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In the name of Allah, the most beneficient, the most merciful



Speak these 5 lines to yourself every single day...
Allah is with me, I can do it,

I am the best, I am a winner,

Today is my day and most importantly

Work hard in silence; let success make the noise.
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GLOSSARY OF NOTATION

We will use the following notations throughout the work :

NOTATION : MEANING :

R™ The n-dimensional real space.

R The n-dimensional nonnegative real space.
RY . The n-dimensional positive real space.
M, The real square matrices of order 7.

Sn The symmetric real square matrices of order n.

S; The set of positive semidefinite symmetric matrices of order n.
S+ The set of positive definite symmetric matrices of order n.
TABLE 0.1: SPACES.

NOTATION : MEANING :
(MP) Mathematical programming.
(DP) The dual of mathematical programming.

(LCP) Standard linear complementarity problem.

(LO) Linear optimization.

(DLO) The dual of linear optimization.

(CQP) The primal problem of the convex quadratic programming.
(DCQP) The dual problem of the convex quadratic programming.
(HLCP) Horizontal linear complementarity problem.

(AVE) Absolute value equation.

(GAVE) The generalized absolute value equation.

(ODE) The ordinary differential equation.

(HE) The hydrodynamic equations.
TABLE 0.2: PROBLEM CLASSES.
NOTATION : MEANING :
u? The transpose of a vector u.
u; The 2-th component of w.
Ogn (0,...,0)".
|ul (lals - o s funl)".
u € R} u; > 0foralll <z < n.
u € R}, u; > 0foralll <z < n.
uv (w1014, unvn)t "Hadamard product".
e 1,...,1)"
t
¢ (“1,...,“"> with v % Ogn.
v (3 Uy,
Vu (V/ULy« -+ 5 /Un)" Withu > 0.
) ( 1 1 )t ,
Uu oo with u # Ogn.
Uy Unp
TABLE 0.3: VECTORS.
OPTIMIZATION AND CONTROL VII UNIVERSITY OF BATNA 2
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NOTATION : MEANING :
oh
™ (u) The partial derivative of h.
U;
Vh(u) The gradient of h.

V.h(u,v) The gradient of h with respect to u.
L(u, A, p) The Lagrangian associated with (MP).
o(v, s) A smoothing function.
P(x) A kernel function.

TABLE 0.4: FUNCTIONS.

NOTATION : MEANING :
(1) The eigenvalues of T' € M,,, 1 < 7 < n.
Amaz(T) The largest eigenvalues of T' € M.,,.
Anin(T) The smallest eigenvalues of T' € M,,.

o:(T) The singular value of T € M,,, 1 < ¢ < n.
Omaz(T) The largest singular value of T' € M,,.
O min(T) The smallest singular value of T' € M,,.
1 The identity matrix.
T ! The inverse of a matrix T' € M,,.
T The transposed matrix T' € M.,,.
Om,, The null matrix of order 7.
T €St The matrix T' € M, is positive semidefinite.
T €S+ The matrix T' € M,, is positive definite.
diag(u) The diagonal matrix of U with U;; = u;, 1 < i < n.
Hy(u) The Hessian matrix of h.
Jn(u) The Jacobian matrix of h.
Jh, (v, u) The Jacobian matrix of h with respect to .

TABLE 0.5: MATRICES.

NOTATION : MEANING :

KKT Karush-Kuhn-Tucker.
NE Newton equations.
LS The line search.

IPC Interior-Point-Condition.

IPMs Interior-point methods.
i.e. That is to say.

resp respectively.
e.g For example.

TABLE 0.6: ABBREVIATIONS.
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ABSTRACT

The purpose of this study is to solve the linear complementarity problem (LCP). To this end, we
divided this work into two parts. In the first half, we provide an interior-point algorithm based on
two novel parametric kernel functions. Proving that, under suitable assumptions, we guarantee the
existence and uniqueness of the solution to the LCP. Afterwards, we show that a certain choice of
the barrier degrees of our functions coincide with the best-known iteration bound for large-update
methods. Finally, we offer some numerical results that prove the utility of the proposed algorithm. In
the second part, we employ a smoothing-type algorithm and assuming a reasonable assumption, we
can describe the LCP as an NP-hard absolute value equation (AVE). So we must rewrite AVE as a set
of smooth equations and introduce two smoothing functions. Then, we show that the method is well-
defined when the singular values of the matrix related to AVE exceed one and that it is convergent
under the same assumption. We also demonstrate the numerical efficacy of this algorithm using these
two functions.

KEYWORDS. Linear complementarity problem, interior-point method, kernel function, large-update

methods, absolute value equation, smoothing-type algorithm, smoothing function.
RESUME

Le but de cette étude est de résoudre le probleme complémentaire linéaire (PCL). Pour cela, nous
avons divisé ce travail en deux parties. Dans la premiere moitié, nous proposons un algorithme de
point intérieur basé sur deux nouvelles fonctions paramétriques du noyau. Prouver que, sous des
hypotheses appropriées, nous garantissons 1’existence et I'unicité de la solution au PCL. Ensuite,
nous montrons qu’un certain choix des degrés de barriere de nos fonctions coincide avec I’itération
la plus connue liée aux méthodes a grand pas. Enfin, nous proposons quelques résultats numériques
qui prouvent I'utilité de I’algorithme proposé. Dans la deuxieme partie, nous utilisons un algorithme
de type lissage et en supposant une hypothese raisonnable, nous pouvons décrire le PCL comme
une équation de valeur absolue (EVA). Nous devons donc réécrire EVA sous la forme d’un ensemble
d’équations lisses et introduire deux fonctions de lissage. Ensuite, nous montrons que la méthode
est bien définie lorsque les valeurs singulieres de la matrice relatif a EVA dépassent un et qu’elle
est convergente sous la méme hypothese. Nous démontrons également 1’efficacité numérique de cet
algorithme en utilisant ces deux fonctions.

Morts CLES. Probléeme complémentaire linéaire, méthode du point intérieur, fonction du noyau,

méthodes de grand pas, équation de valeur absolue, algorithme de type lissage, fonction de lissage.
18 Lo (Aslall olgd Lidomd o . olasndl ol AUSde o 98 Al judl 008 (po 211
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GENERAL INTRODUCTION

Operations research is a large field of mathematics that covers many aspects of minimization and
optimization. In any case, we make every effort to produce the finest results possible. Every problem
has a set of qualities that must be attained by the expected solutions, which can be either a decision
problem or a problem improvement problem. All problems are defined as problems in order to find
a better solution. The challenge of improvement consists of locating an effective solution that fulfills
the maximum number of limitations while still achieving specific goals.

The linear complementarity problem (LCP) is a mathematical theory-rich inequality system. The
first-order optimality requirements of a quadratic optimization problem are a well-known scenario in
which linear complementarity issues can be encountered. In the mid-1960s, a systematic study of the
broad form of complementarity problem started. Over the course of five decades, the topic has evolved
into a highly productive specialty in the field of mathematical optimization. A rich mathematical
theory, a slew of efficient solution methods, a slew of intriguing linkages to many disciplines, and
a wide variety of relevant applications in geoscience, engineering, and economics are among the
developments. Mathematicians (pure, applied and computational), computer scientists, engineers and
economists have all contributed to the literature on complementarity problems. To tackle issue LCP,
many methods have been presented. They may be based on pivoting techniques [23] and [52], which
frequently suffer from the combinatorial aspect of the problem, on interior point methods [S1] or on
nonsmooth. Other iterative approaches can be found as [25].

The absolute value equation (AVE) was one of the most important issues that drew the attention of
many scholars who were particularly interested in exploring ways to solve it and, before that, whether
it has a solution or not. The importance of AVE is derived from its numerous applications in mathe-
matics and applied sciences. The linear complementarity problem (LCP), which incorporates linear
optimization (LO), convex quadratic programming (CQP), ordinary differential equation (ODE), and
hydrodynamic equation (HE), may be solved using the AVE. In its general version, the absolute value
equation is hence NP-hard. As a consequence, we have various results concerning the presence of a
solution to AVE, which were presented by Mangasarian et al. [S8] and Rohn et al. [69] as necessary
requirements for the unique solvability of the particular form of absolute value equation. Because the
AVE system is nonlinear, there are numerous numerical techniques in the literature for solving it. In
2004, Rohn [68] published the general form of the AVE and utilized the theorem of the alternatives
to solve it. The research then revealed a number of methods, such as the reformulation of the AVE as
a standard linear complementarity problem ( see [39], [56] and [78]), a concave minimization opti-
mization method ( see [1] and [57]), a generalized Newton method ( see [39] and [55]), a smoothing
Newton approach ( see [18], [43] and [71]), many iterative techniques like [29], [45], [46], [61], [63],
[69] and [77] . Several ways were also presented to solve the absolute value equations, which is still

ongoing to this day.
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On the other hand, we discovered that the interior-point method (/PM), which Karmarkar [44]
introduced in 1984, is one of the most efficient numerical methods for solving large classes of op-
timization problems and is highly efficient in both theory and practice because it has polynomial
complexity, can solve very large problems, and is of the Newton type (leads to digital efficiency)
during our study of other problems. The essential difference between this approach and the others
is that the former advances at the boundary of the realizable domain, while the Karmarkar method
progresses entirely within the realizable domain. Several studies on this issue were undertaken at
that time, resulting in about three thousand articles in a short period of time. The most important
result is the primal-dual techniques, which are successful and easy to adapt to solve many types of
problems (linear complementarity problems, quadratic problems, convex problems, ...). However, be-
cause the goal of this sort of study is usually to attain the greatest known complexity for large-update

techniques, the authors relied on a new class of functions known as kernel functions to do so.

Roos et al. [70] initially described the primal-dual /PMs, which are based on the conventional
logarithmic barrier function. Peng et al. [65] proposed the so-called self-regular proximity function
in 2002. According to Bai et al. [6], some analytical approaches for assessing the difficulty of primal-
dual IPMs were developed in 2004 based on a novel class of function called kernel functions with
some simple conditions on them and their derivatives, from which this research yielded the most accu-
rate findings for both small-update complexity, namely, O (1/n log ) and large-update complexity,
namely, O (\/ﬁ log n log g), wherein Bai et al. suggested a new kernel function with an exponential
barrier term and introduced the first new kernel function with a trigonometric barrier term in the same
reference. Then, very recently, this last class was embraced by all of the articles made by researchers

to solve multiple challenges based on various kernel functions, some of which are listed below.

In 2008, El Ghami et al. [33] offered a parameterized kernel function with a logarithmic barrier
term, while the following year, Bai et al. [8] introduced a parameterized kernel function with no lo-
garithmic barrier term in the general case. In 2011, Liu et al. [54] proposed a novel type of simple
kernel function that yields reasonable iteration bounds for primal-dual IPMs. El Ghami et al. [32]
evaluated the first kernel function for linear optimization with a trigonometric barrier term given in
[6] in 2012, and since then, research has focused on developing a new kernel function with a trigo-
nometric barrier term to improve the complexity bound, and Zhang [79] published a novel kernel
function for convex quadratic semi-definite optimization. Peyghami et al. [67] proposed a unique
kernel function with an exponential trigonometric for linear optimization problems in 2014. Achache
[2] investigated the complexity analysis of a new kernel function for semidefinite optimization in
2015, while Li et al. [$3] introduced another trigonometric barrier function. Bouafia et al. [12] and
[14] introduced two parameterized kernel functions in 2016 for interior-point procedures. The first
has a trigonometric barrier term where the complexity bound was generalized and enhanced based

on a new kernel function with trigonometric barrier terms derived in [S3], while the second function
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generalizes the kernel function reported in [8]. In 2017, Peyghami et al. [66] proposed a new ker-
nel function for convex quadratic semidefinite optimization problems. In 2018, Bouafia et al. [13]
presented the first parameterized logarithmic kernel function, Fathi-Hafshejani et al. [31] presented
a large-update primal-dual interior-point algorithm for linear optimization problems based on a new
kernel function with a trigonometric growth term and a novel kernel function for primal-dual /PMs
for linear complementarity problems was put out by Djeffal et al. [28]. In 2019, Bounibane et al. [16]
expanded on linear optimization using a novel kernel function and Moaberfardi et al. [60] presented
an /PM for lineair optimization based on a trigonometric kernel function. The next year, Touil et al.
[76] introduced and offered a new nonlogarithmic kernel function based on the type of his barrier
term, hyperbolic, while Benterki et al. [15] proposed a new parametric kernel function for convex
quadratic programming based on the primal-dual IPM. Guerdouh et al. [34] introduced a unique pa-
rametrized kernel function with a hyperbolic barrier term in 2021 to provide an efficient primal-dual
interior-point technique for linear optimization problems. Benhadid et al. [11] reported a complexity
study of an interior-point approach for linear optimization that is based on a novel parametric kernel
function with a double barrier term in 2022. With their unique barrier degree selections, the majority

of these algorithms produce the best-known complexity iteration bounds.

Our objective in this study is to solve the linear complementarity problem using theoretical, algo-
rithmic and numerical contributions. It is split into two halves. The first section focuses on interior-
point techniques of the type central trajectory through a new kernel function, due to their numerical
successes in comparison to other classes of interieur-point methods. In the second, we are interested
in the smoothing-type method to solve our problem, but it is necessary to reformulate LCP into AVE
then as a collection of smooth equations, as for the existence of the solution, we use an assumption of
Mangasarian and our new theoretical results must be supported by effective numerical experiments
on several examples. So, while we attempt to create a work that combines the most significant topic

and two methodologies in recent times, we continue to offer three obvious questions.

» Is it possible to develop new kernel functions for solving the linear complementarity problem
using the interior-point method ? Most critically, do these functions validate the well-known
complexity iteration bounds ?

» Is it possible to solve the linear complementarity problem using any other new smoothing
functions ?

» As for the numerical implementation, is it better for our functions that we propose in both

methods ? Is it true that the solutions to LCP and AVE are equivalent ?
In response to the three points raised above, we developed this thesis and divided the material
gleaned from our articles into three chapters, as follows :
The FIRST CHAPTER reminds us of the essential conceptions of frequent usage for the follo-

wing : matrix analysis, basic differetial and topological notions, analyzing convexity, fundamental
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optimization tools such as mathematical programming, optimization algorithms and the Newton me-
thod are used to solve nonlinear systems. Then, the linear complementarity problem, the absolute
value equation, relation between LCP and AVE and their solutions, the smoothing-type algorithm and
interior-point methods.

We provided two new parameterized kernel functions in the SECOND CHAPTER, which signifi-
cantly contribute to the development of a novel design for primal—dual interior-point algorithms to
solve the linear complementarity problem. The first function lacks a logarithmic barrier component,
whereas the second incorporates a new hyperbolic-logarithmic barrier term. Then, in order to analyze
the complexity of our approach, we investigate some essential properties of the two new kernel func-
tions. After that, using our two functions, we compute the iteration bounds for small- and large-update
techniques and identify the values of barrier degrees that reach the best-known complexity constraints.
The numerical findings are amazing, suggesting that our theoretical study is valid, as presented at the
end of the chapter.

In the THIRD CHAPTER, we are interested in a smoothing-type approach for solving the absolute
value equation which was obtained from the system LCP. The key contribution of this chapter is that
we change the absolute value equations into a system of smooth equations, present the two smoothing
functions, explore their characteristics, and illustrate their graphs. Then, assuming a suitable assump-
tion, we describe the algorithm based on our two functions, provide its fundamental features, and
demonstrate its well-definedness. Furthermore, we show that this last condition ensures the conver-
gence of our method. We conclude this chapter with some numerical results from our investigations
that employ the procedure to illustrate the effectiveness of our new functions.

Finally, we conclude our work with a general conclusion that summarizes the new findings in this
thesis, as well as their uniqueness and implications for future studies and we provide an appendix

with a comparison of the two algorithms and their solutions, followed by a bibliography.
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BASIC CONCEPTS

INTRODUCTION

In this chapter, we review several fundamental ideas (definition, theorem, ...) that will be used
in the subsequent chapters of this thesis. We review the key findings in matrix analysis, differential
calculus, analysis convexe, fundamental optimization tools, linear complementarity problem, abso-
lute value equation and some numerical methods are used to solve numerous types of optimization
problems. We first identify the sets of :

» Real square matrices of order n by : M, = {T := (t;;) € R™"}.
» Symmetric real square matrices of ordernby: S, = {T € M,,/T* =T}.

1.1 MATRIX ANALYSIS

We will start by going over some basic matrix concepts and notation.

EIGENVALUES & SINGULAR VALUES

PROPOSITION 1.1.1. X is an eigenvalue of the matrix T € M., if it is a roots of characteristic

polynomial of T which given as follows :
Pr(A) = det(T — AI),

where det(.) called the determinant of an matrix and I denotes the identity matrix in M.,,. We call

u € R™\{0} an eigenvector of T associated to the eigenvalue X if it achieves :
Tu = A\u.
REMARK 1.1.2. The determinant of a matrix T' is the product of its eigenvalues.

PROPERTIES 1.1.3. Let A\ 00 (7€Sp. Apmin) be the maximal (resp. minimal) eigenvalue of T, then :
(@) Amin(T) = A1(T) < Ae(T) < - -+ < An(T) = Amaa(T).
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(b) Forall T,R € S,, :
(2) Amin (T + R) > Apin(T) + Amin(R).
(22) Amaz (T + R) < Apaz(T) + Amaz (R).
(43%) Amin(—T) = —Amaz (T) and Aoz (—T) = —Amin(T).

DEFINITION 1.1.4. The singular values of a matrix T € M., are the square roots of the eigenvalues

of symmetric matrix T*T, such that :

O'Z(T) = \/)\i(TtT), 1= ]_,. o9 M.

REMARK 1.1.5. If T € S, then we have :  o;(T) = X\i(T) fori=1,...,n.

PROPOSITION 1.1.6. Suppose that Ty R € M.,,. Let 0 p,in(T') denote the minimum singular value

of T and & paz (R) denote the maximum singular value of R. Then, we have :
aml"(T) > Omaz (R) -~ Umln(TtT) > Umaw(RtR)-

DEFINITION 1.1.7. A matrix T € M., is invertible (nonsingular) if there exists a matrix R such that
TR = RT = I where R denoted by T~

REMARK 1.1.8. (a) If T € S, then all eigenvalues of T are real.
e singular values of T € M., are always positive or null.
(b) The singul lues of T € M lways positi Il
¢) The matrix T € M., is invertible < 0 is not an eigenvalue of T.
Th x T € M, is invertible < 0 i igenvalue of T
(d) Let the matrix T € M., is invertible, then :
(2) X is an eigenvalue of T' < A is an eigenvalue of T*.
(i2) X\ is an eigenvalue of T <> X~ is an eigenvalue of T .

(222) X is an eigenvalue of T' < A + acis an eigenvalue of T + al.

SCALAR PRODUCT & NORM

DEFINITION 1.1.9. The euclidean scalar product of two vectors u and v of R™ is defined by :

n

(u,v) = ulv = Z U Vs, (1.1)

i=1
where the application {.,.) : R"x R™ — R is verifies :
(a) (u,u) > 0and (u,u) =0 < x = Ogn,
(b) (u,v) = (v, u),

(¢) the application {(u, v) is linear.

DEFINITION 1.1.10. For u,v € R"™, we recall an application ||.|| : R™ — R4 a vectorial norm if
it verifies the following :
(a) ||lu]| > 0and ||u|| = 0 < u = Ogn,
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) llau|l = [afl|ull, Yo eR,
(©) llu+vf| < [lull + |lv]|

REMARK 1.1.11. (a) The euclidean norm associated with the sccilar product (1.1) is defined by :
ful = G = (S 2)
(b) The Cauchy-Schwarz inequality given as follows j=1
[(u, )| < Julll]v]l,  Vu,v € R™
(¢) For two vectors u and v in R™, if (u,v) = 0 then u and v are orthogonal.

Before presenting the next definition, we recall that the function trace Tr : M,, — R is given

by the expression :
TT(T) = Z tij.
=1
DEFINITION 1.1.12. The usual scalar product of T € M, and R € M., is defined by :
<T, R> = T’I"(TtR) = Z Z tijrij. (12)
=1 j=1

REMARK 1.1.13. The norm associated with the scalar product (1.2) is called the Frobenius norm

and given by :

|T||r = /Tr(TT).
DEFINITION 1.1.14. An application ||.|| : M, — R is said to be a matrix norm if it satisfies the
following properties :

(@) IT|| 2 0and | T|| =0 & T = Op,,
®) laT|| = [«lIT]l, Ve eR,

(@ IT + R|| < [IT[| + | R
(d) ITR|| < IT[| |-

>

PROPOSITION 1.1.15. Forall T € M,,, we have :
(@) IT|ly = max > |t;].
1=1,...,n =1

(b) | T2 = \/m(The spectral norm).
(@ 1Tl = max > It
REMARK 1.1.16. (a) Letj’_l_“le M., then :
ITllz < ITllr < v/n||T||2, foralln > 1.
(b) If T € S,,, we have the following :
ITllr = Tr(T?) and ||T||2 = Amaa(T),

where Aoz (T) = max (u, Tu), for all u € R™ (Rayleigh-Ritz).
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ABSOLUTE VALUE

DEFINITION 1.1.17. The absolute values of a matrix T € M., is given by :
IT| = (Iti;)1<ij<n
DEFINITION 1.1.18. For the vector u € R™. Then, the absolute values of u is given by :
[ul = (Juil)1<i<n-

DEFINITION 1.1.19. For u € R", we define the two vectors uy and u_ as follow :

us = max(u,0) and wu_ = max(0,—u)
such that :
u=u; —u_, (u_,uy)€ R
lu| = uy + u_ (1.3)
u uy = 0.

CLASSES OF MATRIX

The most significant matrix classes are recalled in this part.
DEFINITION 1.1.20. T' € M, is called a positive semi-definite matrix (i.e., T € ST orT > 0) if :
(Tu,u) = u'Tu >0, VYu € R"™
DEFINITION 1.1.21. T' € M, is called a positive definite matrix (i.e., T € St+ orT > 0) if :
(Tu,u) = u'Tu >0, Vu e R"\{0}.

THEOREM 1.1.22. ([37]) Let T € S,,, then the following propositions are equivalents :
(@) T > O(resp. T > 0),
(b) Ai(T) > O (resp. Mi(T) > 0)2 =1,...,n,
(¢) There is a matrix O € M,, such that T = OTO

(d) All dominant principal minors of T are strictly positive (resp. positive).

PROPERTIES 1.1.23. If T, R € S,,, then :
(@)T>R<T—R>0,
(b)T+ R > R,
(¢) If T — I = O, then T is invertible and I — T~ > 0,
(d) If R = T = O, then R is invertible (i.e., R > 0)and T™* » R™'.

REMARK 1.1.24. Let T € S, then T > 0 if and only if T~ > 0.
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THEOREM 1.1.25. Suppose that T' > 0, then the following matrix is invertible :

T
Uy

—1
U_

where U_ = diag(u_) € M, and U = diag(uy) € M,,.

PROOF. Using the last equality in system (1.3) and decomposed of matrix 1" we get :

t11 tin —1 0 ... 0
tnl tnn 0 -1
0 0 (u), 0 ... 0
0 0 (u-),, 0
(ut), 0 0
0 e o e o (U+)n2 0 0

where R € R?™2" n; = sup{i: (u_); > 0} and n, = sup {¢ : (uy); > 0}. The determi-

nant of this matrix is equal to :

tll(u_)l tlnl (U_)nl 0 e e 0
t, _ ton, (u_), 0
det(R) = det| (v (),
0 0 0 (u_|_)1 0 0
0 0 0 0 ('u,Jr)n2
s ny ti1 tin,
= JI (uq); - I] (u-); - det (1.4)
i=1 i=1
tnl tnnl

na
since all the principal minors of the matrix 1" are nonzeros and H (uy); H (u_), is nonzero, we

conclude that det(R) # 0. =t =t O

ni

EXAMPLE 1.1.26. Let :

T]__ =

D= 2 (),
0

and
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111 2 0
T=|0 21| (u_),=]1/| (ug),=1]0
0 0 3 0 1

By using (1.4), we can easily check that :

1 2 -1 O
34 0 -1
det(R;) = det =4-5-det(1) =20 #0,
00 0
0 4
withn, = ny = 1 and
111 -1 0 O
021 0 -1 O
003 0 0 -1 11
det(R;) = =1-2.-1-det =4+#0
000 2 O 0 2
000 O 1
001 0 O

where n, = 2.

DEFINITION 1.1.27. Let T € M.,,, then the following propositions are equivalents :
(a) T is a Py-matrix,
(b) Vi € {1,...,n}, det(T;) >0,
(c) for all 0 # u € R™, we can find an index i such that u; # 0 and uw;(T'u); > O,
(d) Vi € {1,...,n}, the real eigenvalues of T;; are positive.

REMARK 1.1.28. If T is positive semi-definite then T is &y-matrix.

DEFINITION 1.1.29. Let T € M.,,, then the following propositions are equivalents :
(a) T is a P-matrix,
(b) Vi e {1,...,n}, det(T;) > 0,
(¢) any u € R™ satisfying u(Tu) < 0 is zero,

(d) Vi € {1,...,n}, the real eigenvalues of T;; are strictly positive.
REMARK 1.1.30. If T is positive definite then T is &?-matrix.

DEFINITION 1.1.31. Letk > 0. T € M., is called P, (k)-matrix if for all u € R", we have :

eIt (u) iel—(u)

where It (u) = {¢ : u;(Tu); > 0} and I~ (u) = {i : u;(Tu); < 0}.
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REMARK 1.1.32. The relation (1.5) can also be written as follows :

u'Tu > —4k > (u(Tu);), Yu € R, k >0,
€It (u)

and from this last inequality it is clear that if kK = 0, then T’ is positive semi-definite matrix.

DEFINITION 1.1.33. We say that a matrix T € M., is a &-matrix if there exists a k > 0 such that

T € (k). We note the set of P.-matrices by :
P, = U P (K).
>0

REMARK 1.1.34. According to the latest definitions, we can easily check that :

P C P, C P

1.2 BASIC DIFFERENTIAL AND TOPOLOGICAL NOTIONS

The term topology in mathematics refers to the study of the characteristics of functions, such
as their continuity, limits and limits of sequences. The concept of differential allows the notion of

derivative to be extended to functions of many variables.

