ¢ (1) < ¢ for every ¢ > 0 and ¢ nondecreasing and concave on R*. In addition, for arbitrary
x,y € R such that |x| < |y| (or |y| = 1x|) and we get

),

1
|f @, %)= f(t,¥)] séln(1+|x—y|):kn(|x—y

where k = 1
Additionally, there is
lg(t,0-g(t,y)|=p@In(1+|x-yl|),

-t
and

Hence, we can take /i (¢) = e~" and m (s) = s. Therefore, we acquire

t t
lim h(t)f m(s)ds = lim e_tf sds=0,
t—o00 0 t—oo 0

) t ) e—2t t
tlirglop(t)h(t)f() m(s)ds:}LIglo1+t2f() sds=0

and
-2t

t
_ _ +
p(t)h(t)fo m(s)ds= T 27 < E_k forany teR™.
Moreover, a positive solution [ is furnished for the inequality
InQ+Dh+A<l,
since

t
A:sup{f(t,0)+|g(t,0)|h(t)f m(s)ds}:0<oo.
=0 0
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Hammerstein integral equation via
Henstock-Kurzweil integrals

Abstract

This chapter aims to contribute to the solvability of BV solutions of Hammerstein integral
equations formulated in terms of the Henstock-Kurzweil integral on unbounded intervals.



5.1 Introduction

5.1 Introduction

Henceforth, all the integrals are taken in the Henstock-Kurzweil sense unless stated otherwise. Let
us study the following Hammerstein nonlinear integral equation:

u(t) = v(t)+,up(t)f f,rgu(r)dr, tel0,+oo],p€eR. (5.1)
0

The problem which consists to solve the integral equation of (5.1) in the space BV ([0, +00)) was
stated and proved in the paper [15] in the case where p(f) = 1. The authors in the work [15] con-
sidered the integral equation (5.1) with the following form

u=v+pG(Cq(w),

where Cy is the composition operator generated by the function g, |p| < p for some p >0 and K
the operator defined by

+o00o
G(u)(t)zf f&,rulrydr, tel0,00). (5.2)
0

5.2 Main result

At this part, we establish the ability to be solved of the integral equation (5.1) in the space BV ([0, +00)).
We may write (5.1) as the following operator equation:

u=v+ppK(Cqw),

where p € BV ([0, +00)).
Denote by Bf;v := B(0, R) a certain closed ball of radius R > 0 in the space BV ([0,00)). Let us

now consider the following assumptions
a) v:[0,00) — Risa BV-function;

b) g:R— Racts in BV ([0,00)) and as an any given value R > 0, , it has a corresponding value
Mpg > 0 so that:
| Cg (w)— Cg (w)| 5y = Mrllu—wllpy;

¢) f:10,00) x [0,00] — Ris the function such that f (¢,.) is HK-integrable on [0,c0] and satisfies
the following conditions:

+00
Hy) Vi (f fen dr) < +00;
0

H,) There exists postive numbers a and b such that for any partition 2 ={0=f) < ...< t, = t},
we have
A A
, 1(||f(tj’-) 0,00 +2 Hf(fj—l,-)”mm)) <a<+oo
]:

and
n

lim sup Y.

f—+00 0=t9<..<tp=t j=1

=b < +oo.

f+oof(tj_1,r)dr
0
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Theorem 5.2.1. Assume that conditions a), b) and c) are fulfilled. There are exists a positive value |
which means for any p satisfying |p| < y, the integral equation (5.1) has a unique solution in Bgv.

Proof. Choosing p > 0 such that

R>|vlpy +K(RMg+|g(0)|) (5.3)
and
MgpK <1, (5.4)
where
+00
K;:u||p||BVmax{(||f(0,.)||[’3m) +a)(Hf fGndr|l +b } (5.5)
0 BV

Fix p such that | p| < p and let us introduce

HWw@®:=v®+pp) G (D),

where
+00
G ) (1) :f ft,r)gu)ds, tel0,00), ueBEY.
0
Through the fact that Cg (1) in BV ([0,00)) and p () f (f,.) is HK-integrable on [0,00] for any ¢ €

[0,00), the function p (?) f (¢,.) Cg (u) (.) is HK-integrable on [0,00] . Then, H and G are well defined.
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In view of Theorem 1.6.4, we obtain
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A different option is provided by

+00
G () (0)|sr€i[ggo)|g(u(r))l‘fo FO,1)dr|+ V5™ (Ce ) [ £ 0,000

Consequently,

+00
I H (W)l gy s||v||Bv+|p||p(0)|{rei[ggo)|g(u(r))|’f0 fo,ndr

T (Ce ) 10 |

+00
“lol{ 1Pl ([ renar]

n

+V5"®(p) lim sup ).

I=400 0=fy<..<ty=1 j=1

f+oof(tj_1,r)dr
0

rei[ﬁﬁo ) lg (u(r)|

+alp||pl gy Vo™ (Cg ().



Chapter 5. Hammerstein integral equation via Henstock-Kurzweil integrals

The above inequality turns into
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Therefore
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Utilizing (5.3) and (5.5), we obtain
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which allow us to deduce that H maps B3" into itself.
Now, we prove that H is a contraction. For u, w € Bg Vone gets
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Hence
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The above inequality yields
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which implies

+00
IH (u) - H(w)ll gy < Mpu ||p||BVmax{(||f(O,.)||E?)yoo) +a)(Hf0 fordr

+b)}||u— wlpy -
BV

Using (5.4) and (5.5), we infer that H is a contraction and thus H admits a unique fixed point in
Bgv, which completes the proof. O






Conclusion

In this thesis, we have used different approaches based on fixed point theory to solve nonlinear
integral equations in various functional spaces. More precisely, we have used: fixed point tech-
niques in the framework of b-metric spaces, a version of Krasnosel’skii theorem based on a gen-
eralized expansive mapping, the measure of noncompactness via Proinov contraction and finally
Henstock-Kurzweil integrals on an unbounded interval; to establish the solvability of solutions for
many nonlinear integral equations.
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