OPEN & CLOSED SETS

DEFINITION 1.2.1. A subset € of Q2 C R" is said to be open if for all element u € € there exists
r > 0 such that B(u,r) C €.

DEFINITION 1.2.2. A subset € of 2 C R™ is said to be closed if its complementary is open.

EXAMPLE 1.2.3. The two sets O and 2 are the only open-closed parts of 2, the open ball B(u, )
is an open of S and the closed ball B(u, ) is a closed of §2.

DEFINITION 1.2.4. Let € a subset of @ C R™, the interior of € which noted int(€) is the set of
elements w € € for which there exists v > 0 such that B(u,r) C €.

DEFINITION 1.2.5. Let € a subset of Q@ C R", the adhesion (or the closure) of € is noted € and
given by :

¢ ={u€¥,Vr>0,B(u,7)N% = 0}.

ACCUMULATION POINT

DEFINITION 1.2.6. Let € a subset of & C R"™. A vector u of 2 is called an accumulation point of
% if u is in the closure of €\{u} (i.e., %\{u})

REMARK 1.2.7. An accumulation point of € is not necessarily an element of €.

EXAMPLE 1.2.8. Let ¢ =)0, 1[U{2}, the set of accumulation points of € is [0, 1].
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NOTION OF CONVERGENCE AND BORNITUDE OF A SEQUENCE
Let (ug)ken be a sequence of elements of 2 C R™ and u* € Q.

DEFINITION 1.2.9. The sequence (uy)ren converges to u* if kliﬂ_n ||lur — u*|| = 0 and we can
— 100

write kligrn u, = u”. In this case, we say that (uy)ken is convergent.
—+o0

REMARK 1.2.10. A subset € C S is said to be closed if for any sequence (u)ren which satisfies

lim ||ug — u*|| = 0 we have u* € €.
k— oo

DEFINITION 1.2.11. A sequence (uy)ren is bounded if it remains between two real fixed values o

and Y. With mathematical notations, we have :

o< u, <3 foranyrankk € N.

CONTINUITY

Let €2 C R™ is an open set and the function h : 2 — R.

DEFINITION 1.2.12. We say that h is continuous in u € 2 if and only if for any sequence (uy)ren
of elements of 2 which converges to u*, the sequence (h(uy)),cy converges to h(u*). If h is conti-

nuous at any point of S, then h is continuous over all €.

DEFINITION 1.2.13. The partial derivative of h on point u with respect to the variable u; is given
by :

Oh () = oh () = lim h(u + te;) — h(u),

Yu € (,
Bui Bei t—0 t

where e; is the 1 element of the canonical basis of R™.

DEFINITION 1.2.14. The gradient of h on w is given by :

dh dh dh ‘
Vh(u) = ( —(u) —(u) ... (u) ) eR”, Vuec
8“1 Buz aun
DEFINITION 1.2.15. The Hessian matrix of h on u € €2 is given by :
0%h 0%*h
D2 () ... ——(u)
u? Ou,0u,
Hp(u) = V?h(u) = : . : EM,,.
0%h 0%h
ou,,0u, (w) .. ou? ()

DEFINITION 1.2.16. We say that h is of class C* on Q (i.e., h € Ck(ﬂ)) if all partial derivatives

until order k exist and are continuous.

PROPOSITION 1.2.17. The critical point of the function h is the point denoted by u* and check :
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oh
REMARK 1.2.18. (a) Vu € Q and Va € R", we have 8—(11,) = (Vh(u),a) = a'Vh(u).
a
(b) If h € C?(R2), then Hy(u) € S,.
(¢) If h : R™ — R™, the Jacobian matrix of h on w is given by :

Oh, Oh,
o () ... ou. (u)
6%h,, o%h,,
o (w) ... ou. (u)

1.3 CONVEX ANALYSIS

The concept of convexity, a field of mathematics that examines convex sets and functions, is
introduced in this section. It has evolved significantly as a result of its interactions with optimization,
where it adds unique qualities to the issues being researched.

CONVEX SETS
DEFINITION 1.3.1. A subset ¢ of R™ is said affine (i.e., linear) if :
au+ (1 —a)v €¥¢, Vu,v€ ¥, VaeR
DEFINITION 1.3.2. A subset € of R™ is said convex if :
au+(1—a)ve ¥, Yu,ve¥, Vac]0,1].

DEFINITION 1.3.3. We call affine (i.e., linear) combination of Elements uq, ..., ur of R™ any element
of the form :
k k
u = Z o;u;, with o; € R and Z o; = 1.

DEFINITION 1.3.4. Any linear combination satisfied :

k k
> oyu;, where o; >0 and > oy =1.
=1 i=1

is called convex combination of k-vectors uy, ..., up of R™.

CONVEX FUNCTIONS
Let % be a convex subset and the function h : ¥ — R.

DEFINITION 1.3.5. h is said convex on € if :

h(au+ (1 — a)v) < ah(u) + (1 — a)h(v), VYu,v € ¥, Vae€]0,1l]. (1.6)
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REMARK 1.3.6. If u = v or o = 0, then the inequality (1.6) is trivial.
DEFINITION 1.3.7. h is said strictly convex on € if :
h(au+ (1 — a)v) < ah(u) + (1 — a)h(v), VYu,v € ¥, Va €]0,1]

DEFINITION 1.3.8. h is said Strongly convex (B-convex) on € if there exists 3 > 0 such that for all
u,v € € and for all o € [0, 1], we have :

h(au+ (1 — a)v) < ah(u) + (1 — a)h(v) — ga(l — a)|lu — v||2

We can clarify the implication between the three previous concepts in the following schema.

Strongly convex = Strictly convex = Convex.

REMARK 1.3.9. The converses of the above implications are not true in general and to confirm this
we suggest the following function h(u) = Au+ bwith A € M,, and u,b € R™. Since h is linear

then it is clear that it is convex but it is not strictly convex so it is not strongly convex.

In general, it is difficult to check the convexity of a function using only the definition. To this end,

we present the following results.

THEOREM 1.3.10. If h € C2(Q2), Q an open and € C 2 convex. The following conditions are
equivalents :

(a) h is convex on €,

(b) Vu,v € ¢, h(v) > h(u) + (Vh(u),v — u),

(¢) V2h(u) is positive semi-definite on ¢ .

PROPERTIES 1.3.11. Let h a convex function on R, we get :
(a) If h is positive and admits two distinct zeros u < v, then h is zero on [u, v].
(b) If h is upper bound, then h is constant.

(¢) If h is increasing and not constant, then l_1>rJ£1 h(u) = +oo.
u o
DEFINITION 1.3.12. h is said Concave on € if —h convex on €.
REMARK 1.3.13. The affine functions are both convex and concave.

PROPERTIES 1.3.14. For the two functions h : R — Randl : R — R, we have :
(a) If h and 1 are convex, then the funcion h + 1 is convex.
(b) If h is convex, then the funcion ach is convex for all o > 0.

b is convex.

() If h is convex, then the funcion e
(d) If h is convex and h > 0, then h® is convex for all a > 1.
(e) If Lis convex and h is convex and increasing, then the composition funcion loh is also convex.

(f) If h is concave, then the funcion m is convex.
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EXAMPLE 1.3.15. Let the function h : R™ — R U {400} be convex, then the function h(u + td)
is convex with d € R™\{0} and t € R since for all t,,t2 € R and o € [0, 1] we have :

h(u+ (at; + (1 — a)tz)d) = h(u+ atid + (1 — a)tad)
= h(a(u+ t;d) + (1 — a)(u + t2d))
< ah(u+ tid) + (1 — a)h(u + t2d).

EXAMPLE 1.3.16. h(u) = ||u]|, w € R™ is convex.

In fact, the two concepts convexity and convcavity can be also depicted by geometric views.

0 yt z = ah(u) + (1 — a)h(v)
w=oau+ (1 —a)v
y = h(w)

z
< .

~
~

u w v u w v
Convex Concave

FIGURE 1.1: GRAPHS OF A CONVEX AND CONCAVE FUNCTIONS.

ELLIPTIC, COERCIVE, BARRIER & SMOOTHING FUNCTION

For the function h : R™ — R, we have the following definitions.

DEFINITION 1.3.17. We say that h is an elliptic function if it is of class C* and if there exists 3 > 0

such that :

(Vh(u) — Vh(v),u —v) > Bllu— |2, Vu,v € R™.

DEFINITION 1.3.18. We say that h is an coercive function on a convex set € if :

lim h(u) = +oo.

u€%,|[ul|=+o0

DEFINITION 1.3.19. If a continuous function h has a value on a point that grows to infinity as the
point gets closer to the limit of the feasible domain of an optimization problem, then we say that
h is a barrier function. These functions are used to substitute inequality restrictions with a more

manageable penalizing term in the objective function.

DEFINITION 1.3.20. We say that h is a smoothing function if it is infinitely differentiable i.e., h €
c™>.
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1.4 MATHEMATICAL PROGRAMMING

Numerical analysis encompasses a wide and diverse topic known as mathematical programming.
It refers to mathematical models that are used to address issues, including framing an optimization
issue in terms of an objective function h : R™ — R and restrictions. The general shape of a mathe-

matical program may be summed up as follows :

min h(u)

ueE”?

(MP)

where h is continuously differentiable function and %’ is the set of feasible solutions presented as ¢ =
{ueR": fi(u)y<0,t=1,...,kand g;(u) =0, j =1,...,m} with f;(u) and g;(u) are

scalar functions.

DEFINITION 1.4.1. We said that the vector u* is a feasible solution of (MP) if u* satisfying the

constraints (i.e., ifu* € €).
Let4 CR" h:% — Randu* € €.
DEFINITION 1.4.2. uw* is said to be a global minimum of h on € if :
h(u*) < h(u), Yu € @.

DEFINITION 1.4.3. u* is said to be a local minimum of h on € if there exists a neighborhood % of

w* such that :
h(u*) < h(u), Yu € N 2.

The following figure helps to clarify the distinction between the local and global minimum.

+h(u)
i local
minimumn
1 1 1 1 > U
-3-2-10 1 2 3 4 5

FIGURE 1.2: LOCAL AND GLOBAL MINIMUM FOR cos(u — 1) 4+ tan™!(u) + 3.

DEFINITION 1.4.4. For all © € [1, k], an inequality constraint f; is said to be active (or saturated)
at u* if fi(u*) = 0.

REMARK 1.4.5. It is clear from the definition of the set of feasible solutions and DEFINITION 1.4.4

that for all 3 € [1, m] the equality constraint g; is active at any u € €.
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CLASSIFICATION OF MATHEMATICAL PROGRAMMING

Now, it is crucial for the researcher to categorize the (MP) and understand the procedures that must
be taken to solve it before beginning any step. Because of convexity, differentiability, and linearity,
the three key characteristics of the functions h, f; and g; are what determine how (MP) is classified.

which are displayed in the table below.

BRANCHES : PROPERTIES :
Linear programming h, f; and g; are linear.
Convex programming h, f; and g; are convex.
Quadratic programming h is quadratic and convex and ¢ defined
by linear equalities and inequalities
Integer (or discrete) % is a discrete set (i.e., the variables
programming are integers).

TABLE 1.1: THE CLASSIFICATION OF MATHEMATICAL PROGRAMMING.

THEOREM 1.4.6. For a convex program, any local optimum is a global optimum.

The complete resolution of (MP) is processed in the order of following points :

Verify the existence (the uniqueness, if possible) of an optimal solution.

Characterization of the solution.

U

Development of algorithms to numerically calculate this solution.

FIGURE 1.3: BASIC STEPS TO SOLVE A MATHEMATICAL PROGRAM.

MAIN RESULTS OF EXISTENCE

The three most popular theorems that ensure the existence and uniqueness of the solution to a

mathematical programming problems are presented in this paragraph.

THEOREM 1.4.7. (Weirstrass, [10]) If € is nonempty compact (closed and bounded) of R™ and if h

is continuous on ¢ then (MP) admits at least one optimal solution u* € €.

THEOREM 1.4.8. If € is nonempty closed of R™, h is continuous and coercive on € then (MP)

admits at least one optimal solution.

THEOREM 1.4.9. If € is nonempty convex of R™, h is strictly convex on € then (MP) admits at most

one optimal solution.

REMARK 1.4.10. The strict convexity does not ensure the existence of the solution but ensures its

uniqueness.
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QUALIFICAION OF CONSTRAINTS

Before giving the optimal conditions of (MP), we require that the constraints satisfy certain crite-

ria known as qualification criteria.

PROPOSITION 1.4.11. A vector u* € %€ is said to be regular (i.e., the constraints are qualified
at u*) if the gradient components, corresponding to the saturated constraints in u*, are linearly

independent.

PROPOSITION 1.4.12. The constraint qualificaion is satisfied if at any vector of €, if :

(a) All the constraints are affine.

(b) € is defined only by inequalities, which means that we have the following Slater criteria :
fi(w) is convex for all i € [1, k] and there exists a vector ug such that f;(ug) < 0 (int(€) # 0).

OPTIMALITY CONDITIONS

In this part, we first define the Lagrangian function, then list the Karush-Kuhn-Tucker conditions.

The qualifying condition of the restrictions is assumed to be verified in what follows.

DEFINITION 1.4.13. We call the function £ : R™ x R™ x R¥ — R the Lagrangian associated with
the mathematical program (MP) and is given by :
m k
L(u, Ay p) = h(u) + 3 Njgj(u) + > pifi(u),
j=1 i=1
where Aj and p; are reals called Lagrange multipliers such that A\; € R and p; € Ry for all
j € [1,m] and i € [1, k], respectively.

Now, we suppose that the functions h, f; and g; are at least twice continuously differentiable and

we present the gradient vector of Lagrangian in u € R™ :

VoL(u A ) = Vh(u) + 3 A Vg (w) + 3 ¥ fi(u).

REMARK 1.4.14. If w is a local minimum, then there exists a unique pair (A, u) € R™ x R¥ that
satisfies V , L(u, X, pp) = Ogn.

Due to the vital role that duality plays in the analysis and resolution of mathematical programming,

it is important to remember that the dual problem of (MP) is provided by :

sup inf L(u, A\, p)

A UET

VuL(uy A, ) = Ogn (DP)
AER™ ueRE
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THEOREM 1.4.15. (Karush-Kuhn-Tucker (KKT), [62]) If u* is a local optimal solution of (MP)
satisfying one of the previous qualifying conditions, then there are multipliers X\ € R™ and p € Ri

such as :
L(u*, A\, pn) =0, (optimality condition)

pifi(x*) =0, 1€ [1,k], (condition of complementarity) (KKT)
gi(z) =0, je€[l,m]
REMARK 1.4.16. (a) If the constraints are not qualified in u* the conditions of (KKT) do not apply
(u* may be optimal without verifying these conditions).
(b) If (MP) is convex, the conditions of (KKT) are both necessary and sufficient for u* to be a

global minimum.

1.5 OPTIMIZATION ALGORITHM

The aforementioned information makes it abundantly evident that we must use an iterative ap-
proach, often expressed in the same way and referred to as an algorithm, in order to arrive at an
optimal solution to (MP).

An algorithm is defined by an application called Algo : € — %, where ¥ is the set of fea-
sible solutions. Defining an algorithm is nothing else than generating a sequence (ug)gen Of €. The

generation of a sequence of elements of ¢ given by the formula :

INPUT :
ug € € given; k = 0.
ITERATION :
BEGIN :
Upt1 = Algo(uyg);
k=k+ 1.
END.

FIGURE 1.4: THE GENERIC OPTIMIZATION ALGORITHM.

REMARK 1.5.1. Ifwe replace € by its interior;, assuming that int(€) # 0, the algorithm is says an
interior point algorithm.
CONVERGENCE OF ALGORITHM

We will discuss several definitions about the convergence of (uy)gen and asymptotic notations.

DEFINITION 1.5.2. Algorithm Algo is said to be convergent if the sequence (uy)ren generated by

the algorithm converges to a limit u*.

PROPOSITION 1.5.3. A criteria for measuring the rate of convergence is the evolution of the error

committed at each iteration : ey, = ||up — u*||.
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Let (ug)ken @ sequence given by algorithm Algo and converging to w*.

PROPOSITION 1.5.4. The speed of convergence of a sequence which based on the notions of compa-
rison of functions in the neighborhood of +oo could be :

(a’) If Jace [09 1[7 dko € N,Vk > ko, ||Uk+1 - U*” < a”uk —u’

, then uy, converges
linearly to u*.

(b) If there is a positive sequence o, that converges to 0 such that ||ug11 —u*|| < og||ur—u*|],
then uy, converges superlinear to u*.

(e)If Fa €[0,1[,3Tke € N,Vk > ko, ||urr1—u*|| < al||ur—u*||?, then the convergence
is of order B with B > 1.

REMARK 1.5.5. In the case B = 2, uy converges quadratically to u*.

COMPLEXITY OF ALGORITHM
Leth,l : N — RT.

DEFINITION 1.5.6. (O-notation) We note h(n) = O(l(n)) if and only if :

Jk € RT,3ng € N,Vn > ng : h(n) < kl(n).
DEFINITION 1.5.7. (®-notation) We note h(n) = ©(l(n)) if and only if :

Jki, ks € RY,3ng € N,Vn > ng : kil(n) < h(n) < kal(n).

DEFINITION 1.5.8. (o-notation) We note h(n) = o(l(n)) if and only if :

Vk € R,3Ing € N,Vn > ng : h(n) < kl(n).

DEFINITION 1.5.9. The complexity of the algorithm Algo is measured by how many simple opera-
tions it performs to solve a problem (e.g., assignment, comparisons, arithmetic operations,. . . ). If the
number of operations required to solve the issue must be constrained by a polynomial P that depends

on the problem’s size (i.e., O(P(n))) then the method Algo is said to have polynomial complexity.

NEWTON’S METHOD FOR SOLVING NONLINEAR SYSTEMS

Since the resolution of mathematical programming is equivalent to solving the Karush-Khun-
Tucker optimality conditions, it is important to remember one of the most common approaches used to
solve a system of nonlinear equations. This approach is known as Newton’s method and it contributes
mainly to finding the iterations of the algorithm Algo. The suggested approach is characterized by
its speed of convergence near the solution. Let h : R™ — R™ be a continuous, differentiable function
and let Jp,(u) be the Jacobian matrix of the function h. The principle of this method is consist of

finding a zero of the function h of a variable u € R"™. Therefore, we consider the following nonlinear
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system h(u) = Ogn where h(u) = (hy(u),...,h,(u))" with h; is a nonlinear real function for
it = 1,...,n. Given an initial estimate uo of R”™ we compute a sequence (ug)xen Of trial solution.
For k = 0,...,n — 1, we use the following formula :

U1 = U — Jh(uk)_lh(uk),

If we want to facilitate the study, we will :
Jh(uk)Auk = —h(uk) (17)

where Awy, is the solution of (1.7) called the direction vector. The algorithm is given as follows :

INPUT :
ug € R™ given; € > 0 stopping tolerance; k = 0.
ITERATION :
BEGIN :
WHILE (||h(ug)|| > €) DO
BEGIN :
Solve the system (1.7) to obtain Awy;
Up41 = U + Aug;
k=Fk+1.
END.
END.

FIGURE 1.5: NEWTON’S METHOD ALGORITHM.

The computation of J, () and solving the system (1.7) in the aforementioned method are crucial

steps.

REMARK 1.5.10. (a) If ug is sufficiently inside the set of solutions of h, then this sequence converges
to a root of h(u) = Ogn.

(b) If the function h is defined by h(u) = Au + b (i.e., linear) with A € M,, and b € R",
then Newton’s method amounts to solving the linear system Au = b. In effect, J,(uy) = A for all

k > 0 and the iterations give Auy,1 = b.

1.6 LINEAR COMPLEMENTARITY PROBLEM

The linear complementarity problem, abbreviated as LCP, is a system of finitely many equalities
in finitely many nonnegative variables along with a special equation that expresses the complementary
relationship between the variables and corresponding equalities.

Mathematically and more specifically, in operational research and optimization, the standard li-
near complementarity problem is defined by the data of a matrix M € M,, and a vector g € R". It

consists in determining a vector z € R"™ whose components and those of w € R™ are both positive
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and z and w are orthogonal for the Euclidean scalar product of R™. The general format of a standard
linear complementarity problem is given as follows :
w=Mz+ z,w) € R?"
q, (zw) + (LCP)
zlw =0
where the first constraint represents feasibility and the second one is called a complementary condi-
tion, which is the key feature distinguishing the complementarity problem from a general equality

system. The system (LCP) is often written concisely as follows :
Opn < 2z 1 Mz + q > Ogn. (1.8)

The standard linear complementarity problem is said to be linear because z occurs linearly in
terms of left and right in (1.8), but in reality it is a nonlinear problem because of the last relation
(LCP) between z and w = M z + q. Thus, there is no linear relationship between q and the possible

solutions to the LCP. (LCP) is also known as mathematical programming :

min z'w

w—Mz=gq, (z,w)e€R

The standard LCP is not an optimization problem, but it is well known that it includes many
important mathematical problems such as linear optimization and convex quadratic programming
problems. The reformulation of these two problems into standard LCPs is based on the Karush-Kuhn-
Tucker (KKT) optimality conditions. To simplify the idea of transformation, we present the following

two examples :

EXAMPLE 1.6.1. (Linear optimization)

We consider the linear optimization in the standard format as follows :

min c'z
z (LO)
and the dual problem of (LO) is given by :
max blu
u (DLO)

Alu+A=¢c, A€ERY

where Z,c € R™, u,b € R™ and A € R™". The Karush-Kuhn-Tucker (KKT) conditions for (LO)
and (DLO) are given by :

OPTIMIZATION AND CONTROL 18 UNIVERSITY OF BATNA 2



CHALEKH RANDA FEASIBLE INTERIOR POINT METHOD FOR LCP

A=Au+ec, (%) €RP
p=b—Az, (u,p)€ R
wpy =0, ANz=0
The standard LCP associated with linear optimization is given as follows :
A OMn At z (&
= +
© —A Op,, u b
utp=0, AzZ=0
OMn At (&

now we consider w = yZ = s M = and q =
I u —A Opm,, b

I\

EXAMPLE 1.6.2. (Convex quadratic programming)

The primal problem of the convex quadratic programming is given by :

1
min c'z 4+ —z'Qz
E t5Ee (CQP)

the dual problem of (CQP) is given by

1
max blu — —2'QZz
o) 2 (DCQP)
Alu+A—-Qz=c, AER]

where Z,c € R", u,b € R™, A € R™" and Q € M, a positive semidefinite matrix. The
Karush-Kuhn-Tucker (KKT) conditions for (CQP) and (DCQP) are given by :

A=Qz+ A'u+c, (£ €RY
p=>b— Az, (u,p)€RY"
ulp =0, Az=0

The above system can be transformed into a standard LCP of the form :

A Q At Z c
= +
u —A Opn,, U b

ulp =0, Az=0

with w = yZ = M = and q =

1.6.1 UNIQUE SOLVABILITY OF THE LCP

We started by introducing the subsequent sets :
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Frop = {(z,w) € R :w = Mz + q},
Fiep = {(z,w) € RY :w = Mz + q},
and
Solrcp = {(z,w) € Frcop: z'w = 0}
where Frcp, F]p and Solcp are the feasible set, the strictly feasible set of (LCP) and its solution

set, respectively.

PROPOSITION 1.6.3. The LCP is monotone (resp. strictly monotone) if the matrix M € M, is

positive semi-definite (resp. positive definite) i.e.,
w— Mz = 0gn = 2'w >0, Vz,w € R" (resp. z'w >0, Vz,w e R"\{0}). (1.9

REMARK 1.6.4. If the LCP is monotone (M may not be symmetric), then the LCP is called a mono-

tone linear complementarity problem (MLCP).

We refer to the following theorem, which Cottle, Pang and Stone demonstrated, to show that LCP

is solvable in a unique manner.

THEOREM 1.6.5. (Theorem 3.3.7, [24]) A matrix M € M., is a &?-matrix if and only if the LCP
has a unique solution for every q € R™. In this case, the LCP with &?-matrix is denoted by &?-LCP.

1.6.2 HORIZONTAL LINEAR COMPLEMENTARITY PROBLEM

The horizontal linear complementarity problem (HLCP) consists of finding a pair (z,w) €

R™ x R™ that achieves the system below with the given N, M € M, and g € R".

Nw=M € R3»
w z+4q, (z,w)€ERY (HLCP)
zlw =0

REMARK 1.6.6. The HLCP is reduced to a LCP if N = I or N is invertible.

We refer to the set of feasible points, the set of strictly feasible points and the set of solutions for
HLCP, respectively, by :
Furcr = {(z,w) € Ri” : Nw = Mz + q},
Fhrep = {(z,w) €ERZ" : Nw = Mz + q}
and
Solgrcp = {(2,w) € Fyrcp : z'w = 0},
PROPOSITION 1.6.7. An HLCP is said to be monotone (resp. strictly monotone) if the pair of matrices

[N, M| satisfies :

Nw— Mz = 0gn = 2w >0, Vz,w € R" (resp. z'w >0, Vz,w € R"\{0}).
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1.7 THE ABSOLUTE VALUE EQUATION

Let us consider the absolute value equation represented by (AVE), which consists of finding a

vector u in real space R™ given as follows :
Au — |u|l =b (AVE)

where A € M,,, b € R” are given and |u| denotes the vector with the absolute values of each

component of u. (AVE) is a special form of AVE that can be obtained in the following way :
Au + Blu| =b (GAVE)

where B € M,, is a given non-zero matrix. If B = 04, then the (GAVE) is equivalent to the

classical system of linear equations :
Au =b.

The general form of AVEs was first introduced by Rohn in [68], then investigated in a more general

context by Mangasarian in [56].
REMARK 1.7.1. Ifwe replace B by —1I we get the system (AVE).

The following are some examples of problems that may be expressed as an absolute value equa-

tion.

EXAMPLE 1.7.2. (Ordinary differential equation)

The ordinary differential equation (ODE) is taken into consideration in the following manner :

d*u
—ﬁ(v) — |u(v)| = f(v)

u(a) = Wini, u(b) = usin, v € [a,b]

(ODE)

we initially use the finite difference method to discretize the ODE. We obtain the following results

after approximating the second order derivative using the second-order centred finite difference :

—U;_1 + 2u; — Ui

h?2

- |Uz| = fi

b—a

where u(v;) = wu;, f(v;) = fiandv; = a+ih, Vi =1,...,nwithh = .Fori =0

n +
and 1 = n + 1 we have ug = WUiyn; and Up 1 = Uiy, respectively. Then, we obtain the following

problem :
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2 —1 0 ... ... ... O uq |y | f1 — Wing
-1 2 -1 0 ... ... O U |uz] I
1 0 -1 2 —-1 0 : : :
h2
0o -1 2 -1 Up_1 |t 1| o1
0o -1 2 Uy, |un | fn — Ufpin

which is equivalent to the absolute value equation shown below :
Ahu — |u| = bh.
EXAMPLE 1.7.3. (The hydrodynamic equations)
The hydrodynamic equations (HE) are taken into account as follows :

Hu + max(u,0) = h (HE)

where H € M,,, h € R"™ are given. We obtain the following equation by applying (1.3) :
Hu + ;(u—l— lul) =h

then we discover :
2H +I)u + |u| = 2h

consequently, the HE can be transformed into an AVE with A = —2H — I and b = —2h.

1.7.1 UNIQUE SOLVABILITY OF THE AVE

Mangasarian and Meyer [58] provided some results about the existence of AVE solutions, which

we enumerate in the definitions that follow.
DEFINITION 1.7.4. The system (AVE) is uniquely solvable for any b € R™ if opin(A) > 1.

DEFINITION 1.7.5. If 1 is not an eigenvalue of A, the singular values of A are merely greater than
orequaltoland {v: (A+I)v—b>0,(A —I)v—b > 0} # 0, then (AVE) is solvable.

DEFINITION 1.7.6. (AVE) is uniquely solvable for any b if || A71|| < 1.

min |b;|
DEFINITION 1.7.7. Ifb < Oand ||A|| < ——+—
2max |b;

K2
solutions each of which has no zero components and a different sign pattern.

, then the system (AVE) has exactly 2™ distinct

REMARK 1.7.8. Recently, most writers have relied on DEFINITION 1.7.4 to guarantee the special

form of AVEs is uniquely solvable. This is exactly what we will follow throughout this thesis.
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1.8 RELATION BETWEEN AVE AND LCP

TRANSFORM AVE INTO LCP

This section will describe how, given a suitable assumption, we can write the absolute value equa-
tion (AVE) as a monotone linear complementarity problem (L.CP) (this latter is similar to the one
given by Yong et al. [78]). In order to achieve this, we presume that (AVE) meets the following

requirement throughout this thesis :
ASSUMPTION 1. The singular values of A exceed 1.

REMARK 1.8.1. When we want to ensure the unique solvability of (GAVE). ASSUMPTION 1 gene-
ralizes to "The minimal singular value of the matrix A is strictly greater than the maximal singular

value of the matrix B".
PROPOSITION 1.8.2. Under ASSUMPTION 1, the system (AVE) is written as (LCP).

PROOF. It is possible to change the system (AVE) into the following system by using (1.3) :

(A - I)U+ - (A + I)u— = b, (u_,u+) S Rin

(1.10)
utuy, =0

we first show that the matrix (A — I') is nonsingular since, if not for a nonzero vector s € R"”, we
have that (A — I)s = 0. So:
0%n(A) = Anin(A'A) = min s'A'As < || As|* = |ls|* = 1

this is in conflict with ASSUMPTION 1. Consequently, (A — I) is invertible and the system (1.10)

can be reduced to the following :

uy=(A-I""A+Du_+(A-I)""b, (u_,uy)€R¥

(1.11)
utuy, =0
corresponding to (LCP), we put :
z=u_, w=uy, M=(A-I)""(A+1I), and g=(A—1)""b. (1.12)

and we obtain the desired result. O]

REMARK 1.8.3. Without any hypothesis, the absolute value equation (AVE) can be converted into
the following HLCP :
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(A—Duy =(A+DNu_+b, (u_,uy)€R¥F

utu, =0

with:z=u_, w=uy, M=(A+I), N=(A—-1I) and q=(A—-1I)"'b

TRANSFORM LCP INTO AVE

Furthermore, there is an equivalence between (AVE) and (LCP) under a suitable assumption.
Therefore, we can rewrite any (LCP) which fulfills this assumption as an (AVE). Afterward, we

apply the subsequent variable change :
1 1
w = §(|u|—i—u) and z = §(|u| —u) (1.13)

where the first equality is obtained by adding the second and third equations of the system (1.3) and
the second equality is obtained by deducing the same equations for the same system. When (1.13) is

substituted for (LCP), the system shown below results :
(M +Du— (M —1I)u| =2q, (Ju|—u,|u]+u)€R¥
(lu| —w)(Jlul +u) =0

it \;(M) # 1forallt = 1,...,n (ie., (M — I) is invertible), then the first equation in the above
system becomes :
(M —-—1I)"'(M +Du— |u| =2(M — I) 'q. (1.14)

Using the formulas A = (M — I)"*(M +I) and b = 2(M — I)~'q, we uncover an equivalence
system which similar to the (AVE).

REMARK 1.8.4. If the matrix (M — N) is nonsingular, then the HLCP is an (AVE), with :
A=(M—-N)* M+ N), b=2(M — N) 'q

REMARK 1.8.5. Since the standard LCP subsumes many mathematical programming problems, we
draw the conclusion that the problems raised in EXAMPLE 1.6.1 and EXAMPLE 1.6.2 may be
restated as (AVE) based on this final justification.

HARDNESS OF THE AVE

A complexity class is a collection of issues having similar difficulty in complexity theory. These
classes assist scientists in grouping issues based on how long Algo takes to solve problems (the
number of steps necessary may also be used to indicate how long it takes to verify the results). There

are other classes available ; however, we are most interested in the following :

OPTIMIZATION AND CONTROL 24 UNIVERSITY OF BATNA 2



CHALEKH RANDA FEASIBLE INTERIOR POINT METHOD FOR LCP

DEFINITION 1.8.6. "Non-deterministic Polynomial-time" is the abbreviation for the NP class. It is
a set of decision problems that can be solved in polynomial time by a non-deterministic computer.
The solutions to NP issues are difficult to find, but they are simple to verify, and NP problems can be

verified in polynomial time.

DEFINITION 1.8.7. An NP-hard class is a class of issues that is at least as difficult as the toughest
problem in NP, and it is a class of problems in which every problem in NP can be reduced to NP-hard

in polynomial time. NP does not encompass all NP-hard issues. Checking them takes a long time.

At this point, we infer that solving the (AVE) is NP-hard by reducing it to the standard LCP, which
subsumes numerous mathematical problems into the (AVE). Mangasarian confirms this in the next

lemma.

LEMMA 1.8.8. (Proposition 2, [56]) Solving the (AVE) is NP-hard.

1.8.1 EQUIVALENCE BETWEEN THE SOLUTIONS OF AVE AND LCP

In addition to the equivalence between the two systems (AVE) and (LCP), we present the follo-

wing corollary, which shows the relation between their solutions.

COROLLARY 1.8.9. The system (AVE) is uniquely solvable for any b € R™ if and only if the system
(LCP) is an &?-LCP.

PROOF. We suppose that (LCP) is an &-LCP. Due to THEOREM 1.6.5, the system (1.11) has a

unique solution for any vector (A — I)~'b € R™ noted by (u* u’ ) and satisfies the following :

w,=A-0)""(A+Du* +(A-1)""b, (u*,ur) € Ry

%
+
*tu* =0
-ty

u
Now, we simplify the feasible constraint we obtain :
wi=A-I""A+DHu* +(A-I)"" & (A-Du}i=(A+DHu* +b

& (A-Duy —(A+DHu* =b

< A(ul —ul)—(ul +ur)=0>
substituting in the above system and using (1.3), we get :

Au* — |u*| = b

hence, u* is the unique solution of (AVE) for any b € R". [

REMARK 1.8.10. From the results of SECTION 1.1, the condition "(LCP) is an &?-LCP" used in
COROLLARY 1.8.9 can be reduced to "The matrix (A — I)™Y(A + I) is positive definite".

PROPOSITION 1.8.11. Under ASSUMPTION 1, the matrix M = (A — I)"*(A + I) is positive
definite.
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PROOF. First, due to PROPERTIES 1.1.3 and ASSUMPTION 1 the matrix A*A — I is positive

definite since :
)\m,-n(AtA —1I)> )\mm(AtA) — Amae(I) = )\mm(AtA) —1>0.

Using REMARK 1.1.8, the matrix AA* — T is also positive definite since the eigenvalues of the

two matrices A* A and A A? are equal. So for all nonzero s € R", we get :
sf(A+I)(A* —I)s =s'(AA"—I)s >0
letting v = (A* — I)s # Ogn, we obtain :
sf(A+ 1A' —1)s = ((A'=I)")(A+ I)v
= v"(A-I)"Y A+ I)v
= v'Mwv

thus, M is positive definite. O]
REMARK 1.8.12. Under ASSUMPTION 1, (1.11) is uniquely solvable for any q.

Now, we present a theorem that shows the unique solvability of (AVE).
THEOREM 1.8.13. If ASSUMPTION 1 is satisfied, then (AVE) is uniquely solvable for every b.

PROOF. Because ASSUMPTION 1 is satisfied, the matrix M is positive definite (according to PRO-
POSITION 1.8.11). So, using REMARK 1.1.30, we obtain that M is a &-matrix. Consequently, the
LCP has a unique solution for every g from THEOREM 1.6.5. Hence, due to COROLLARY 1.8.9,
we get that (AVE) is uniquely solvable for every b € R". [

REMARK 1.8.14. If the matrix A = (M — I)™'(M + I) satisfy ASSUMPTION 1, the system
(1.14) is uniquely solvable for any b = 2(M — I)™q.

This part is concluded by a corollary, which, under the suitable assumption, ensures that the solu-

tions of (LCP) and (AVE) are equivalent.

COROLLARY 1.8.15. (Corollary 2.12, [3]) Under ASSUMPTION 1, the pair of vectors (u* , u’, )
is the unique solution of (LCP) if and only if the vector u* = u’ — u’ is the unique solution of

(AVE).

PROOF. ASSUMPTION 1 ensures that (LCP) is a #?-LCP based on THEOREM 1.6.5 and COROL-
LARY 1.8.9. Then, due to THEOREM 1.8.13, we get that (u* , ui) is the unique solution of (LCP)

if and only if u* = uj_ — u”* is the unique solution of (AVE). ]

REMARK 1.8.16. Under ASSUMPTION 1, the vector u* is the unique solution of (1.14) if and only
1 1
if the pair of vectors (2 (Ju*| — u*), 2 (Ju*| + 'u,*)> is the unique solution of (LCP).
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1.9 SOME NUMERICAL METHODS

Several academics are particularly interested in researching ways to solve problems such as linear
optimization, convex quadratic programming, linear complementarity, and absolute value equation,
etc. In our research, we are interested in examining the two approaches described below, which are

employed to solve the linear complementarity problem in the next chapters.

1.9.1 INTERIOR-POINT METHODS

In 1947, Dantzig [26] proposed a very effective technique for solving linear programming pro-
blems called the simplex method, and this method remained dominant for almost forty years, des-
pite the efforts of many researchers who have written hundreds of books and published thousands
of articles on the subject. But with the emergence of the important concepts of optimization and
complexity theory in the 1970s, it meant that to solve the problem in a given number of operations
bounded by a polynomial of the same size as the problem. Unfortunately, this property is not achie-
ved by the simplex method, as Klee and Minty have shown in [48], because the complexity of this
method is exponential. In 1979, Khachiyan [47] implemented the first polynomial algorithm for li-
near programming called the ellipsoid algorithm. However, the proposed algorithm turned out to be
completely inefficient in practice. In 1984, Karmarkar [44] developed a polynomial algorithm based
on interior penalty methods, this algorithm was essentially different from the simplex method by the
fact that, in the latter, one moves along the boundary of the realizable domain, whereas in the Kar-
markar method, one progresses while remaining strictly inside the realizable domain. In that period,
studies have been launched and went in depth on this subject, such that we record more than 3000
publications in a few years and the most important result is that there are four fundamental classes of

interior-point methods, namely :

AFFINE METHODS

The affine methods were first introduced by Dikin [27] in 1967 (affine algorithms with small
steps), but it was not until the appearance of the famous article by Karmarkar [44] in 1984 that it
was shown that affine algorithms are interior point algorithms, i.e., algorithms that progress while
remaining strictly inside the feasible domain by using an affine transformation and we replace the
non-negativity constraint by an ellipsoid that contains the new iterate. The convergence of these me-
thods has been the subject of many studies, but no polynomiality bound has been proven so far. The
algorithm is characterized by its simplicity, efficiency and each iteration of the affine algorithm re-

quires a number of operations of the order O(n?).
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PROJECTIVE METHODS

Despite the projective methods that were proposed by Karmarkar [44], the implementation and
the transformations necessary to solve a standard linear programming problem remained secret until
1985, when they were published by Tomlin [75] and Shanno and Marsten [72] in particular. This
algorithm is an iterative procedure that consists of generating a sequence {uy} of points strictly
feasible and verifying :

Ug = €

—k
ctuy, < (exp ) ctug, Vk>1
5n

i.e., the sequence generated by the algorithm is satisfied :
ctuy, < <exp _> ctug, Vk>1
5n
this is equivalent to :

k
n log ctuy, < nlogctug — % Vk > 1.

To pass from iteration k to iteration k 4+ 1 we used a projective transformation, which is defined

as follows :
Tp 'I’L(U k)‘lu
U— U= ——"—
et(Ug)'u
where Uy, is a diagonal matrix whose components are the uw; for 2 = 1,...,k. The projective

transformation is bijective and the inverse transformation is given by :

(@) @) = o

The projective method is more efficient than the simplex method, especially for large problems. In

fact, there are several researchers who have been able to highlight the remarkable comparison between
these two methods, such as those of Ye and Kojima , Monma and Morton, Adler et al. and many other
researchers. The algorithm requires O(n L) iterations and each iteration requires O(n?) arithmetic
operations, hence the total complexity is O(n*L) operations. Karmarkar was even able to reduce it

to O(n35 L) operations using a partial update process.

POTENTIAL METHODS

The potential method is another variant of Karmarkar’s algorithm. The algorithms are distingui-
shed by the fact that they retain the characteristics of the algorithm, in particular, the polynomial
complexity bound and the ability to take large steps based on the potential function without the use
of the projective change of variables. The algorithms of this method are simply steepest descent al-
gorithms with affine conditioning applied to a potential function. The primal potential function that is

defined by Karmarkar is given as follow :
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fxp(u,vr) = glog(cu —vr) — ) _ logu;
=1

where vy, is a lower bound of the optimal value on the objective and ¢ = n + 1. Its dual function is :

fxp(z,vy) = qlog(vy — b'z) — ) logw;
=1

where vy is the upper bound of the optimal value. Ye and Todd [73] proposed the following primal-

dual potential function :

fyr(u,w) = qlog(u'w) — ) logu; — ) logw;,
=1

i=1

where ¢ = 2n in [74] and ¢ = n + /n in [73]. These functions have the primary role of
measuring the progress of the algorithm (analysis and complexity), but they can also be used to find
directions. The potential functions are not convex ; however, they admit a unique minimum for any
bound v (v = v or v = vy) and for any ¢ > n. This algorithm has (n3L) operations for linear
programming problems. They show that the use of the rule of "Goldstein-Armijo" to save the direction

2:5) operations for

sought during the primal steps is sufficient to keep an average complexity of (n
iteration ; they extend the dual step to apply the partial update, thus the total complexity of their

algorithm is only 0(n®L) operations.

CENTRAL PATH METHODS

They were introduced at the same time as potential reduction methods and developed by Barnes
[9] in 1987. The central trajectory method was studied first by Bayer and Lagarias, then by Meggido,
Ben Daya and Shetly, Renegar, Gonzaga, Vaidya, Monteiro and Adler, Kojima et al., Roos and Vial,
Goldfarb and Liu, etc. As its name indicates, this method is based on following a central trajectory.
Depending on the case, this central trajectory is defined as the set of minimal auxiliary functions
considered. This method consists of staying in a certain neighborhood of the central trajectory using
iterations of Newton. There are two different approaches to central trajectory methods :

» Primal approach.
» Primal-dual approach.

Primal-dual methods are the most widely used in practice. They are efficient and can easily be
extended to other types of problems (quadratic problems, convex problems, ...). The first algorithm of
this type was developed by Kojima et al. [49]. This large-step algorithm has a complexity of the order
of O(nL) iterations. These same researchers have described another primal-dual algorithm, but with
small steps, whose complexity is better and is of order O(4/n L) iterations. After intense research
has been done in this field, which has given rise to a new type of primal-dual algorithm called the

predictor-corrector algorithm.
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1.9.2 SMOOTHING-TYPE ALGORITHM

Smoothing-type algorithms are one of the most significant approaches since they have been crea-
ted for tackling numerous types of optimization problems (see, e.g., [17], [19], [21], [20], [30], [36],
[40], [41]). The publications [71] and [43] recently examined a family of smoothing functions as well
as a smoothing-type approach to solve the absolute value problem. The smoothing-type approach for
solving the system primary idea is to reformulate the system (AVE) as a system of smoothing equa-
tions. More specifically, we define the function ¢ (v, s) for every (v, s) € R2. Following that, we

shall create the problem reformulation (AVE). In this regard, we define :

q,)(Vv ul)

H(v,u) = Y with ® (v, u) = : and v > 0.
Au — ®(v,u) — b & )
U, Up

Thereby, it is obvious that if H(v,u) = 0, then v = 0 and u € R” solves the system
(AVE). Then, the suggested algorithm is well-defined under ASSUMPTION 1. They demonstrate, in
particular, that the suggested method is globally convergent and the convergence rate is quadratica

without any further assumptions.
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COMPLEXITY ANALYSIS OF AN INTERIOR-POINT ALGORITHM
FOR LINEAR COMPLEMENTARITY PROBLEM BASED ON TWO
NEW KERNEL FUNCTIONS

INTRODUCTION

In this chapter, we propose two different parametric kernel functions to solve the linear comple-
mentarity problem (LCP) via primal—dual interior-point methods (/PMs). As a result, we will pay
special attention to the (LCP), which is derived from the system (AVE) under ASSUMPTION 1, as
mentioned in SECTION 1.8 of the previous chapter. The significant point is that we rely on the two
kernel functions, which will be crucial in selecting new search directions and calculating the distance
between the given iteration and the center. In which, this chapter’s results are taken from PAPER 1

and PAPER 3.

Our goal in this work is to deal with the complexity analysis and the numerical implementation
of a primal—dual interior point methods based on two new parametric kernel functions for the linear
complementarity problem. The basic idea of our theoretical study is like all studies that recently
adopted by the publications written by researchers to answer several difficulties based on various
kernel functions (see, e.g., [2], [6], [8], [11], [12], [13], [15], [16], [31], [32], [33], [34], [53],
[54], [60], [66], [67], [76], [79]), we will follow the approach introduced by Bai et al. [6] to

compute the iteration bounds for large- and small-update methods.

This chapter is organized as follows : In SECTION 2.1, we first investigate the central-path of the
linear complementarity problem, as well as the search directions and the proximity measure, before
presenting the generic full-Newton step feasible interior-point algorithm for the linear complemen-
tarity problem. In SECTION2.2, we develop some basic properties of the two new kernel functions.
In SECTION2.3, we analyze the complexity for large-update and small-update methods based on the
two kernel functions and obtain the best known iteration bounds, namely, O (\/ﬁ log n log g) and

O(yv/nlog ), respectively, with a special choose of the barrier degree in the two cases. Finally, in
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the last section, we report numerical results with different values of the parameter r and 6 to eva-
luate the efficiency of the algorithm which based on our two functions. First, for all z > 0 we shall

consider the two following functions :

r2 —1 e('l‘—l)(l—w) + Tt _ 9
— . Vr>1 2.1
Yp(x) 5 T 20r — 1) r > 2.1
and
> —1 1 (cosh” (z7') — cosh” (1)
— — —log(z") ], Vr>4 22
Yu(@) 2 2r < tanh(1) cosh”(1)x" og(® )> "= @2

where 7 is called the barrier degree. We recall that the linear complementarity problem consists to

find a couple of vectors (z,w) € R™ x R™ such that :

=M ’ ) R2"
w z+4q, (z,w)eRY 23)

Zlw =0

where the square matrix M € M,, and the vector ¢ € R" are given and the linear complementarity
problem extracted from the system (AVE) consists to find a couple of vectors (u_,uy) € R® x R™

such that :

uy =(A-I""A+Du_+(A-1I)""b, (u_,uy)€R¥

utuy =0

2.4)

where M = (A—1I)"*(A+1I) € M, isasquare matrix,q = (A—I)"'b € R",z = u_ € R"
and w = w4 € R™ are vectors with A € M,,, b € R" are given and I is the identity matrix.

2.1 CENTRAL-PATH FOR LCP

This section will cover the novel search directions, the general interior-point algorithm for (2.3),
the existence and uniqueness of the solution to (2.3), the generic interior-point algorithm and the
proximity measure. In this chapter, we will presume that system (2.3) fulfills the following require-

ments :
ASSUMPTION 2. The interior point condition (IPC) :

there exists (zg, wg) > 0  such that: wo = Mz + g,
in other words, the set F7 . p is non-empty set.

ASSUMPTION 3. The LCP is monotone.
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REMARK 2.1.1. According to ASSUMPTION 1 and PROPOSITION 1.6.3, the matrix M = (A —
I)"Y(A + 1) is positively definite (see PROPOSITION 1.8.11). This implies a strict monotonicity of
LCP (2.4), i.e., the system (2.4) satisfy ASSUMPTION 3.

2.1.1 EXISTENCE AND UNIQUENESS OF SOLUTION

We well know that under ASSUMPTION 2 the system (2.3) has a solution since Kojima et al.
[51] proved that the central path of the system (2.3) is well-defined (exists) if and only if the problem
(2.3) satisfies the IPC and ASSUMPTION 3 (which clearly reduced to ASSUMPTION 1 according to
REMARK 2.1.1 for the system (2.4)) ensure the uniqueness of this solution. The following system of

equations must be solved in order to solve system (2.3) :

— 2n
w=Mz+gq, (z,w)eRY 2.5
zw =0

The basic idea of the IPMs is to replace the complementary condition of the system (2.5) with the

centring condition zw = pe and we find the following system :

— 2n
w=Mz+gq, (z,w)e€RY, 2.6)
Zw = pe

where p > 0 denotes a positive parameter, e = (1,...,1)! € R™ denotes an all-one vector
and the last equation of the system (2.6) leads us to the conclusion that (z),(w), = p for all
1 = 1,...,n. As a result, z'w equals nu. In [50], Kojima et al. demonstrated that the limit
of p-center when p goes to zero exists and converges to (z,w) the solution of the system (2.3)
(i.e., L% (z(p), w(p)) = (z,w)). The new parameterized system (2.6) has a unique solution de-
noted by (z(p), w(p)) for all & > 0 and is called the p-center of the system (2.3). The central-path

of (2.3) is the name given to the set of p-center.

2.1.2 NEW SEARCH DIRECTIONS

The IPMs are iterative methods, therefore in order to obtain new iterations (z*,w™) (which
satisfy the IPC), we must locate the displacements (Az, Aw). In order to do this, we use Newton’s

method on the system (2.6) with fixed ¢ > 0 to produce the following system :

Aw = MAz
2.7
wAz + zAw = pe — zw
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where the first equality is obtained from Mz 4+ q — w = 0 and the final equality is obtained
by ignoring the quadratic component AzAw. It is now simple to verify that (Az, Aw) is non-
zero if (z,w) # (z(wn), w(p)). The monotonicity of the LCP states that the system (2.7) has a
unique solution (Az, Aw) and this is due exactly to the fact that for any positive definite matrices

Z =diag(z) € M, and W = diag(w) € M,, the following matrix :

M -1
w Z

J =

is invertible (see THEOREM 1.1.25 and REMARK 1.8.11 for the system ( 2.1.1)). The scaling direc-

tions (d., d,,), as well as the scaled vector v, is defined below to make the analysis simpler.

vAz vAw zZw . 1 o
d, = , dy = and v=,/— with v " =,/— (2.8)
z w o zZw
hence, we have :
wAz + zAw AzAw
d,+d, = and d.d, = 2.9)
uv ©
For convenience, we present the next vector :
d=Vzw! with d'=+Vwz1l (2.10)
according to (2.8) and (2.10), it is not difficult to verify that :
d 1Az dAw d 'z dw
d, = , dy=—— and v = = —. (2.11)
VE N NN

The scaling directions (d., d,,) and the two vectors v and d can be used to describe the system

(2.7). We discover the following linear system from (2.8), (2.9), (2.10) and (2.11) :

d, = Ad,

2.12)
d,+d,=v1'—v

where A = DM D and D = diag(d). Under our assumptions, the system (2.12) has a unique
solution (d., d,,) for each > 0 which can be used to compute (Az, Aw) via (2.8) or (2.11).
By taking a step size o (which is defined by some line search rules) along the search direction, we

construct a new pair (2, w™) according to :
2zt =24+ aAz and wt =w+ aAw. (2.13)

This process is repeated until we find the iterates (z, w) that are close enough to (z(u), w(w))

and g 1s small enough. At this stage, we have found the solution of the system (2.3).
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2.1.3 GENERIC FEASIBLE INTERIOR-POINT ALGORITHM

INPUT :
An accuracy parameter € > 0; a threshold parameter 7 > 1; an
update parameter 0 < 6 < 1; a strictly feasible point (2o, wp) and

t
Zo) w ZoWw
o > 0 with pg = (0)70, v = 979 such that W(vg) < 7.
n V' o

ITERATION :
BEGIN :
Z =20, W =Wo; bt = Mo,V = Vo,
WHILE (nu > ) DO
BEGIN :
update of p and v;
WHILE (¥ (v) > 7) DO
BEGIN :
solve system (2.7) using (2.12) to obtain (Au_, Auy);
determine a step size o« > 0;
(zt,wt) = (z,w) + a(Az, Aw);
update v ;
END.
END.
END.

FIGURE 2.1: FEASIBLE INTERIOR-POINT ALGORITHM FOR SOLVING LCP.

The feasible interior-point algorithm used to solve the LCP works as follows : begins with a
strictly feasible initial interior point (2o, wo) ((20, Wo) € .#*) in a T—neighborhood (¥ (v) < T)
and set of parameters, the ones that change their value are the parameter & > 0 and the scaled vector
v, which are fixed throughout the algorithm are the accuracy parameter ¢ is greater than zero, the
proximity parameter 7 > 1 and barrier update @ €]0, 1[. In each outer iteration, we lowered to p to

(1 —9)/1; and v to \/]_,0_70

and (2.12) to acquire the unique search directions (Az, Aw). Then we must calculate the value for

Jf (v) > 0, we begin the inner iteration by applying the system (2.7)

step size o with respect to the current value of . So the only thing left is to find the next iteration
(2T, wt) using (2.13). According to our assumptions, the system (LCP) has a unique solution, thus
we continue the outer iteration until we discover a point that satisfy nu < € and ¥(v) < 7. This
point is known as the optimal solution to LCP which in case it is (2.4) we can derive the optimal

solution to (AVE) from it and (1.3).

REMARK 2.1.2.

» The values T, 0 and o ought to be selected in a way that the algorithm is optimized in the
sense that the minimum number of iterations necessary is needed by the algorithm.

» In both theory and practice of IPMs, the barrier update value 0 selection is crucial. The

OPTIMIZATION AND CONTROL 35 UNIVERSITY OF BATNA 2



CHALEKH RANDA FEASIBLE INTERIOR POINT METHOD FOR LCP

procedure is typically referred to as a large-update method if 0 is a constant independent
of the dimension of the issue problem n and a small-update method if @ relies on n.

» Another important consideration in the study of the algorithm is the decision regarding the
step size a. It must be carried out in a way that improves iterates’ proximity to the current
p-center by an adequate quantity.

» An update of p and a sequence of (one or more) inner iterations make up each outer iteration.

The worst-case iteration limit for our algorithm is the overall number of inner iterations.

2.1.4 PROXIMITY MEASURE

Any approximation of (z(u), w(p)) must be monitored for the algorithm’s analysis by its qua-

lity. To that aim, we provide the next logarithmic barrier function ¥ (v) in its classical form :

U(z,wsp) = ¥(v) = Xn: Yr(vi) = Zn: <vi . log vi> (2.14)

=1 1=1 2
where ¥(v) : RT | — Ry and ¥g(x) is twice differentiable, go to infinity if either z — 0 or
x — o0, strictly convex and minimal at ¢ = 1, with 1pg(1) = 0. We call the function ¥ g () the
kernel function of the barrier function ¥ (v).

The right-hand side of the second equation in (2.12) easily equals minus the derivative of ¥ (v).

The system (2.12) can be rewritten as follows :

d, = Ad,
(2.15)
d.+d, =—-V¥(v)
moreover, the proximity measure §(v) : R} | — R, is given by :
1 1
0(z,wip) = 6(v) = _[[VE()[| = _lld: + du]| (2.16)

in order to make it obvious that if (z, w) = (z(u), w(w)), we have :

zw=peS>v=e V¥ (v)=0& ¥(v) =0

if not, using (2.14) and (2.16) we get ¥ (v) > 0.

REMARK 2.1.3. The barrier function W(v) in our algorithm is used to calculate the distance that
the iterates (z,w) are from the p-center (z(n), w(p)). The proximity measure §(v) is used as a
second proximity measure in the analysis of the algorithm. Our kernel functions inevitably decide

both measures.
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2.2 GENERIC KERNEL FUNCTION

In this section, we give a detailed study of our two kernel functions by showing some basic pro-
perties that are essential in the complexity analysis. Before presenting our results, we mention some

concepts that will be used in the subsequent analysis.

DEFINITION 2.2.1. ¥ (x) : Ry — Ry is a kernel function if 1 is twice differentiable and satisfies

the following conditions :
ConD 1. (1) = +'(1) = 0.
CoND 2. ¥ (x) > 0, Vax > 0.
Conb 3. mlir& P(x) = ml_1)rj&r100 P(x) = +oo.

From COND 1 and COND 2, the kernel function () is a nonnegative strictly convex function.

Moreover, if 1 () is twice differentiable, then it is determined by its second derivative as follows :

P(x) = /lm /15 V' (z)dzdE, Yz > 0. 2.17)

and COND 3 expresses that ¢ () is coercive and has the barrier property.

REMARK 2.2.2. The two functions (2.1) and (2.2) can be expressed as follows :

x? —1

Yi(x) = 2

+u(x), fori=E,H (2.18)

where is the so-called growth term and ; () is the barrier term of our two kernel functions

Yi(x), respectively.

The important characteristics that demonstrate any kernel function’s eligibility are shown in the

lemma below.

LEMMA 2.2.3. Forall x > 0, ¥ () is eligible kernel function if check the following :

xp” (x) + ¢’ (z) > 0, x < 1. (2.19)
xp’ (x) — ' (x) > 0, x> 1. (2.20)
" (x) is monotonically decreasing, x > 0. (2.21)

"

2" (z)" — ' (2)y" () >0, x< 1. (2.22)

Note that (2.21) requires that ) (x) be three times differentiable, (2.19) and (2.22) are conditions
on the barrier behavior of ¥ (x) and (2.20) concerns the growth behavior of 4 (). In the following,

we present some relationships between eligibility conditions (the reader can refer to [6] for the proof).
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COROLLARY 2.24. (Lemma 2.4, [6]) If ¥ () satisfies (2.20) and (2.21), then :

Vv (z)y (nz) —ny' (z)y (nz) >0, =>1, n> 1 (2.23)

LEMMA 2.2.5. (Lemma 2.1.2, [64]) Let 1 (x) be a twice differentiable function for x > 0. Then

the following three properties are equivalent :

Y(yT1T2) < Y _;_1/)(:82), x1,x2 > 0. (2.24)
" (x) + ¢'(z) > 0, z > 0. (2.25)
P (€*) is convex. (2.26)

LEMMA 2.2.6. (Lemma 2.2, [6]) Let 1)(x) be a twice differentiable function for x > 0. Then the

following three properties are equivalent :

P (W) < i _g ¢(x2)7 x1, T2 > 0. (2:27)

x” () — ' (z) > 0, x > 0. (2.28)
Y (V/€) is convex. (2.29)

LEMMA 2.2.7. (Lemma 2.6, [6]) If the kernel function 1 (x) satisfies (2.21), then :

@@ =1 <) < W)@ —1) e > 1, 230
S D@ =17 <) < ¥ @ -1 e <1 @31

The following theorem gives an estimate of the effect of a p-update on the value of ¥ (v), which

is valid for all kernel functions that satisfy (2.20) and (2.21).

THEOREM 2.2.8. (Theorem 3.2, [6]) Let v(s) : [0, +oo[— [1,+o0[ be the inverse function of
(x) for all x > 1. Then we have for any positive vector v and any B > 1 that :

¥(Bv) < ny (Bv (WS)» : (2.32)

The characteristics of the two new kernel functions (2.1) and (2.2) are now ready to be provided.

2.2.1 FIRST KERNEL FUNCTION

In this part, we present the new parameterized kernel function (2.1). The proposed kernel function

is neither a self-regular nor a logarithmic barrier function. This function is based on a kernel function
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xr? -1 er(—x) _ 1
introduced by Bai et al. [7], namely, ¥.(x) = 5 + for some r > 1, where
r

1. () fails to have the first property of COND 3, and so we tried to modify it so that we can follow the

analysis used in [6]. First, to investigate the behavior of the new kernel function (2.1), we present the

following figure, which plotted for three different successive values of parameter » = {1.1,2,4}.

e

—r =4
—_—r =2
—r =1.1
> T

o 05 1 15 2 25 3

FIGURE 2.2: THE BEHAVIOR OF THE NEW KERNEL FUNCTION g (x) FOR 7 = {1.1,2,4}.

REMARK 2.2.9. As seen in FIGURE 2.2, our kernel function (2.1) verifies the three conditions of

DEFINITION 2.2.1.

The three first derivatives of the function (2.1) for all x > 0 are given as follows :

1 1
’ = x—— (e DU L — ) 2.33
vp(@) = @y (e 1) )
" 1 r-1)a-z) T
Yp@) = 1+ ((r=1e + ) (234)
”n ]- 1
Yp(x) = —2<U~—1Vé“”“”°+7€;:fv- (2.35)

it follows that :

CoOND 1.
12 — 1 e(r—l)(l—l) + 1-7+1 _ 9
1) = =0
ve(l) 2 2(r — 1) ’
¢%n:1_EQWMkn+i — 0.
B 2 1
COND 2.
W) =14 = ((r— )00 4 ") 5
E B 2 a1 ’
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sincer > 1and x > O.

COND 3.
w2 -1 e(r—l)(l—m) _|_ w—r+1 —9
li = li =
Jim ¥e(?) = Jim ——+ 2(r — 1) oo
r2 _—1 e(r—l)(l—m) + Tt _ 92
lim x) = lim = 400
x— 00 ¥u(x) z—+oo 2 + 2(r —1)

this implies that the function defined in (2.1) is a barrier kernel function. From COND 1, COND 2 and

COND 3, we conclude that the function defined in (2.1) is a barrier kernel function.

REMARK 2.2.10. Note that by subtracting (2.34), we get :
Yo(x) >1>0, forallz > 0. (2.36)

The following lemma establishes that our new kernel function (2.1) is an eligible kernel function.

LEMMA 2.2.11. Let g (x) be as defined in (2.1). Then it was satisfies (2.19), (2.20), (2.21) and
(2.22).

PROOF. These inequalities result from some basic calculations involving (2.1), (2.33), (2.34) and
(2.35).

(a) wy(@) +¥p@) = 20+ («r e 1) o
for all x €]0, 1].

(b) :mb;(a:) — ¢;5(x) = ; (((r — 1Dz +1)er—D0-2) 4 7:;1) >0, z>1.

C e can draw a conclusion from the factthat x > 0, r > and e‘\' - > that
(c) W d lusion from the fact th 0 0 and e~ V(12 > 0 th

P (x) <O.
2 _p r?2 4+ 5r

2
@) 205@)" —wp@wp) = 2+ Deomnamn T TAD
- (T =D ar—1)— " an
4 4x"
(rw;ll)'r B TS;:?) >0, 0<z<1,
As a result, the kernel function (2.1) is efficient. ]

REMARK 2.2.12. From LEMMA 2.2.11. The function 1 g(x) defined by (2.1) satisfies the properties

presented in COROLLARY 2.2.4, LEMMA 2.2.5, LEMMA 2.2.6 and LEMMA 2.2.7.

COROLLARY 2.2.13. Forr > 1, we have :

2 _
Ye(zr) < : 2 1-

PROOF. Forallx > 1andr > 1, we find :
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2
Y(2) = wn(z) —
e(7‘—1)(1—.%) + Tt _ 9
N 2(r — 1)
< o.

this second inequality arises from the fact that the function Y (x) decreases monotonically with res-

pect to , yielding Y (z) < Y (1) = 0. Then forevery x > 1, Y(x) < 0. O
In anticipation of later, we present some technical results of our new kernel function (2.1).

LEMMA 2.2.14. For the kernel function (2.1), we have forall™ > 1 :

;(w “ 1)< (@) < ; (@)’ x> 0. (2.37)
P () Sm;&@—lﬁ x> 1. (2.38)

PROOF. For (2.37). The left equality may be easily verified using (2.17) and (2.36) :

z & z r€ 1
Wu(z) = / / P (z) dz dg > / / dzd¢ = _(z — 1) Ve >0,
1 1 1 1
we have the following for right equality :

T 13 ” x 3 " ”
vo(@) = [ [wp(z)dzde < [ [ wl()vi(z) dzag
T ” ’ ]_ ’ 2
= | vh©wp© ag =  (¢5()".
For (2.38), we can deduce the following from REMARK 2.2.12, the right portion of the inequality
(2.31) and the function (2.34) :

1 ”
Yp(z) < §¢E(1)(w—1)2
1 1
= —|r+-](x—1)2 =x=>1
5 ( + 2)( )% x>
the evidence is now complete. [

Let us denote by yg(s) : [0, +00[— [1, +o0o] be the inverse function of ¥ (x) described in
1,
(2.1) forall x > 1 and by pg(s) : [0, +00[—]0, 1] be the inverse function of —§¢E(w) for all

x €]0, 1]. The following are the outcomes :

LEMMA 2.2.15. For our kernel function ¥g(x) withr > 1, we have :

4s

1+ o+ 1 < ve(s) <1+ Vv2s. (2.39)
1
pe(s) > —+. (2.40)
(4s +2)r

PROOF. For (2.39). As a result of the definition of ~vg, we have :
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s=1vgp(x), >1v(s)==z, s>0
using the inequality’s left side (2.37), we obtain :
1
s=vp(@) 2 J(@— 1) S @ =7u(s) S1+V2s

as a result of (2.38), we get :

2r +1

s = Yp(x) < (r—1)2 < xz=vp(s) >1+

2r + 1
Using the definition of pg for (2.40), we have :

1,
S = _51»[)15;(53)7 0<z<1<xpp(s)==z, s2=>0.

(2.33) yields :

2 2 x"

1, 1 1 1
s = —Ez,bE(a:) & 5= —= (m - = <e(’°_1)(1_w) + >>

1 1
& 254z = 2 <e<r—1><1—w> + ) (2.41)
m’l‘

1
& — <45+ 2
w’l"
1
x> ——3
(4s 4+ 2)r

(r—1)(1—=x)
e
where the third inequality derives from» > 1, < 1 and — 5 > 0. [

The lemma that follows demonstrates a relationship between (2.16) and ¥ g(v).
LEMMA 2.2.16. Let 6 (v) be defined as in (2.16). Then, we have :

\I’E(’U)
d(v) > 7

PROOF. Due (2.14), (2.16) and (2.37), we have :

Tpv) = 3 (v
1%11 / 2
< 3 (e(w)
= L IVs@)?
= 26%(v)

then, we obtain v/25(v) > /¥ g(v). O

The following theorem assesses the effect of a p-update on the value of ¥ g (v).
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1
LEMMA 2.2.17. If O g(v) < Tand B = Vieri Then for all ¥ > 1 we have :
2r +1
v ) < 0 2.42
s < 0T )(\/_+\/) (2.42)
2 0+ 2+/2
Wp(vt) < LT Ot 2vEnT (2.43)
2(1 — 0)
v
With0 < 0 < 1and vt = :
1—-6
PROOF. Due to THEOREM 2.2.8 with U(v) < T, 3 LS fandqyp (22
. Due to 2.8 wi v .8 = an
E = T—9 = YE " =

. Vi (v) .
ie., BYE - > 1) we can prove this lemma.

For (2.42), using (2.38) we obtain :

‘I’E('U+) < nygp < ! YE <\Ilszv)
< n27"—|—1 1 E(‘I’E('v)) _1>2
v)

4 \/1—07 n

YE(

_|_
[\V]

o 21l 1
n —
= 4 v1i—8

2

< 2r+1 (1+ /27 —v/1—-86
= "y Vi—0
2r+1 (0+ /27 ’
n
- 4 1—-26
2r +1
= 7]
g (OVATVET)

where the third inequality is derived from the second part of (2.39), while the last inequality is based
onfactl —/1—-0=—_—"-<86
1++v1—-06 —

As aresult of COROLLARY 2.2.13, we get (2.43).

Tp(vt) < nog (\/11_70715 <‘I’E(v)>>

ot (2

= 5 (e () )
S VE(‘I'E;“)Za_l)
<

n Yg(v) :
() o
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2T + nb + 2/ 2nT

2(1—-0)

this concludes the proof. [
NOTATION 1. Forall r > 1, we denote :

_ 2r +1 2

Ty = =0 (0\/5 + \/27) (2.44)

— 2 0+ 2v2

T, = L rnftevenT (2.45)

2(1 — )

where W g, and 17 E, are the upper bounds of W g (v) for small-update and large-update, respectively.

REMARK 2.2.18. By NOTATION 1 and the assumption that Wg(v) < T just before the update of
u, Pgp(vt) < min (@EO, /\IjEO) For large-update methods with T = O(n) and 8 = O(1), we
have W, = O(n) and for small-update methods with T = O(1) and 0 = @(ﬁ) we have
U, = O(r).

2.2.2 SECOND KERNEL FUNCTION

With a new hyperbolic-logarithmic barrier term (2.2), which we employ in the complexity analysis
of our algorithm, we explore some fundamental features of the new kernel function in this section.
To survey the behavior of our new kernel function (2.2), we present the following figure, which plots

three different successive values of the parameter » = {4,5,6}.

z\IpH(m)
3 4
251
2 4
1.5 ¢
1+ r—26
I rT=25
0.5 1 r—4
> T

0 0.250.50.75 1 1.25 1.5 1.75 2

FIGURE 2.3: THE BEHAVIOR OF THE NEW KERNEL FUNCTION ¥ g (x) FOR 7 = {4,5,6}.

REMARK 2.2.19. The three conditions COND 1, COND 2 and COND 3 are verified by our novel

kernel function with a hyperbolic-logarithmic barrier term (2.2), as shown in FIGURE 2.3.
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The following are the first three derivatives of (2.2) with respect to @ :

, 1 cosh” (z71') — cosh” (1) tanh (') cosh” (1)
Yylr) = v— — — - - T : (2.46)
2z  2tanh (1) cosh” (1) z"+!  2tanh (1) cosh” (1) z"+2

" 1 r+ 1 (cosh” (x7!) — cosh” (1) 2tanh (') cosh” (z™1)
¢H(w) = 1+ + T r
222 2 tanh (1) cosh” (1) x"+2 tanh (1) cosh” (1) z"+3

rtanh® (z~1) cosh” (') 4 cosh" 2 (1)

2.47
2 tanh (1) cosh” (1) x7+4 (247)
W) = 1 r+2 r+1 cosh” (z71) — cosh” (1) N
H\E) = a3 2 tanh (1) cosh” (1) xrt3

3 tanh (') cosh” (:1:_1)> rtanh® (z~1) cosh” (') 4 cosh” 2 (w‘1)>
+3
wr+4 xr—|—5

+1°2 tanh® (') cosh” (=) + (37 — 2) tanh (2~!) cosh” 2 (1)
2 tanh (1) cosh” (1) x"+6

) . (2498
NOTATION 2. The notations shown below are intended to help with the research.

a = tanh(1)cosh" (1).
f(x) = cosh” (x71') — cosh” (1).
g(x) tanh (z71) cosh” (z71).
h(x) = rtanh? (2~')cosh” (z=') + cosh" 2 (z~1).
qg(z) = r2tanh® (2~ ')cosh” (=) + (3r — 2) tanh (') cosh” % (z~1).

We offer several features in the following lemma before beginning the analysis.

LEMMA 2.2.20. For the function (2.1), we have the following properties for all > 4 :

cosh (z7') >0 and 0 < tanh(z™') <1 for x> 0. (2.49)
ax” + f(x) >0, g(x) >0, h(x) >0 and q(x) >0 for x> 0. (2.50)

tanh (z~1!
cost” (a71) (M) -
ax (ax)

>>0 for 0 <z <1 (2.51)

PROOF. (2.49) is valid since for all x > 0 the two functions tanh (z~') and cosh (') decrease
in )0, +-oo[ with :

lim tanh (w_1> =1, lim tanh (:v_l) =0 and lim cosh (a:_l) —1>0.

We can see from NOTATION 2 and (2.49) that the four functions f, g, h and g decrease in in

]0, +o0[ because for every > 0 we have :
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(az” + f(z)) = —; (ax™ ™ 4 tanh (z71) cosh” (z71)) < 0,
, 1
g (z) = —;12 (cosh'“_2 (z~') 4+ r tanh? (2~ ') cosh” (w_1)> <0,
h'(x) = —— ((3'r — 2)tanh (2~') cosh” 2 (1) 4+ 72 tanh® () cosh” (m‘l)) <0,
1
q(x) = - ((3r — 2)cosh"™* (z~1) 4 (6r2 — 8r + 4) tanh? (') cosh” 2 (z 1)
+r3 tanh* (z~1) cosh” (:1:_1)> <0,
with :

wl_l)r_'l_’loo axr” + f(x) > 0, xl_l}tﬁloog(m) =0, :cl—l>rfoo h(x) =1>0 and lim g(xz)=0

T——+400
the expected result (2.50) is subsequently obtained.

To demonstrate (2.51), we put :

Y (z) = cosh’ (&) (tanh (z71) 1 )

ax’t? (ax)"
and we compute :

, 1 tanh (7!
Y'(x) = rcosh” (1) ( anh (z7)
a’ra;.p-l-l arwr+2
rtanh? (') 4 cosh™? (z~ 1)
+ r+4 >
ax

(r + 2) tanh (1)
ax’™t3

) — cosh” (z71) (

accordingto 0 < < 1,a > 0,7 > 4, (2.50) and tanh® (2~ ') 4 tanh (') > 1 we get :
2 (tanh? (2~ ') + tanh (z™!) — 1) + cosh™2 (!
_ cosh™ (a-1) ( (tanb? (=) (@) —1) (=)

T (15) S armr+2

< o.

As a result, we infer that the function Y (x) decreases in |0, 1] and we obtain :
limY(z)=1—a" >0,
z—1

so for all  €]0, 1[, we have Y (x) > 0. O

By employing (2.2), (2.46), (2.47) and (2.50), it is straightforward to validate the three conditions
COND 1, COND 2 and COND 3 of DEFINITION 2.2.1 and verify that the function defined by (2.2) is

a barrier kernel function.

CoND 1.
12—1 1 [cosh" (1) — cosh”(1
2 2r al”
, B 1 (cosh” (1) — cosh”(1) = tanh(1)cosh” (1))
Y1) = 1-_ ( o + —h = 0.
COND 2.
v 1 r+1/f(x)  2g9(x) h(z)
V(@) =1+ 222 + 2a (:1:’"+2 + xrt+3 + 2axrt4 >0,
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this disparity results from the fact that » > 4, > 0 and NOTATION 2.

COND 3.
z?2—1 1 [cosh” (x7') — cosh"(1)
l. = 1. N - l r =
wl)r(l)l+ ¢H(33) wi?"" 2 2r ( axr” Og(w )> oo,
z>—1 1 [cosh” (x71') — cosh”(1)
li = 1l — —1 ) = .
w—l>r—|floo Yn(®) a:—1>5-n00 2 2r ( ax” og(® )> oo

REMARK 2.2.21. Furthermore, (2.47) and (2.50) suggest that we have for each x > 0 :

Yy (x) >1>0, foralx>O0. (2.52)

We may now explore the essential characteristics of our function 1z ().
LEMMA 2.2.22. Let g (x) be as defined in (2.2). Then ¥y () is an eligible kernel function.

PROOF. In order to satisfy LEMMA 2.2.3, the function 1z () must simply meet the following
requirements (2.19), (2.20), (2.21) and (2.22). To do this, we use NOTATION 2 and the functions
(2.2), (2.46), (2.47), (2.48).

(@) @v(e) + vy(e) = 2o+ o (
forall x €]0, 1[.

©) wwiyla) —wyla) = 5
forallxz > 1.

S, Crt o) W)

wr-{-l $T+2 wr+3

(r+2)f(x) n (27 4 3)g(=) " h(fB)) >0

xrrt1 T2 xrt3

(c) We may deduce from (2.50), the positivity of & and r that ¢;,(z) < 0 for allz > 0.
(d) Forall0 < x < 1, we have :

205, (@)’ — Y@y (@) = 24 5+ (20 +1) =
L4 D@ = 1) = 27(@) +26r +10h() | 20()

(r+6)f(=)  (Br+14)g(z)
( T2 + >

prrt4 prrt+5
(D)@ =3r) —2g(@) _ (3r-2)h() _q()
xrts T +6 o+

1 f2(x) 4f(zc)g(a:) rf(x)g(x)
+47a2 ('r'(r 1) ( 27'+4 r2r+5 ) g2t
(7‘ 1)(57 + 2)g? (CL‘) (57 + 2)g(z)h(z) — f(z)q(x)
2r+6 £2r 7
+2h2(m)w—2wgr£w)q(w) >0,

the evidence is now complete. [

REMARK 2.2.23. Since the kernel function ¥ g (x) defined by (2.1) is efficient. Then, g () satisfies

the following conditions. The sign (+) indicate whether a condition is satisfied.
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(2.23) (2.24)  (2.25) (2.26) (2.27) (228) (2.29)  (2.30)  (2.31)
+ + + + + + + + +

TABLE 2.1: SOME CONDITIONS OF THE FUNCTION g ().

COROLLARY 2.2.24. Forr > 4, we have :

2 —1
Yu(r) < ,
2
PROOF. Forallx > 1and r > 4, we obtain :
zZ -1
Y(x) = tu(z)—
1 [cosh” (x7') — cosh”(1)
= — — log(z")
2r ax”
<0

this last inequity is the result of the following :

(216 4 96)).

, 1

— +

€T xrt1 T2
The function Y () then decreases monotonically with respect to «, giving us :

Y(z) < T(1) = 0. O

LEMMA 2.2.25. For all v > 4, the kernel function 1y () hold the following results :

1 1 ,
S@—1'< vu(@) < (Wh@), =>0 (253)
(@) <T@ o1, w1 (2.54)
h = 1 tanh(1) 5 1
s =1 2 ‘T2 + 2 tanh(1) cosh?(1)’

PROOF. For (2.53). From (2.17), we get :

x r§ z 1
(@) = [ [wi(z)dzde > [ [ azag= _(@—1)% vz >o.
and

@) = [ [wuazae < [ [ 6 @winz) dz g

Ty ’ 1 ’
= [ w(©)¥a() 4 = S (¢())
We just need to compute (2.54) from the right portion of the inequality (2.30) and (2.47) :
" 5 rtanh?(1) cosh”(1) + cosh"?(1
Fylt) = g Sy TR co (D) ()
( tanh?(1) cosh”(l)) 5 cosh"%(1)
= |1+ r _

2a 5 2a

2

= 9r+.
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consequently,
1 ”
Yu(@) < S, (1)(z —1)°
r+
= 2+ (x—1)2, x>1
this concludes the proof. 0

LEMMA 2.2.26. Let g (s) : [0, +o0o[— [1, +00] be the inverse function of Yy (x) for all x > 1

. Then, we have :
2s

Ir + ¢

1+ <Am(s) <1+ V2s, 72>4. (2.55)

PROOF. For (2.55), let g (x) = s, & > lie. x = vu(s), r > 0. Using the left portion of the
inequality (2.53), we get :

1
s =¢u(x) > E(w — 1)2 this suggests that x = v (s) < 1 + +/2s.

and from (2.38), we get :

Ir + ¢ 2s
s =vYu(r) <

ax — 1)? this suggests that x = s)>1 )
5 ( ) gg yu(s) > 1+ o1

1,
LEMMA 2.2.27. Let pg(s) : [0, +o00[—]0, 1] be the inverse function of —ith(w) forallxz €

10, 1]. Then, we have :
cosh (z71)

axr

< (4s+2)7, r>4 (2.56)

1,
PROOF. Lets = _?’bH(w) for 0 < x < 1. Because of the definition of pg and (2.46), we get :

s:_;¢;{(w) o sz—; (w—1—1<£(f3+i(2>>

g(x) 1 f(x)
=2 _— = <2 1 2.57
2ax"t2 st® 2x 2ax™tl — s+ ( )

this inequality holds since x < 1, (2.50) and may be deduced from (2.51).
cosh (z71)

axr

s:—;¢'H(:I;)¢>< ) <4542

hence )
h - 1
cosh (@) 451 2% -

1,
s =——¢Yy(x) &
2
The lemma that follows demonstrates a relationship between(2.16) and ¥ g (v).
LEMMA 2.2.28. Let 6 (v) be defined as in (2.16). Then, we have :

V26(v) > /Ty (v).

PROOF. (2.14), (2.16) and (2.53), respectively, provide the following result :
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Uu(v) = Z ¢H(vz
< Z (¢H(vz))
111
= JIVE)P?
= 26%(v)
this is the end of the proof. 0

In the lemma below, we construct two upper bounds for the effect of a p-update on the value of
v H (’U) .

v
LEMMA 2.2.29. Let 0 < 0 < 1and vt = ——. If g (v) < 7, then :

Vi—0

Ir + ¢
318 (6v/n + \/_) (2.58)

27 4+ nb + 2/ 2nTt
2(1 — ) '

Ty (vt) <

Uy (vt) <

(2.59)

W (v)

YH ( )

——" 7 > 1.Usin
Vi—o - &

, Ug(v) < 7, (2.54) and the second inequality in (2.55), we

1
PROOF. For (2.58), since ——— > 1 and
1

THEOREM 2.2.8 with 8 = ———
v1—26

i < wn ()

N
H(v)> > 1, we have
n

obtain :

1—

Ir 4+ 1 Wy (v) 2
< —1

2
Or 40 (14 /2220 )
n -1

IA

2 1—9
2
Ir 41 1+,/2;—\/1—9)
n

IA

2 v1—-06

2
Or 4+ [0+ /27
n 5 Ji=d
Ir + ¢

T 2(1-0) (6w + var)”

IA

0
where the last inequality holds because 1 — /1 — 0 = < 6. (2.59) is given by

1+vI—0

THEOREM 2.2.8 with 8 = (2.55) and COROLLARY 2.2.24, we get :

v
Up(v) < nipm (1971{ (‘I”jf”)))

.
< 2 (g () 1)
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- s () 0

n W (v) ’
< 51=5) <1+,/2 . )+0—1

27 + nb + 2v/2n7
2(1—6) |

This completes the evidence. ]

NOTATION 3. We will use W g, and /lI7H0 for the upper bounds of Vg (v) for small-update and

large-update, respectively, as follows :

_ or 4+ 2

Ty, = ) (6v/n + v27) (2.60)

_ 2 6 + 2+/2

Ty, = o rnot2vent 2.61)
2(1 — 6)

REMARK 2.2.30. By NOTATION 3 and the assumption that W g (v) < T just before the update of
@, Pyr(vT) < min (WHO, /\I7HO). For large-update methods with T = O(n) and @ = ©(1), we
have Wy, = O(n), and for small-update methods with + = O(1) and 0 = 6(%), we have
Yy, = O(r).

2.3 ANALYSE OF THE ALGORITHM

This section’s objective is to calculate the iteration bounds for large- and small-update methods
based on the two kernel functions (2.1) and (2.2). However, it must first determine the value of the step
size o and express the decrease in proximity function during an inner iteration. it is widely known

that the value of p is fixed during an inner iteration.

2.3.1 VALUE FOR «

We determine a default step size « in this subsection. Every step of algorithm shown in FIGURE

2.1 results in a new iteration (21, w™). Using (2.8) and (2.13), we therefore obtain :

Az d, z
zt=z4+aAz=zle+a—|=zle+ta— | =—(v+ad.,)
z v v
Aw d, w
wr=wtaAw=w|eta— | =wle+a— | =—(v+ ady)
w v v

thus we have :

vt = Z+:+ = \/(v + ad.)(v + ad,).

from the definition of the proximity after a feasible step and (2.24), it is clear that :
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T(vt) = ¥ (/(v+ad)(v+ ady))
1
< S (P +ad) + ¥(v+ ady))

For a > 0, we consider the following functions :

fle) = ¥(v") - T(v) (2.62)
fila) = ; (T(v+ ad,) + ¥(v+ ady)) — ¥(v) (2.63)

we can easily see that these two functions check :

f(a) < fi(a) and  f(0) = f1(0) = 0.
The following are the two successive derivatives of f; (o) with respect to v :

n

File) = 23 (' (0 + a(d)) (A + 4 (0 + a(da)) (du),) 269

using the second equation in (2.15) and (2.16), we have :

£1(0) = L (V) (d + dy)) = — [VE@)[? = ~25()>.  (69)
And

n

fi(a) = ;g (%" (vi + a(dz),) ()] + 9" (vi + a(dw);) (dw)?) (2.66)

where (d,); and (d,,); denote the ¢*" components of the vectors d, and d,,, respectively. Since

f, (@) > 0, fi(c) is strictly convex in c unless d. = d,, = 0.
NOTATION 4. For the remainder of the paper, we will use :

VUmin = glin }vi, 0 =96(v), Yg=Wg(v) and Vg = TVgy(v).
1€11,...,n

We are now ready to determine the value of the step size, for this purpose we show the following
lemmas which are valid for all kernel functions that satisfy (2.21). (The reader can refer to [6] for the

proof of lemmas)

LEMMA 2.3.1. (Lemma 4.1, [6]) Let f1(x) be defined as in (2.63) and 6 as in (2.16). Then :
fi (@) < 262" (Vmin — 2a0) . (2.67)

PROOF. Due to (2.16) and the first equation in (2.12), we have :
462 = ||d. + d||?
ld:1* + lldwll* + 2(d., dw)

1d:[1* + lldw|* + 2(d=, Adu)
2 |ld:|I* + [l duwl*
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the last inequality follows from the monotonicity of the LCP (see ASSUMPTION 3 and REMARK
2.1.1), this implies that the matrix A = DM D is positive semidefinite. Hence we have ||d. || < 24
and ||dy|| < 2. Therefore :

v + a(d;); > Umin — 206 and v; + a(dy); > Vmin — 20 forl < i< n
according to (2.21) " (t) is monotonically decreasing and from (2.66), we obtain :
” 1 ” "
@) < 287" (vmin — 208) 3 ((d) + (du)])
i—=1

= 262¢" (Vmin — 2a06) "

which complete the proof. ]

LEMMA 2.3.2. (Lemma 4.2, [6]) fi (o) < 0 certainly holds if  satisfies the inequality :
— Y (Umin — 208) + Y (Vpmin) < 20. (2.68)

1,
Let p(s) : [0, +00[—]0, 1] denote the inverse function of the restriction of —51/) (x) to the
interval 0, 1].

LEMMA 2.3.3. (Lemma 4.3, [6]) The largest step size o that satisfies (2.68) is given by :
_ . p(d) — p(26)
a = .
26
LEMMA 2.3.4. (Lemma 4.4, [6]) Let & be as defined in LEMMA 2.3.3. Then :

1
a> ——. (2.69)
¥" (p(26))
In what follows we define the default step size a* as follows :
* ! (2.70)
Q= —— .
¥" (p(29))

according to LEMMA 2.3.4, we have : @ > o*.

2.3.2 DECREASE OF ¥

The proximity function W is now expressed as decreasing during an inner iteration with the default

step size a*, as provided in (2.70). To this purpose, we established at the findings listed below.

LEMMA 2.3.5. (Lemma 12, [65]) Let h(x) be a twice differentiable convex function with h(0) = 0,
h'(0) < 0 and let h(x) attain its global minimum at its stationary point x* > 0. If h” (x) is

increasing with respect to x, then one has for any x € [0, x*] :

xh’'(0)
h(x) < 7
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LEMMA 2.3.6. (Lemma 4.5, [6]) If the step size o satisfies a < @, then :
fla) < —ad?. (2.71)

Using LEMMA 2.3.6 and (2.70), we have the following theorem.

THEOREM 2.3.7. (Theorem 4.6, [6]) With o* being the default step size, as given by (2.70). Then,

we have : )

T = =5 eay

(2.72)

2.3.3 ITERATION BOUND

We conclude this section with a theorem that estimates the total number of iterations of our al-
gorithm given in FIGURE 2.1. This means counting how many inner iterations are required to ob-
tain the situation ¥ < 7. Whereas W, signifies subsequent values in the same outer iteration and
k = 1,..., K, K denotes the total number of inner iterations in the outer iteration, where ¥y

represents the value W following the p-update and we use the following lemma to do so.
LEMMA 2.3.8. (Proposition 1.3.2, [64]) Let a sequence x;, > 0, k = 0, ..., K that verifies :

a;k+1§a3k—f-m:,1€_” with k>0 0<v<1 and k=0,...,K,

v

Lo
then : K < —,
KV

Using the LEMMA 2.3.8 for x;, = W, we can get the following lemma :
LEMMA 2.3.9. Let K be the total number of inner iterations in the outer iteration. Then we have :

K< Yo

KRV

where : k >0, 0<v <1

PROOF. Using the definition of f(a) (2.62) and LEMMA 2.3.6 with k < @&, we have :
f(k) = ¥y — ¥ < —k6?

suppose that they exist k > 0 and 0 < v < 1, such that :
U — U, < —gUY (2.73)

according to LEMMA 2.3.8 with x;, = W, we obtain the desired result. O

The following theorem, which provides an upper bound for the total number of iterations, is

implied by the previous reasoning.
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THEOREM 2.3.10. If 7 > 1, the total number of iteration is bounded above by :

\I!g 1 n
og —.
kOv & €

1 n

PROOF. The number of outer iterations is bounded above by 9 log — (see [70]). By multiplying the
€

number of outer iterations by the number of inner iterations, we deduce the upper bound for the total

number of iterations as follows :

log 2 < %logg.
06 — kv 0

K

2.3.4 APPLICATION TO THE TWO KERNEL FUNCTIONS

Throughout the subsection, we assume that min (¥, Wpg) > 7 > 1. Using LEMMA 2.2.16
and LEMMA 2.2.28, we get max (¥, ¥y) < 262 then /25 > /7 > 1. Thus, We apply the
results of the previous subsections to obtain iteration bounds for large- and small-update methods

based on the two kernel functions introduced before.

LEMMA 2.3.11. Let pg, py and & be as defined in LEMMA 2.2.15, LEMMA2.2.27 and LEMMA

2.3.4, respectively. Then, we have :

1
ap > e, T > 1. (2.74)
1+7r(85+2)~
1
oy > T >4 (2.75)
o 1+ 2am+3(r + 1)(85 + 2)+

where a g and &g are the largest step size of the worst case associated with 1 g and Y g, respectively.

PROOF. For (2.74), to facilitate the calculation for all  €]0, 1], we put ¢ = pg(24) in (2.34).

Then, we obtain :

1 r
" _ - . (r—1)(1—pE(29)) .
¥r(pe(26) = 1+2(<r 1)elr D0 +(pE(25))r+l)

r 1
< 14 - (e(T—l)(l—PE(25)) + T) . (2.76)
2 (pp(20))"

Due to (2.40) and (2.41), the terms can be reduced as follows :
(pp(28)) 0TV = 2=+ < (88 + 2)”71
and

er—D(1-p5(20)) — (r-1D(1-2) < 8§ 4 2.

substitution in (2.76) gives :
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ilpp(20)) < 1+ ((85+2)+(B6+2)F)

r41
r

< 147 (85+2)

using LEMMA 2.3.4, we get :
1 1

E 2 " 2 41 °
Yp(pe(20)) ~ 147 (86 +2)
For (2.75), according to (2.47) with x = py(248) €]0, 1], we have :

«

" _ 1 r+1 (f(pu(20))  29(pu(26)) h(pu(26))
Yulpn(20) = 14 o T 24 (pH(zaw pr(20)775 ) 2apm (20)+4
2 ) (@ F(pu(29) + 20(pu(20)) + hlpu(20)

<
B 2app(20)7+*

(2.77)

Because of NOTATION 2 and (2.49), we get :
a+ f(pu(20)) = a+ cosh” (pI_{l(25)) — cosh” (1) < cosh” (pﬁ1(26))
9(pu(26)) = tanh (pg'(26)) cosh” (pj'(26)) < cosh” (py'(26))
h(pu(29)) = rtanh® (pﬁl(25)) cosh” (pﬁl(25)) + cosh”? (pI_{l(Zé))
< (r+1)cosh” (pI}l(26))
by combining (2.77) and (2.56), we obtain :

Yu(pn(20)) < 1+

2(r 4+ 1) (cosh (p§1(25)> rd
pr(29)
< 1+42a3(r +1)(86 4+ 2)F

a

using LEMMA 2.3.4, we get :
1 1

ag > > ;
= (pr(20)) T 14 2a7+3(r + 1)(86 + 2)°F

this demonstrates the lemma. O]

For our algorithm, we define the default step size o, (a*E < EE) and o (a}l < EH) which
associated with (2.1) and (2.2), respectively, as follows :

1
ol = . (2.78)

14+r(85+2)

. 1
aH - r+4 ° (279)

14 2a™+3(r+1)(85 +2)

At this stage, we use the default step sizes aj, and a,;, which is given by (2.78) and (2.79),

respectively, to indicate the reduction in the proximity function W g and Wz during an inner iteration.

LEMMA 2.3.12. Let o, and o, be defined as in (2.78) and (2.79), respectively. Then, we have :

r—1

x — W, 2.80
Flep) 1200 % (2.80)
1 r—4

Flaq) < T 118(1 + 2a7t3)(r + 1)%? ' (281

IA
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PROOF. By combining (2.78) and v/28 > /W then (2.79) and v/26 > /¥y with THEOREM
2.3.7, we may demonstrate this lemma. We discover :
— 02

flog) < 4 (rr(28)

IA

147 (85 +2) "
52

IA

V265 4+ (85 4+ 2\/55)%1

Y1
—82

B \/§+r(8+2\/§)#

_52-t
V2 + 118r
_\I;Ezr

1207

IA

and
_52
"PII'{ (pu (25))
_52

IA

f(ag)

IA

r+4

1+ 2a™+3(r + 1)(825 +2)
—0

IA

r+4

(1+ 2a7"+3)(r+j— 1)(86 + 2v/28)

(s

—0%2—
118(1 + 2arii)(r +1)

—
118(1 4 2a™t3)(r + 1)
which completes the proof. ]

IA

IA

Our aim in this last part is to compute iteration bounds for large- and small-update methods based
on our new kernel functions (2.1) and (2.2). Using the definition of f(«) (i.e., (2.62)), (2.73), (2.80)
and (2.81), we have :

r 41 1
ET Tor 0 BPT a0
and
r—+4 1
YHZ Tor 0 MTTI8(1 + 208 (r £ 1)

From LEMMA 2.3.9 one can easily deduce that :

Ky < g < 220G
E_FLEI/E Bo = 4,41 Fo
2407?41
< LN
r
r41
< 240002 (2.82)
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and
236(1 4+ 2a"3)r(r +1)  rta
Ky < v < (1+ )(+)‘Iﬁ?
Kgvg ° r+4 0
236(1 + 2a"3)r(r + 1)‘Ilr;;4
- r+1 Ho
7._'_74
< 236(1+ 2a" ) r¥ g (2.83)

where K and Ky are the total number of inner iterations in the outer iteration for the algorithm
based on (2.1) and (2.2), respectively.
The above explanation implies the following theorem, which gives the two upper bounds for the

total number of iterations of the algorithm based on (2.1) and (2.2), respectively.

THEOREM 2.3.13. The total number of iterations required to obtain the optimal solution for (LCP)
is bounded by :

r+1log 7 .

2407 gr P £, for the algorithm based on (2.1) . (2.84)
r+4]og 2 _

236(1 + 2a"3)r® g —=,  for the algorithm based on (2.2) . (2.85)

0

PROOF. According to THEOREM 2.3.10 with (2.82) then with (2.83), we obtain an upper bounds for

the total number of iterations required by our algorithm based on (2.1) and (2.2) by the two equations
(2.84) and (2.85), respectively. ]

Using REMARK 2.2.18 and REMARK 2.2.30, we obtain the complexity results of small- and

large-update methods, which we summarize in the following table.

THE KERNEL LARGE-UPDATE SMALL-UPDATE
FUNCTION : METHODS : METHODS :

Yp(t) withr > 1 (0] (rn% log g) (0] (r%\/ﬁlog g)
Py (t) withr > 4 O ('rn# log g) (0] (r37;54 v/nlog g)

TABLE 2.2: COMPLEXITY RESULTS OF LARGE- AND SMALL-UPDATE METHODS.

REMARK 2.3.14.

» If we substitute any constant value for r, the iteration complexity of the small-update method
becomes O(4/nlog ).

» We obtain the best-known complexity bound for large-update methods namely O (\/ﬁ log n log %)

: ogmn
if we take r =

for the algorithm based on the first kernel function (2.1) and r = 2log n for

the algorithm based on the second kernel function (2.2).

The summary of our study is given in the following table.
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THE KERNEL t=FEWITHT > 1 t=HWITHT > 4
FUNCTIONS %; () : 2.1): (2.2):
(s) > 1+ 4s 1+ 2s
S
¥ - 2r +1 Ir +¢
~Yi(s) < 1+ +V2s 1+ +2s
1 cosh (z~1 1
pi(s) 2 — cosh () < (4s+2)7
(4s + 2)~ azr
— 2r +1 Ir + ¢
v, = 0 2T 0
g OVTVT) gy (VR VAT
¥ - 27 + nb + 24/2n1 27 + nb + 2/2nT
©o 2(1—0) 2(1—0)
. I I
al == r+1 r+4
1+7r(85+2) 1+ 2a™3(r + 1)(86+2)
‘I’ 27 \Il 21‘
fle) < — -
1207 118(1 4+ 2a™t3)(r + )
TFT
K; < 2407 2" 236(1 + 2a”+3)r\11 =
r+1 lo = =i lo
The total number 240r¥ 2 Se 236(1 + 2a"3)r¥ g g z
of iterations
Complexity of small- (0] (’r S \/_ log ) (0] (7'% v/nlog g)
and large-update o (rn 2 log E) (0 (’rn% log g)
The best complexity obtained for any constant obtained for any constant
for small-update r>1 r>4
The best complexity obtained for obtained for
1
for large-update r = > logn r =2logn

TABLE 2.3: PROPERTIES OF OUR TWO FUNCTIONS ¥ g(x) AND ¥y () .

2.4 NUMERICAL RESULTS

In this section, we present some numerical results on some linear complementarity problems to
confirm the effectiveness of our two proposed functions, where the experiment manipulation in the
Dev-Cpp 5.11 TDM-GCC 4.9.2 Setup which executes on any simple computer using the algorithm
given in FIGURE 2.1 with an initial strictly feasible point (zg, wo) and a positive parameter 1o such
that W, (29, wo; o) < 7 fori = E, H.

Throughout the algorithm, we assume that the accuracy parameter € is 107, the threshold para-
meter 7 is 4/, the barrier update 6 is 0.15, 0.3, 0.6 and 0.95, the practical step size « is given by

Qpre = pmin (o, ay,) Where

Z; . w; .
— ifAz; <0 — if Aw; <0
o, = min Zi and o, = min Aw;
i=1,...,n i=1,...,n
1 else 1 else

with p € (0, 1).
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We continue in this manner until p* is small enough (i.e., nu* < €) and v* agree on ¥,;(v*) <
T, at which time we claim that we have discovered the optimal solution (z*, w*) to (2.3) and for
the system (2.4) by using (1.3) we find the optimal solution to corresponding (AVE) denoted u*.
Finally, we use Iter and CPU to represent the number of iterations and the time required to discover
the solution, respectively.

On the following test problems of varying sizes, we performed numerical comparisons between

the kernel functions shown in the table below.

i KERNEL FUNCTIONS 9;(x) : LARGE-UPDATE : SMALL-UPDATE : REF :

P
-1
R az 5~ log(x) o (n log %) (0] (\/ﬁlog %) [70]
-1 r
B 22 1 log(x) + O (rn's log®) O(rynlog?)  [16]
r
L (r+1)x2 -z — (r+2)x (0 (r%n% log %) (o) (\/ﬁlog g) [54]
w_2r+1 —1 :B_T+1 —1 2r4+1
2 _ _ _ T n 2 n
A T ; 1 “or 1 e O(rn 1 logg) O(r \/ﬁloge) [11]
-1 4 ™

M TCB - + 2 (er(tan(z_,_zz))—l _ 1> fo) (\/ﬁlog2 n log %) [0) (\/ﬁlog %) [60]

piy

TABLE 2.4: SOME KERNEL FUNCTIONS AND ITS COMPLEXITY RESULTS.

REMARK 2.4.1. The time taken by our algorithm, CPU, is calculated in seconds and includes both
converting the problems (AVE and CQP) to LCP, calculating the solution to LCP and deducing the

solution to original problems.

EXPERIMENT 1. Consider the linear complementarity problem (2.3), in which the matrix M and

vector q are provided by :

211 1
M=|021 and q= 1|1 (P1)
0 0 2 1

where the LCP corresponding to (P1) has a unique solution since the matrix M is positive definite.

The strictly feasible beginning point is chosen as follows :

Zo = ( 0.009 0.009 0.009 >t
and wo = ( 1.036 1.027 1.018 )t
we conclude our algorithm with the following solution :
¥ = ( 0.000001 0.000001 0.000001 )t
and w* = ( 1.000005 1.000005 1.000002 >t,

where the findings are given in the table below.
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Pi(x) \ 0 0 =0.15 0=0.3 0 =0.6 0 =0.95
Iter CPU Iter CPU Iter CPU Iter CPU
YEe1.1(x) 68 0.63 39 0.44 22 0.34 10 0.29

Yp.2(x) 73 0.88 41 0.52 24 0.36 13 0.33
VYp.a(x) 79 0.95 43 0.67 26 0.58 16 0.47
Yra(z) 73 0.61 39 0.40 23 0.32 12 0.23
Y s(x) 76 0.83 46 0.49 27 0.35 16 0.30
Ye(T) 83 094 48 0.66 29 0.53 18  0.45
Yr(x) 77 0.98 51 0.71 35 0.45 25 0.39
Yp11(x) 70 0.69 42 0.48 23 0.36 14  0.32
¥ a(x) 84 098 47 0.68 28 0.61 19  0.50
Pa2(x) 80 0.88 44 0.68 25 0.46 17 0.41
P aa(z) 88 0.96 49 0.73 27 0.57 18 0.46

Yu,1.1(x) 84 0.68 47 0.55 27 0.49 19 0.37

TABLE 2.5: NUMERICAL EXPERIMENTS OF (P1) USING VARIOUS KERNEL FUNCTIONS.

EXPERIMENT 2. In this experiment, we select the value of barrier degree r that provides the optimal
complexity for large-updates for each parametrized function. When we present two convex quadratic

programming that may be expressed in the form of a linear complementarity problem as follows :

2 0 -3 1
1 4 0 2 1
M = 0 6 —2 1 , g=11 (P2)
-3 —4 2 0 0 1
3 -2 -1 O 0 1

The problem (P2) has a unique solution since :
A(M) = A2(M) = 1.0177, A3(M) = Ag(M) = 2.1350, A5(M) = 5.6946,
The initial iteration of the corresponding LCP to (P2) is established by :

t
z():(l 0.25 2 1 0.5)

t
and w0=(4.75 8 115 1 1.5)

the unique solution of the corresponding LCP is :

t
z* = ( 0.000002 0.000002 0.000004 0.000002 0.000002)

t
and w* = ( 1.000007 1.00026 1.000023 0.999991 0.999998 )

for our two functions, the numerical results are displayed as follows :
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Pi(x) \ 0 6 =0.15 60=0.3 0 =0.6 0 =0.95
Iter CPU Iter CPU Iter CPU Iter CPU

YE(x) 114 0.79 57 0.71 28 0.65 16 0.64
P (x) 118 0.76 59 0.65 30 0.63 17 0.54
Yr(x) 127 0.94 69 0.91 37 0.83 21 0.75
Pp(x) 119 0.81 61 0.79 31 0.69 19 0.67
P (x) 122 0.76 62 0.72 31 0.65 19 0.59
Pa(x) 126 0.88 67 0.81 37 0.81 20 0.80
P (x) 122 0.80 64 0.75 35 0.73 19 0.70

TABLE 2.6: NUMERICAL EXPERIMENTS OF (P2) USING VARIOUS KERNEL FUNCTIONS.

4 -2 0 0 11 1
-2 4 0 0 15 1
0 0 0 10 1
M = y 4= (P3)
0 0 0 01 1
-1 -1 -1 0 00 1
-1 -5 0 -1 00 1

For the problem (P3)So that we can easily prove that M is positive definite because :

A1 (M) = Ap(M) = 0.0584, As(M) = 0.0862, A (M) = As(M) = 1.2823,
Xe(M) = 5.2324.

Our algorithm’s starting iteration is determined by :

t
Zo=(0.1 0.1 0.1 0.1 0.1 0.1>

t
and ’w0=(1.4 1.6 1.1 1.1 0.7 0.3)

the numerical results for our functions are shown as follows :

Pi(x) \ 0 6 =0.15 60=0.3 0 =0.6 60 =0.95
Iter CPU Iter CPU Iter CPU Iter CPU

YE(x) 120 0.97 62 0.92 31 0.82 19 0.61
P (x) 124 0.91 65 0.84 35 0.78 20 0.57
Pr(x) 134 1.00 74 0.94 40 0.85 23 0.78
Yp(x) 125 1.01 66 0.99 35 0.84 21 0.65
Pr(x) 127 0.98 66 0.92 36 0.84 21 0.74
Pa(x) 134 0.96 72 0.86 40 0.88 24 0.71
P () 129 0.95 69 0.92 41 0.81 22 0.78

TABLE 2.7: NUMERICAL EXPERIMENTS OF (P3) USING VARIOUS KERNEL FUNCTIONS.

the unique solution to the corresponding LCP is :

t

z*=<0.000002 0.000002 0.000002 0.000002 0.000001 0.000001)

t
and w*=<1.000006 1.00008 1.000001 1.000002 0.999995 0.999988).

OPTIMIZATION AND CONTROL 62 UNIVERSITY OF BATNA 2



CHALEKH RANDA FEASIBLE INTERIOR POINT METHOD FOR LCP

EXPERIMENT 3. (Problem 1, [4]) Consider the following generic version of the absolute value equa-
tion GAVE :

8 0 —-1 1 -—-20 —1.5 0 1.5 0.5 0.1
1 1 1 4 25 0 0.25 1 0 0.5
A=1]1 -5 0 -10 |, B = 1 0.6 1 04 0.5
0 8 1 —6 1 0 0.3 1 1 0 (P4)
3 5 =3 O 10 1 0 1 0

t
and b= ( —11.4 33.75 —2.5 6.3 17)

The matrix M and vector q of the accompanying LCP (2.4) are provided by (P4) :

1.790264  0.150318 —0.314473 0.08150 —0.006921
—0.770851 0.793484 —0.323572 —0.285865 —0.041592
M = 0.985098 —0.071539 0.657381 —0.262439 —0.144348 |,
—0.872306 —0.245658 —0.270367 0.832010 —0.127792

0.066357  0.028791 0.019048  0.057723  0.994563

t
q = ( 0.999793 1.000065 1.000469 1.000402 1.000009 ) .

With T min(A) = 2.8215 > 0pee(B) = 2.7434 then the LCP has a unique solution (see RE-

MARK 1.8.12). The strictly feasible starting point is given by :

t
202(1 111 1)

t
and ’wo=(2.70083 0.37167 2.164621 0.316289 2.166491)

Pi(x) \ 0 0 =0.15 0 =0.3 0 =0.6 0 =0.95
Iter CPU Iter CPU Iter CPU Iter CPU
YE1.1(x) 110 0.87 57 0.75 32 0.66 16 0.63

YE2(T) 111 0.93 59 0.83 33 0.79 17 0.77
YEa(T) 113 1.00 59 0.94 35 0.86 22 0.83
Yia(T) 112 0.73 59 0.67 34 0.59 20 0.55
Yus5(T) 117 1.38 61 1.23 36 1.05 23 0.96
Yre(T) 119 1.40 63 1.31 47 1.19 28 1.05
Yr(T) 112 0.90 57 0.75 34 0.69 17 0.60
¥r5(T) 127 1.57 69 1.25 39 1.17 24 1.09
Yr,6(T) 133 2.11 80 2.05 54 1.95 30 1.62
Ya2(z) 114 1.04 66 0.92 36 0.89 21 0.77
Pa,a(T) 118 1.37 71 1.35 39 1.28 24 1.18

Yum,1.1(x) 115 1.67 72 1.10 35 0.84 21  0.79

TABLE 2.8: NUMERICAL EXPERIMENTS OF (P4) USING VARIOUS KERNEL FUNCTIONS.
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the above table presents some numerical results of our algorithm based on several kernel functions,
demonstrating the usefulness of our two functions (2.1) and (2.2) with varied values of parameters

0 and r. The unique solutions of the corresponding LCP and GAVE are :

t
z* = < 00O0O0O ) )
t
w* = < 0.999793 1.000065 1.000469 1.000403 1.000009 ) .
t
and u* = |u*| = < 0.999793 1.000065 1.000469 1.000403 1.000009 ) .

EXPERIMENT 4. Consider the specific case of the absolute value equation (3.1), in which the matrix

A and vector b are provided by :

2n n 1 ... ... 1
4n — 3
n 2n n 1 ... 1
i 5n — 4
A= and b= : (P5)
bn — 4
1 1 n 2n n
4n — 3
1 ... ... 1 n 2n

If we use (PS) and n = 4 we get :

841 1)\ ([ wm || 13
48 41 || uy lus| | | 16
148 4 us || Jus) | | 16
11 4 8]/ \ uy |4 13

where o min(A) = 1.171572 > 1. As a result, the matrix M and vector q of the corresponding

LCP are given as follows :

1.507936 —0.412698 0.253968 —0.158730
—0.412698 1.793651 —0.539682 0.253968

M = and q =
0.253968 —0.539682 1.793651 —0.412699

—0.158730 0.253968 —0.412698 1.507936

_ e

the above problem is readily verified as strictly monotone since all dominant principal minors of the

related matrix are strictly positive and the strictly feasible beginning point is given by :

t
Z0=<1 11 1)

t
and wo = ( 2.190476 2.095239 2.095238 2.190476)
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Now, we solve the problem (PS) with n = 4 using our method, which is based on two functions
and some prior functions with different values of 0. Furthermore, we suppose that the value of the

barrier degree r varies for the parametrized functions. The numerical outcomes are as follows :

Pi(x) \ 0 0 =0.15 0 =0.3 0 =0.6 0 = 0.95
Iter CPU Iter CPU Iter CPU Iter CPU
YE1.1(x) 107 0.63 52 0.53 24 0.48 11 0.38

YE2(x) 110 0.73 52 0.67 25 0.66 12  0.55
YE4a(x) 112 0.91 58 0.82 27 0.73 18 0.68
Yi.4(x) 106 0.52 52 0.49 25 0.46 14 0.35
Yis5(T) 110 0.63 55 0.58 26 0.52 15 0.48
YH,6(T) 113 0.82 56 0.62 29 0.58 18 0.50
Yr(x) 108 0.71 54 0.68 27 0.66 14 0.63

YB,1.1(x) 107 0.70 52 0.67 25 0.65 12  0.60
YBa(x) 113 1.05 58 0.95 27 0.83 19 0.74

Yrs(x) 152 1.53 83 1.27 56 1.17 38 1.01
Yr.6(x) 167 1.99 98 1.37 57 1.24 48 1.13
Paz(x) 120 0.97 60 0.95 38 0.90 33 0.87
e 123 1.16 67 1.06 40 1.02 36 0.95

TABLE 2.9: NUMERICAL EXPERIMENTS OF (P5) USING VARIOUS KERNEL FUNCTIONS.

The following are the unique solution of the corresponding LCP and AVE :

t t
Z*=<0 00 0>, w*=<1 11 1)
t
and u*:|u*|=<1 11 1>,
respectively.

EXPERIMENT 5. According to EXAMPLE 1.7.2, the function f, the beginning point, the final point

and the vector by, of the related ordinary differential equation are given as follows :

F@)=—1, w(0)=u()=—, =€01] -

1 1 t
and bhz(—l -1 ... —1 —1)
h?2 h?2

the equivalent LCP (2.3) for n = 8 is provided by :

1.0228 0.0206 0.0181 0.0155 0.0126 0.0096 0.0065 0.0033
0.0206 1.0409 0.0361 0.0308 0.0251 0.0191 0.0129 0.0065
0.0181 0.0361 1.0535 0.0457 0.0372 0.0283 0.0191 0.0096
0.0155 0.0308 0.0457 1.0600 0.0489 0.0372 0.0251 0.0126
0.0126 0.0251 0.0372 0.0489 1.0600 0.0457 0.0308 0.0155
0.0096 0.0191 0.0283 0.0372 0.0457 1.0535 0.0361 0.0181
0.0065 0.0129 0.0191 0.0251 0.0308 0.0361 1.0409 0.0206
0.0033 0.0065 0.0096 0.0126 0.0155 0.0181 0.0206 1.0228

OPTIMIZATION AND CONTROL 65 UNIVERSITY OF BATNA 2



CHALEKH RANDA FEASIBLE INTERIOR POINT METHOD FOR LCP

and

t
q=<11111111)

one can easily check that the problem is strictly monotone since all the eigenvalues of M are strictly

positive, as shown below :

A1 = 1.2281, Ap; = 1.0542, A3 = 1.0250, A4 = 1.0151, A5 = 1.0106,
A¢ = 1.0083, A7 = 1.0070 and Ag = 1.0064.

The strictly feasible beginning point is provided by :

t
z0:<11111111>
and wo =

t
<2.108942 2.191847 2.247692 2.275788 2.275788 2.247692 2.191846 2.108942)

the numerical results for our two functions with various values of 0, r and n = 8 are as follows :

Pi(x) \ 0 6 =0.15 6=0.3 6 =0.6 6 =0.95

Iter CPU Iter CPU Iter CPU Iter CPU
YE1.1(x) 118 0.96 62 0.90 34 0.89 22 0.85
YE2(x) 122 1.20 66 0.99 39 0.94 26 0.86
YE.a(x) 128 1.22 72 1.13 45 1.01 32 0.95

YH,4(x) 120 0.92 64 0.88 36 0.73 22 0.69
Yis5(T) 126 1.06 69 0.95 40 0.76 27 0.73
Yie(T) 131 1.07 75 1.01 45 0.99 34 0.93

Pr(x) 128 0.98 72  0.96 45 0.93 26 0.89

¥B2(x) 124 1.24 70 1.04 40 0.97 30 0.94
Ypa(x) 128 1.30 74 1.16 46 1.01 34 0.98
Yr.6(x) 137 1.15 84 1.12 47 1.07 36 0.98
Y2 () 125 1.24 69 1.09 41 0.98 29 0.90
Yara(x) 132 1.33 76 1.14 49 1.05 37 0.99

TABLE 2.10: NUMERICAL EXPERIMENTS OF (P6) USING VARIOUS KERNEL FUNCTIONS.

the unique solutions of the corresponding LCP and of the AVE, respectively, are :

t t
Z*:(OOOOOOOO), 1U*=<11111111>

t
and u*:|u*|:(1 111111 1>-
EXPERIMENT 6. We consider example 2 in [S] with just slight alterations in vector h. As a result

of EXAMPLE 1.7.3, the matrix H and vector h of the related hydrodynamic equations are provided
by :
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50 5 0 53
5 50 5 0 58
0 5 50 0 58
—1 —1
H=— and h = — P77
2 2
0 50 5 0 58
0 0 50 58
0 0 5 50 53
The corresponding LCP (2.4) for n = 16 is provided by :
M =
1.0421 —0.0044 0.0005 0 0
—0.0044 1.0426 —0.0045 0.0005 0 0
0.0005 —0.0045 1.0426 —0.0045 0.0005 0 0
0 0.0005 —0.0045 1.0426 —0.0045 0.0005 0 0
0 0 0.0005 —0.0045 1.0426 —0.0045 0.0005 0
0 0 0.0005 —0.0045 1.0426 —0.0045 0.0005
0 0 0.0005 —0.0045 1.0426 —0.0044
0 0 0.0005 —0.0044 1.0421
and

t
q:(1111111111111111)

The problem is clearly monotone since all dominant principal minors of the associated matrix are

strictly positive, and the strictly feasible beginning point is given by :

zZp =

t
(0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5)

and

Wwo = (1.5191 1.5171 1.5173 1.5172 1.5172 1.5172 1.5172 1.5172

t
1.5172 1.5172 1.5172 1.5172 1.5172 1.5173 1.5171 1.5191)

the following are the unique solutions of the corresponding LCP and of the AVE :

t
z*=<0000000000000000>,

w*=<1111111111111111>

t

t
andu*:|u*|:<1111111111111111)
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Pi(x) \ 0 6 = 0.15 6 =0.3 6 =0.6 6 = 0.95
Iter CPU Iter CPU Iter CPU Iter CPU

YE1.1(T) 112 0.73 57 0.65 29 0.58 18 0.52
Yp2(x) 114 0.85 61 0.72 32 0.63 23 0.58
Ya(x) 122 0.94 67 0.85 40 0.74 30 0.65
Vi a(x) 119 0.71 64 0.69 39 0.62 26 0.45
Ya5(T) 115 0.64 58 0.50 30 0.48 23 0.42
Vi e(T) 125 0.82 70 0.76 42 0.64 32 0.60
Yr(x) 129 0.86 74 0.75 46 0.67 37 0.59
¥p.1.1(x) 113 0.86 59 0.80 31 0.74 20 0.60
¥Ba(x) 124 0.99 70 0.82 43  0.77 33 0.64
¥p,6(x) 134 1.03 79 0.96 51 0.82 42 0.72

Yr5(x) 123 0.96 68 0.82 40 0.78 27 0.73
Yr.6(x) 128 1.01 73 0.91 45 0.85 35 0.79
Ya1.1(x) 114 0.80 57 0.76 30 0.62 20 0.55
Ya,4(x) 125 1.05 70 0.87 42 0.76 32  0.69

Ya6(x) 131 1.08 76 0.98 49 0.79 39 0.75
Yum,5(x) 122 0.80 67 0.76 41 0.69 29 0.56
Yare(x) 130 0.87 75 0.81 47 0.75 38 0.69

TABLE 2.11: NUMERICAL EXPERIMENTS OF (P7) USING VARIOUS KERNEL FUNCTIONS.

respectively. The numerical results for our two functions and other functions with varied values of 6

and r for n = 16 are provided below :

COMMENTS 1. Based on the findings of this section, we conclude that our two kernel functions
(2.1) and (2.2) are more effective than previous functions. We note that, for each 0 that is taken into
account, the barrier degree r delivers superior iteration numbers in the smallest period of time. When
the two new kernel functions are compared, taking into account the results obtained for the value of
barrier degree T that provides the best-known complexity, in general, the first function ¥ g(x) solves
the problems with the fewest number of repetitions and the second function Vg (x) in the shortest

time. These numerical results confirm and agree with our theoretical findings.

CONCLUSION

In this chapter, we used two new kernel functions to make theoretical, algorithmic and nume-
rical adjustments in the primal-dual /PM for the linear complementarity problem (2.3). Regarding
the theoretical and algorithmic implementation our objective is to study the complexity analysis of
the primal-dual interior-point algorithm described in FIGURE 2.1. We demonstrated that the com-
plexity bound for large-update methods based on the considered kernel function nor a logarithmic
barrier term (2.1) and the new kernel function with a hyperbolic-logarithmic barrier term (2.2) are

o (rn%l log %) and O (rn% log g), respectively. We proved that with the special choice of its
logn

parameter r, i.e., 7 = for (2.1) and » = 2log n for (2.2), the algorithm has the best-known

complexity bound for large-update methods, namely, O (\/ﬁ log n log %) Finally, we touch on the
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numerical implementation that confirms the efficacy of our two kernel functions by presenting some
numerical experiments of the some problems (P1), (P4), (P5), (P2), (P3), (P6) and (P7) using to
solve LCP and other problems where we notice that the closer the value of parameter 7 to the special
choice and whenever the value of barrier update parameter 6 is close to 1, the number of iterations

obtained and the time taken should be as few as possible.
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SOLVING ABSOLUTE VALUE EQUATION USING TWO NEW
SMOOTHING FUNCTIONS

INTRODUCTION

In this chapter, we are interested in a smoothing-type algorithm for solving the absolute value
equation which is extracted from the system (LCP). The extremely important point is that we re-
formulate the absolute value equation as a set of smooth equations, as illustrated in [71]. Then, we
propose two additional smoothing functions to solve the system of equations that have the same role
as the four functions used by Saheya et al. [71] by utilizing a smooth approximation of the absolute
function since it is regarded as a nonsmooth function.

The main contribution of this work is that it demonstrates that the solution of the absolute value
equation is entirely connected to the solution of H (v, u) = Ogn+1 based on ¢yiy and ¢eyp using
some Newton-type approach. Then, under ASSUMPTION 1, we show that our method is well-defined ;
moreover, we show that this last assumption assures that every sequence created by our algorithm
converges to an AVE solution. The suggested approach is identical to that described in [71], [43] and
has also been proposed for tackling other types of issues (see [22] and [42]). Such as the results of

this chapter are taken from PAPER 2.

7 SMOOTHING FUNCTIONS ¢; (v, s) : THE MAX NORM : REF :
1 v(in 1+6_§ + In 1+e§ 1.4v [71]
(in (1-+¢) +1n 1+ ¢7))
s if s> —,
2
2 s* if v z [71]
— 4 if —-<s< "
v * 4 2’ 4
—8 if s< 3
3 VA4av?2 + s2 2v [71]
2
S
P if |S| S v, v
4 2v — [71]
|s]| — = if |s|>v 2

TABLE 3.1: THE MAX NORM OF SOME SMOOTHING FUNCTIONS.
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TABLE 3.1 displays the maximum norm based on different smoothing functions researched in the
literature. The results are distributed as follows : SECTION 3.1 presents the two smoothing functions,
investigates their characteristics, and depicts their graphs after transforming the absolute value equa-
tion into a system of smooth equations. SECTION 3.2 describes the algorithm and introduces some
essential features. SECTION 3.3 discusses the algorithm’s convergence findings. In SECTION 3.4, we
present some numerical results from our investigations.

We recall that the specific version of the absolute value equation (AVE) with given A € M, and

b € R™ consists in locating a vector u € R™ such that :
Au — |u| = b, (3.1)

where |u| signifies the component-wise absolute value of w and if (3.1) obtained via (LCP), then

A=M-I)"*"(M+I),b=2(M—-I)"'qu=w—zand |u| = w + =.

3.1 SMOOTHING REFORMULATION

In this part, we will first explain the key point of the used method, define it and explore the two
new smoothing functions. The graphs of ¢y,;; and ¢, are then displayed. In addition, we discuss
the particular solvability of AVE (3.1). Finally, we calculate the distance between our functions and

the function |s| and compare them with some functions proposed before.

3.1.1 PRINCIPLE OF THE METHOD

Furthermore, because the absolute function is nonsmooth, we cannot simply employ classical
Newton methods to solve the AVE, instead, as previously stated, the problem (3.1) will be rewritten as
a collection of smoothing equations. To achieve our goal, we define the function H : R x R" —

R™*1 as follows :

H(v,u) = Y (3.2)
Au — ®(v,u) — b

wherev > 0, u € R" and ® : R4 x R®™ — R" is provided by :

d(v, u1)
d(v,u) = : (3.3)

¢ (v, un)
with ¢ : Ry x R — R is a smoothing function.

REMARK 3.1.1. We will apply the approach employed by Saheya et al. [71] and Jiang et al. [43]
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throughout this chapter. More specifically, the function ¢, presented in [43] is strongly semi-smooth
on R2, whereas the four functions utilized in [71] and our two functions Dtrigr Pexp are continuously

differentiable on R2.

3.1.2 SMOOTHING FUNCTIONS

In this subsection, we present two families of novel smoothing functions that are essentially re-

quired in the smoothing Newton technique for solving (3.1).

DEFINITION 3.1.2. ¢ : R, xR — R is a smoothing function of the absolute function if it satisfies

the following conditions :
COND 4. ¢ is continuously differentiable at any (v, s) € R4 xR.

COND 5. li_r)rtl) ¢(v, s) = |s| for any s.

Now, for the smoothing Newton method Vv > 0 and Vs € R we introduce the two novel

functions ¢yig(v, ) and @eqp (v, s) as follows :

Drig(Vs 8) = %tan_l (2S> (3.4)
T

and

¢ewp(ya 3) == 3.5)

PROPERTIES OF THE NEW SMOOTHING FUNCTIONS

In fact, to establish that functions (3.4) and (3.5) satisfy DEFINITION 3.1.2 we use a theoretical
and graphical way.

» THEORETICALLY. We propose the following proposition for the theoretical investigation.

PROPOSITION 3.1.3. Let ¢; for 1 = trig, exp be defined as in (3.4) and (3.5), respectively, as

smoothing functions.

PROOF. To demonstrate this statement, we must establish the following :

COND 4.

We just need to compute , then explain the continuity of these last two

0¢i(v, s) 0¢i(v, s)
and
ds ov
functions.

» For ¢ = trig
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OPirig(V, 8) _ Etan_l <2s) n 4us 3.6)
0s T v (452 + v?)
and
OPirig (v, 8) 452
ov B _71'(452 + v2?)
then, it is obvious that 3¢trg£V, i and 3¢m'ag’£1/, s) are continuous. As a result, ¢y, is conti-

nuously differentiable at any (v, s) € Ry xR.

» For 1 = exp

v
1 if s> —
OPeap(V, s TS n2s2-12 v T v
M ={ e = if ——<s<— (3.7)
Os v s o
-1 if s << ——
s
and
) v
0 if s> —
s
0 v, s 27282\  a2s2_,2 v v
M ¢ —|[1= e o +1) if ——<s< =
ov 27 v2 e e
v
0 if s < ——
e
0 exp\Vy S 0 exp\ Vs S .
it is obvious that M € C' and (ﬁ(‘;(’) € C"' since :
s v
OPerp(V, s TS n2s2-12
lim M = lim —e =1,
s—Z 0s s—2 p
. O¢erp(v, 8) . TS 222
lim ———= = lim —e 2 = —1,
s—»—L o0s s—»—% p
ODer, (v, S 1 27252\  a2.2_,2
limmzlim— 1-— e 2 +1| =0
s—2 ov s—Z 27 v?
and
ODern(V, s 1 27282\  a2s2_,2
limmzlim— 1-— e 2 41| =0
s——L ov s—o>—% 27 V2

the previous arguments indicate that ¢, is continuously differentiable at any (v, s) € R4 xR.
COND 5.

According to the definition of ¢; for ¢ = trig, exp in (3.4) and (3.5) respectively, it is obvious

that :
. s if s>0
lim ¢;(v, s) = |s| = =
=0 —s if §<0
Since we know for every s € R for the first function :
. -1 2s . _1 2s
lim tan — | = — and lim tan — | = ——
v—0+ v 2 v—0— v 2

OPTIMIZATION AND CONTROL 73 UNIVERSITY OF BATNA 2



CHALEKH RANDA FEASIBLE INTERIOR POINT METHOD FOR LCP

we have the following for the second function :

7\'282—112
im— (e =2 4+ 1) if [s]| <O
lim ¢eqp(v,s) = v=0 27 ( sl <
v=0 El if |s| >0
This completes the evidence. 0

» GEOMETRICALLY The characteristics can first be proven geometrically (through graphs).
Using FIGURES 3.1-3.2, we can observe that when v goes to zero, our two smoothing functions

Girig and ey converge to an absolute function, so clarifying the second characteristic, COND 5.

4 ¢tm’g (V7 S)

—1 —-0.5 0 0.5 1
FIGURE 3.1: GRAPHS OF @4,i4(V, s) WITH DIFFERENT VALUES OF v.
Ad)ewp(ya S)
L1
0.8 1
0.6 1
0.4 1 v =0.01 —
[ v=01 —
0.2 1 v=03 —
[ v=05 —
—_— N e+ s
—1 —0.5 0 0.5 1

FIGURE 3.2: GRAPHS OF ¢4, (1, ) WITH DIFFERENT VALUES OF V.

To facilitate further study on our approach, we demonstrate that the two functions @y,;q and @eqp

achieve the following property.
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LEMMA 3.14. Forany (v, s) € Ry, xR, we have the following result :

1< 9¢;(v, s) <

1, for1 = trig, exp.
Os

PROOF. We obtain the following when we compute the second derivatives of (3.6) and (3.7) with

regard to s :
0 birig(Vy8) 8mvs
0s? - w2(4s2 4+ v2)2
and

0 it |s| >~
if |s —
82¢ea:p(u3 3) . ™
542 = T 2m38%\ A22..2 v
s — 4+ e 2 if |s|] < —
v v3 T

82¢trig(’/a S) and 82¢emp(’/7 3)

0s? 0s?
for any (v, s) € Ry x R. As aresult, the two functions (3.6) and (3.7) are increasing, yielding :

we can readily demonstrate that the two functions

are non-negative

o i\ 0 AC) 0 AC) o AL)
2205 _ 00i(n) _ L B6i(ns) _ (00u(wnn)|
so—c0  Js Os sofoo  Os ds
this concludes the proof. [

It is now necessary to give the gradients of (3.4) and (3.5), which were used in the convergence

analysis and numerical implementations.

Durig (1, ) S -
. B By . m(4s? + v?)
Vd)tmg(ua S) — 8@’)”2.9(1/, 3) - 2 ¢ 1 2s n 4vs
Os T v m(4s? + v?)
and
. v
0 if |s| > —
i3
1 2 2.2 x2s2_,2
Iean(vs 5) ((1— "f)evzﬂ) it [s] < =
ov 2w v v 4
Vd)emp(’/a s) = = 1 if s> —
8¢ewp(1/, S) TS w2522 ﬂl-/
et MR —e 2 if < —
Js v ¢ ! |S| - ’7'15
-1 if s<——
T

3.1.3 THE UNIQUE SOLVABILITY OF THE AVE (3.1)

We note that the AVE (3.1) is uniquely solved for every b € R"™ under ASSUMPTION 1 (see
THEOREM 1.8.13 and its proof). Now, using DEFINITION 3.1.2 and PROPOSITION 3.1.3, we can

derive the corresponding reformulation for the AVE (3.1) based on each ¢; for ¢ = trig, exp.
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PROPOSITION 3.1.5. (Proposition 2.2, [71]) Let ®(, u) be similarly defined as in (3.3) based on
each ¢; for v = trig, exp. Then, we have :

(a) H;(v,u) = Ogn+t1 if and only if u solves the AVE (3.1).

(b) H; is continuously differentiable on R™"+* \ {0} with Jg, the Jacobian matrix of H; is given
by :

1 0%,
T, (v, u) = (3.8)
-V, ®;(v,u) A—Js, (v,u)
where
0%i(vyw) 9¢i(v, u1) 0
ov aul
V.,®(v,u) = : and Js,, (v,u) = : :
0¢;(v, uy,) 0 0o (v, uy,)
ov o ou,
PROOF. We assume that H; (v, u) = Ogn+1 for the first property. Using (3.2), we obtain :
v 0
= (3.9)
Au — ®;(v,u) — b Ogn

(3.3), COND 5 and the fact that v = 0 (as a result of the first inequality in (3.9)) lead to the following

conclusion :
Au — ®;(v,u) —b=0r <& Au— |u| — b = Ogn.

then w is a solution to AVE (3.1). We repeat the process for the inverse implication. For the second
feature, it is sufficient to show the continuous behavior of —V, ®;(v, u) and A—Js,, (v, u). COND

4 is utilized to do this. [

REMARK 3.1.6. The preceding proposition’s first property demonstrates that the AVE (3.1) has a

solution if and only if H;(v, u) = Ogn+1.

LEMMA 3.1.7. (Lemma 2.4, [43]) Under ASSUMPTION 1, the function h(u) = ||Au — |u| — b||

is level-bounded.

PROOF. For each k € R we designate L(k) := {u € R"\h(u) < k}. To prove that the function
h(u) is level-bounded, it suffices to demonstrate that the sequence { ||u|| } which proves the condition
u € L(k) is bounded. We assume that the sequence {||u|| } is unbounded, then :

h(u) = [[Au — |u| — b]| [Au|| — flull — lo]|
(omin(A) — 1)[[ul| — [[b]]
—+ o0

where the second inequality comes from &, (A) ||u|| < || Aw|| and the last inequality derives from

vV IV IV

ASSUMPTION 1, which contradicts the fact that h(u) < k. O
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3.1.4 SOME COMPARISONS

As previously explained, ¢; (v, s) for i = trig, exp approximates the function |s|, we evaluate

two considerations in determining which one most correctly approximates the absolute function. We
also consider if our two functions are better than the four functions presented in TABLE 3.1 or not.

» GEOMETRICALLY. Using the graphs (see FIGURE 3.3-3.4).

0.5 1
0.4{
0.3 1
, —_ |5
0.2 ’j - d)t'm'g(ua 3)
, —_— Peap(V, 5)
0.1}
—_— . N s
—0.5 —0.25 0 0.25 0.5

FIGURE 3.3: GRAPHS OF |S|, ¢trig(V; S) AND beyp (v, s) WITH v = 0.1.

¢2(V? 8) ¢trig(V? S)

¢3(V7 S) — — ¢ewp(uﬂ 8)
$a(v, s) — — $1(v, 8)
—_— — s
—0.5 —0.25 0 0.25 0.5

FIGURE 3.4: GRAPHS OF @,ig(V, S), Peap(V, ) AND ¢;(v, s) FORT = 1,2,3,4 WITHv = 0.1.

REMARK 3.1.8. According to FIGURES 3.3-3.4, @y, is the one that best approximates the absolute

function in the sense that it is closest to |s| among all ¢iriq and Geyp.

» THEORETICALLY. To theoretically corroborate REMARK 3.1.8 in this section, we must com-
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pute the distance between ¢yyig, Peap and |s|, using the max norm. Given this, we propose the follo-

wing :

PROPOSITION 3.1.9. For each given v > 0, ¢irig and @eqp defined by (3.4) and (3.5), respectively,

satisfy :
| Berig (V5 8) — |5]]loe = 0.32v, (3.10)
||¢6$P(Va 8) - |S|||oo ~ 0.22v, (3.11)
PROOF. The distance between two real-valued functions ¢;(v, s) and |s| for ¢ = trig,exp is

defined as follows :

19i(v, 8) — [slllc = max [¢i(v, s) — [s]|.

For (3.10), we have :

v

im |¢uig(v,s) — |s|| = — and |pie(v,0)| =0,
|s|—o00 T
hence :
v
I puria () = Il = =  0.320.
For (3.11), since lim |esp(pt, s) — |s|| = 0, we obtain :
|s|—o0
[Peap(¥;8) = Islllc = max|ge,(v,s) —|s]|
= |@eap(v,0)|
v
= |—(e'+1
5. (et
~ 0.22v.
the evidence is now complete. 0

REMARK 3.1.10. As illustrated in [71], we may compare (3.4) and (3.5) to a few well-known func-
tions. As a result of PROPOSITION 3.1.9 and TABLE 3.1, and for a constant v greater than zero,

we obtain :

[@s(vy8) — [sllloc > [[@1(vy8) — [sllloc > [[Perig(vy 8) — [8]]]o;
[a(vy 8) — Isllloc > llP2(¥ 8) — [8]lloc > l|@eap(vs 5) — [8]lloo-

(3.12)

Furthermore, we may compare our two functions (3.4) and (3.5) side by side, as seen in the

FIGURES 3.3-3.4 :
Peap(Vs 8) > || > Durig(v, ) (3.13)

where ” > ” means better performance. PROPOSITION 3.1.9 leads us to the following conclusion :

[ Peap(vs 8) = [8]lloc < | Ptrig(vs 8) = [8]lloo- (3.14)
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REMARK 3.1.11. (3.12), (3.13) and (3.14) indicate that ¢eyp is the best approximation of the

absolute function among @;, 1 = 1,2, 3, 4 and @rig.

The results of REMARK 3.1.10 and REMARK 3.1.11 do not provide a conclusive answer as to
whether our function ¢, is the best approximation of the function |s| among ¢;, ¢ = trig, exp,
and the four functions listed in TABLE 3.1. Until verified numerically, all of this remains simply a

conjecture.

3.2 A SMOOTHING-TYPE ALGORITHM

In this part, we will describe a smoothing-type approach for solving the system of smooth equa-
tions H;(v,u) = 0, ¢ = trig, exp by using various Newton-type procedures at each iteration by
letting v > 0 and H; — 0, ¢ = trig, exp such that a solution of (3.1) may be discovered.

In the smoothing-type approach, we first select the following parameters : 0 < 6 < 1,0 <
o < 1,vy > 0, an arbitrary vector ug € R™ and 8 > 1 fulfilling min{1, || H;(vo)||*} < Bro.
i = trig, exp. To obtain the search direction Awvy, we pick 7, := min{1, | H;(v)||}, 2 =
trig, exp and solve the system (NE). Then we take the step size o = max{1,d, ?,...} such
that it checks the system (LS). This technique is performed until a fresh iteration wy, is found that
fulfills | H;(vg)|| = 0, ¢ = trig, exp.

The generic form of a smoothing-type method based on ¢4,;4 and @, is provided by :

INPUT :
The parameters §, o € (0,1), 9 > 0,ug € R®and 8 > 1.
eo := (1,0) € R x R™ with min{1, || H;(vo, uo)||*} < Bro.

ITERATION :
BEGIN :
vo = (Vo) Uo);
WHILE (|| H;(vi)|| # 0) DO
BEGIN :
set 73, := min{1, || H;(vi)||};
compute Avy = (Avg, Auy) € R x R™ by using :
T2e
H;(vi) + Jy, (vp) Avy, = ’ig 2. (NE)
let oy, be the maximum of the values 1, 8, 62, ... such that :
1
I ) | < (1= (1= L)) IEE @01 a9
Vgt1 1= U + 0 Avg.
END.

END.

FIGURE 3.5: A SMOOTHING-TYPE ALGORITHM.
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3.2.1 ALGORITHM PROPERTIES

The following proposition states some basic features of the aforementioned algorithm.

PROPOSITION 3.2.1. Let the sequence {vy} be generated by our algorithm. Then, we have :

(a) The sequences {||H;(vx)||}, i = trig, exp and {71} are monotonically decreasing.
(b) 72 < By, holds for all k.

(c) The sequence {vy} is monotonically decreasing and vy, > 0 for all k.

PROOF. For (a). First, we use the line search (LS) to discover :

| H; (viet1) | = || H; (v + cuAvy) ||
< (1-o (1= 5) o] 101
< AllH; (vg) ||
< [[H; (v) | (3.15)

where the final inequality is followed by 0 < v < 1, the sequence {||H;(vg)||} is monotonically
decreasing. Second, it is clear from the definition of 73, and (3.15) that 7,41 < T, i.e., the sequence
{7}, is monotonically decreasing.

We utilize recurrence proof for (b). For k = 0, we have :
73 := (min{1, | H;(v0)[1})* < Bro

then we presume that the expression is correct for k, i.e., 72 < By and we investigate its applicabi-

lity for k& + 1.

T;f+1 — B (vk + arAvy,)

2
2 Tk
Tk+1 - IBVk - /Bak <_Vk: + ,3)

’7'k2+1 — (1 — ag)Bry — oy

2
Tk_|_1 - IBVk:—I—l

Tkz+1 — (1 — ap)1? — u1?

0

IA A

where the second equality arises from the first equation in (NE), the first inequality follows from
our assumption 77 < By, and the third inequality follows from the second half of (a) ({7%} is
monotonically decreasing). As a consequence, the intended result.

Using the first equation in (NE) and (b), we get (c) :

Vkt1 = Vg + apAyyg
2

T

B

(1 — O{k)l/k —|— ARV

IN

Vg
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and
Vp = Vgp_1+ ap_1Av,_4
Ti1
= (1 — op1)Vr-1+ —1 3
Thoa Ths
> (1 —oap-1)—= + ap_1—
B B
> 0
this completes the evidence. ]

The solvability of Newton’s equations (NE) is demonstrated by the following theorem.

THEOREM 3.2.2. Under ASSUMPTION 1 the matrix Jyg, (v, uw) given in (3.8) based on ¢iyig and

QPexp Is invertible for all (v,u) € R4 x R™

PROOF. For i = trig, exp and for any (v,u) € R4 x R™, it is straightforward to establish from
(3.8) that Jg;, (v, u) is invertible if and only if A — Js,, (v, wu) is nonsingular since otherwise for

some € R™ \ {0} we have that (A — Js,, (V,u)) = Ogr~. Then :

O min(A)

min

Amin(AtA)

| Az||?

1 Ts,, (v, w)z||?
Afnam (Jézu (U’ u))

1

IA I

IA A

where the first and second inequalities result from :

| Az||®

Vv

min (Ax, Ax)

lzll=1

= Anin (AtA)
and

o, (rw)zl]? < max (T, (v, W), Ja, (v, w)2)

= )2 (J@iu(’/a u)) ’

maxr

respectively, and LEMMA 3.1.4 implies the final inequality, which contradicts ASSUMPTION 1. In

view of this, the matrix A — Js, (v, u) is invertible. O
REMARK 3.2.3. The system of equations (NE) is solved using THEOREM 3.2.2.
Now, using the same reasoning as in [42], we obtain the following theorem.

THEOREM 3.2.4. The line search (LS) is well-defined.
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PROOF. The proof principle for this theorem is the same as in [42] (for additional information, see
Remark 2.1 (iv)). We used the following formula for ¢ = trig, exp :
(Hi(vr))' T, (vi) Ay

Yi(ow) = & ([ Hi(vin) || = [ Hi(vi)[]) — ou (o) : (3.16)

where £ > 1. It is clear from the system (NE), the specification of the parameter 7, and the two
facts (H;(vk)) Hi(vi) = || Hi(ve) ||, (Hi(vi)) eo = || Hi(vy)|| that :

(H;(vi))'VH;(vi)Avy = (Hi(vg))' <_Hi(’vk) + eo)

8
2
= )] (— | (o) + ;) G17)
< | Hi(v)|? <—1 + Z“) (3.18)

we get the following from (3.18) and PROPOSITION 3.2.1 :

Yi(aw) < a | Hi(wi) | (1—;’“) = Ti(aw) < | Hi(w)]]- (3.19)

Then, as a result of (3.16), (3.17) and (3.19) we get :

k|| Hi(ve) || = Yi(ow) + & || Hi(vr) || + o (Hz(leg‘ZZkgﬁk)Avk

< (n +1— (1 — 7;) Otk) || Hi (vi) |

furthermore, we may obtain :

| Hi(onsn)]| < (

K

prl 1 (1 - ;) ak) | (00) |

. . . To
in order to finish the proof and reach the desired result, we choose the value of & = — and proceed
K

to the limit when K goes to +oo. O
The following conclusion may now be applied based on REMARK 3.2.3 and THEOREM 3.2.4.

COROLLARY 3.2.5. Let us suppose ASSUMPTION 1 is correct. The algorithm illustrated in FIGURE
3.5 is well-defined.

3.3 CONVERGENCE ANALYSIS

In this section, we show that every sequence {wvy} created using the procedure indicated in FI-

GURE 3.5 has a certain set of features, given the assumptions we make. The most important feature,
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the boundness of the sequence {wvy }, is described by the following theorem.

THEOREM 3.3.1. Assume ASSUMPTION 1 is correct. The algorithm then generates the sequence

{vy} depending on each ¢; where © = trig, exp is bounded.

PROOF. 1t is sufficient to show that the two sequences {vy } and {uy} are bounded in order to show
that {vy } is bounded. Based on (3.2) and the first property in PROPOSITION 3.2.1, it follows that the
sequence {||H;(vg)||} is bounded for ¢ = trig, exp. As a result, it is straightforward to see that
the sequences {v } and {|| Aug, — ®; (v, ur) — b|| } are bound. Furthermore, we are aware that for

any k, we have :
| Aug|| = omin(A)||ul

as a result, we believet :

2|

[ ®orig (Vs wi) || < MJunll  and | @eqp(vrs wr) || < [Jull +

when {uy } is supposed to be is unbounded in the following, we obtain :
» For i = trig, we get :

[Aur — Pirig (i, up) — bl > [|Aug|l — || Porig (ve, we) || — |||
2 (omin(A) = 1) [lug|l — |I0]]
> oo
» For ¢ = exp, we get :

|Awg — Peap (v, ur) — bll 2 || Aug|| — || Peap (Vs we) || — [|B]|

(i) = 1) el = 120
400

when ASSUMPTION 1 is followed by the two last inequalities, which in both cases show that the

AV

Vv

sequence {||Aui — ®;(vy, ur) — b||} is unbounded, resulting in a contradiction. As a result, the

sequence {uy } has been bounded. O

As previously stated, the sequence {wvy } leads to a solution for AVE (3.1). To that goal, the follo-

wing two theorems provide the convergence result of the method proposed in FIGURE 3.5.

THEOREM 3.3.2. (Theorem 3.1, [42]) Suppose that ASSUMPTION 1 is satisfied and let {vy,} the se-
quence generated by our algorithm. Then, any accumulation point of the sequence {uy} is a solution

of the AVE (3.1).

PROOF. By using the first property in PROPOSITION 3.2.1 and THEOREM 3.3.1, it is clear that

there exists a point v* = (v*, u*) such that

k£r+noo v =V = kgrfoo | H;(vi) || = || H;i(v™)||, with t = trig, exp.
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In the following, for ¢ = trig, exp we distingue two cases :
» If |H;(v*)|| > 0. Then, we have that v* > 0 and kliﬂ-n ay, = 0 consequently for all
—>1T 00

«a
sufficiently large k, ay, := ?k does not satisfy the line search (LS), i.e.,

| H, (o0 + Guidw) || > (1 s (1 - ;) a) | H, (o) |

therefore :
| H: (V1) || — || H: (o) ||

ay,

> —o (1 - ;) | H: (o) | (3.20)

since v* > 0, it follows that H; is continuously differentiable at v*. Let K — +o0 and due to

(3.19) then we obtain :

(Hi(v"))' T, (v") Av*
[ H:i(v)]|

—o (1= ) IE @)1 <

< (—1 T T*) | H (o) |

B
1 *
< (=142 ) IH @) (321)
B
where the last inequality follows from 7* := min{1, ||H;(v")||} so that the latter requires that

7* < 1. (3.21) indicates that :

<1 1>< 14+ =q )(1 1><0=>1<1

B) B B) B
which contradicts the fact that 3 > 1. Hence H;(v*) = Ogn+1.

» If || H;(v*)|| = 0, it is evident and we conclude that ©* is a solution of (3.1) this implies the
desired result. [

We find that the local quadratic convergence rate of the algorithm given in FIGURE 3.5, which is
equivalent to the results of Theorems 3.2 in [42] and 4.4 in [43].

THEOREM 3.3.3. Assume ASSUMPTION 1 is true and let v* = (v*, u*) be an accumulation point
of the sequence {vy} created by the algorithm shown in FIGURE 3.5. If all matrices V' are supplied
by :

V = ! 0 € 0H;(v*)
Or~ A + diag(d;)
with 1 = trig,exp,d; € [—1,1],5 = 1,...,nand OH;(v*) = vll_I)Illj* Ju, (vi) is invertible.
Then, we have :
(a) The whole sequence {vy} converges to v*.
(0) lvk4r — v*[| = o (Jlve — v*)).

(C) V41 = VI?
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3.4 NUMERICAL RESULTS

In this section, we report the numerical results of the algorithm illustrated in FIGURE 3.5 for
resolving the special and general forms of absolute value equations. Each experiment was modified
using the Dev-Cpp 5.11 TDM-GCC 4.9.2 Setup and running on a PC with no calculator station.
Throughout the process, our algorithm will terminate when || H; (vg) || < 1076, 4 = trig, exp or

there have been more than 100 iterations. We examine the following factors :

1.01 * 72
6 =0.5, o0 =0.0001, v9=0.1 and B =max{1l,— ;.

v

Iter and CPU denote the number of iterations and the time taken by our algorithm in seconds to

achieve the solution u* and (z*, w*), respectively. Now, we consider two types of problems.

PROBLEMS WITH FIXED SIZE

EXPERIMENT 1. Due to (P1) (see page 60), the matrix A and the vector b according to the corres-

ponding absolute value equation (3.1) are given as follows :

where the absolute value equation corresponding to (P1) has a unique solution because
Omin(A) = 3.1670 > 1.
The beginning point for this problem is given by :
Ug = < 0.027 0.018 0.009 )t

the numerical results are shown in the table below.

¢)i(’/7 S) ¢)t7‘ig(V9 S) d)ewp(’/’ 3) ¢1(V7 5) ¢2(V7 S) ¢3(V7 S) ¢4(V, 3)
Iter 21 18 25 19 24 22
CPU 0.63 0.54 0.77 0.65 0.69 0.75

TABLE 3.2: NUMERICAL EXPERIMENTS OF (P1) USING VARIOUS SMOOTHING FUNCTIONS.

the unique solutions to AVE and LCP corresponding to (P1), respectively, are :
t
u* = ( 111 ) )
1 t
2= (wl-w)=(000)

1 t
and 'w*:2(|u*|+u*)=<1 1 1>.
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EXPERIMENT 2. Because of REMARK 1.8.5, the corresponding AVEs for the LCPs presented in
(P2) and (P3) (see page 61-62), respectively, are :

0.9503 0.0745 0.1698 —0.1905 0.4679 4

0.0745 0.8882 0.0787 —0.3810 —0.3685 20

A= 0.1698 0.0787 1.3644 0.0952 0.0124 , b= 8
0.1905 0.3810 —0.0952 1.2857  0.0952 —12
—0.4679 0.3685 —0.0124 0.0952 1.1284 —2

and

1.4444 —0.2222 —0.1111 0.3333 0.1111 —-0.3333
—0.2222 0.9111 0.1556 0.3333 —0.1556 —0.3333
—0.1111 0.1556 —0.0222 —-0.3333 —-0.9778 0.3333

A=
0.3333 0.3333 —0.3333 -1 0.3333 0 ’
—0.1111 0.1556 0.9778 —0.3333 0.0222 0.3333
0.3333 0.3333 —0.3333 0 0.3333 1

t
b=<6 14 0 0 -8 —16)

The two above AVEs have unique solutions since the corresponding LCPs (P2) and (P3) are an
P-LCPs (see COROLLARY 1.8.9 and EXPERIMENT 2 in CHAPTER 2).

For the first AVE, the beginning point is chosen as follows :

t
Ug = < 3.75 7.75 9.5 0 1)

the results are summarized in the following table.

oi(v, s) ¢trig(’/a3) ¢emp(V,3) ¢1(v, s) P2(v, s) ¢s3(v, s) Pa(v, s)
Iter 25 20 26 22 21 29
CPU 0.76 0.56 0.85 0.67 0.79 0.81

TABLE 3.3: NUMERICAL EXPERIMENTS OF (P2) USING VARIOUS SMOOTHING FUNCTIONS.

we end our algorithm with the following solutions for AVE and LCP :
u* = ( 11111 )t,
¥ = ( 00 0O0O )t
and w*=(11111)t.
For the second AVE, the first viable iteration is given by :

t
uo=<1.3 1.5 1 1 0.6 0.2)

the findings are presented in the table below :
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¢i(’ja S) ¢trig(’/9 S) ¢ewp(’/’ 3) ¢1(V7 5) ¢2(V7 S) ¢3(V7 S) ¢4(V7 3)
Iter 40 34 46 38 45 41
CPU 1.06 0.87 1.34 1.09 1.22 1.31

TABLE 3.4: NUMERICAL EXPERIMENTS OF (P3) USING VARIOUS SMOOTHING FUNCTIONS.

our algorithm concludes with the following solutions :
t
u*:(l 1111 1>,
t
z* = < 0 00 0O0O >
t
and w*:(l 1111 1).

EXPERIMENT 3. The matrix A and vector b of the (AVE) are provided by (P4) (see page 63) :

5.951812 —13.357438 —1.441769 8.096392 —56.164700
—41.445786 112.610451 20.080326 —77.108437 478.393616
A= —8.951807 8.357422 4.441766 —8.096379 46.164635 )

21.385540 —50.140556 —11.465863 37.228912 —190.682709
36.626507 —75.020065 —20.923693 46.746983 —381.526062

t
b= ( —57.9157 491.5301 40.9157 —194.6747 —395.0964)

where the AVE has a unique solution since o pmn(A) = 1.028468 > 1. The following provides a

starting point :

t
Ug = ( 1.70083 —0.62833 1.164621 —0.683711 1.166491 > )

the following are the numerical results :

¢i(’/a 3) ‘;btrig(’/a 3) Qbemp(y?s) ¢1(V?3) ¢2(V93) ¢3(V5 3) ¢4(V’ 3)
Iter 66 59 74 61 73 73
CPU 1.59 1.14 1.64 1.33 1.61 1.62

TABLE 3.5: NUMERICAL EXPERIMENTS OF (P4) USING VARIOUS SMOOTHING FUNCTIONS.

the AVE and LCP, respectively, have a unique solutions :
t
u* = ( 11111 > )
t
z* = ( 00 00O 0>

t
and w*=<1 111 1>.

PROBLEMS WITH VARIABLE SIZE

EXPERIMENT 4. The absolute value equation corresponding to the problem (PS) (see page 64) has a
unique solution because, as shown in the table below, o min(A) > 1forallm = 2,4,8,16, 32, 64,
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n 2 4 8 16 32 64
omin(A) 2 2.1459  1.8443  1.5108  1.2807  1.1471

TABLE 3.6: SOME MINIMAL SINGULAR VALUES OF MATRIX A.

As a result, the beginning point for this problem is given by :

t
Ug = ( 1.190476 1.095239 ... 1.095239 1.190476 )

the unique solutions of corresponding AVE and LCP are :

t
U*=<1 1 ... 1 1>,

¢
z* = ( 00 ... 00 )
t
and w* = < 11 ... 11 > :
the numerical results for various n values are shown in the table below.
bi(v, s) \ n 2 4 8 16 32 64
ODirig(v,s)  Iter 15 20 27 43 55 7T
CPU 0.72 1.03 1.82 2.09 2.88 4.75
Geap(vys)  Iter 11 19 21 32 48 71
CPU 0.42 0.98 1.36 1.91 2.28 3.43
é1(v,8)  Tter 15 25 30 49 57 79
CPU 0.81 1.19 2.00 2.14 2.94 4.91
¢2(v,s)  Tter 12 20 23 35 49 73
CPU 0.53 1.02 1.40 1.96 2.33 3.73
¢s(v,s)  Tter 15 22 29 45 56 78
CPU 0.82 1.13 1.62 1.98 2.44 3.91
$a(v,s)  Tter 12 20 24 36 50 74

CPU 0.83 1.06 1.96 2.11 291 4.86

TABLE 3.7: NUMERICAL EXPERIMENTS OF (P5) USING VARIOUS SMOOTHING FUNCTIONS.

EXPERIMENT 5. By applying the DEFINITION 1.7.6 condition, the related AVE to problem (P6)
(see page 65) has a unique solution because we know that the corresponding matrix satisfies :
1 1
41 < S <1
by calculating the norm, we find that || A;"|| = 0.1024. The initial iteration of the associated AVE
is given by :
Uy = (1.108942 1.191847 1.247692 1.275788

t
1.275788 1.247692 1.191847 1.108942)
the unique solutions of the associated AVE and LCP are given by :

t
U*=<1 1 ... 1 1>,

t
z*:(o 0O ... 0 0)
t
and w*z(l 1 ... 1 1>,

the numerical findings for various smoothing functions are as follows :
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bi(v,s) \ n 2 4 8 16 32 64
birig(v,s)  Iter 12 14 30 45 55 69
CPU 0.60 0.69 0.77 0.90 0.98 1.09
Gewp(vys)  Tter 10 11 26 42 50 67
CPU 054 0.63 074 0.86 0.92 1.03
¢1(v,s)  Tter 18 25 35 53 60 75
CPU 0.68 0.80 0.87 1.02 0.14 1.26
$2(v,s)  Iter 11 15 28 43 56 69
CPU 058 0.65 0.79 0.88 0.96 1.07
$s(v,s)  Iter 15 21 34 49 57 71
CPU 062 075 081 0.96 1.00 1.12
da(v,s)  Tter 12 19 31 a7 58 70
CPU 0.65 0.76 0.85 0.99 1.04 1.18

TABLE 3.8: NUMERICAL EXPERIMENTS OF (P6) USING VARIOUS SMOOTHING FUNCTIONS.

EXPERIMENT 6. For the problem (P7) (see page 67), the matrix A and vector b of the related AVE

are provided by :
49 5 0 0 53
5 49 58
5 49 0 58
A= and b=
0 49 5 0 58
0 49 5 58
0 0 5 49 53
The numerical outcomes are as follows :
bi(v, s) \ n 2 4 8 16 32 64
brrig(v,s)  Iter 10 17 31 38 54 64
CPU 0.49 0.63 0.71 0.76 0.96 0.98
Geap(vys)  Iter 09 12 24 34 53 60
CPU 0.45 0.59 0.69 0.74 0.92 0.97
$1(v,s)  Iter 15 21 38 47 67 71
CPU 0.59 0.70 0.82 0.85 1.05 1.11
$2(v,s)  Tter 10 14 29 41 56 72
CPU 0.46 0.61 0.70 0.77 0.95 1.01
#s(v,s)  Iter 13 19 35 44 64 68
CPU 0.52 0.64 0.75 0.80 0.99 1.03
da(v,s)  Tter 12 16 34 43 54 63
CPU 0.55 0.67 0.76 0.82 1.02 1.07

TABLE 3.9: NUMERICAL EXPERIMENTS OF (P7) USING VARIOUS SMOOTHING FUNCTIONS.

where the initial iteration is provided by :

t
uo=(1.0191 1.0171 1.0173 1.0172 1.0172 1.0173 1.0171 1.0191)
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and the unique solutions are provided by :

t
u*=<1 1 ... 1 1>,
t
z*=<0 0O ... 0 O)
t
and w*=<1 1 ... 1 1)-

This is due to the fact that the related AVE of (P7) has a unique solution forn = 2,4, 8,16, 32, 64,

because :

n 2 4 8 16 32 64
Omin(—2H — 1) 48 40.9098 39.6031 39.1703 39.0453 39.0117

TABLE 3.10: SOME MINIMAL SINGULAR VALUES OF MATRIX —2H — I.

COMMENTS 2. We infer from the results of this section that our two functions (3.4) and (3.5) are
more effective than the prior functions.The difference between our new smoothing functions and those
of Saheya et al. [T1] becomes large in terms of the number of iterations and computation time. Fur-
thermore, @eyp is the best of all functions @irig, 1, P2, P3 and ¢4, confirming the geometrical and
theoretical conclusions reported in REMARK 3.1.10 and REMARK 3.1.11. The order of numerical

performance from good to bad is :

Dexp > P2 > Dirig > P4 > 3 > @1, for iterations.
Geap > P2 > Pirig > P3 > Ppg > @1, for time taken.

CONCLUSION

In this chapter, we presented theoretical and numerical contributions. Indeed, the introduction of
two new smoothing functions (3.4) and (3.5) was used to resolve the special form of the absolute va-
lue equation, especially, which is extracted from (LCP). We have validated the theoretical claims by
observing that the absolute value equation is rewritten as a set of smooth equations, as shown in [71],
since the absolute function is believed to be non-smooth. We also examine some of the characteristics
of these two functions. We show that the smoothing-type algorithm based on our two functions has
a local quadratic convergence rate that is well-defined and effective under suitable assumption. With
some numerical implementations, it was finally found that ¢, is the best choice of smoothing func-
tion to work with the proposed smoothing-type algorithm, while it also best approximates the function
|s|. In other words, ¢, is more effective than the smoothing function ¢, although they are the
two most effective compared to the previous smoothing functions in terms of number of iterations and

time taken.
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GENERAL CONCLUSION

First and foremost, this thesis is highly intriguing since it allows us to continue working and
researching on the topic of optimization, which has been one of the most significant areas that catches
our attention since the completion of the master’s thesis.

In this thesis, we investigated the topic of algorithmic complexity in two of the most known me-
thods of optimization algorithms for solving the linear complementarity problem. In order to achieve
our goal and respond to the introduction’s questions, we articulated our research in two parts parts :

In the first part, we provide a primal—dual interior-point method according to two new parametric
kernel functions, where the first function generalizes the algorithmic complexity achieved by Bai
et al. [7] and the second function has a new hyperbolic-logarithmic barrier term. As a result, we
examined the algorithm proposed in FIGURE 2.1 using the two new kernel functions (2.1) and (2.2).
Then, using some essential properties of the two proposed kernel functions, we proved that in two
cases, our algorithms have the best-known complexity bounds for small- and large-update methods,
namely, O (1/n log g) and O (\/ﬁ log n log g) , respectively, with the special choice of their barrier
degrees. Finally, we confirmed these theoretical results using some numerical experiments then we
notice that our two new functions are more effective than some kernel functions and the first function
solves the problems with the fewest number of iterations and the second function in the quickest time
when our kernel functions are compared together.

On the other hand, we offer a smoothing-type approach as illustrated in [71] the absolute value
equation is recast as a collection of smooth equations because the absolute function is thought to be
non-smooth. Then, we suggest two novel smoothing functions (3.4) and (3.5) to solve the system
of smooth equations. We also look at some of the features of these two smoothing functions, which
are essential to the complexity of the algorithm. We show that the algorithms based on our two new
functions are well-defined and have an effective local quadratic convergence rate under appropriate
assumption. In addition, we have proven that our two smoothing functions are more effective than
other smoothing functions in a theoretic and geometric manner, specifically function (3.5) is the best
among all. In the end, we present some numerical experiments on some problems to demonstrate the
effectiveness of our two new functions and confirms all our previous results.

Lastly, we draw the conclusion that our four proposed functions in this thesis achieve the best
theoretical and numerical results in both methods and we confirm numerically the relation between the
solutions of AVE and LCP (i.e., results of COROLLARY 1.8.15 and REMARK 1.8.16) in addition to
the numerical successes of the interior-point approach in comparison to the smoothing-type approach

when we compare the two methods, although they are lacking in solution precision (see APPENDIX).

OPTIMIZATION AND CONTROL 91 UNIVERSITY OF BATNA 2



CHALEKH RANDA FEASIBLE INTERIOR POINT METHOD FOR LCP

VARIOUS PROPOSALS FOR FURTHER RESEARCH

True, this time period has provided us with several experiences that have allowed us to actualize
certain concepts, but research has no bounds as long as there is a desire to optimize and discover
superior features. As a result, the findings of this study suggest that future research should concentrate
on:

» The generalization of the complexity bounds based on a kernel function with a new type of
barrier term for interior-point methods to solve the SDLCP.

» Studied other iterative methods used to solve the linear complementarity problem and will
compare them numerically to see which one is more effective.

» Whether the two smoothing functions proposed in this work can be employed for solving the
absolute value equation associated with the second-order cone (SOCAVE).

» Propose an infeasible interior-point algorithm with a full-Newton step for the linear comple-

mentarity problem based on our two kernel functions.
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APPENDIX

To compare the smoothing-type and interior-point algorithms, we must compare the best function
for each approach that achieves the fewest number of iterations and the shortest time for all tests. To

that purpose, we provide the table below :

PROBLEMS : SMOOTHING-TYPE ALGORITHM : INTERIOR-POINT ALGORITHM :
¢ewp(’/a S) ¢E(w) T/JH(CB)

Iter CPU Iter CPU Iter CPU
(P1) 18 0.54 10 0.29 12 0.23
(P2) 20 0.56 16 0.64 17 0.54
(P3) 34 0.87 19 0.61 20 0.57
(P4) 59 1.14 16 0.63 20 0.55
(P5) 19 0.98 11 0.38 14 0.35
(P6) 26 0.74 22 0.85 22 0.69
(P7) 34 0.69 18 0.52 23 0.42

For the problems with variable size, we take into consideration the sizes used in CHAPTER 2, i.e.,
n = 4 for (P5), n = 8 for (P6) and n = 16 for (P7).

Regarding solutions, we provide the following table :

OPTIMIZATION AND CONTROL 93 UNIVERSITY OF BATNA 2



FEASIBLE INTERIOR POINT METHOD FOR LCP

CHALEKH RANDA

“AHHHHHHHﬁHHHHMHHHvH*z “AHH:.HHVH*:
QAHHHHHHHﬁHHﬁHHHHHVH*S “AHH.:HHVH*S
0 00O O0OOOOU OO OO OO OO OO OUO0O0 0)=,% 0 0 """ 0 0 )=,% (Ld)
I ) ( )
AHHHHHHHHVH*: AHH:.HHVH*:
1 1
wAHHHﬁHHﬁHVH*S NAHH.:HHVH*S
%oooooooovn*w %oo:.oovn*w (9d)
“AHHHHVH*: %HH:.HHVH*:
%Hﬁﬂﬁvn*s NAHH:.HHVH*S
%oooin*a %oo.:ooVH*N (sd)
600000°T €0¥000°T 69¥000°'T S90000°'T €£6L666°0 | = .1 T T T TT)=.n
( ) I )
600000°T €0¥000°'T 69%000°'T S90000°'T €£6L666°0 | = M I T T1TTT)=.m
“ ( ) K )
0 00 0 0)=.,% 0 000 0)=.,% (rd)
% 9866660 m%m%.o T T 00000°T mooooo.ﬂvn*: %ﬁ L S R § HVH*:
% 886666°0 S66666°0 T00000°'T T00000'T S80000°'T @ooooo.ln*s “AH L S A | HVH*S
100000°0 T00000°0 Z00000°0 Z00000°0 ZT00000°0 <TO00000°0 ) = .Z 0 00 0 0 0)=,% (€d)
? ?
% 966666°0 686666°0 6T0000°'T €£20000°'T mooooo.ﬂvn% HAH T 1T 1 LH%
866666°0 T166666°0 £T0000°'T 9Z000'T L00000°'T ) = .m I 1T 1T TT)=.m
7 ?
200000°0 Z00000°0 ¥00000°0 <T00000°0 TO00000°'0 | = .Z 0 00 0 0)=.% (Td)
7 7
% 100000°T T00000'T €00000°T v =,n wA T 1T 1 v = ,n
wA 200000°T S00000°T mooooo.ln*s NAH 1 HVH*S
HA T00000°0 T00000°0 Soooo.ovn*u “Ao 0 ovn*n (Id)
P INHLIYOOTV ] ! INHLIYOOD1V IS : SINAT190¥d

94 UNIVERSITY OF BATNA 2

OPTIMIZATION AND CONTROL



[1]

(2]

[9]

BIBLIOGRAPHY

L.ABDALLAH, M.HADDOU & T.MIGOT : Solving absolute value equation using complementa-
rity and smoothing functions. J. Comput. Appl. Math. 327, 196-207, (2018).

M.ACHACHE : Complexity analysis of an interior point algorithm for the semidefinite optimiza-
tion based on a new kernel function with a double barrier term. Acta Mathematica Sinica, English

Series. 31 (3), 543-556, (2015).

M.ACHACHE & N.HAZZAM : Solving absolute value equations via linear complementarity and
interior-point methods. Journal of Nonlinear Functional Analysis. Article. ID 39 : 1-10. 2.15,
(2018).

M.ACHACHE & N.TABCHOUCHE : A full-Newton step feasible interior-point algorithm for mo-

notone horizontal linear complementarity problems. Optimization Letters. 1-19, (2018).

N.ANANE : Absolute value equations. Theoretical and Numerical study. PhD thesis. Ferhat Ab-
bas University -Sétif 1-, Sétif, (2021).

Y.Q.BAI, M.EL.GHAMI & C.ROOS : A comparative study of kernel functions for primal-dual

interior-point algorithms in linear optimization. SIAM J. Optim. 101-128, (2004).

Y.Q.BAI, M.EL.GHAMI & C.ROOS : A new efficient large-update primal-dual interior-point
method based on a finite barrier. SIAM journal on optimization. 13 (3), 766-782, (2003).

Y.Q.BAI, G.LEsAJA, C.R00S, G.Q.WANG & M.EL.GHAMI : A class of large-update and
small-update primal-dual interior-point algorithms for linear optimization. J. Optim. Theory

Appl. 138, 341-359, (2008).

E.R.BARNES : A polynomial time version of the afHne scaling algorithm. Presented at the Joint
National ORS A/TIMSW Meeting, St.Louis. Octobre (1987).

[10] S.BAZARRA, H.D.SHERALI & C.M.SHETTY : Nonlinear programming, theory and algo-

rithms. Second edition. (1993).

OPTIMIZATION AND CONTROL 95 UNIVERSITY OF BATNA 2



CHALEKH RANDA FEASIBLE INTERIOR POINT METHOD FOR LCP

[11] A.BENHADID & F.MERAHI : Complexity analysis of an interior-point algorithm for linear
optimization based on a new parametric kernel function with a double barrier term. Numerical

Algebra, Control and Optimization. (2022).

[12] M.BOUAFIA, D.BENTERKI & Y.ADNAN : An efficient primal-dual interior point method for

linear programming problems based on a new kernel function with a trigonometric barrier term.

J. Optim. Theory Appl. 170, 528-545, (2016).

[13] M.BOUAFIA, D.BENTERKI & Y.ADNAN : An efcient parameterized logarithmic kernel func-
tion for linear optimization. Optim Lett. 12(5), 1079-1097, (2018).

[14] M.BOUAFIA, D.BENTERKI & A.YASSINE : Complexity analysis of interior point methods for
linear programming based on a parameterized kernel function. RAIRO Oper Res. 50, 935-949,
(2016).

[15] N.BOUDJELLAL, H.ROUMILI & D.J.BENTERKI : A primal-dual interior point algorithm for
convex quadratic programming based on a new parametric kernel function. A Journal of Mathe-

matical Programming and Operations Research. (2020).

[16] B.BOUNIBANE & EL.A.DJEFFAL : Kernel function-based interior-point algorithms for linear
optimisation. Int. J. Mathematical Modelling and Numerical Optimisation. Vol. 9, No. 2, pp 158-
177, (2019).

[17] J.BURKE & S.XU : The global linear convergence of a non-interior path-following algorithm
for linear complementarity problems. Math. Oper. Res. 23, 719-734, (1998).

[18] L.CACCETTA, B.QU & G.-L.ZHOU : A globally and quadratically convergent method for ab-
solute value equations. Comput. Optim. Appl. 48, 45-58, (2011).

[19] B.CHEN & X.CHEN : A global and local superlinear continuation-smoothing method for %o+
Ho and monotone NCP. SIAM J. Optim. 9, 624-645, (1999).

[20] X.CHEN & P.TSENG : Non-interior continuation methods for solving semidefinite complemen-
tarity problems. Math. Program. 95, 431-474, (2003).

[21] X.CHEN & Y.YE : On homotopy-smoothing methods for variational inequalities. SIAM 1J.
Control Optim. 37, 589-616, (1999).

[22] J.S.CHEN, C.H.Ko0, Y.D.L1U & S.P.WANG : New smoothing functions for solving a system of
equalities and inequalities. Pac. J. Optim. 12, 185-206, (2016).

[23] R.W.COTTLE & G.DANTZIG : Complementarity pivot theory of mathematical programming.
Linear Algebra and its Applications. pp. 103—125. 1 (1968).

[24] R.W.COTTLE, J.S.PANG & R.E.STONE : The linear complementarity problem. Academic
Press, New York. (1992).

OPTIMIZATION AND CONTROL 96 UNIVERSITY OF BATNA 2



CHALEKH RANDA FEASIBLE INTERIOR POINT METHOD FOR LCP

[25] R.W.COTTLE, J.S.PANG & R.E.STONE : The linear complementarity problem. no. 60 in Clas-
sics in Applied Mathematics, SIAM, Philadelphia, PA, USA. (2009).

[26] G.B.DANTZIG : Maximization of a linear function of variables subject to linear inequalities.
In Tj.C. Koopmans, Editeur, Activity Analysis of Production and Allocation,339-347, Wiley,
New York. 554-567, (1951).

[27] L.L.DIKIN : Iterative solution of problems of linear and quadratic programming. Soviet Ma-
thematics Doklady. 8, 674-675, (1967).

[28] EL.A.DJEFFAL & M.LAOUAR : A primal-dual interior-point method based on a new kernel

function for linear complementarity problem. Asian-European. (2018).

[29] X.DONG, X.-H.SHAO & H.-L.SHEN : A new SOR-like method for solving absolute value equa-
tions. Applied Numerical Mathematics. 156, 410-421, (2020).

[30] S.ENGELKE & C.KANZOW : Improved smoothing-type methods for the solution of linear pro-
grams. Numer. Math. 90, 487-507, (2002).

[31] S.FATHI-HAFSHEJANI, H.MANSOURIB, M.R.PEYGHAMIC & S.CHENE : Primal-dual

interior-point method for linear optimization based on a kernel function with trigonometric

growth term. Optimization. 67 (10), 1605-1630, (2018).

[32] M.EL.GHAMI, Z.A.GUENNOUN, S.BOUALI & T.STEIHAUG : Interior point methods for li-

near optimization based on a kernel function with a trigonometric barrier term. J Comput Appl

Math. 236, 3613-3623, (2012).

[33] M.EL.GHAMI, [.D.IvaANOV, C.R00S & T.STEIHAUG : A polynomial-time algorithm for LO
based on generalized logarithmic barrier functions. Int. J. Appl. Math. 21, 99-115, (2008).

[34] S.GUERDOUH, W.CHIKOUCHE & 1.TOUIL : An efficient primal-dual interior point algorithm

for linear optimization problems based on a novel parameterized kernel function with a hyperbo-

lic barrier term. ffhalshs-03228790f. (2021).

[35] F.K.HAGHANI : On generalized traubs method for absolute value equations. J. Optim. Theory
Appl. 166, 619-625, (2015).

[36] S.HAYASHI, N.YAMASHITA & M.FUKUSHIMA : A combined smoothing and regulariza-

tion method for monotone second-order cone complementarity problems. SIAM J. Optim. 15,

593-615, (2005).

[37] C.HELMBERG : Semidefinite programming for combinatorial optimization. Konrad-Zuse-

Zentrum for Informations technik Berlin. Takustrabe 7, D14195 Berlin, Germany, (2000).

[38] R.A.HORN & C.R.JOHNSON : Matrix Analysis. Cambridge University Press. Cambridge,
(1985).

OPTIMIZATION AND CONTROL 97 UNIVERSITY OF BATNA 2



CHALEKH RANDA FEASIBLE INTERIOR POINT METHOD FOR LCP

[39] S.-L.HU & Z.-H.HUANG : A note on absolute value equations. Optim. Lett. 4, 417-424,
(2010).

[40] Z.H.HUANG : The global linear and local quadratic convergence of a non-interior continuation

algorithm for the LCP. IMA J. Numer. Anal. 25, 670-684, (2005).

[41] Z.H.HUANG & J.SUN : A non-interior continuation algorithm for the %o or &, LCP with

strong global and local convergence properties. Appl. Math. Optim. 26, 237-262, (2005).

[42] Z.H.HUANG, Y.ZHANG & W.WU : A smoothing-type algorithm for solving system of inequa-
lities. J. Comput. Appl. Math. 220, 355-363, (2008).

[43] X.JIANG & Y.ZHANG : A smoothing-type algorithm for absolute value equations. J. Ind. Ma-
nag. Optim. 9, 789-798, (2013).
[44] N.KARMARKAR : A new polynomial-time algorithm for linear programming. In Proceeding of

the 16th Annual ACM. Symposium on theory of computing, pages 303-311, (1984).

[45] Y.KE : The new iteration algorithm for absolute value equation. Applied Mathematics Letters.
99, 105990, (2020).

[46] Y.F.KE & C.F.MA : SOR-like iteration method for solving absolute value equations. Appl.
Math. Comput. 311, 195-202, (2017).

[47] L.G.KHACHIYAN : A polynomial algorithm for linear programming. Soviet Mathematies Dok-
lady. 20 : 191-194, (1979).

[48] V.KLEE & G.MINTY : How good is the simplex algorithm ?, In Shisha, Oved. Inequalities 1II
(Proceedings of the Third Symposium on Inequalities held at the University of California, Los
Angeles, Calif. September 1-9, 1969, dedicated to the memory of Theodore S. Motzkin). New
York-London : Academic Press. 159-175, (1972).

[49] M.KOJIMA, S.MIZUNO & A.YOSHISE : A primal-dual interior point algorithm for linear pro-
gramming. In N. Meggido, editor, Progress in Mathematical Programming : Interior Point and

Related Methods, Springer Verlag New York. pages 29-47, (1989).

[50] M.KOJIMA, M.SHINDOH & S.HARA : Interior point methods for the monotone semidefiniteli-

near complementarity in symmetric matrices. SIAM J Optim. 7, 86—125, (1997).

[51] M.KoJIMA, N.MEGIDDO, T.NOMA & A.YOSHISE : A Unified Approach to Interior Point
Algorithms for Linear Complementarity Problems. Lecture Notes in Computer Science. vol. 538,
Springer-Verlag, Berlin, Germany, (1991).

[52] C.LEMKE : Bimatrix equilibrium points and mathematical programming. Management Science.

pp. 681-689. 11 (1965).

[53] X.L1 & M.ZHANG : Interior-point algorithm for linear optimization based on a new trigono-
metric kernel function. Oper Res Lett. 43 (5), 471-475, (2015).

OPTIMIZATION AND CONTROL 98 UNIVERSITY OF BATNA 2



CHALEKH RANDA FEASIBLE INTERIOR POINT METHOD FOR LCP

[54] L.L1U & S.L1: A new kind of simple kennel function yielding good iteration bounds for primal-
dual interior-point methods. Journal of Computational and Applied Mathematics. 235, 2944-
2955, (2011).

[55] O.L.MANGASARIAN : A generalized Newton method for absolute value equations. Optim. Let.
3, 101-108, (2009).

[56] O.L.MANGASARIAN : Absolute value programming. Comput. Optim Appl. 36, 43-53, (2007).

[57] O.L.MANGASARIAN : Absolute value equation solution via concave minimization. Optim. Lett.
1, 3-5, (2007).

[58] O.L.MANGASARIAN & R.R.MEYER : Absolute value equations. Linear Algebra Appl. 419,
359-367, (2006).

[59] H.MANSOURI, M.ZANGIABADI & M.PIRHAII : A full-Newton steo O(n) infeasible-interior-

point algorithm for lineair complementary problems. Elsevier Ltd. 545-561, (2010).

[60] Z.MOABERFARDI, S.FATHI-HAFSHEJANI & A.FAKHARZADEH : An interior-point method for
lineair optimization based on a trigonometric kernel function. J. Nonlinear Funct. Anal. (2019).

[61] H.MOOSAEI, S.KETABCHI, M.A.NOOR, J.IQBAL & V.HOOSHYARBAKHSH : Some tech-
niques for solving absolute value equations. Applied Mathematics and Computation. 268,
696705, (2015).

[62] J.NOCEDAL & S.J.WRIGHT : Numerical optimization. Springer series in operations research.

[63] M.A.NOOR, J.IQBAL, K.I.NOOR & E.AL-SAID : On an iterative method for solving absolute
value equations. Optim. Lett.6(5), 1027-1033, (2012).

[64] J.PENG, C.ROOS & T.TERLAKY : Self-Regularity, A New Paradigm for Primal-Dual Interior-
Point Algorithms. Princeton University Press, Princeton. NJ. (2002).

[65] J.PENG, C.R00S & T.TERLAKY : Self-regular functions and new search directions for linear
and semidefinite optimization, Math. Program. 93, 129-171, (2002).

[66] M.R.PEYGHAMI & S.FATHI-HAFSHEJANI : An interior point algorithm for solving convex
quadratic semidefinite optimization problems using a new kernel function. Iranian J Math Sci
Inform. 12, 131-152, (2017).

[67] M.R.PEYGHAMI & S.FATHI-HAFSHEJANI : Complexity analysis of an Interior point algorithm
for linear optimisation based on a new proximity function. Numerical-Algorithms. 67, 33-48,
(2014).

[68] J.ROHN : A theorem of the alternatives for the equation Ax + B|x| = b. Linear Multilinear
Algebra. 421-426 52, (2004).

[69] J.ROHN, V.HOOSHYARBARKHS & R.FARHADSEFAT : An iterative method for solving absolute

value equations and sufficient conditions for unique solvability. Optim. Lett. 8 (1), 3544, (2014).

OPTIMIZATION AND CONTROL 99 UNIVERSITY OF BATNA 2



CHALEKH RANDA FEASIBLE INTERIOR POINT METHOD FOR LCP

[70] C.Roo0S, T.TERLAKY & J.-PH.VIAL : Theory and Algorithms for Linear Optimization. An
Interior-Point Approach. John Wiley & Sons, Chichester, UK, (1997), 2nd Ed, Springer, (2006).

[71] B.SAHEYA, C.-H.YU & J.-S.CHEN : Numerical comparisons based on four smoothing func-
tions for absolute value equation. J. Appl. Math. Comput. 56, 131-149, (2016).

[72] D.F.SHANNO & R.E.MARSTEN : On implementing Karmarkar’s method. Working Paper 85-1,

Graduate School of Administration, University of California at Davis, California, (1985).

[73] M.J.ToDD & Y.YE : A centered projective algorithm for linear programming. Mathematics of
Operations Research. 2, 198-209, (1990).

[74] M.J.ToDD & Y.YE : Containing and shrinking ellipsoids in the path-following algorithm. Ma-
thematical Programming. 47, 1-9, (1990).

[75] J.A.TOMLIN : An experimental approach to Karmarkar’s projective method for linear program-

ming. Ketron Incorporated. (1985).

[76] 1.TouIlL & W.CHIKOUCHE : Primal-dual interior point methods for semidefinite programming
based on a new type of kernel functions. Filomat. 34 (12), 3957-3969, (2020).

[77] L.Q.YONG : A smoothing Newton method for absolute value equation. Int. J. Control. Autom.
Syst. 9 (2), 119-132, (2016).
[78] L.YONG, S.ZHANG, F.DENG & W.XIONG : Feasible interior point method for absolute value

equation. Fourth International Conference on Information and Computing. (2011).

[79] M.W.ZHANG : A large-update interior-point algorithm for convex quadratic semidefinite opti-
mization based on a new kernel function. Acta Mathematica Sinica, English Series. vol.28, 2313-

2321, (2012).

[80] C.ZHANG & Q.-J.WEI : Global and finite convergence of a generalized Newton method for
absolute value equations. J. Optim. Theory Appl. 143, 391403, (2009).

OPTIMIZATION AND CONTROL 100 UNIVERSITY OF BATNA 2



	List of tables to.44em.
	List of figures to.44em.
	List of publicationsto.44em.
	Glossary of notationto.44em.
	Abstractto.44em.
	General introductionto.44em.
	Basic concepts
	Matrix Analysis
	Basic differential and topological notions
	Convex analysis
	Mathematical programming
	Optimization algorithm
	Linear complementarity problem
	Unique solvability of the lcp
	Horizontal linear complementarity problem

	The absolute value equation
	Unique solvability of the ave

	Relation between ave and lcp
	Equivalence between the solutions of ave and lcp

	Some numerical methods
	Interior-point methods
	Smoothing-type algorithm


	Complexity analysis of an interior-point algorithm for linear complementarity problem based on two new kernel functions
	Central-path for lcp
	Existence and uniqueness of solution
	New search directions
	Generic feasible interior-point algorithm
	Proximity measure

	Generic kernel function
	First kernel function
	Second kernel function

	Analyse of the algorithm
	Value for 
	Decrease of 
	Iteration bound
	Application to the two kernel functions

	Numerical results

	Solving absolute value equation using two new smoothing functions
	Smoothing reformulation
	Principle of the method
	Smoothing functions
	The unique solvability of the ave (3.1)
	Some comparisons

	A smoothing-type algorithm
	Algorithm properties

	Convergence analysis
	Numerical results

	General conclusionto.44em.
	Various proposals for further researchto.44em.
	Appendixto.44em.
	Bibliography to.44em.

